Astrophys Space Sci (2015) 357:60
DOI 10.1007/s10509-015-2264-0

P
@ CrossMark

ORIGINAL ARTICLE

LRS Bianchi type-I cosmological model in f (R, T) theory

of gravity with A(T)

P.K. Sahoo! - M. Sivakumar?

Received: 30 December 2014 / Accepted: 8 February 2015 / Published online: 18 April 2015

© Springer Science+Business Media Dordrecht 2015

Abstract The locally rotationally symmetric (LRS) Bianchi
type-I cosmological models have been investigated in
f (R, T) theory of gravity, where R is the Ricci scalar and
T is the trace of the energy momentum tensor, for some
choices of the functional f(R,T) = fi1(R) + f2(T). The
exact solutions of the field equations are obtained for the
linearly varying deceleration parameter ¢(t) proposed by
Akarsu and Dereli (2012). Keeping an eye on the accelerat-
ing nature of the universe in the present epoch, the dynamics
and physical behaviour of the models have been discussed.
It is interesting to note that in one of the model, the universe
ends with a big rip. By taking different functional forms for
f>(T) we have investigated whether or not the Big Rip can
be avoided. We found that, the Big Rip situation can not
be avoided and may be inherent in the linearly varying de-
celeration parameter. We have also applied the State-finder
diagnostics to get the geometrical dynamics of the universe
at different phases.

Keywords LRS Bianchi type-I spacetime - f (R, T)
gravity - Cosmological constant - Big rip
1 Introduction

One of the most generalization of the flat universe is Fried-
man Robertson—Walker (FRW) universe. Similarly the most
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simplest spatially homogeneous and anisotropic flat uni-
verse is the Bianchi type-I universe. FRW universe has the
same scale factor for each of the three spatial directions
where as Bianchi type-I universe has different scale fac-
tors. Near the singularity Bianchi type-I universe behave like
Kanser universe. It has been observed that a universe filled
with matter, the initial anisotropy in Bianchi type-I universe
quickly dies away and evolves into a FRW universe. It has
simple mathematical form and interesting because of the
ability to explain the cosmic evolution of the early universe.
Due to its importance several authors have studied Bianchi
type-I universe from different aspects.

In recent years, there has been a lot of work in as-
trophysics and cosmology based on the observational ev-
idence that the present universe is undergoing in a phase
of accelerated expansion. From Ia supernova (Bennet et al.
2003, Spergel et al. 2003, 2007) observations, cosmic mi-
crowave background (CMB) anisotropies (Perlmutter et al.
1997, 1999, Riess et al. 2004, 2007) and large scale structure
(Tegmark et al. 2004; Cole et al. 2005) indicate that most
of the cosmic energy density is dominated by dark energy
(DE). This DE is responsible for the cosmic acceleration.
There are many candidates of DE, such as the cosmological
constant or vacuum energy, quintessence, phantom, tachyon,
quantum, Chaplygin gas and many more (Padmanabhan
2002, 2008, Bento et al. 2002; Nojiri and Odintsov 2003;
Feng et al. 2005). Among all the candidates, the ACDM
(A-cold dark matter) model is the best one due to its suc-
cess and fine-tuning (Peebles 2003; Astier et al. 2006).

In view of the late time acceleration and existence of dark
energy modified theories of general relativity have been de-
veloped and drawn much attention. The modifications are
based on the Einstein—Hilbert action to obtain alternative
theories of Einstein such as f(R) gravity (Carroll et al.
2004, Nojiri et al. 2006, 2007, 2011, Bertolami et al. 2007,
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Sotiriou and Faraoni 2010), f(7') gravity (Bengocheu et al.
2009; Linder 2010) and f(G) gravity (Bamba et al. 2010a,
2010b; Rodrigues et al. 2014; Nojiri and Odintsov 2010a)
where R, T and G are the scalar curvature, the torsion scalar
and the Gauss—Bonnet scalar respectively. The maximal ex-
tension of the Hilbert—Einstein action have been proposed
by Harko and Lobo (2010) by considering the gravitational
Lagrangian as a arbitrary function of Ricci scalar R and of
the matter Lagrangian L,,. The relativistic covariant model
of interacting DE based on the principle of least action is
given in f (R, L,,) gravity (Poplawski 2006). In this theory,
the cosmological constant is a function of trace of the en-
ergy tensor and hence the model was denoted “A(T") grav-
ity”. This is more general than the f(R) gravity as it re-
duces to the latter when we neglect the pressure. A detailed
review of f(R) gravity and their properties with different
models are discussed in detail by many authors (Lobo 2008;
Felice and Tsujikawa 2010, Nojiri and Odintsov 2010a,
2011).

