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Abstract In this paper we present a general framework for
generating exact solutions to the Einstein field equations
for static, anisotropic fluid spheres in comoving, isotropic
coordinates obeying a linear equation of state of the form
pr = αρ −β. We show that all possible solutions can be ob-
tained via a single generating function defined in terms of
one of the gravitational potentials. The physical viability of
our solution-generating method is illustrated by modeling a
static fluid sphere describing a strange star.

Keywords Hydrostatic equilibrium · Compact objects

1 Introduction

There is a large body of exact solutions to the Einstein
field equations describing spherically symmetric, static mat-
ter distributions available in the literature. A systematic
study of these solutions reveal that only a small subset of
them are physically viable (Finch and Skea 1995). Vari-
ous approaches have been adopted to solve the Einstein
field equations in the hope that these solutions describe
physically realizable stellar structures. These approaches
range from ad-hoc assumptions that lead to mathematical
tractable solutions through to the imposition of physical re-
quirements on the spacetime geometry and matter content.
Nearly all spherically symmetric static solutions of the Ein-
stein field equations were obtained using curvature coordi-
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nates. Recently, there have been attempts at finding exact
solutions for perfect fluid spheres in isotropic coordinates.
Mak and Harko (2005) presented a matrix method for gen-
erating relativistic solutions which describe compact objects
in isotropic coordinates. Ivanov (2012), through his study
of collapsing shear-free fluid spheres with heat flow was
able to show a strong link between the solution-generating
method for static, isotropic spheres and collapsing, radiat-
ing spheres. Lake (2003) has presented an algorithm which
generates all static spherically symmetric perfect solutions
by choosing a single monotone function (subject to bound-
ary conditions). Herrera et al. (2008) extended Lake’s algo-
rithm to locally anisotropic fluids. In this case one requires
two generating functions (as opposed to one in the isotropic
case) in order to obtain solutions to the Einstein field equa-
tions. A general framework to study axially symmetric static
fluids was provided by Herrera et al. (2013). They were
able to generate an exact solution representing a constant
density spheroid which degenerates into the Schwarzschild
incompressible sphere in the spherically symmetric limit.
A general formalism to generate solutions of the Einstein
field equations representing static polytropes with unequal
stresses was set up by Herrera and Barreto (2013). In their
investigation, they considered two types of polytropic equa-
tions of state which in the Newtonian limit become the gen-
eralised Lane-Emden equation for anisotropic matter distri-
butions.

The role of anisotropic stresses in bounded gravitating
systems has been investigated in two comprehensive papers
by Dev and Gleiser (2002, 2003) in which they (I) obtained
exact anisotropic star models by specifying various equa-
tions of state and (II) investigated the stability of these solu-
tions under radial perturbations. Herrera and Santos (1997)
provided an excellent review of the role of anisotropy in self-
gravitating systems for both static and non-static spherical
mass distributions.

http://crossmark.crossref.org/dialog/?doi=10.1007/s10509-015-2431-3&domain=pdf
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Observational data on the compactness of astrophysical
bodies such as Her X-1, SAX J1808.4-3658 amongst oth-
ers, point to the possibility that these objects may actually
be strange stars. An alternative model to the MIT bag model
(p = 1

3 (ρ − 4B)) which relates the isotropic pressure p to
the energy density ρ and the bag constant B was provided
by Dey et al. (1998). It was shown that the equation of state
(EOS) for strange stars developed by Dey et al. (1998) can
be approximated to a linear form, p = n(ρ − ρs) where n

