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Abstract This paper deals with the new theoretical model
of quintessence anisotropic star in f (T ) theory of gravity.
The equations of motion in f (T ) theory with a static spher-
ically symmetric spacetime in the presence of anisotropic
fluid and quintessence field have been solved by using Krori-
Barua metric. In this case, we have used the diagonal tetrad
field that leads to a linear form f (T ) function. We have de-
termined that all the obtained solutions are free from cen-
tral singularity and potentially stable. The values of the un-
known constants existing in Krori and Barua metric have
been calculated by using the observed values for mass of
the different strange stars PSR J 1614-2230, SAXJ1808.4-
3658(SS1), 4U1820-30, PSR J 1614-2230. The physical pa-
rameters (anisotropy, stability and redshift) of the stars have
been investigated in detail. We have determined the con-
straint under which results of f (T ), theory reduces to gen-
eral relativity.

Keywords Modified theories of gravity · Quintessence
field · Krori-Barua metric

1 Introduction

It is validly known that a huge number of scientists of mod-
ern age agree to accept the fact that the gravitational ef-
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fects can be described in scientific way by Einstein gen-
eral relativity (GR) theory. But this theory have a gap of
communication at small scales as scales of magnitude of
the Planck’s length, where one can describes the spacetime
structure quantum mechanically (Hehl et al. 1976, 1995;
Mikhail and Wanas 1977; Möller 1978; Hayashi and Shi-
rafuji 1979). Also, the problem of late time cosmic acceler-
ation of the universe, lake of a unsatisfactory theory for dark
energy and dark matter, are the main problem for modifica-
tions of GR. These modifications have appeared in the form
of f (R), f (G), f (T ), f (R,T ), theories etc. (Haghani et al.
2013; Sharif and Zubair 2013a, 2013b), but here we consider
only f (T ) gravity theory, in this theory order of differential
equations is two like GR, while all the other theories are
4th order in nature. Therefore, as compared to other theories
of gravity, it is easy to make an exact analogy between GR
and f (T ).

Since GR has the similarity with f (T ), therefore this the-
ory would be the alternative form of the generalization of
GR, namely the f (R) theory of gravity. This newly pro-
posed f (T ) theory is the modification of TT, for which Rie-
mann tensors is zero. Recently, there has been an extensive
interest to study the f (T ) gravity (Bengochea and Ferraro
2009; Linder 2010; Myrzakulov 2011; Bamba et al. 2011;
Wu and Yu 2011). It has been investigated that f (T ) gravity
has not exactly the same dynamical behavior as teleparal-
lel equivalent of general relativity (TEGR) (Yang 2011). For
the general application of this theory to astrophysical ob-
jects many observational restrictions had been studied (Ben-
gochea 2011; Wu and Yu 2010; Zhang et al. 2011; Wei
et al. 2011). Recently, many authors (Li et al. 2011a, 2011b;
Dent et al. 2011; Chen et al. 2011; Zheng and Huang 2011;
Cai et al. 2011) discuss the large scale structure and per-
turbation problems in theoretical cosmology using the for-
mulation of f (T ) gravity. The static solutions and the exis-
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tence of relativistic stars have been explored in f (T ) grav-
ity (Deliduman and Yapiskan 2011; Rodrigues et al. 2013;
Daouda et al. 2012).

The famous theorem about the static spherically sym-
metric vacuum solution that is Birkhoffs theorem, has been
studied in f (T ) gravity in Meng and Wang (2011). The
static non-rotating solutions with spherical symmetry in
f (T ) theories have been investigated in Wang (2011). The
theoretical models of relativistic stars and accelerated ex-
pansion of universe explored in detail in f (T ) gravity in
f (T ) gravity. It had been proved that the Lagrangian and
the equations of motion of f (T ) gravitational theories does
not hold the local Lorentz transformations (Li et al. 2011a,
2011b; Farajollahi and Ravanpak 2011). In f (R) gravity
the equation of motions are fourth order differential equa-
tions while in f (T ) gravity the order of differential equa-
tions is two (second order differential equations like GR).
Therefore the equations of motion of f (T ) theories are dif-
ferent from those of f (R) theories (Sotiriou et al. 2011;
Nojiri and Odintsov 2007; Elizalde et al. 2008; Nojiri et al.
2009; Cognola et al. 2009; Wu and Yu 2010; Yang 2011;
Ferraro and Fiorini 2011). Due to this property, it has been
believed that f (T ) theory may be much interesting than
f (R) gravity for the modification of GR. The non-locality
of f (T ) theories, reveal the fact that there is more degrees
of freedom in f (T ) as compared to other theories of gravity
(Ferraro and Fiorini 2007, 2008).

