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Abstract Using Proca equation and WKB approximation,
we investigate Hawking radiation of vector particles via tun-
neling from 4-dimensional Kerr-de Sitter black hole and
5-dimensional Schwarzschild-Tangherlini black hole. The
results show that the tunneling rates and Hawking temper-
atures are dependent on the properties of spacetime (event
horizon, mass and angular momentum). Besides, our re-
sults are the same as scalars and fermions tunneling from
4-dimensional Kerr-de Sitter black hole and 5-dimensional
Schwarzschild-Tangherlini black hole.

Keywords Vector particles - Hawking temperature -
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1 Introduction

In 1970s, Bekenstein and Hawking discovered the thermo-
dynamic of black holes, which indicates that black holes
have thermal radiation (Bekenstein 1973; Hawking 1975).
Later, Hawking investigated the radiation from black holes
by quantum mechanics, and presented the theory of Hawk-
ing radiation. The existence of thermodynamic for black
hole was an important discovery, which great influence on
the foundations of physics. Thus, the Hawking radiation at-
tracted researchers’ attention.
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The quantum tunneling for black holes is considered as
an important method to study the Hawking radiation. This
method was put forward by Parikh and Wilczek (2000).
Later, Kerner and Mann (2008a); Kerner and Mann (2008b)
developed the quantum tunneling method and studied the
Dirac particles tunneling from spherically symmetric black
holes. The Hamilton-Jacobi ansatz is another kind of tunnel-
ing method. Using the WKB approximation, the tunneling
rate can be calculated by the formula I" o« exp(—21Im Sp),
where Sy is the classical action at the leading order in £, then
the Hawking temperature is obtained (Angheben et al. 2005;
Shankaranarayanan 2003). Subsequently, higher order cal-
culations of scalars, fermions and bosons tunneling from
black holes are studied by Chatterjee and Mitra (2009);
Wang et al. (2010); Yale (2011a, 2011b). By defining a new
of the particle energy, their work is consistent with the semi-
classical results, which incidents there is no higher-order
corrections to the Hawking temperature. Following that, a
lot of work has been done for studying the Hawking ra-
diation from black holes (Zhang and Zhao 2005a, 2005b,
2005¢; Jiang et al. 2006; Jiang 2008, 2012; Chen et al.
2008, 2013; Ding and Jing 2009, 2010; Li and Lin 2011;
Feng et al. 2012; Li et al. 2012; Lin and Yang 2014;
Chen and Li 2014).

Obviously, the black holes do not only radiate scalar par-
ticles and Dirac particles, they may emit particles with ar-
bitrary spin. Recently, Kruglov (2014a, 2014b) and Chen
et al. (2015) researched the vector (namely, spin-1 bosons)
tunneling from black holes. However, all of their work are
limited to the vector particles tunneling from the low dimen-
sional (1 4 1-dimensional black hole and 1 + 2-dimensional)
black holes. In this paper, the vector particles tunneling
from 4-dimensional Kerr-de Sitter (KdS) black hole and 5-
dimensional Schwarzschild-Tangherlini (ST) black hole are
investigated with the help of the Proca equation and WKB
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approximation. The KdS black hole is an important rotating
solution of the Einstein equation with a positive cosmologi-
cal constant. As we know, the cosmological constant is one
kind of candidates for dark energy, it consistent with the cur-
rent Lambda-CDM standard model, and can explain the ac-
celerating expansion of our universe. Besides, the KdS black
holes have four horizons. Its special structure can help peo-
ple further understand the properties of gravity. On the other
hand, the 5-dimensional ST black hole is a good approxima-
tion to a 5-dimensional compactified black hole, people can
use it to study the higher dimensional distorted compactified
spacetime. From what has been discussed above, we think
the vector tunneling from the 4-dimensional KdS black hole
and the 5-dimensional ST black hole are worth to be studied,
people may obtain more information of Hawking radiation
from the higher-dimensional black holes.

The paper is organized as follows. In next section, ex-
tending the work of Kruglov (2014a), the vector tunneling
from 4-dimensional KdS black hole will be investigated.
In Sect. 3, in the 5-dimensional ST spacetime, the spin-1
bosons tunneling radiation is derived. Section 4 is devoted
to our discussions and conclusions.