is a constant and ρs is the surface density (Sharma and Ma-
haraj 2007). The role played by a linear equation of state
in the stability of charged compact objects was studied by
Ngubelanga et al. (2015b). By utilising isotropic coordi-
nates, they were able to show that their solutions were well-
behaved and adequately described the physical features of
a star like PSR J1614-2230. Pant and coworkers have in-
vestigated various relativistic, charged anisotropic spheres
in isotropic coordinates (Pant et al. 2014a, 2014b, 2015b).
They were able to obtain a large class of new, exact solu-
tions of the Einstein-Maxwell field equations. Their indepth
study of the physical properties of these solutions indicates
that these solutions describe physically viable models of
neutron and self-bound strange quark stars. Recently, there
have been numerous attempts at modeling strange stars with
exotic equations of state. One simple generalisation of the
linear barotropic equation of state is the so-called quadratic
equation of state in which the energy density and pressure
of the stellar fluid are related by pr = ηρ2 + αρ − β . This
EOS was shown to adequately describe strange star candi-
dates with the quadratic term playing a significant role in
the predicted mass and radius profiles of these stellar ob-
jects (Maharaj and Takisa 2012; Takisa et al. 2014). In a
more recent study Ngubelanga et al. (2015a) studied charged
static spheres obeying a quadratic equation of state. By as-
suming a particular form for one of the gravitational poten-
tials and specifying the behaviour of the electric field inten-
sity, they were able to solve the Einstein-Maxwell system to
obtain new exact solutions in isotropic coordinates. These
models were used to regain the masses of the stars PSR
J1614-2230, 4U 1608-52, PSR J1903+0327, EXO 1745-248
and SAX J1808.4-3658. Thirukkanesh and Ragel (2014)
utilised a Van der Waals EOS to model an anisotropic com-
pact star. These models were shown to satisfy the regular-
ity, stability and boundary conditions thus rendering them
ideal candidates for modeling highly compact objects within
the framework of general relativity. A more recent study
of static compact objects was carried out by Ngubelanga
and Maharaj (2013) in which they used a transformation
due to Kustaanheimo and Qvist (1948) to model charged,
static spheres in comoving isotropic coordinates. Their ap-
proach reduced the problem to a Bernoulli equation which
they were to able to integrate for the case of a conformally
flat, static sphere. Pant et al. (2015a) modeled anisotropic

compact objects in isotropic coordinates by assuming par-
ticular forms for the anisotropic parameter. By assuming a
surface density of 2 × 1014 g.cm−3, they were able to show
that their model describes a super dense quark star with a
maximum mass of approximately 1.35 solar masses and a
radius of R = 12.58 km. In a recent study of static compact
spheres in comoving isotropic coordinates Thirukkanesh
et al. (2015) presented an intriguing model of a sphere with
vanishing radial stresses in the in the interior. They showed
that stability is achieved via the tangential stresses and that
these models adequately describe strange star candidates
such as Her. X-1, SAX J1808.4-3658(SS2), SAX J1808.4-
3658(SS1) and PSR J1614-2230.

In this paper we present an algorithm for generating solu-
tions of the Einstein field equations in isotropic coordinates
describing static, anisotropic spheres with a linear EOS of
the form pr = αρ − β . As in the Lake algorithm, only one
metric function is required to generate the complete grav-
itational field within the gravitating sphere. We illustrate
the validity of our algorithm by obtaining the constant den-
sity solution in isotropic coordinates as well as a particular
model of a conformally flat static sphere. The physically vi-
ability of our solution-generating method is carried out for
a particular model describing a spherically symmetric static
star.

2 Spherical symmetry

In this paper we consider a model which represents a spher-
ically symmetric, anisotropic fluid configuration obeying a
linear equation of state. The interior spacetime of the stellar
model takes the form

ds2 = −A2(r)dt2 + B2(r)
[
dr2 + r2dΩ2], (1)

where dΩ2 = dθ2 + sin2 θdφ2 and the metric functions,
A(r) and B(r) are yet to be determined. For our model the
energy-momentum tensor for the stellar fluid is

Tab = diag(−ρ,pr,pt ,pt ), (2)

where ρ, pr and pt are the proper energy density, radial
pressure and tangential pressure respectively. The fluid four-
velocity u is comoving and is given by

ua = 1

A
δa

0 . (3)

