
Astrophys Space Sci (2015) 357:112
DOI 10.1007/s10509-015-2340-5

O R I G I NA L A RT I C L E

Schwarzschild-anti de Sitter black hole with quintessence

B. Malakolkalami1 · K. Ghaderi1

Received: 6 February 2015 / Accepted: 3 April 2015 / Published online: 13 May 2015
© Springer Science+Business Media Dordrecht 2015

Abstract In this paper, by using the effective potential
for the photons, we analysis the null geodesics and all
kinds of orbits corresponding to the energy levels for
the Schwarzschild-anti de Sitter black hole surrounded by
quintessence with ωq = − 2

3 and compare our results with
those obtained for the Schwarzschild black hole surrounded
by quintessence matter. We also investigate the circular or-
bits and calculate the angle of deflection of the photons.

Keywords Static · Black holes · Geodesics · Dark energy ·
Quintessence · Schwarzschild-anti de Sitter

1 Introduction

The expansion of the Universe is a long-established fact and
there are significant astronomical evidences that the Uni-
verse is expanding at an accelerating rate. The current cos-
mological observation predicts the existence of some form
of energy which permeates all of space with a large nega-
tive pressure (Perlmutter et al. 1999; Riess et al. 1998, 1999;
Spergel et al. 2007; Tegmark et al. 2004; Seljak et al. 2005),
called dark energy which constitutes about 70 percent of the
energy density of the Universe.

Dark energy is a complete mystery and the evidence for
it is indirect and understanding the origin of this negative
pressure is one of the biggest efforts in cosmology today.
There are two proposed forms for dark energy. The first and
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the simplest explanation for dark energy is the cosmologi-
cal constant (Padmanabhan 2003) with a constant equation
of states ωq = −1 and the second is the dynamical scalar
field models such as quintessence (Carroll 1998), chameleon
(Khoury and Weltman 2004), K-essence (Armendariz-Picon
et al. 2000), tachyon (Padmanabhan 2002), phantom (Cald-
well 2002) and dilaton (Gasperini et al. 2002). Basically, the
difference between these models returns to the magnitude
of ωq which is the ratio of pressure to energy density of
dark energy and for quintessence −1 < ωq < − 1

3 . For more
details about various models of dark energy see Fernando
(2012).

Black holes surrounded by dark energy are believed to
play the crucial role in cosmology. Quintessence as one can-
didate for the dark energy is defined as an ordinary scalar
field coupled to gravity (Copeland et al. 2006). Kiselev
(2003) by considering the Einstein’s field equations for a
black hole charged or not and surrounded by quintessence,
derived a new solution related to ωq .

In the present work, we study the Schwarzschild-anti de
Sitter black hole surrounded by quintessence matter by us-
ing the solution which obtained by Kiselev (2003) and also
we analysis the geodesic structure of massless particles for
this black hole and compare our results with those obtained
for Schwarzschild black hole surrounded by quintessence
matter which derived by Fernando (2012). By analyzing the
moving particles and photons around the black hole, we can
describe the gravitational field around the black hole. Stud-
ies the geodesic structure is one way to understanding the
physical effects of the gravitational field and describing the
effect of quintessence field on the geometry.

The outline of this paper is as follows: In Sect. 2, we
briefly review the Schwarzschild-anti de Sitter black hole
space-time surrounded by quintessence. In Sect. 3, we dis-
cuss the radial null geodesics structure. In Sect. 4, we use the
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variable change u = 1
r

to analysis the geodesics. In Sect. 5,
we study the deflection of light by the Schwarzschild-anti de
Sitter black hole surrounded by quintessence, while a con-
clusion is given in Sect. 6.

2 Schwarzschild-anti de Sitter black hole
space-time surrounded by quintessence

Kiselev (2003) derived a static spherically symmetric exact
solution of Einstein equations for a black hole surrounded
by the quintessence. The metric of the Schwarzschild-anti de
Sitter black hole surrounded by quintessence can be written
as (Kiselev 2003),

ds2 = −g(r)dt2 + g(r)−1dr2 + r2dΩ2 (1)

where

g(r) = 1 − 2M

r
− Λr2

3
− c

r3ωq+1
(2)

and

dΩ2 = dθ2 + sin2 θdφ2 (3)

where M is the mass of the black hole and Λ is the cos-
mological constant. ωq is the quintessential state parameter
which has the range −1 < ωq < − 1

3 and c is the positive

normalization factor dependent on ρq = − c
2

3ωq

r3(1+ωq ) , and ρq

is the density of quintessence which is always a positive. For
more details see Kiselev (2003).