2 Vector tunneling from the 4-dimensional
Kerr-de Sitter black hole

Extending the method which presented by Kruglov, the vec-
tor tunneling from the 4-dimensional KdS black hole is in-
vestigated in this section. In Carter (1968), the metric of 4-
dimensional KdS black hole is given by

A asin9  \? 1 1
ds* = —=|dt — d 2( —dr* + —dab?
* pz( E d)) e <A r+A9

Ay si 20 2 2 2
+%<adz—r ta d¢>> , )
0 E

where A = (P2 + a®) (1 = r3172) = 2Mr, Ag = 1 +a?172 x
cos20, E =1+ a??% and p2 =r2 +a?cos?0, M and a
are the mass and angular momentum of 4-dimensional KdS
black hole, / is a constant dependent on the cosmological
factor as A = 3172, respectively. One can obtains four hori-
zons when A = 0. The four horizons are outer cosmological
horizon r., outer event horizon r, inner event horizon r_
and inner cosmological horizon r._, which satisfy the rela-
tion rq4 > ry > r_ > 0 > r._. For convenience, we rede-
fined Eq. (1) as

ds* = —A(r)dt* + B(r)~'dr? + C(r)d6*
+ D(r)d¢> + 2E(r)dtd, )

the notations are A(r) = A —alyg sin? 0/,02, B(@r) = A/,oz,
C(r) = p2%/Ag, D(r) =sin? [ Ag(a® + r?)? — a2 Asin® 6]/

@ Springer

E2p%, and E(r) = asin? 0[A + (a® + r?)] A/ Ep, respec-
tively.

According to Kruglov’s (2011, 2014a, 2014b) work, the
dynamic behavior of vector particles in curved spacetime is
described by Proca equation

m2
DMWW‘F?WJ:O, 3

WUu:Dku_Duwvzaku_auwv’ (4)

where D), are covariant derivatives, v, is related to the ¥,
Yy, Yo and ¥y, m is the mass of vector particles. ¥V is an
anti-symmetrical tensor. Thus, the Eq. (3) can be rewritten
as follows

1 m?
—0 —gy't — ' =0. 5
() + ®
The components of ¥V and ¥*¥ are
—Dyo+ Ey3 _
0 1 2 1
=, = B y = C .
14 AD T+ E? 14 (41 v V2
wg_Elﬂo—i-A% o1 _ —DBYo1 — EBY3
 AD+E?’ N AD + E? ’
v = C (=D — Ev23) y0 = Yo3
N AD + E? '  AD+E?
_ B(AYr13 — Evo1)
12 1 13
=BC N = )
14 V12 v AD T B2
v = C 1 (AY23 — EYn)
AD + E?
(6)

Substituting Eq. (4) and Eq. (6) into Eq. (3), one yields

1 {8,|:«/—_g(_DB%1 - EBWB)}

N AD + E2
—DC "o — EC™ 13
a _
+ "[V g( AD + E2 )

ol e

m? (Eys — Do _
2\ AD+E2 ) 7

1 DByro1 + EBY13
ﬁ{a[ﬁ( AD + E2 ﬂ

+39(«/—_ch71¢12)
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C'Ay» —C'E
iy J—_g< V23 1#02)“

AD + E2

+09[v=2g(—BC 'y12)]
2

m _
+55C Y =0, )

Al (miw)]
n 3r|:d—_g(BE¢01 - ABI#B)}

AD + E?

C'Eyp—C'A
o[y B )

m? ( Evro+ A3
— — ) =0. 10
+ hZ( AD + E? ) (19)

For solving Egs. (7)-(10), ¥, taking form as
i n
w\):(cv)exp ﬁSO(tvrves(ﬁ)—F;h Sﬂ(t7r197¢) ’ (11)

where n = 1,2,3,.... Since the WKB approximation is
been applied here, the higher order terms of O(h) are ne-
glected. The resulting equations to leading order in 7 are

DB[c1(3;5)(3,S) — co(3,5)?]

