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Abstract As is known, in modified cosmological theories
of gravity many of the cosmologies which could not be
generated by standard Einstein gravity, can be consistently
described by F(R) theories. Using known reconstruction
techniques, we investigate which F(R) theories can lead
to a Hubble parameter describing two types of cosmologi-
cal bounces, the superbounce model, related to supergrav-
ity and non-supersymmetric models of contracting ekpyro-
sis and also the Loop Quantum Cosmology modified ekpy-
rotic model. Since our method is an approximate method,
we investigate the problem at large and small curvatures.
As we evince, both models yield power law reconstructed
F(R) gravities, with the most interesting new feature being
that both lead to accelerating cosmologies, in the large cur-
vature approximation. The mathematical properties of the
some Friedmann-Robertson-Walker spacetimes M, that de-
scribe superbounce-like cosmologies are also pointed out,
with regards to the group of curvature collineations CC(M).

Keywords F(R) gravity - Modified gravity - Dark energy

1 Introduction

Having to deal with singularities is one of the most dif-
ficult task in all physical systems that these occur, and
the theoretical explanation of the appearance of these can
be quite hard, or the window to new physics. Cosmo-
logical singularities occur in many theoretical frameworks
and a question rises, whether these are a real ingredient
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of the cosmological expansion or these are an indicator
that the classical theory needs to be implemented with
quantum gravity effects, in order these are treated prop-
erly, if not completely disappear. So in modern cosmology
there appeared two types of non-singular descriptions of
the cosmological expansion, the ones that address the prob-
lem by using the Loop Quantum Cosmology (abbreviated
to LQC hereafter) framework (Ashtekar and Singh 2011;
Ashtekar 2007; Bojowald 2009; Cailleteau et al. 2012;
Quintin et al. 2014; Cai et al. 2011c, 2011a, 2011b; Amoros
et al. 2013, 2014; Qiu et al. 2013; Haro and Amoros 2014,
Cai and Wilson-Ewing 2014), thus residing to a quantum
gravitational description of the cosmos, and the other mod-
els that use scalar fields to avoid singular expansion (Nov-
ello and Perez Bergliaffa 2008; Lehners 2011, 2008; Arkani-
Hamed et al. 2004; Nicolis et al. 2009; Deffayet et al. 2009;
Khoury et al. 2012; Koehn et al. 2014; Cai et al. 2012;
Khoury et al. 2002; Erickson et al. 2004; Cai et al. 2011d;
Lehners and Steinhardt 2013; Wilson-Ewing 2013). With
respect to LQC, singularities are amended by using Loop
Quantum Gravity techniques, such as holonomy corrections
to existing cosmological models. For recent approaches to
cosmological aspects of quantum gravity (see Oriti et al.
2015). In both cases, the resulting expansion is a bounce
with expanding and contracting phases, with the bounce pro-
viding an alternating description to the acceleration and ther-
mal history of our universe. For recent informative reviews
on cosmological bounces, the reader is referred to Novello
and Perez Bergliaffa (2008), Lehners (2008, 2011), and ref-
erences therein.

In general, bounce models carry along some problems
which have to be resolved in order a more consistent be-
havior is achieved. For example, in order a bounce occurs
in a scalar field modified gravity context, the null energy
condition has to be violated for all the matter fields consid-
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ered in the theoretical framework, and particularly the sum
of the pressure and matter energy density has to be nega-
tive. In such a case, it is possible that the Hubble param-
eter becomes negative and a contracting phase is possible
for the cosmological evolution (Novello and Perez Bergli-
affa 2008; Lehners 2008, 2011; Arkani-Hamed et al. 2004;
Nicolis et al. 2009; Deffayet et al. 2009; Khoury et al. 2012;
Koehn et al. 2014; Cai et al. 2012). In addition, the bounce
models suffer from ghost instabilities and from primordial
instabilities which occur during the contracting phase, with
the latter being a somewhat problematic phase of the cos-
mological expansion. Ghost instabilities are resolved in the
Galileon and ghost condensate models (Arkani-Hamed et al.
2004; Nicolis et al. 2009; Deffayet et al. 2009; Khoury et al.
2012) but the contracting phase still remains an obstacle to
providing a fully consistent description of the cosmos ex-
pansion. To this end, in Koehn et al. (2014), Cai et al. (2012)
an ekpyrosis scenario for the contracting phase was adopted,
in which problems related with specific initial conditions
are avoided. In Koehn et al. (2014) a model of contract-
ing ekpyrosis was presented in both supergravity and non-
supersymmetric frameworks and in Cai et al. (2012) the cos-
mological perturbations of the contracting ekpyrosis model
was addressed, among other issues.