Fernando (2012) derived the geodesic structure of mass-
less particles of the Schwarzschild black hole surrounded by
quintessence matter for ωq = − 2

3 . In this paper, we are go-
ing to study the Schwarzschild-anti de Sitter black hole sur-
rounded by quintessence in detail corresponds to the choice
of ωq = − 2

3 , so that

g(r) = 1 − 2M

r
− Λr2

3
− cr (4)

In this paper we only consider a case that,

Λ = 1

18

1 − 9Mc − √−(6Mc − 1)3

M2
(5)

then

g(r) = 1 − 2M

r
− r2(1 − 9Mc − √−(6Mc − 1)3)

54M2
− cr

(6)

Therefore this metric for 6Mc < 1 has two following hori-
zons,

rin = 3M

(
− A

2B
+ B − 18M2c2

AB
+ 6Mc

B

+ 1

2
I
√

3

(
A

B
+ 2B − 36M2c2

AB

))
(7)

Fig. 1 Horizons of the Schwarzschild and the Schwarzschild-anti de
Sitter black holes surrounded by quintessence matter with M = 1 and
c = 0.12

rout = 3M

(
− A

2B
+ B − 18M2c2

AB
+ 6Mc

B

− 1

2
I
√

3

(
A

B
+ 2B − 36M2c2

AB

))
(8)

where

A = (−54Mc + 18Mc
√

−(6Mc − 1)3 + 4

− 4
√

−(6Mc − 1)3 − 216M3c3 + 216M2c2) 1
3 (9)

and

B = −1 + 9Mc +
√

−(6Mc − 1)3 (10)

which rout is the multiple root. Figure 1 shows the dif-
ference between horizons of the Schwarzschild and the
Schwarzschild-anti de Sitter black holes surrounded by
quintessence matter.

The Schwarzschild-anti de Sitter black hole surrounded
by quintessence with above horizons has the Hawking tem-
perature as,

Trin,rout = 1

4π

∣∣∣∣
−2M

r2
+ c

+ 1

27

r(1 − 9Mc − √−(6Mc − 1)3)

M2

∣∣∣∣
r=rin,out

(11)

Temperature of the Schwarzschild and the Schwarzschild-
anti de Sitter black holes surrounded by quintessence matter
are shown in Fig. 2.
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Fig. 2 Temperature of horizons for the Schwarzschild and the
Schwarzschild-anti de Sitter black holes surrounded by quintessence
matter as a function of c with M = 2

3 Radial null geodesics structure

Following Fernando (2012), the effective potential of the
null geodesics can be written as

Veff = L2 g(r)

r2
(12)

The relation between energy and effective potential is de-
fined as

ṙ2 + Veff = E2 (13)

In this section, we analysis the radial null geodesics struc-
ture in two state for angular momentum with L = 0 and
L �= 0.

3.1 Null geodesics structure with L = 0

From Fernando (2012) for a motion without angular mo-
mentum L = 0, we have

dt

dr
= ± 1

g(r)
(14)

which for the Schwarzschild-anti de Sitter black hole sur-
rounded by quintessence lead to

dt

dr
= ± 1

1 − 2M
r

− 1
54

r2(1−9Mc−
√

−(6Mc−1)3)

M2 − cr

(15)

The coordinate time t as a function of r can be obtained by
integrating the above equation as,

t = ±54M2
∑

R

R ln(r − R)

p
+ const± (16)

where

Fig. 3 Effective potential as a function of r for the Schwarzschild
and the Schwarzschild-anti de Sitter black holes surrounded by
quintessence matter with M = 1, c = 0.1 and L = 1

p = 54M2 − 108cM2R − 3R2 + 27cMR2

+ 3R2
√

−(6Mc − 1)3 (17)

and

R = RootOf
((−1 + 9Mc +

√
−(6Mc − 1)3

)
Z3

− 54cM2Z2 + 54M2Z − 108M3) (18)

From Fernando (2012) for the proper time we have

τ = ± r

E
+ const± (19)

Above equations express t tends to ∞ and τ → rin
E

if
r → rin. These results illustrate there is no difference be-
tween our results for the Schwarzschild-anti de Sitter
black hole with those obtained by Fernando (2012) for the
Schwarzschild black hole surrounded by quintessence.