Recently, Abbas and his collaborators have studied the
models of anisotropic compact in GR, f (R), f (G) and
f (T ) theories in diagonal tetrad case (Abbas et al. 2014,
2015a, 2015b; Zubair and Abbas 2015). The present paper
is devoted to find analytic spherically symmetric solution
with anisotropic quintessence source in the f (T ) gravity. In
Sect. 2, a brief review of the f (T ) gravitational theory along
with physical properties of the solution, i.e., the anisotropy,
stability and redshift is provided in Sect. 3. The last section
deals with the conclusion of the paper.

2 f (T ) theory of gravity

The Teleparallel theory of gravity seemed to be an equiv-
alent theory of gravity to the GR (Zhang et al. 2011; Wei
et al. 2011; Li et al. 2011a, 2011b). Here, we will explain
the basic concepts of the f (T ) theory, for this purpose,
we define the notation of the Latin indices that are related
to tetrad field and the Greek one that are related to space-
time coordinates. The line element of the manifold is given
by

ds2 = gμνdxμdxν. (1)

This spacetime can be transformed to a Minkowskian form
by the matrix transformation so called tetrad field, as fol-

lows:

dS2 = gμνdxμdxν = ηij θ
iθj , (2)

dxμ = e
μ
i θ i, θ i = ei

μdxμ, (3)

where ηij = diag[1,−1,−1,−1] and e
μ
i eν

i = δ
μ
ν or

e
μ
i eν

j = δ
j
i .

The root of the metric determinant is given by
√−g =

det[ei
μ] = e.

For a manifold in which the Riemann tensor part without
the torsion terms is null and only the non-zero torsion terms
exist, the Weitzenbock’s connection components are defined
as:

Γ α
μν = eα

i ∂νe
i
μ. (4)

We define the torsion and the contorsion tensor as follows:

T α
μν = Γ α

νμ − Γ α
μν = eα

i

(
∂μei

ν − ∂νe
i
μ

)
, (5)

Kμν
α = −1

2

(
T μν

α − T νμ
α − T μν

α

)
, (6)

and the components of the tensor S
μν
α is defined as

Sμν
α = 1

2

(
Kμν

α + δμ
α T

βν
β − δν

αT
βμ
β

)
, (7)

one can write the torsion scalar as

T = T α
μνS

μν
α . (8)

Now, similarly to the f (R) theory, one defines the action of
f (T ) theory as follows:

S
[
ei
μ,ΦA

] =
∫

d4xe

[
1

16π
f (T ) +LMatter(ΦA)

]
, (9)

where we used G = c = 1 and ΦA is matter fields. Variation
of above action yields the following form of equations of
motion (Zhang et al. 2011; Wei et al. 2011)

Sνρ
μ ∂ρTfT T + [

e−1ei
μ∂ρ

(
eeα

i Sνρ
α

) + T α
λμSνλ

α

]
fT + 1

4
δν
μf

= 4πT ν
μ , (10)

where T ν
μ = Mν

μ + ζ ν
μ is the energy momentum tensor.

Here, Mν
μ and ζ ν

μ, are energy momentum tensors of ordi-
nary matter and quintessence filed which is specified by the
parameter ωq with −1 < ωq < −1/3. The components of

ζ ν
μ be written as (Bhar 2014) ζ t

t = ζ r
r = −ρq , ζ θ

θ = ζ
φ
φ =

1
2 (3ω + 1)ρq .

Let us consider that the matter content is an anisotropic
fluid, such that the energy-momentum tensor is given by

T ν
μ = (ρ + pt)uμuν − ptδ

ν
μ + (pr − pt)vμvν, (11)
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where uμ is the four-velocity, vμ radial four vector, ρ the
energy density, pr is the radial pressure and pt is transverse
pressure.

3 Model of anisotropic quintessence stars in
generalized teleparallel gravity

We assume that the manifold possesses a stationary and
spherical symmetry for which the metric can be written as

dS2 = ea(r)dt2 − eb(r)dr2 − r2(dθ2 + sin2(θ)dφ2). (12)

In order to re-write the line element (12) into the invariant
form under the Lorentz transformations, we define the tetrad
matrix as

[
ei
μ

] = diag
[
e

a(r)
2 , e

b(r)
2 , r, r sin(θ)

]
. (13)

Using (13), one can obtain e = det[ei
μ] = e

(a+b)
2 r2 sin(θ),

and with (4)–(8), we determine the torsion scalar and its
derivative in terms of r as