In view of the cosmological appealing solution that the
contracting ekpyrosis provides, in this paper we shall inves-
tigate which F(R) gravity can generate such a cosmological
expansion. Particularly, we shall focus our search on which
F(R) gravity generates the Hubble parameter that corre-
sponds to the contracting ekpyrosis scenario of references
Koehn et al. (2014), Cai et al. (2012). The method we shall
use is a reconstruction method quite well known in the lit-
erature (Nojiri and Odintsov 2006) and applying this quite
general technique, we shall study the large and small cur-
vature limits of the F(R) gravity that generates the Hubble
expansion of the contracting ekpyrosis. Since this is an ap-
proximate method, the exact scale factor of the contracting
ekpyrosis in the classical limits of # >> 79 and < 7 can be
generated by the corresponding F(R) gravities, with 7y the
time instance at which the bounce occurs.

Many cosmological scenarios which was impossible to
be realized in classical Einstein gravity, can be consistently
realized in the context of F(R) gravities. For an impor-
tant stream of review articles and important papers on F (R)
theories (see Nojiri and Odintsov 2003, 2006, 2007, 2008,
2011, 2014; Capozziello and Faraoni 2010; Capozziello and
De Laurentis 2011; Bamba et al. 2008, 2012; Capozziello
et al. 2003, 2005, 2006; Hu and Sawicki 2007; Carroll
et al. 2004; Capozziello 2002; Myrzakulov et al. 2013;
Capolupo et al. 2008; Dunsby et al. 2010; Faraoni 2006,
2007; Appleby and Battye 2007, 2008; Nojiri et al. 2009;
Carloni et al. 2012, and references therein). Among various
elegant descriptions of large scale gravitational effects that

@ Springer

the F(R) models describe, one of the most important suc-
cesses is the description of dark energy and inflation in the
same theoretical framework, with first model materializing
this being the Nojiri-Odintsov model (2003). Note that there
is interesting consequence of result we discover in this pa-
per. As we will see, the key point in our study, in the case
of the superbounce, will be played by R? terms in the F(R)
gravity and at the same time, as was shown in Nojiri and
Odintsov (2003), an R? term models precisely the unifica-
tion of inflation with dark energy. Furthermore, it has been
proven that R? term not only causes the appearance of infla-
tionary sector but also removes finite-time future singularity
(Bamba et al. 2008).

For alternative to F(R) theories, that also consistently
address the dark energy problem (see Cai et al. 2010;
Padmanabhan 2003; Peebles and Bharat 2003; Liet al. 2011;
Faraoni 2002; Onemli and Woodard 2002; Basilakos et al.
2013; Wetterich 1988, 2014). In addition, in the cosmon-
related theories constructed by Wetterich, inflation and dark
energy are also described by the same theory (Wetterich
1988, 2014).

The theoretical challenges raised in modern theoretical
cosmology after the late 90s striking observation of the uni-
verse’s late time expansion (Riess et al. 1998), have gener-
ated increasing interest the last decade and with the aid of
current observational searches, many of these theories are
going to critically tested. Particularly, among other issues,
inflation, dark energy and the bounce models can be tested
by the BICEP (Ade et al. 2014) and Planck (Ade et al. 2015)
observational projects. With respect to the bounce models,
there are promising and literally down to earth proposed
experiments (Cheung and Vergados 2015) that may reveal
the bounce using direct dark matter scattering on nuclei. For
an account on the latter issue see (Oikonomou et al. 2007).
Therefore, it is of great importance to have many alterna-
tive theoretical models for the same cosmological evolution
of the universe. This is our motivation for this study, and in
this article we shall try to generate the superbounce ekpy-
rosis from F(R) gravity. In addition, we also reconstruct
the F(R) gravity that generates the ekpyrotic scenario that
results from a LQC framework. It is quite intriguing that
in both cases, the large curvature limit of the reconstructed
F(R) gravity leads to accelerating cosmologies.

This paper is organized as follows: In section 1, we re-
construct the F(R) gravity that generates the Hubble param-
eter corresponding to the superbounce model developed in
Koehn et al. (2014) in the large and small curvature limits.
We also examine the resulting F(R) on how it is possible
to generate from it, early time and late time acceleration in
the Jordan frame. A special mathematical property of a spe-
cific spacetime that belongs to the same class of Friedmann-
Robertson-Walker metric (FRW hereafter) spacetimes that
the superbounce belongs is also studied. In Sect. 2, we use
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the same reconstruction technique in order to find which
F(R) gravity can generate the LQC ekpyrotic cosmological
scenario. The conclusions follows in the end of the paper.

1.1 Conventions

Throughout the article, if it is not mentioned, we shall make
use of the following spacetime geometry conventions. Par-
ticularly, we shall assume that the F'(R) gravities are studied
in the Jordan frame and we shall make use of the metric for-
malism in order to obtain the equations of motion (Nojiri and
Odintsov 2007, 2014). Moreover, it shall be assumed that
the geometric background is that of a pseudo-Riemannian
manifold, locally being described by a Lorentz metric, a flat
FRW, which is,

ds® = —di* +a’(1) ) dx} (1

1

The Ricci scalar corresponding to metric (1) is,
R=6(2H*+ H), @

with H (¢) being the Hubble parameter and the “dot” de-
noting as usual, differentiation with respect to the cosmic
time ¢. Moreover, the affine connection of the manifold is
assumed to be the Levi-Civita connection, which is torsion-
less, symmetric, and metric compatible.