The Einstein field equations for the line element (1) are
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B2
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)
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where primes represent differentiation with respect to the
radial coordinate r . In generating the above field equations
we have utilised geometrized units where the coupling con-
stant and the speed of light are taken to be unity. The system
(4a)–(4c) comprises three independent equations with five
variables (A(r), B(r), ρ, pr and pt ). The mass contained
within a sphere of radius r is defined as

m(r) = 1

2

∫ r

0
ω2ρ(ω)dω, (5)

where ω is an integration variable. The study of rela-
tivistic stars with a linear equation of state has received
widespread attention amongst astrophysicists. Sharma and
Maharaj (2007) modeled a strange star with quark matter by
imposing a linear equation of state of the form

pr = αρ − β, (6)

where β = αρs , 0 ≤ α ≤ 1 and ρs is the density at the sur-
face r = rΣ . They presented a class of solutions in curvature
coordinates which were well-behaved and described physi-
cal objects such as the X-ray pulsar SAX J 1808.4-3658.
Substituting (4a) and (4b) into (6) we obtain the master
equation

2α
B ′′

B
+ (1 − α)

B ′2

B2
+ 2

r

(
A′

A
+ (1 + 2α)

B ′

B

)

+ 2
A′

A

B ′

B
+ βB2 = 0, (7)

the solution of which yields the gravitational behaviour of
our model. Equation (7) can be written as

A′

A
= −[2α B ′′

B
+ (1 − α)B ′2

B2 + 2(1 + 2α) 1
r

B ′
B

+ βB2]
2[ 1

r
+ B ′

B
] . (8)

On integrating (8) we obtain

A = d exp

[
−1

2

∫
F(r) dr

]
, (9)

where

F(r) =
(2α B ′′

B
+ (1− α)B ′2

B2 + 2(1+ 2α) 1
r

B ′
B

+ βB2

1
r

+ B ′
B

)
(10)

and d is a constant of integration. Hence the line element (1)
can be written as

ds2 = −d2 exp

[
−

∫
F(r) dr

]
dt2

+ B2[dr2 + r2dΩ2], (11)

where F(r) is given in (10). Hence, any solution describing
a static spherically symmetric anisotropic matter distribution
with linear equation of state in isotropic coordinates can be
easily determined by a single generating function B(r).

3 Uniform density sphere

If we assume that the density of the interior matter distribu-
tion is constant, ρ = μ = constant, (4a) becomes

μ = − 1

B2

(
2
B ′′

B
− B ′2

B2
+ 4

r

B ′

B

)
. (12)

This equation admits the solution

B = 2
√

3 c√
μ(1 + c2r2)

, (13)

where c is an arbitrary constant. This solution was first de-
rived by Wyman (1946). Substituting (13) in (9) we obtain

A = d

[
1 + c2r2

1 − c2r2

]μ(1+3α)−3β
2μ

, (14)

where d is an integration constant. In this case the metric (1)
take a particular form

ds2 = −d2
[

1 + c2r2

1 − c2r2

]μ(1+3α)−3β
μ

dt2

+ χ2[dr2 + r2dΩ2], (15)

where χ2 = 12c2

μ(1+c2r2)2 . The Bowers and Liang (1974) solu-
tion in curvature coordinates is a generalisation of the con-
stant density Schwarzschild sphere to include anisotropic
pressure. They showed that it was possible to obtain arbi-
trarily large surface redshifts by including large anisotropies
within the stellar fluid. A model of dissipative gravitational
collapse was constructed by Kramer (1992) in which he
transformed the interior Schwarzschild solution into comov-
ing, isotropic coordinates and then allowed the mass pa-
rameter to evolve with time. The temporal evolution of the
collapsing sphere was obtained from the boundary condi-
tion and the subsequent dynamics of the model was inves-
tigated (Maharaj and Govender 1997). As pointed out by
Ivanov (2012), Kramer’s approach is a special case of a more
general method of constructing shear-free, radiating spheres
from known static solutions of the Einstein field equations
in comoving, isotropic coordinates.