T (r) = 2e−b

r

(
a′ + 1

r

)
, (14)

T ′(r) = 2e−b

r

(
a′′ + 1

r2
− T

(
b′ + 1

r

))
, (15)

where the prime ′ denotes the derivative with respect to the
radial coordinate r . One can now re-write the equations of
motion (10) for an anisotropic fluid as

4π(ρ + ρq) = f

4
−

(
T − 1

r2
− e−b

r

(
a′ + b′)

)
fT

2
, (16)

4π(pr − ρq) =
(

T − 1

r2

)
fT

2
− f

4
, (17)

4π

(
pt + 3ωq+1

2
ρq

)

=
[
T

2
+ e−b

(
a′′

2
+

(
a′

4
+ 1

2r

)
(
a′ − b′)

)]
fT

2
− f

4
,

(18)

cot θ

2r2
T ′fT T = 0. (19)

We used Eq. (16), which arises from the non-diagonal
components θ − r of the equation of motion. We would like
to mention that this set of equations exists only due to di-
agonal tetrad field. Further, Eq. (16), does not appear in the
static case of the GR, from this equation, we get only the
following form of f (T ) function

f (T ) = βT + β1, (20)

where β and β1 are integration constants, for simplicity
we assume β1 = 0. We parameterize the metric as follows
(Krori and Barua 1975):

b(r) = Ar2, a(r) = Br2 + C, (21)

where A, B and C are some arbitrary constants which will
be determined later using some physical conditions. Now
one can note that we have four unknowns namely ρ, pr ,
ρq , pt . To solve the above system of equations let us as-
sume that the radial pressure pr is proportional to the matter
density ρ i.e.,

pr = αp 0 < α < 1, (22)

where α is the equation of state parameter. Now using
Eqs. (14)–(22), one can obtain

ρ = A + B

4π(1 + α)
βe−Ar2

, (23)

pr = α(A + B)

4π(1 + α)
βe−Ar2

, (24)

ρq = e−Ar2

8π

[
2Aβ − β

r2
− 2(A + B)β

1 + α

]
+ β

8πr2
+ β1

16π

(25)

pt = e−Ar2

8π

[
Bβ(B − A)r2 + β(2B − A)

] − 3ωq + 1

8π

×
[
e−Ar2

{
2A − 1

r2
− 2(A + B)

1 + α

}
+ 1

r2

]
(26)

pt = ωt = pt

ρ
= 1 + α

2(A + B)

[
B(B − A)r2 + (2B − A)

]

− 3ωq + 1

4

[
e−Ar2

{
2Aβ − β

r2

− 2(A + B)β

1 + α

}
+ β

r2
+ β1

2

]
. (27)

The behavior of energy density ρ, radial pressure pr and
transverse pressure pt are given by Figs. 1–3. These graphs
show that these quantities are decreasing functions and have
maximum values at center r = 0. The value for β = 1 cor-
responds to GR as given in Bhar (2014) while β = 2,3 cor-
responds to f (T ) gravity. These values can be verified by
Tables 2–4.

3.1 Anisotropic behavior

In this section, we have analyzed the anisotropic behavior of
the model.

From Eqs. (23) and (24), we have

dρ

dr
= −βAre−Ar2

2π(1 + α)
< 0, (28)
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Fig. 1 This figure represents the variation of ρ versus r (km)

Fig. 2 This figure represents the variation of pr versus r (km)

Fig. 3 This figure represents the variation of pt versus r (km)

Fig. 4 This figure represents the variation of ρq versus r (km)

dpr

dr
= −αβAre−Ar2

2π(1 + α)
< 0. (29)

The above results lead to following equations

d2ρ

dr2
= − βA

2π(1 + α)
< 0,

d2pr

dr2
= − αβA

2π(1 + α)
< 0.

From the above equations, we conclude that at r = 0,
dρ
dr

= 0, dpr

dr
= 0 and d2ρ

dr2 < 0, d2pr

dr2 < 0, while at center ρ

and pr have maximum values (see Figs. 1 and 2). This indi-
cate maximality of central density and central radial pres-
sure. From Fig. 4 it is clear that, for β = 1 like normal
matter distribution, the bound on the effective EOS in this
case is given by 0 < ωt(r) < 1, while for β = 2,3 EOS be-
haves as dark energy. Also, from Fig. 5, it is clear that ωq is
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Fig. 5 This figure represents the variation of ωt versus r (km)

changes its values from negatives to positive. This indicates
that fact that compact stars are constituted by the combina-
tion of ordinary matter and effect of f (T ) term. The mea-
sure of anisotropy, � = 2

r
(pt −pr) in this model is obtained

as follows:

� = 2

r

[
e−Ar2

8π

[
Bβ(B − A)r2 + β(2B − A)

− 2α(A + B)

1 + α

]
− 3ωq + 1

16π

[
e−Ar2

{
2Aβ − β

r2

− 2(A + B)β

1 + α

}
+ β

r2
+ β1

2

]]
. (30)

It is apparent from Fig. 6 that for our model that a repul-
sive(anisotropic) force would exists as � > 0 which allows
the construction of more massive distributions.