2 Superbounce from F(R) gravity-small and large
curvature limits

2.1 The non-supersymmetric super-bounce scenario

The non supersymmetric superbounce solution, results from
a bounce Lagrangian of the form (Koehn et al. 2014; Cai
et al. 2012),

R
C=~/—_g(—§+P(X,¢)+g(¢)XD¢> 3

with R the Ricci scalar, X = —1(3¢)? and P(X, ¢) being
equal to,

P(X,$) =k(@®)X + ()X — V(¢) 4

The function k(¢) is chosen in a way such that it is almost
everywhere equal to one except around ¢ = 0, where the
bounce occurs and is assumed that it takes the following
form (Koehn et al. 2014),

2

ko) =1-17 T 2kg?)?

&)

with the parameter k controlling the width in the ¢-space,
for which the field kinetic term does not change sign. In ad-
dition, the function t(¢) in relation (4), controls the strength
of the square of the kinetic term and g(¢) controls the
strength of the Galileon term. These are chosen in the fol-
lowing way (Koehn et al. 2014),

T($) ~ g(@) = 6)

T g
(1 + 2kgp?)?’ (1 + 2kg?)?
Finally, the potential V (¢) in relation (4) is chosen for large
values of the field parameter ¢ to be,

V(p) = —Vou(g)e “P? 7

with v(¢) a function chosen in such a way so that the poten-
tial turns off for ¢ approaching the ending ekpyrotic value.
The evolution of the universe in such a background is given
by,

a(t) ~ (=t + 1) (8)

with ¢, denoting the big crunch time, if the ekpyrotic phase
continues until that time. The solution (8) describes the
background evolution for large ¢ values. At values of ¢ near
the ekpyrotic bounce ending, the background solution reads,

a(t) ~ (=t + )3 )

The Hubble parameter corresponding to the ekpyrotic scal-
ing solution (8) equals to,

H(ilt)=———— 10
Q) 2010 (10
while the one corresponding to (9) is equal to,
H() = 1 (11
EICES)

It is the main focus of this section to construct F(R) gravi-
ties which produce the cosmology given from relations (10)
and (11). We mainly study the case described by relations
(8) and (10) since the other case can be easily obtained from
the one we study.

Before proceeding, we have to note that, as was demon-
strated in Koehn et al. (2014), the supergravity extension
of (7) exactly reproduces the cosmology given in (8) and
this justifies the terminology superbounce that we used for
1t.

2.2 Reconstruction of F (R) gravity
From both relations (10) and (11) we can easily elicit the

bounce behavior and it worths for a moment to clarify the
values that time can have. Practically speaking, ¢ varies from
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the time —1, to +1,, as can be seen from the behavior of (10).
In addition, the same can be deduced by looking the scale
factor (8). Now it is of critical importance to settle what we
mean by large and small time limits 7. With large r we mean
for large cosmic times before the crunch and small times re-
fer to times just after the beginning of the bounce. Of course
it is not our purpose to describe both scale solutions (8) and
(9) with the same F(R) gravity, since that would probably
require varying coefficients probably for the F'(R) function
as we shall see. So the full ekpyrotic superbounce solution
is much too involved, but here we are just interested for
it’s limiting behavior. This is an important notice since in
the context of the ekpyrotic superbounce scenario, the uni-
verse’s cosmic time might not even reach the crunch time .

It is the purpose of this section to reconstruct the F'(R)
gravities that produce the cosmology given by the Hubble
parameter (10) in the large and small cosmic time limits.
We shall use the reconstruction method firstly developed in
Nojiri and Odintsov (2006), which heavily relies on a par-
ticular form that the Hubble parameter takes. For other im-
portant reconstruction techniques (see Nojiri et al. 2009).
The technique developed in Nojiri and Odintsov (2006) is
also applied whenever the Hubble parameter can be writ-
ten as ~ @, with A(f) a slowly varying function of time.
The fact that A(¢) is considered to be a slowly varying
function of time, makes possible some sort of perturba-
tion at the level of Euler-Lagrange equations. In the case
at hand, the Hubble parameter (10) can be written as fol-
lows,

2qt hrqt h(t)
H(t) = — -1 _ Myt A0
co(t—1t)  cot(gt —qty)  1(qt —qty) t
(12)
with 1y = 2/c? and h(t) being equal to,
hrqt
h) = —194° (13)
(gt —b)

with b = gt, and ¢ is assumed to be very small, that is
q < 1. The function h(z) is a slowly varying function of
t and therefore the reconstruction method of Nojiri and
Odintsov (2006) applies. Indeed, h(¢) satisfies Vz € R, the
following relation,

h(z
lim G0 _

1—oo h(t) (14)

and so it is a slowly varying function. Let us introduce the
theoretical framework of the reconstruction method and then
we apply it straightforwardly. Assume that the action of the
general F(R) gravity is,

1
S=—

i d4x\/ —gF(R) + Sy (g;w, Yn)s 15)

while the FRW equation is:
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—18(4H)*H(t) + HW)H (1)) F"(R)