3.2 Null geodesics structure with L �= 0

For the null geodesics with L �= 0, we get the corresponding
effective potential from Eq. (12),

Veff = L2

r2
− 2ML2

r3
− L2c

r

− 1

54

L2(1 − 9Mc − √−(6Mc − 1)3)

M2
(20)

The behavior of the effective potential depends on the
parameters L, M and c and Veff → 0 if r tends to rin

and rout. Figure 3 shows that the effective potential of
the Schwarzschild-anti de Sitter black hole surrounded by
quintessence is higher than for the Schwarzschild black hole
surrounded by quintessence.
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Fig. 4 Behavior of Veff as a function of r with the different values
of E. Here, M = 1, c = 0.12 and L = 1

Since the motion of the particles depends on the energy
levels, then from Fig. 4, we can consider three cases accord-
ing to different values of E (E1, E2, Ec) for the motion as
follows:

(1) This case denotes the value of the energy E = E1. In
this case, the photon is allowed to starts the motion only at
r < r1. Therefore, for all values of r , the photons will fall
into the black hole.

(2) When E = E2, if the photons start the motion at
r < r3, they close to r = r4 and fly back to r = r3 and os-
cillate between r3 and r4. If the photon starts the motion at
r < r5, it will fall into the black hole.

(3) In this case, the energy of particle is Ec and ṙ = 0,
then the orbit is circular and unstable at r = rc . If the pho-
tons start the motion at rc < r < r2, then undergo unstable
circular orbit at r = rc and if start the motion at r < rc they
will fall into the black hole.

3.3 Null circle geodesics

When the energy E = Ec and Veff = E2
c , the photon can or-

bit on unstable circular orbit at r = rc as explained in previ-
ous section. We can compute the radius of the circular orbits
by the equation,

dVeff

dr
= 0 (21)

By using the above equation and the definition of the effec-
tive potential given in Eq. (20), we obtain two circular orbits
as,

rc1 = 1 + √
1 − 6Mc

c
(22)

Fig. 5 The circular orbits as a function of c parameter for the
Schwarzschild and the Schwarzschild-anti de Sitter black holes sur-
rounded by quintessence matter with M = 2

rc2 = 1 − √
1 − 6Mc

c
(23)

Since rc1 = rout, rin < rc2 < rout and we like to anal-
ysis the motion between the horizons then we consider
rc2 as rc . These results show that the Schwarzschild and
the Schwarzschild-anti de Sitter black holes surrounded by
quintessence matter have the same circular orbits rc . The
radius of the circular orbits as a function of c parameter
for the Schwarzschild and the Schwarzschild-anti de Sitter
black holes surrounded by quintessence matter are shown in
Fig. 5.

We can compute the time period for the circular orbit in
proper time (Tτ ) and coordinate time (Tt ) from following
equations,

Tτ = 2πr2
c

L
(24)

and

Tt = 2πrc√
g(rc)

(25)

Figures 6 and 7 show the time periods as a function of M

for the Schwarzschild and the Schwarzschild-anti de Sit-
ter black holes surrounded by quintessence matter. These
figures illustrate the Schwarzschild and the Schwarzschild-
anti de Sitter black holes surrounded by quintessence mat-
ter have the same Tτ , while Tt of the Schwarzschild-anti
de Sitter black hole surrounded by quintessence matter for
large M is smaller than for the Schwarzschild black hole
surrounded by quintessence matter.

We can check the instability of circular null geodesics
by Lyapunov exponent λ which is given by Cardoso et al.
(2009) as,
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Fig. 6 Tτ as a function of M for the Schwarzschild and the
Schwarzschild-anti de Sitter black holes surrounded by quintessence
matter with c = 0.05 and L = 1

Fig. 7 Tt as a function of M for the Schwarzschild and the
Schwarzschild-anti de Sitter black holes surrounded by quintessence
matter with c = 0.12 and L = 1

λ =
√

−V
′′
eff(rc)

2ṫ2(rc)
=

√
−V

′′
eff(rc)r

2
c g(rc)

2L2
(26)

The graphs for the Lyapunov exponent λ as a function of c
for the Schwarzschild and the Schwarzschild-anti de Sitter
black holes surrounded by quintessence matter are given in
Fig. 8. The instability of the circular orbits for large c pa-
rameter is more for the Schwarzschild-anti de Sitter black
hole surrounded by quintessence in comparison with the
Schwarzschild black hole surrounded by quintessence.