3.2 Matching conditions

In this section, the exterior geometry corresponding to our
interior solution is described by the Schwarzschild solution
given by the line element

ds2 = −
(

1 − 2M

r

)
dt2 +

(
1 − 2M

r

)−1

dr2

+ r2(dθ2 + sin2(θ)dφ2). (31)

The continuity of metric components gtt , grr and ∂gtt

∂r
at the

boundary surface r = R yield,

A = − 1

R2
ln

(
1 − 2M

R

)
, (32)

B = M

R3

(
1 − 2M

R

)−1

(33)

C = ln

(
1 − 2M

R

)
− M

R

(
1 − 2M

R

)−1

(34)

For the values of M and R for a strange stars, the constants
A and B can be specified as in Table 1.

3.3 Stability

In our anisotropic model, we define sound speeds as

V 2
sr = dpr

dρ
≡ α, (35)

V 2
st = dpt

dρ
≡ −2π(1 + α)[B(B − A)e−Ar2

r − +Ae−Ar2
r(2B − A + B(B − A)r2)] − 3ωq+1

4π

A(A + B)rαe−Ar2

×
[
Ae−Ar2

r

{
2A − 1

r2
− 2(A + B)

1 + α

}
− 2β

r3
+ e−Ar2

r3
+ β1

2

]
. (36)

The above equations lead to

V 2
st − V 2

sr =
[
−2π(1 + α)[B(B − A)e−Ar2

r − +Ae−Ar2
r(2B − A + B(B − A)r2)] − 3ωq+1

4π

A(A + B)rαe−Ar2

×
[
Ae−Ar2

r

{
2A − 1

r2
− 2(A + B)

1 + α

}
− 2β

r3
+ e−Ar2

r3
+ β1

2

]]
− α (37)
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Table 1 Values of constants for
given Masses and Radii of Stars
(Li et al. 1999; Lattimer and
Steiner 2014)

Strange Quark Star M R (km) A (km−2) B (km−2)

PSR J1614-2230 1.97M� 10.3 0.00782944033 0.006102145623

Vela X-12 1.77M� 9.99 0.00741034129 0.005485958565

SAX J 1808.4-3658 1.435M� 7.07 0.01823156974 0.014880115690

4U 1820-30 2.25M� 10.0 0.01090644119 0.009880952381

Table 2 Calculated values of
the parameter from the model
by taking α = 0.11 and β = 1

Compact Star Mass (in km) ρ0 (g/cc) ρR (g/cc) p0 (dyn/cm2)

PSR J1614-2230 2.90575 1.3476 × 1015 5.8758 × 1014 1.3341 × 1035

Vela X-12 2.61075 1.2475 × 1015 5.9506 × 1014 1.2350 × 1035

SAX J 1808.4-3658 2.116625 3.2030 × 1015 1.2876 × 1015 3.1710 × 1035

4U 1820-30 3.31875 3.3831 × 1015 5.95069 × 1014 1.2350 × 1035

Table 3 Calculated values of
the parameter from the model
by taking α = 0.11 and β = 2

Compact Star Mass (in km) ρ0 (g/cc) ρR (g/cc) p0 (dyn/cm2)

PSR J1614-2230 2.90575 2.6953 × 1015 11.7517 × 1014 2.6683 × 1035

Vela X-12 2.61075 2.4950 × 1015 11.9034 × 1014 2.4700 × 1035

SAX J 1808.4-3658 2.116625 6.4061 × 1015 2.5752 × 1015 6.3420 × 1035

4U 1820-30 3.31875 4.0221 × 1015 13.5130 × 1014 3.9815 × 1035

Table 4 Calculated values of
the parameter from the model
by taking α = 0.11 and β = 3

Compact Star Mass (in km) ρ0 (g/cc) ρR (g/cc) p0 (dyn/cm2)

PSR J1614-2230 2.90575 4.0430 × 1015 17.6275 × 1014 4.002 × 1035

Vela X-12 2.61075 3.7425 × 1015 17.8520 × 1014 3.7051 × 1035

SAX J 1808.4-3658 2.116625 9.6091 × 1015 3.8628 × 1015 9.5130 × 1035

4U 1820-30 3.31875 6.0326 × 1015 20.2695 × 1014 5.9722 × 1035

According to Herrera (1992) cracking concept if radial
speed of sound is greater than the transverse speed of sound
i.e., V 2

st − V 2
sr > 0, in a region then such a region is a poten-

tially stable region, otherwise unstable region. Figure 7 im-
plies that V 2

st is decreasing function of radial coordinate r .
In our case, Fig. 8, shows that our strange star model is sta-
ble.