+3(H*(t)+ H(®))F'(R) — e +k*p=0

> (16)

with F/(R) = % and the Ricci scalar R is given in (2).
We assume in addition that the mass-energy density receives
contribution from all kind of perfect matter fluids, with cos-
mological parameters w;. The reconstruction method of No-
jiri and Odintsov (2006) makes use of an auxiliary scalar
field ¢, which is introduced directly into action (15), which
becomes,

S= / d*xv/=g(P@) R+ Q(®) + Lunar) a7
The final form of the reconstructed F'(R) gravity shall be
given by the functions P(¢) and Q(¢), so finding them is
the main goal. The lack of a kinetic term render the scalar
field ¢ an auxiliary degree of freedom, and upon variation
with respect to ¢, action (17) reads,

P'(9)R+ Q'(¢)=0 (18)

where the prime denotes differentiation with respect to ¢ in
this case. By solving equation (18) with respect to R, we ob-
tain ¢ (R) and by substituting it to the original F (R) action,
we get the F'(R), that is,

F(¢(R)) = P(¢(R)R + Q(p(R)) 19)

Practically speaking, by finding a differential equation for
P(¢) and Q(¢), will yield the F(R) gravity, given the Hub-
ble parameter and a specific form of the scale factor. This
point is crucial in our analysis, in reference to the specific
form of the scale factor, and we shall discuss it further, later
on in this section. By varying equation (17) with respect to
the metric tensor and assuming a spatially flat FRW metric,
we obtain the following differential equation for P(¢) and

Q(9),

dp
~6HP((0) ~ 0(p(0) ~6H D 4~
: ap
(4H +6H*)P(p(1)) + Q(d (1)) + 2%
+ 4P@) +pi=0 (20)
dt
and by eliminating Q(¢(¢)) we obtain,
d*P@(1) LAP@@)
2T —2H@®)P(p(1)) +4HT +pi+pi=0
21

where p;, p; stand for the mass-energy density and pres-
sure of the matter perfect fluids. As was proven in Nojiri
and Odintsov (2006), owing to the equivalence of the ac-
tions (15) and (17), the scalar field ¢ can be identified with
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the cosmic time ¢, that is, ¢ = ¢ (see Nojiri and Odintsov
2006 for details). In the following we shall switch between
the two variables which we consider one and the same. Now
a crucial point, we shall assume a generic behavior for the
scale factor, being of the form,

a = ape?® (22)

with ag constant. The differential equation (21) for P(¢) is
therefore written as follows,

d’p dpP
) d(j;(t)) _2g/ () 1) (¢( ) 148" @) P($(0))
+ Z(l + wi)pi0a63(1+wi)e—3(1+wi)g(¢) =0 (23)

i

We have to mention that the superbounce scale factor can
be identical to the form (22) only in the large ¢ and small ¢
limits, as can be checked, but our interest is to reproduce the
cosmology described by the Hubble parameter correspond-
ing to the superbounce.

Having found P(¢) by solving the differential equa-
tion (23), it is easy to obtain Q(¢), by using relation (20),
and the resulting relation is,

6g'(¢) %

+ ) (U +wy)pioag T3 EIS@) (04

i

0(p) = —6g' ()’ P(p) —

Now by exploiting the fact that the Hubble parameter is writ-
ten as a fraction of a slowly varying function of time over
time, given in relation (12), we assume that the function g(#)
appearing in (22), takes the following form,

8(@)=h(9) 111(2) (25)
%o

with ¢ some constant. A consequence of the fact that A (¥) is

slowly varying is that we can neglect the higher derivatives

h'(t), h"(t), etc. This means that the Hubble parameter cor-

responding to the scale factor given in (22), with g(¢) given

in (25), can take the following form,

h(t t
H@) = h@) +h'(t) ln<—> (26)
t o
which, by neglecting the derivative can be written,
h(t
H(t) = ¥ (27)

This is a crucial point in our analysis, because owing to the
fact that the superbounce Hubble parameter can be written
exactly in the form of relation (27) (without any approxima-
tion) enables us to use the present reconstruction technique

and this is what motivated us to apply this method. Return-
ing to the differential equation (25), by substituting g(¢) and
ignoring the higher derivatives h’(¢), h” (t), we obtain,

d>P(p(1)  h(¢) dP(@(1))  2h()
T S TR Ple®)
304w ¢ =3(1+w;)h(¢)
+Z(1+wz)poa0 (¢>o) =0 (28)

The key point of the whole calculation is to express the Ricci
scalar as a function of ¢ (or equivalently 7) and invert the re-
sulting expression so that we have at hand ¢ = ¢ (R). After
that it is easy to find the functions P(¢(R)) and Q(¢(R))
and hence, the F'(R) gravity that generates the specific Hub-
ble expansion. Using relations (2), (12) and (25), and by ig-
noring the higher order derivatives for the slowly varying
function h(z), the Ricci scalar, which for a FRW is given in
relation (2), is now equal to,

6(—=h(¢) +2h(¢)>)
¢2
By solving the above equation with respect to ¢, will yield

¢ = ¢ (R). By substituting /() from relation, (13), we get
the following equation,