+ EB[c3(3,9)% — ¢1(3$5) (3, 5)]

+ DCe2(8,9) (39 ) — co(d )]

+ EC™[c3(398)% — c2(355) (39 )]

+[c3(059)(0,S) — co(055)°]

+m*(c3E — coD) =0, (12)
DB[co(3,8)(3;S) — c1(35)*]

+ EB[c3(0:5)(9,8)c1(3.5)(3; )]

+BCT(AD + E?)[c1(35)* — ¢2(36.5)(3,5)]

+ BE[c1(8;5)(3,5) — co(8,5)(945)]

+ AB[c1(38)* — ¢3(8,9)(349)]

+cim*B(AD + E?) =0, (13)
DC™{eo(3:5) (39 S) — c2(3; )]

+ EC7[c3(3,9)(36S) — 2(8:5)(345)]

+BC Y (AD + E?)[c2(3:5)* — c1(3:5) (3 5)]

+C 7 E[c2(3:9)(355) — c0(355) (3 S)]

+ C 7 Ae2(35.9)% — ¢3(395) (35 5) ]

+em*C Y (AD + E?) =0, (14)

[c0(3p8)(3;S) — c3(3;5)?]
+ BE[co(3,8)” — c1(3,5)(3,5)]
+ AB[c1(8,8)(34S) — c3(3,9)?]
+ C7E[co(395)* — c2(395)(3,9)]
+ C 7 A[e2(869) (355) — c3(395)*]

+m?(coE + c3A) =0. (15)

Considering the spacetime of metric (1) has two Killing vec-
tors d; and 9y, the solutions of Eqs. (12)—(15) are in the form

So=—wt+WE)+00)+jo, (16)

where w and j are the energy and the angular momen-
tum of vector particles, respectively. Putting Eq. (16) into
Egs. (12)—(15), one gets

A(co, c1,¢2,¢3)T =0. 17)
The A in Eq. (17) is a 4 x 4 matrix, its components are
A =—Dm?* — j> = BD(W')’ = DC™(3,0)?,
Aot =—BEW'j — BDW' w,
Ap=—C'Ej(3©) - C'D(0yO)w,
Agy=BE(W')’ + Em* + C ' E(30) — jo,
Ajg=—BEW'(39®) — BDW w,
Ay =m?B(AD + E*) — DBw® — EBjw
— C7'B(3©®)*> — EB(3:©®)w — ABj?,
App=—BC™'W'(30)(AD + E?),
A3=BEW o — ABW'j,
L » (18)
A =EC™ j(09®) —C™ D(30)w,
Ay =—BC ' (3©)W'(AD + E?),
Ap=m?*C Y (AD+ E*) - C"'Do* — C"'Ejo
—BCT'(W)? —ACT' 2~ CTEjW,
A3 =CT'E@%®)w — A(r)C(r) ™" j(:0).
Ay =m2E — jo+ BE(W')* + EC™(3,0)?,
A31 =BEW'w — ABjW/,
Ay =EC (30w — ACTjO,

Ayy=Am® — o + AB(W')” + ACT 1 (360)?,
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where W’ = 9,5y and j = 94So. Equation (17) has a non-
trivial solution when Det(A) = 0. Hence, one yields

2_0i2+X
W:I::/ (@ s dr =&im
(AD 4+ E%)BD™!

w—82(ry)j
2k (ry)

. (19)

where + (—) are the outgoing (incoming) solutions on the
outer event horizon, X = —D 2[E?j?> + m>D(AD + E?)]
+C7'D(AD + E?) — ACI, 2(r4) = —E(r1)/D(r4)
=aZ/ (r?F + a?) is the angular velocity on outer the event
horizon and x (ry) =ry (1 — 2r_%_l_2 — r+a21_2)/(rf_ +a?)
is the surface gravity of outer event horizon. The tunneling
rate of vector particle from 4-dimensional KdS black hole is
obtained as

Demission) exp(—2Im W, —2Im &)

1"_

= = —. (20)
Iabsorptiony  €xp(—2ImW_ —2Im &)

As we known, any particle outside the event horizon will
fall into the black hole, one has Iypsorprion = 1, namely,
Im W_ +Im & = 0. Therefore, the result is

w—JlQ(rJr)}

21
Kk (ry) @D

Ir= exp|:—27t

With the help of Boltzmann factor (Feng et al. 2014), the
Hawking temperature of 4-dimensional KdS black hole is

— ry — r_?_l_2 —ria’l™?—M
= 27 (r2 +a?)