3.4 Surface redshift

The compactness of the star is given by

u = M

b
= (A + B)β

A(1 + m)

(
1

2

√
π

A

Erf [√Ar]
r

− e−Ar2
)

. (38)

The surface redshift (Zs) resulting from the compactness
u is obtained as

1 + Zs = [1 − 2u]−1
2 , (39)

where

1+Zs =
[

1− (A + B)β

A(1 + m)

(
1

2

√
π

A

erf [√Ar]
r

− e−Ar2
)]−1

2

.

(40)

The maximum value of the surface redshift for the compact
stars is shown in Fig. 9.

4 Concluding remarks

In this paper, we have constructed the model of anisotropic
Quintessence stars in generalized Teleparallel gravity us-
ing the Krori and Barua (1975) ansatz. To this end, the
anisotropic perfect fluid energy momentum tensor is cou-
pled to quintessence field which can be specified by the pa-
rameter ωq such that −1 < ωq < −1/3. Motivated by the
present cosmological observation that our universe is ac-
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Fig. 6 This figure represents the variation of � versus r (km)

Fig. 7 This graph represents the variation of V 2
st versus r (km)

Fig. 8 This figure represents the variation of V 2
st − V 2

sr versus
r (km)

celerating due to quintessence dark energy, we have con-
sidered such field in the modeling of the anisotropic star
in f (T ) gravity. We have found that for diagonal tetrad
matrix of static spacetime, anisotropic quintessence field
yield the linear form of a f (T ), with two arbitrary con-
stant of integration namely β1 and β . It has been found
the for β1 → 0 and β → 1, the results for GR can be re-
covered, while for the other values of these parameters we
have the results for f (T ). We can say that if f (T ) = βT ,
then this theory can be considered as re-scaling of GR.
The unknown constants in Krori and Barua metric can be
obtained by matching the interior static metric with static
vacuum Schwarzschild solution. This matching is suitable

in this case as f (T ) and GR both involve second order
derivative terms in the equations of motion and we have
continuity of metric coefficients up to first order deriva-
tives.

We have calculated the energy density, radial and trans-
verse pressures, quintessence energy density and anisotropic
parameter of the model. Using the observational data of
SAXJ1808.4-3658(SS1) (radius = 7.07 km), 4U1820-30
(radius = 10 km), Vela X-12 (radius = 9.99 km), PSR J
1614-2230 (radius = 10.3 km), we have formulated the en-
ergy density, at center at r = 0 and r = R and pressure at
r = 0. All these results have been shown in Tables 2–4,
for β = 1,2,3, it is interesting to note that Table 2 cor-
responding to β = 1 matches exactly to GR results (Bhar
2014), while Tables 3, 4 are extension of GR. We have
plotted the graphs only for the data of PSR J 1614-2230
(radius = 10.3 km). The first and second derivatives of den-
sity and pressures, indicate that these quantities have maxi-
mum values at the center and minimum values at boundary.
The behavior of quintessence density ρq does not change
in f (T ) theory of gravity as compared to GR, but one
can note the deviation in numerical values for β = 2,3
as shown in Fig. 4. The EoS parameter ωt has same val-
ues as GR for β = 1, but for β = 2,3 it exhibit dark en-
ergy behavior as shown in Fig. 5. We have investigated
that for our model � > 0 (as shown in Fig. 6) and a re-
pulsive force due to anisotropy results to the formation of
more massive stars. We have shown that 0 < υ2

sr , υ
2
st < 1

and υ2
st > υ2

sr , hence our model is potentially stable. We
would like to mention that concept of stability indepen-
dent of f (T ) gravity for the particular choice of the model
f (T ) = βT . It is not true in general for the arbitrary f (T )

model. The range of surface redshift Zs for compact star
candidate PSR J 1614-2230 (radius = 10.3 km) is shown in
Fig. 9.
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Fig. 9 This figure represents the variation of Zs versus r (km)
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