4 Conformally flat spheres

The nonvanishing components of the Weyl tensor Cabcd for
the line element (1) are

C2323 = r4

3
B2 sin2 θ

[(
A′

A
− B ′

B

)(
1

r
+ 2

B ′

B

)

−
(

A′′

A
− B ′′

B

)]
, (16a)

C2323 = −r4
(

B

A

)2

sin2 θC0101 (16b)
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= 2r2
(

B

A

)2

sin2 θC0202

= 2r2
(

B

A

)2

C0303 (16c)

= −2r2 sin2 θC1212 = −2r2C1313. (16d)

If we now impose the condition of conformal flatness, then
this would imply vanishing of all the Weyl tensor compo-
nents. From the above relations we note that this condition
is fulfilled if we demand

r

(
A′′

A
− B ′′

B

)
−

(
A′

A
− B ′

B

)(
1 + 2r

B ′

B

)
= 0. (17)

Equation (17) can be easily integrated to give

A = [
C1r

2 + 1
]
B, (18)

where C1 is a constant of integration. Substituting (18) into
(7) we obtain

2α
B ′′

B
+ (3 − α)

B ′2

B2
+ 4B ′

B

(
1 + α

r
+ C1r

1 + C1r2

)

+ 4C1

1 + C1r2
+ βB2 = 0, (19)

which is highly non-linear and difficult to integrate in gen-
eral. However, if we place some restrictions it is possible to
integrate Eq. (19). For example, when C1 = 0 (i.e., A = B)
and β = 0 (i.e., pr = αρ), Eq. (19) reduces to a convenient
form

B ′′

B
+ (3 − α)

2α

B ′2

B2
+ 2(1 + α)

α

1

r

B ′

B
= 0. (20)

This equation can be written as

B ′′

B ′ + (3 − α)

2α

B ′

B
+ 2(1 + α)

α

1

r
= 0, (21)

which can be easily integrated to yield

B = [
b + cr(

−(2+α)
α

)
] 2α

3+α , (22)

where b and c are constants of integration. In this case the
metric (1) take a particular form

ds2 = −[
a + br(

−(2+α)
α

)
] 4α

3+α
[
dt2 + dr2 + r2dΩ2]. (23)

Radiating gravitational collapse with vanishing Weyl stresses
were studied by many authors using comoving and isotropic
coordinates (Herrera et al. 2004, 2006; Maharaj and Goven-
der 2005).

5 Example

Variety of choices can be made for the gravitational potential
B for integrate (9) to obtain the potential A. However, the
choices must be physically reasonable to model a realistic

stellar object. Consequently, as example, we choose a form
for the gravitational potential B as

B = a√
1 + br2

, (24)

where a and b are real constants. The potential chosen in
(24) is regular at the center and a similar form potential has
been used in curvature coordinates to model compact sphere
(Schwarzschild 1916; Einstein 1917; de Sitter 1917). Sub-
stituting (24) into (9) and integrate we obtain

A = d
(
1+ br2) (1+5α)

4 exp

[[b(1+ α) − a2β](1+ br2)

4b

]
. (25)

In this case the matter variables can be explicitly written as

ρ = b(6 + br2)

a2(1 + br2)
, (26)

pr = α
b(6 + br2)

a2(1 + br2)
− β, (27)

pt = 1

4a2(1 + br2)

{
b
[
24α + br2

[
br2(1 + α)

× (
4(2 + 3α) + (1 + α)br2

) + 4
(
3 + α(8 + 9α)

)]]

+ a2β2r2
(
1 + br2

)2 − 2a2β
(
1 + br2

)

× [
2 + br2

(
4 + 6α + (1 + α)br2

)]}
, (28)


 = r2

4a2(1 + br2)

{
b2

[
(1 + α)br2

× (
4(2 + 3α) + (1 + α)br2

)

+ 4
(
3 + α(7 + 9α)

)] + a4β2
(
1 + br2

)2

− 2a2bβ
(
1 + br2

)(
2(2 + 3α) + (1 + α)br2

)}
, (29)

where 
 = pt − pr is the measure of anisotropy. It is noted
that the matter variables are given in terms of elementary
functions that facilitate for a detailed physical analysis of
the model. Substituting (26) into (5) we obtain

m(r) =
br3 + 15(r − arctan[√br]√

b
)

6a2
. (30)

6 Physical analysis

We are now in a position to discuss the physical features of
the model generated in Sect. 5. In order to describe a real-
istic stellar structure our model must satisfy the following
physical requirements:

(i) regularity of the gravitational potentials at the origin;
(ii) positive definiteness of the energy density and the ra-

dial pressure at the origin;
(iii) monotonic decrease of the energy density, the radial

pressure and the tangential pressure with increasing ra-
dial distance;
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(iv) the square of speed of sound V 2
S = |(dpt/dρ)2 −