(22)

Equations (21) and (22) are the vector particles tunneling
rate and Hawking temperature of KdS black hole. The re-
sults showed that the I" and Ty are dependent on the outer
event horizon ry, mass M, angular momentum of KdS
black hole a and the cosmological factor A. When A =0,
Eq. (22) is reduced to the temperature of Kerr black hole.
When a =0, A =0 and ry = 2M, the Hawking temper-
ature of Schwarzschild (SC) black hole Ty ) = 1/87M
is recovered (Zheng 2008; Khani et al. 2013). Moreover,
our result is fully in accordance with that obtained by other
methods (Wang et al. 2006; Jiang 2007; Chen et al. 2008;
Liet al. 2012; Ali et al. 2015).

3 Vector tunneling from the 5-dimensional
Schwarzschild-Tangherlini black hole

In this section, we study the quantum tunneling from
5-dimensional Schwarzschild-Tangherlini black hole via
Proca equation. When added extra compact spatial dimen-
sions into a static spherically symmetric solution of the
vacuum Einstein equations, one gets the line element of
D-dimensional ST black hole (Tangherlini 1963)

ds? = — f(r)di® + f(r) " lar? +r2d 23 _,, (23)
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where f(r)=1— (rH/r)D_3, ry marks the event horizon
of the D-dimensional ST black hole, which is related to the
mass of ST black hole as M = (D — 3)r53/2,d2% _, =

dx; + sin® xodxi+- -+ (]_[,?z_z2 sin? x¢)d x3,_, is the line
element on D — 2-sphere with the angles on this sphere xj.
For D =5, one has (Abdolrahimi et al. 2010)

ds> = —A(r)dt* + B~ (r)dr* + C(r)d¢>
+ D(r)d9? + E(r)d¢>
=—(1=riy/r)dt + (1 =gy /) ar?
+r2de? 4 r¥sin® ¢do? + r?sin? ¢ sin® 9dp?, (24)

where rlz_l ~ M (Beach et al. 2014). Near the event horizon,
it is clear that B(r) = B’ (rg)(r — rr) + O[(r — r)?]. Ac-
cording to Eq. (4), one yields

vO=-A""y.  y'=By,

2 =Clyn,  yP=D"lys,

yr=Eys,  y¥ =—BA 1y,

v = —(AC) Yo, ¥ = —(AD) o3,

Y =—(AE)'You, ¥ =BC 'y, =
w3 = BD yys, Y4 =BE 'y,

YB =(CD) W, Yy*=(CE) "yu,

Inserting Eq. (25) and ¥, = () exp[£ So(t, 7, £, ¥, $)] into
Eq. (3), and ignoring the higher order of terms of , we have

Bleo(8,50)? — 18, 50) (2, 50)]

+C M eo (3 50) — ¢2(3 50) (2150

+ D" [c0(d5 S0)* — ¢3(35 S0) (3 So) ]

+ E7co(3550)* — ca(35.80) (3 S0)] + com® =0, (26)
A [0 (3, S0) (3 So) — €1(8:50)°]

+C ' [e1(3: o) — c2(3,.S0) (9 S0)]

+ D e139.50)% — ¢33, 50) (39 S0)]

+ B e1(0950)% — ca(d, S0) (05 S0)] + erm® =0, (27)
A co(d; S0) (3 So) — c2(91 50)°]

+ B[c2(8,50)% — ¢1(3: S0)(8,50)]

+ D29 S0)* = €3(3 S0) (39 50)]

+ E7e2(9580)* — ca (9 S0) (99 S0)] + com® =0, (28)

A7 eo(39 S0) (3 S0) — ¢3(8:50)*]
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+ B[e3(8,S0)% — ¢1(3,50) (39.50)]

+ C 7 [e3(89 50)* — c2(39 50) (8: So) ]

+ E7[c3(8580)% — ca(858) (39 8)] + c3m*> =0, (29)
A~ [o(3p50) (3, So) — (3, S0)?]

+ Blea(d,50)* — ¢1(3,.50) (9 50)]

+ C a3 S0)* — 28 S0) (39.50) ]

+ D! [ca (39 0)* — €3(39 S0) (35 S0) ] + cam® = 0. (30)

Considering property of spacetime, we carry out the separa-
tion of variables as

So=—wt+Wr)+0(¢, %)+ j¢, 3D

where @ and j are the energy and angular momentum of the
emitting particles. Putting Eq. (31) into Egs. (26)-(30), one
obtains a matrix equation A(cy, c1, ¢2, 3, 04)T. The compo-
nents of 5 x 5 matrix A are

Aw=m*+ B(W')* +C71(8,0)* + D~ (3, 0)?