Fig. 8 The Lyapunov exponent λ as a function of c for the
Schwarzschild and the Schwarzschild-anti de Sitter black holes sur-
rounded by quintessence matter with M = 1

3.4 Force on the massless particle

The force on the massless particle can be obtained by using
the effective potential as,

F = −1

2

dVeff

dr
= −3ML2

r4
+ L2

r3
− 1

2

cL2

r2
(27)

From the above equation, we can see the Schwarzschild-
anti de Sitter and the Schwarzschild black holes surrounded
by quintessence matter have the same force acting on the
photons. This force is attractive for the first and the third
terms and is repulsive for the second term. The third term
is the force due to the quintessence. The graphs for the ef-
fective force on the photons F as a function of r for the
Schwarzschild and the Schwarzschild-anti de Sitter black
holes surrounded by quintessence matter are given in Figs. 9
and 10. Form these figures, we can see F = 0 at rc and the
force on the photon for rc < r < rout is repulsive and for
rin < r < rc is attractive.

4 Using the variable change u = 1
r to analysis the

geodesics

In this section, we use the variable change u = 1
r

to analysis
the geodesics equation of motion. From Fernando (2012),
the relation between φ and u is given by,
(

du

dφ

)2

= f (u) (28)

where for the Schwarzschild-anti de Sitter black hole sur-
rounded by quintessence matter, f (u) corresponds to,
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Fig. 9 Behavior of F as a function of r for the Schwarzschild and the
Schwarzschild-anti de Sitter black holes surrounded by quintessence
matter with M = 0.5, c = 0.1 and L = 2

Fig. 10 Behavior of F as a function of r for the Schwarzschild and the
Schwarzschild-anti de Sitter black holes surrounded by quintessence
matter with M = 0.5, c = 0.1 and L = 2

f (u) = 2Mu3 − u2 + cu + E2

L2

+ 1

54

1 − 9Mc − √−(6Mc − 1)3

M2
(29)

By using the roots of f (u) = 0, we can analysis the ge-
ometry of the geodesics. Above equation illustrates for any
value of M , c, L and E, f (u) tends to ±∞ if u → ±∞ and

f (u) = E2

L2 + 1
54

1−9Mc−
√

−(6Mc−1)3

M2 if u = 0. The roots of
f (u) can be called as u1, u2 and u3 which u1 is negative
real root always while the nature of u2 and u3 depends on

Fig. 11 Behavior of f (u) as a function of u with M = 0.5, c = 0.01,
L = 30 and E = 9

the values of E, L, c and M . Figure 11 shows the behav-
ior of f (u) as a function of u for general values of M , c,
E and L. This figure illustrates that the behavior of f (u) for
the Schwarzschild-anti de Sitter black hole is similar to what
obtained by Fernando (2012) for the Schwarzschild black
hole surrounded by quintessence matter. For more details
about the behavior of f (u) and all possible regions of mo-
tion see Fernando (2012).

5 Deflection of light by the Schwarzschild-anti de
Sitter black hole surrounded by quintessence

According to general relativity, when light passes around a
massive object such as a black hole, it is bent. The study
of deflection of light is one of the important applications of
the null geodesics. In this section, we derive the angle of
deflection of light for the Schwarzschild-anti de Sitter black
hole surrounded by quintessence. We first obtain the closest
distance of approach r0 for the photon with E = E2. Fol-
lowing Fernando (2012), by finding the roots of f (r) = 0,
we can calculate the closest approach r0. From Eq. (29), the
function f (r) for the Schwarzschild-anti de Sitter black hole
surrounded by quintessence can be expressed as,

f (r) = 2M

r3
− 1

r2
+ c

r
+ E2

L2

+ 1

54

1 − 9Mc − √−(6Mc − 1)3

M2
(30)

The above equation can be written as,
(

1 + 1

54

D2(1 − 9Mc − √−(6Mc − 1)3)