R(¢) ~ (29)

—b>Ri%> +2bgRt> —
+12¢°°h% =0 (30)

q*Rt* +6bqth s — 6¢°t*h s

The real solution to this equation is,

2 213b2R 6 x 2'3¢%h
g 3P VPR (PP
12x2'3¢%0% (P, 4 Py)1/3

€1V

C(Pi+ VP23 3x201/3)¢°R

with the polynomials P; and P, being equal to,

Pi=aiR*+aR®,  Py=p3R + B4R + BsR>  (32)
The solution given in relation (31) is very important, since
when solving the differential equation (28) we can substitute
the obtained solution (31) and find the resulting expressions
for P(¢(R)) and Q(¢(R)). Then by using (19) we have a
resulting expression for the reconstructed F'(R). The general
solution of the differential equation (28) is of the following
form (Nojiri and Odintsov 2006),

() =14+ h($)2+6h($)+1
P(¢) =c1¢ 2

h(@)—1=/h($)2+6h(¢)+1
+ 2 2

+ D Si(g)p @ (33)
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with S;(¢) being,
Si () = —((1 + wy) proag T g1 TP
x (6(1 + w;) (4 + 3w)h(¢)?
—2(13 4 9w)h(p) +4) (34)

Also, from the solution (33), we can find Q(¢) by simply
substituting (25) and (34) in equation (24). So finally Q(¢)
is equal to,

Q(¢) = —6h(9)c <h(¢)

h(¢) — 1 +/h($)? +6h(¢) + 1)
+ 2

h(@)— 14/ h($)>+6h(p)+1 _
¢ 2

—6h(¢)c2 (h ()

h(¢) — 1 — /h(¢)? + 6h(¢) + 1)
+ 2

h@)=1+h@2+6h@)+1 _,
¢ 2

+ ) (—6h(@)(—2Q2 + 3w)h($) +2+ Si(¢)

“3(1tupgy

+ piody ) Twnh@ (35

In principle, finding the general form of the F(R) function
can be quite difficult, and therefore it is more convenient
to study the problem in the large and small curvature limits
which corresponds to small and large ¢ limits respectively.

2.3 F(R) gravity in the large R limit

We start off with the large curvature R limit of the solutions
(33) and (35) we found in the previous section. As already
stated, the large curvature limit corresponds to the small ¢
limit, so the solution (31) for ¢ in the large curvature limit
reads,

2b N 213p2R
3¢ 3(aR3 4 /BsRO)/3
(2R? +/Bs RO/

3x 2153¢°R

¢~ -

(36)

where only the dominant terms of the polynomials P; and
P, are considered. We can see that the first two terms cancel,
and therefore the expression (36) becomes,

A
¢ (37
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where we have set A to be equal to,

6 x 213¢%h r — 12 x 2134%h?
A= / . ! (38)

Having relation (36) at hand, we can straightforwardly find
the function P(¢(R)), by substituting (37) in (33). Before
doing that, let us simplify further the function P(¢) by tak-
ing the small time (large curvature) limit of relation (33).
The small and large ¢ limiting values of the slowly varying
function A (z) are,
limh(t) =0,

t—0

lim h(t)=h; (39)
11— 00 N

So, owing to the fact that lim;_, o, £(¢) = 0, the small ¢ limit
of P(¢) is,

P()=ci+cp >+ S04 (40)

and by using (34), equation (40) becomes,

2
P(¢(R>)=c1+%R+Zs,-<o>% @1

By keeping only the dominant terms in the large curvature
limit, P(¢(R)) becomes,

P((R) ~ci + %R 42)

In the same vain, the function Q (¢ (R)) becomes,

0(p(R) =Y 8i(0)ay > H) g e (43)

Gathering up the results of relations (42) and (43) and also
by setting,

4= Z Si (O)ao—3(1+w,')¢8(l+wi) (44)
i

the reconstructed F(R) gravity of relation (19) in the large
curvature limit, takes the following form,

F(R)_clR—i—XR +;Si(0)7+c4 (45)

Without great loss of generality, we can choose the coeffi-
cient of R in relation (45) to be equal to one, that is, c; =1,
so by keeping leading order terms, the final form of the re-
constructed F(R) gravity in the large R limit is the follow-
ing,

F(R)~R+aR>+cy4 (46)

with o = % This form of modified gravity is nothing else
but Starobinsky F'(R) gravity (Starobinsky 1980; Sebastiani
et al. 2014) with cosmological constant.
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2.4 F(R) gravity in the small R limit

In the small R limit, which is actually equivalent to the large
t (or ¢ owing to the equivalence r = ¢ in our approximation)
limit, the slow varying function /(¢) is approximately equal
to . Bearing in mind that & f = 2/c?, in the large R limit,
relation (31) is written,