(dpr/dρ)2| ≤ 1 throughout the interior of star;
(v) the continuity of the extrinsic curvature across the

matching hypersurface, K−
ij = K+

ij . Continuity of the
extrinsic curvature across the matching hypersurface,
r = R yields

(pr)(r=R) = 0; (31)

(vi) the ratio of trace of stress tensor to energy density,
(pr + 2pt)/ρ, must decrease outward;

(vii) matching conditions: we must match the interior
spacetime (M−) to the exterior spacetime (M+) de-
scribed by the exterior Schwarzschild solution in co-
moving isotropic coordinates (Bonnor et al. 1989)

ds2 = − (1 − M
2r

)2

(1 + M
2r

)2
dt2 +

(
1 + M

2r

)4

× [
dr2 + r2(dθ2 + sin2 θdφ2)], (32)

where M is the mass within a sphere of radius R.

We now show that the models generated in Sect. 5 satisfy
the above listed physical properties.

(i) Since A2(0) = d2e[b(1+α)−a2β]/2b , B2(0) = a2 which
are constants and (A2(r))′ = (B2(r))′ = 0 at the ori-
gin r = 0, the gravitational potentials are regular at the
origin.

(ii) Since ρ(0) = 6b

a2 and pr(0) = 6αb

a2 −β , the energy den-
sity and radial pressure are positive at the origin.

(iii) Since dρ
dr

= − 10b2r

a2(1+br2)2 < 0, the energy density is a
decreasing function of r . The radial pressure pr is also
a decreasing function as pr and ρ are related on a lin-
ear equation of state. The decreasing features of the
tangential pressure pt is illustrated in Fig. 3 for partic-
ular choice of parameters.

(iv) In general it is difficult to obtain the constraints on the
parameters a, b,α and β to satisfy V 2

S = |(dpt/dρ)2 −
(dpr/dρ)2| ≤ 1. However it is possible for a particular
set of values of parameters as shown in Fig. 5.

(v) At the hypersurface, the condition (pr)(r=R) = 0 im-

plies R =
√

6αb−a2β

b(a2β−αb)
which is finite for appropriate

choice of parameters a, b,α and β .

(vi) In addition to the monotonic decreasing trend of the
radial and tangential pressures we require that the
ratio of trace of the stress tensor to energy density
from center to the surface also decrease as illustrated
in Fig. 6.

(vii) Matching of interior metric (1) and exterior metric (32)
at the boundary r = R leads to the constraints

A(R) = (1 − M
2R

)

(1 + M
2R

)
, (33)

B(R) =
(

1 + M

2R

)2

, (34)

where

M = m(R) =
bR3 + 15(R − arctan[√bR]√

b
)

6a2
. (35)

The condition (33) imposes the following restriction
on the constant of integration

d =
12a2R − [bR3 + 15(R − arctan[√bR]√

b
)]

12a2R + [bR3 + 15(R − arctan[√bR]√
b

)]

× (
1 + bR2)− (1+5α)

4

× exp

[
−[b(1 + α) − a2β](1 + bR2)

4b

]
.

The condition (34) implies

a√
1 + bR2

=
[

1+
bR3 + 15(R − arctan[√bR]√

b
)

12a2R

]2

. (36)

This imposes a restriction on the parameters a, b

which can be determined if we specify the radius of
the sphere. For example, the model parameter values
chosen to prepare Table 1. satisfy all these boundary
conditions.

To illustrate the radial dependence of the physical quantities
of our model, Figs. 1–8 were plotted for the same param-
eter values utilised in Table 1 corresponding to the strange
star candidate PSR J1614-2230 with radius R = 15 km. For
these parameter values we have plotted the behaviour of the
energy density ρ, the radial pressure pr and the tangential

Table 1 Radial pressure (Central), density (central and surface) and mass for different anisotropic stellar models

Strange star candidate R

(km)
a b α pr(0)

(×1035 dyne cm−2)

ρ(0)

(×1015 g cm−3)

ρ(R)

(×1015 g cm−3)

M (M�)