M2

)
r3

+ cD2r2 − D2r + 2MD2 = 0 (31)
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Here, D = L
E

is the impact parameter. The roots of the
above equation are r3, r4 and r5 which are shown in Fig. 4.
From Fig. 4, we can see the photon with E = E2 is allowed
to starts the motion at r < r3 and since r5 < r4 < r3 and
r5 < rc , therefore we choose r4 as a closest approach r0. We
can obtain r0 from Eq. (31) as,

r0 = y − cD2

3S
(32)

where

y = 2

√ |p|
3

cos

(
θ

3

)
(33)

θ = arccos

(−q

2

( |p|
3

)− 3
2
)

(34)

p = −D2

S
− c2D4

3S2
(35)

q = 2c3D6

27S3
+ cD4

3S2
+ 2MD2

S
(36)

S = 1 + 1

54

D2(1 − 9Mc − √−(6Mc − 1)3)

M2
(37)

Figure 12 shows the closest approach r0 as a function of
the impact parameter D for the Schwarzschild and the
Schwarzschild-anti de Sitter black holes surrounded by
quintessence.

This graph illustrates r0 for the Schwarzschild-anti de
Sitter black hole surrounded by quintessence with the same
D is more in comparison with the Schwarzschild black hole
surrounded by quintessence.

By using a method given by Amore et al. (2006),
we can obtain the angle of deflection of light α for the
Schwarzschild-anti de Sitter black hole surrounded by
quintessence matter. The Weyl gravity has the metric of the
form (Amore et al. 2006),

ds2 = −g(r)dt2 + g(r)−1dr2 + r2dΩ2 (38)

where

g(r) = 1 − 2β

r
+ γ r − kr2 (39)

The angle of deflection of light for the Weyl gravity which
is independent of k, is defined as (Amore et al. 2006),

α = 4β

r0
− γ r0 +

(
15πβ2

4r2
0

− 4β2

r2
0

+ γβ − 3γπβ

2
+ γ 2r2

0

2

)

(40)

By considering k = 1
54

1−9Mc−
√

−(6Mc−1)3

M2 , β = M , γ =
−c and using above equation, we can compute α for

Fig. 12 The closest approach r0 as a function of D for the
Schwarzschild and the Schwarzschild-anti de Sitter black holes sur-
rounded by quintessence matter with M = 1 and c = 0.05

Fig. 13 The bending angle α as a function of D for the Schwarzschild
and the Schwarzschild-anti de Sitter black holes surrounded by
quintessence matter with M = 1 and c = 0.05

the Schwarzschild-anti de Sitter black hole surrounded by
quintessence matter. Here, r0 is the closest approach.

Figure 13 shows the bending angle α as a function of
the impact parameter D for the Schwarzschild and the
Schwarzschild-anti de Sitter black holes surrounded by
quintessence. This graph indicates α with the same D is less
for the Schwarzschild-anti de Sitter black hole surrounded
by quintessence in comparison with the Schwarzschild black
hole surrounded by quintessence.
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6 Conclusion

In this paper, we have investigated the null geodesics and
all kinds of orbits corresponding to the energy levels for
the Schwarzschild-anti de Sitter black hole surrounded by
quintessence and compared our results with those obtained
by Fernando (2012) for the Schwarzschild black hole sur-
rounded by quintessence matter. By analyzing the effec-
tive potential of photons, all possible motions are discussed.
The circular orbits and the Lyapunov exponent λ are stud-
ied in detail. It is shown that the Schwarzschild and the
Schwarzschild-anti de Sitter black holes surrounded by
quintessence matter have the same circular orbits. We also
have shown that the instability of the circular orbits for large
c parameter is more for the Schwarzschild-anti de Sitter
black hole surrounded by quintessence in comparison with
the Schwarzschild black hole surrounded by quintessence.
We have used the variable change u = 1

r
to analysis the

geodesics equation of motion and we showed that the be-
havior of f (u) for the Schwarzschild-anti de Sitter black
hole is similar to the Schwarzschild black hole surrounded
by quintessence matter. Finally, we have calculated the an-
gle of deflection of light and showed that the bending angle
with the same D is less for the Schwarzschild-anti de Sitter
black hole surrounded by quintessence in comparison with
the Schwarzschild black hole surrounded by quintessence.
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