+E7)2
Ao =BWo,  Ap=C"lw0),
A =D"'w(@®0), Au=E'wj,
A= —A oW/,
An=m?—A'? + C71(3,0)°

+D (302 +E7' )2,
Ap=-C'W(3,;0),
An=-D'@OW,  Au=-E'jw,
Ay =—-A"'0®0),  Ay=-BW (30),
Ap=m?— A+ B(W) + D' (0,0 + E~' 2,
Ax3s=—D"'(390)(3;0),
Apu=—E"1j3,0), Ap=—A'wy0),
A3 =—BW'(3;0),  Apn=-C"'3,0)(5;0),
Ap=m? - A+ B(W) +C 03,0 + E71j2,
Ay=-E"'(00)j.  Awn=-A"wj
Ay =—BW'j,  Ap=-C"'30)),
Apz=—D""j(30),
Ag=m>— X'+ B(W)* +C1(3,0)

+ D (390)?,
(32)

where W' = 9,5y and j = 94Sp. For obtaining a nontriv-
ial solution, the determinant of the matrix A must equals to
zero. Hence,

C’Db:wz +)~(

dr =xnrpw/2, (33)
ABCDE

ImWi =:|:/

where X = —ADE(3;0)> — ACE(3y©)> — ACDj* —
ACDEm?. The plus (minus) sign corresponds to the out-
going (incoming) solutions of vector particles. As a result,
the tunneling rate is

P
== (emission) — e—4Im Wi — 6—27'[}’1-10). (34)
I (absorption)

With the formula I = exp(E/T), where E and T are the
energy of emitting particle and the temperature, we can cal-
culate the Hawking temperature of 5-dimensional ST black
hole

~ 1 1 (35)

= 2mry 2nNM

The Hawking temperature of the 5-dimensional ST black
hole is only related to the mass. People can get the same re-
sult when they investigate the scalar particles tunneling and
Dirac particles tunneling from the 5-dimensional ST black
hole. When assuming D = 4, we find that the Hawking tem-
perature of 4-dimensional ST black hole is Thup-sT) =
1/4rrg@ap-sty with rgup-sty = 2M, which is different
from Eq. (35). This difference is caused by the property of
ST black hole spacetime, it indicates that people may obtain
different information from higher dimensional black hole.

4 Discussion and conclusion

In this paper, we studied the vector particles tunneling from
4-dimensional KdS black hole and 5-dimensional ST black
hole. The tunneling rates and Hawking temperatures were
gotten. For the 4-dimensional KdS black hole, we found that
the tunneling rates and Hawking temperatures are not only
dependent on the outer event horizon, mass and angular mo-
mentum of the 4-dimensional KdS black hole but also the
cosmological constant. Besides, Eqgs. (21) and (22) are con-
sistent with that obtained by scalar particles and Dirac par-
ticles tunneling from the 4-dimensional KdS black hole. In
the static limit, Eq. (22) is reduced to the temperature of SC
black hole. For 5-dimensional ST black hole, the I and fp}
are related to the mass of the black hole. Moreover, since the
f(r) and the event horizon of ST black hole are dependent
on the dimension of spacetime, they lead the temperature of
5-dimensional ST black hole is different from the tempera-
ture of 4-dimensional ST black hole.
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Moreover, by applying the WKB approximation, we de-
rived the Hamilton-Jacobi equation from Proca equation.
Yang and Lin (2010) and Mu et al. (2015) also derived
the Hamilton-Jacobi equation from Klein-Gordon equation,
Dirac equation and Rarita-Schwinger equation. Therefore,
we think the Hamilton-Jacobi is a fundamental equation in
the semiclassical theory, which can help people to investi-
gate the semiclassical Hawking radiation behavior.

Equations (22) and (35) showed the Hawking radiation
is the black-body radiation, it indicates that the black holes
will emit away all their particles as the black-body radiation,
that is, the black hole lose all its information. In order to
solve this problem, the results need to be modified. In our
further work, we will take into account the conservation of
energy and the self-gravitational interaction.
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