2h  2BR2RYZ g x 21/3¢%hy
¢~ E - 3 R1/2
_12x2'8ghy,  RTIZ )
R1/2 3 x 21/2q2
which at leading order becomes,
¢~ (A-BR'/? (48)

where B stands for B = 3,% Thereby, the function
x21/3¢
P (¢) in the large ¢ limit becomes,

hp—1+ //1_2/+6hf+1 hp—1- /11_2/+6hf+1
P(¢) =c1¢ 2 + 20 2
. 1
n Z S; (00)p 3wk +2)3 (49)

1

We may write the function P(¢) in terms of the Ricci scalar
by using relation (47). Keeping only the leading order terms
for small curvatures, P(¢) becomes,

hp—1+ /h§+6hf+1 hp—1+ /h§+6hf+1

P(¢(R)) ~c1(A—B) 2 R 7

(50)

In the same vain, the function Q(¢(R)) as R tends to zero

becomes,
hf—1+,/h§+6hf+1>

2

O(¢(R)) = —6h sc) (hf +

hp—1+ /h_zf+6hf+1

x(A-B) 2z 2
=1+ /h§+6hf+1
e S S—— (51)

Upon combining relations (50), (51) and (19), we obtain the
reconstructed F'(R) gravity in the small R limit,

hf—l+25

F(Ry~—BR & I (52)

with § and B being set equal to,

[l +6h s +1

2 ’ (53)
h f7375

B=06hrci(hy+8)(A—-DB) 2

§ =

Combining equations (81) and (52) we obtain the following
F(R) gravity,

F(R)~R+aR>+cs+BRY (54)

which generates the superbounce ekpyrotic Hubble parame-
ter (10) at late times and early times. This form of the recon-
structed F(R) gravity is certainly of interest, since this type
of F(R) functions is known, under certain circumstances
(see for example Nojiri and Odintsov 2006, 2007, 2014), to
produce late time and early time acceleration. In the next
section we shall investigate the late time and early time be-
havior of (54), focusing mainly on the late time, since the
R? is known to produce early time acceleration.

2.5 Early time and late time behavior of super-bounce
generating F (R) gravity

Having at hand the F(R) gravity, given in relation (54),
which generates the superbounce Hubble parameter in the
limiting cases of early and late time, it is of interest to see the
behavior of the F'(R) functions at late and early times. Par-
ticularly we are interested to see if inflation and late time ac-
celeration can be achieved with this F'(R) gravity, working
in the Jordan frame. The R? case is easy to tackle with, since
this kind of gravity is a version of the Starobinsky inflation
model (Starobinsky 1980), but the late time F'(R) has to be
studied with caution, since h 5 = 2/c2 and c is restricted to
take values ¢ > +/6 (Koehn et al. 2014), and we therefore
focus on this case. Consider a late time instant, which we de-
note #;4,, at which h(¢) reaches it’s limiting value h f =2/ c?
value. The behavior of the total matter energy density and
pressure when ¢t — t;,; are approximately equal to (Nojiri
and Odintsov 2006),

p~B(6(y +1)Q2y + Dhy+6(y —2)h7)
x (=6h s +120%) 772
p=B(=4y(y + DQy + 1) —2(8n* + 5n +3)hy
—6(n — 2)h%) (=6h +120%) 77 11 (55)

and the effective equation of state cosmological parameter
Wepr Teads,

weg = (6(r + Dy + Dhy +6(y — 2)h%)

x (—4y(y + D@y +1)

—2(8n +5n +3)hy — 6(n — 2)h3) (56)
where we have set y = —(—hf]ﬂ + 1). From this we
understand that acceleration can occur if 4 ¢ > 1, which ex-

cludes the superbounce value of / f, because ¢ > /6. There-
fore the late time acceleration is not generated by the term
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~ R™7, at least when the superbounce generating constraint
6 is taken into account. Obviously if someone looses
up this constraint, we can achieve late time acceleration and
also, owing to the fact that the R term is not affected by this
constraint, early time acceleration can be achieved too.

2.6 On curvature collineations and a specific
super-bounce

In the previous section we showed that when iy > 1, the
F(R) gravity that generates the superbounce solution at
late times, also causes late time acceleration in the Jordan
frame. In this section we also discuss a related case to this
with a unique mathematical property. In order to tackle with
this problem, we will need the definition of a curvature
collineation. Let M be a smooth spacetime with a smooth as-
sociated curvature tensor R and X a global C! differentiable
vector field. Let the C! diffeomorphism associated with X
be denoted by ¢;, then X is called a curvature collineation of
the smooth manifold M, if Lx chd =0and ¢} = R, V¢, as-
sociated with X. Note that with Lx we denote the Lie drag-
ging of the vector field X. Now the case in which &y =2,
corresponds to the metric,

ds®=—dr* + (t —=b)* Y dx} (57)

It is obvious that if we disregard the constraint ¢ > /6, the
metric (57) is just a subcase of the FRW spacetime metric
with a scale factor given in relation (8). The Hubble param-
eter for the FRW metric (57) reads,

2
(t—"b)

H(@) = (58)
so it is similar to the Hubble parameter given in (10). There-
fore, the whole argument of research we adopted in the pre-
vious sections, with regards the reconstruction of the F(R)
gravity, holds true for this case too, and the F(R) function
at late and early times is given by (54). However, accord-
ing to the findings of the previous section, in this case the
F(R) function can describe early time and late time accel-
eration. Coming back to the collineation issue, the space-
time (57) is the only FRW spacetime which is of holonomy
type Rps, with curvature rank three and also it is the only
FRW spacetime which admits proper members of the curva-
ture collineation group CC(M). Actually, this group for the
metric (57) consists of timelike vector fields of the form,

9
X=f), +2 (59)

with f(¢) an arbitrary function C*° and Z any member of
the 6-dimensional Killing algebra. It worths mentioning that
another class of spacetimes that admits proper members of
the CC(M) group contains static Einstein metrics, but no
other FRW metric.