Her. X-1 6.70 1.46316 0.011 0.6 5.0932 1.6527 1.1974 0.8537

SAX J1808.4-3658(SS2) 6.35 1.83719 0.029 0.8 18.517 2.7635 1.5222 1.0044

SAX J1808.4-3658(SS1) 7.07 1.80423 0.022 0.85 15.0365 2.1738 1.2250 1.1087

PSR J1614-2230 15.00 1.49399 0.0024 0.5 0.9422 0.3458 0.2448 1.9739
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Fig. 1 Energy Density

Fig. 2 Radial Pressure

pressure pt in Figs. 1, 2 and 3 respectively. These figures
show that the energy density, the radial pressure, the tangen-
tial pressure decrease monotonically with increasing radial
distance. Moreover, as seen in Figs. 1, 2 and 3, density and
tangential pressure are non-zero at the surface while the ra-
dial pressure vanishes, which is physically acceptable (Her-
rera and Santos 1997). The measure of anisotropy is plotted
in Fig. 4 which is outward or repulsive (
 > 0) throughout
the interior of the star. The square of speed of sound is plot-
ted in Fig. 5 shows that V 2

S = |(dpt/dρ)2 − (dpr/dρ)2| ≤ 1
which is a requirement for an anisotropic model (Herrera
and Santos 1997). Figure 6 shows that the ratio of trace of
stress tensor to energy density, (pr + 2pt)/ρ, is decreasing
outwards. The surface redshift is given by

ZR =
[

1 −
bR3 + 15(R − arctan[√bR]√

b
)

3a2R

]−1/2

− 1. (37)

Figure 7 shows that the surface redshift is an increasing
function of the radius of the star. Figure 8 illustrates the com-
pactness of the star. For the isotropic case, Buchdahl (1959)
has shown that the maximum allowed mass-to-radius ratio
for a static sphere in equilibrium is M

R
< 4

9 . Figure 8 shows

Fig. 3 Tangential Pressure

Fig. 4 Measure of anisotropy

Fig. 5 Square of sound speed

that our model satisfies the Buchdahl inequality for the max-
imum allowable mass-to-radius ratio.

In order to illustrate the physical viability of our model-
generating algorithm we have computed the relevant physi-
cal parameters for various strange star candidates namely,
Her. X-1, SAX J1808.4-3658(SS2), SAX J1808.4-3658
(SS1) and PSR J1614-2230 as presented in Table 1. In the
calculation of numerical values for the physical parame-
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Fig. 6 Ratio of trace of stress tensor to energy density

Fig. 7 Surface redshift as a function of R

Fig. 8 M
R

as a function of R

ters in Table 1 we use values for the parameters such that
the physical requirements given in (i)–(vii) are satisfied.
Moreover, our calculated masses for the strange star candi-
dates Her. X-1, SAX J1808.4-3658(SS2) and SAX J1808.4-
3658(SS1) are compatible with the values of Tikekar and
Jotania (2007) while the values for PSR J1614-2230 is com-

patible with the values of Muñoz-Darias et al. (2009). In
particular, Table 1 confirms the observed mass to radius ra-
tio for Her. X-1 is 0.121–0.128 M�.km−1 (Leahy 2004) and
the observed mass range is 1.07 ± 0.360 M� (Rawls et al.
2011) to good approximation. We compare the compact-
ness parameter (mass-to-radius ratio) in Tikekar and Jota-
nia (2007): u > 0.3 for pulsars SAX J1808.4-3658 (SS1 &
SS2) and PSR J1614-2230 suggests they are strange stars of
type I, and Her X-1 are of type II (0.2 < u < 0.3), and the u

value for neutron star counterparts are considered to be still
lower.

7 Conclusion

We have provided an algorithm to generate solutions of the
Einstein field equations in comoving, isotropic coordinates
which describe anisotropic, static spheres obeying a linear
equation of state. All solutions can be obtained by specify-
ing the behaviour of a single function. Our algorithm allows
us to obtain the constant density solution first derived by
Wyman as well as a class of conformally flat, static spheres.
With the aid of a specific model we demonstrate the physi-
cal viability of our solution-generating method and its appli-
cability to modeling physically realizable stellar structures
such as strange stars.
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