@ Springer

3 Ekpyrotic loop quantum cosmology from F'(R)
gravity

The ekpyrotic universe scenario (Khoury et al. 2002; Erick-
son et al. 2004; Cai et al. 2011d; Lehners and Steinhardt
2013; Wilson-Ewing 2013) describes an alternative to the
inflationary scenario, with scale invariant perturbations gen-
erated at a cosmic time before the Big-Bang phase. A re-
fined scenario of the ekpyrotic cosmology was provided
in Wilson-Ewing (2013), where the gravitational dynam-
ics is modified due to quantum gravity effects, in the con-
text of LQC. For informative reviews and important arti-
cles with regards to LQC (see Ashtekar and Singh 2011;
Ashtekar 2007; Bojowald 2009). In the LQC context, the
singularity at the Big-Bang phase is replaced by a bounce.
There are various bounce models, for example see Cailleteau
et al. (2012), Quintin et al. (2014), Cai et al. (2011a, 2011b,
2011c), Amoros et al. (2013, 2014), Qiu et al. (2013), Haro
and Amoros (2014), Cai and Wilson-Ewing (2014), and for
a reconstruction of bounces, cyclic cosmologies and matter
bounce cosmologies from F(R) theories (see Bamba et al.
2014; Odintsov and Oikonomou 2014). Also for an account
on ekpyrotic cosmology in the context of F(R) gravities
(see Nojiri et al. 2011). The LQC modified ekpyrotic sce-
nario is realized by using the following potential for the
scalar field ¢ (Wilson-Ewing 2013),

V()e‘/ 16w Gpo

V(p) = _(1 N 4p3,ovo o/ T6TGp)2 (60)

with 0 < p < 1. The usual exponential ekpyrotic potential
(Khoury et al. 2002; Erickson et al. 2004; Cai et al. 2011d),
agrees with the one given in relation (60), when the quan-
tum gravity effects are considered to be negligible. There
exists an ekpyrotic solution for the scalar field pressure p;
and matter-energy density pg; which are equal to,

2
w=——1 ©61)

= ), ,
Ps Ls 305

which practically describes an ultra-stiff perfect fluid (Cai
et al. 2012). If we consider a flat FRW ekpyrotic universe
with scalar potential (60) and with a scalar field equation of
state described by (61), the scale factor is equal to,

a(t) = (aor® + 1) (62)

with p. being the critical density and ap = 8";;‘) <. The ekpy-
rotic LQC Hubble parameter corresponding to the scale fac-
tor (62) is equal to,

aopt h(t)

HO= 1= 9
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with A(¢) being equal to,

hfql‘2
h(t) = 64
=115 (64)
and in addition 4 f, g stand for,
hy=p, q =ao (65)

The function h(¢) is slowly varying as it can be easily shown
that it satisfies relation (14). We therefore apply the tech-
nique of the previous section, in order to find the F (R) grav-
ity that reproduces the Hubble parameter (63). In the case at
hand, equation (29) is equivalent to,

quu3 + (ZqR — 6q2 + hfq2 - 2h§cqz)u2
+R—-12g+hrq)u—6=0 (66)

so our aim is to solve equation (66) with respect to u = ¢?.
The real solution of equation (66) is,

2 2 hy 2k

R S ST L i
U= =3 TR 3R TR
12X21/3q2 21/3R 21/3qh .
4% 23 /
+ ( G+t 3
B 4 x 21/3q2hf B 8 x 21/3qh§c N 25 x 21/3q2h§c
R 3 3R
1/3,213
X2y gt L
3R T T RB2R
1
X =173 (67)
with F being equal to,
F = (a() + o1 R +0l2R2 -|—Ol3R3
+B2R? + B3R + iR + 5 RO) (68)

Following the line of research of the previous section, we
shall find the large and small curvature limits of the above
equation and we shall find the corresponding reconstructed
F(R) gravities in the corresponding limits.

3.1 Large R limit

From relation (67), by keeping leading order terms we ob-
tain,

1 Ai
2

~—— 4 — 69
¢ 37 +t 3 (69)

or equivalently,

R— A
~ = 70
¢ 3R (70)

which is valid when R > A, with A; being equal to,

21/3th B 8 x 21/3qh2f
3 3
+4x 23705 + @ —hy +207). (71)

A :a3—1/3 <4 % 213 +

By taking into account the fact that k(¢) as ¢ approaches
zero is equal to,

limh(t) =0 (72)
t—0

we can promptly find the function P(¢(R)) in the small ¢
limit (which corresponds to the large R limit equivalently),

P(p)=ci+capp . (73)

Owing to Eq. (70), qb_l reads,

3gR

-1
~ 74
¢ Ty (74)
so finally, the function P(¢) becomes,
P@)=ci +er | 18 75)
=C C .
1o/ e A

In addition, the function Q(¢(R)) in the limit where
Eq. (72) is valid, is approximately equal to,

0(#(R)) ~0. (76)

So the combination of Egs. (75) and (76), gives the resulting
reconstructed F (R) gravity of Eq. (19), which is,

3gR3

F(R)~ciR+c¢
(R) >~ Nr_4

(77

The above F(R) gravity can be further simplified, by ex-
panding the resulting expression in powers of large R,

ca+/3q A1
—

F(R) =~ (c1 +c2/39)R + (78)

By appropriately choosing the coefficient of the term linear
to the scalar curvature as follows,

c1+c2v/3g =1, (79)

and by setting A to be equal to,

_ c24/3q Ay
==

A (80)

we obtain the following form of the F'(R) gravity,

F(R)~R+ A, (81)
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which describes the standard Einstein-Hilbert gravity with
cosmological constant. Interestingly enough, this gravity de-
scribes accelerating cosmology, just as the large R modified
gravity description of the superbounce that we gave in the
previous section.

3.2 Small R limit

We now turn our focus in the small R limit of our approxi-
mate method, in which case the small ¢ limit of the slowly
varying function A(¢) is equal to Ay = p. In the large R
limit, relation (29) yields,

)
2
~— 82
¢ R (82)
where A, stands for,
1
Ay =(25x2'3¢%m3 + 12 x 213> + ————
2 ( X q hy+12 % Q+3x21/3q2
4 x 21/3q2h2 1
—4x23g%n, — %)1—/3 (83)
a
0
Hence in this case the function P (¢ (R)) reads,
P($)~cR™? (84)
with § being equal to,
hy =1+ /h%+6hs+1
8= =1 (85)

2

Accordingly, at leading order in the small R limit, the func-
tion Q(¢(R)) is equal to,

Q(@(R)) =c3R™® (86)

So finally by combining relations (84), (86) and substituting
to equation (19), the reconstructed F (R) gravity in the small
R limit is,

1
F(R)~c —C3ﬁ 87)
Recalling the value of é from (85), the most dominant term

for the F(R) gravity is the second one, so finally, the small
R reconstructed F'(R) gravity reads,

1
F(R) ~ —g (88)

Hence by combining the resulting expressions of relations
(81) and (88) we get an F(R) gravity of the form,

1
F(R)~R+aR> -3

7 (89)

@ Springer

Applying the techniques we applied in the previous section,
when p > 1, the function (89) can describe late time acceler-
ation however, for the LQC ekpyrotic scenarios, p < 1 and
therefore no late time acceleration can be consistently de-
scribed too, like in the previous section’s result describing
the superbounce case.

4 Conclusions

In this paper we investigated which F (R) gravities can gen-
erate two types of cosmological evolution, namely the su-
perbounce and the LQC ekpyrotic scenario. We used a re-
construction technique which assumes that the form of the
Hubble parameter can be approximated in a way so that
H(t) ~ h(t)/t, with h(t) a slowly varying function of the
cosmological time. Both the cosmological models we stud-
ied lead to a Hubble parameter which is exactly of that form,
so the reconstruction technique applies perfectly. Since the
technique is an approximate method, we investigated the
problem in the large and small curvature limits and we tried
to see which F'(R) gravity reproduces the Hubble parameter
of each cosmological scenario. As we demonstrated, the re-
sulting picture is quite appealing since in the case of the su-
perbounce cosmological scenario, the large curvature limit
leads to a modified gravity of the form F(R) ~ R+ aR*+c,
with a, model dependent parameter. This modified gravity
model is similar to the Starobinsky model (1980) of infla-
tion. The small curvature limit leads to a modified gravity
of the form R~%, which as was explicitly demonstrated does
not lead to any late time acceleration, due to the constraints
put from the superbounce solution. In the case of the LQC
ekpyrotic scenario, when the large curvature approximation
is considered, the resulting picture is intriguingly interesting
because the modified gravity is of the form F(R) ~ R+ A,
which is the standard Einstein-Hilbert gravity description.
The small curvature limit leads to an F(R) gravity of the
form R~%, which however again does not lead to any late
time acceleration, owing to the constraints put by the LQC
ekpyrosis.

In addition, for the class of cosmological theories which
are described by a FRW space time with scale factor a(¢) =
(at + b)z, which is the class where the superbounce model
belongs, we showed that the spacetime has a collineation
group which has only one element. This is the only non-
static spacetime with this property.

Since our method heavily relies on the reproduction of
the Hubble parameter and is an approximation method, it
is worth examining whether similar results can be obtained
if someone uses different reconstruction techniques (Nojiri
et al. 2009). This will be done in a future work.
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