Harko et al. (2011) have developed a new modified the-
ory of gravity known as f (R, T') gravity. In this theory, the
gravitational Lagrangian is given by an arbitrary function of
the scalar curvature R and the trace T of the energy tensor.
The field equations are derived in the metric formalism as
well as the equations of motion for test particles. They have
presented the field equations corresponding to FRW met-
ric for forms of the function f(R,T). Adhav (2012) con-
structed LRS Bianchi type cosmological model in f(R, T)
gravity with perfect fluid. Sharif and Zubir (2012) studied
the anisotropic behavior of perfect fluid and massless scalar
field for Bianchi type-I space time in this theory. The neg-
ative constant deceleration parameter in presence of per-
fect fluid is studied in Bianchi type-III cosmological model
(Reddy et al. 2012). Bianchi type-III dark energy model is
derived in presence of perfect fluid using special law of vari-
ation for Hubble’s parameter (Reddy et al. 2013). Chaubey
and Shukla (2013) constructed Bianchi type-III, V, VI and
VI, cosmological models by using linearly varying deceler-
ation parameter. Yadav (2013) constructed Bianchi type-V
string cosmological model with power law expansion in this
theory. Mishra and Sahoo (2014) solved the field equations
of Bianchi type-VI;, cosmological model in presence of per-
fect fluidin f(R, T) gravity. Sahoo and Mishra (2014) stud-
ied Kaluza—Klein dark energy model in form of wet dark
fluid in this theory. Sahoo et al. (2014) constructed an ax-
ially symmetric cosmological model in f(R, T) theory in
the presence of a perfect fluid source. In particular Ahmed
and Pradhan (2014) constructed Bianchi type-V cosmologi-
cal model for a specific choice of f(R, T) = f1(R)+ f2(T).
They considered the cosmological constant A as a function
of the trace of the energy-momentum-tensor 7 and called
the model as “A(T') gravity”.

Inspired by the above discussion we plan to study LRS
Bianchi type-I space time with perfect fluid source in
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f(R,T) gravity. We solved the field equations satisfying
the linearly varying deceleration parameter g. The paper is
organized as follows: In Sect. 1, a brief introduction about
f (R, T) gravity is given. The detail derivations of the field
equations of f(R,T) is given in Sect. 2. In Sect. 3, the ex-
plicit field equations are derived in f (R, T) gravity for LRS
Bianchi type-I space time using f(R,T) =A(R+ T). The
solutions of the field equations are obtained using the lin-
early varying deceleration parameter ¢ and also discuss the
physical properties of the models in Sect. 4. The field equa-
tions and solutions corresponding to f(R, T) = A(R + T?)
are given in Sect. 5. In Sect. 6, we discuss the jerk parameter
which deals with the physical and geometrical behaviour of
the universe. The State-finder diagnostic approach to these
models is discussed in Sect. 7. The summery and conclu-
sions of the models are given in Sect. 8.

2 Gravitational field equations of f (R, T') gravity

The field equations of f(R,T) gravity are obtained from
Hilbert-Einstein variational principle. The modified gravity
action is given as

S=ﬁ/f<R,T)J—_gd4x+/Lm¢—_gd4x (1)

where f(R, T) is an arbitrary function of Ricci scalar (R),
T be the trace of energy-momentum tensor (7;;) of the mat-
ter, L,, is the matter Lagrangian density. The energy mo-
mentum tensor 7;; of matter is defined as

2 8(J/=8)Lm
V=g 88V
and its trace by T = g/ T;;j. We have assumed that the matter

Lagrangian L,, depends only on the metric tensor g;; rather
than its derivatives. In this case, we obtain

Tij=— ©))

oL,

Tij=gijLm — 88_”

3

The field equations of f (R, T') gravity are obtained by vary-
ing the action S with respect to metric tensor g;;.

1
SRR T)Rij — 5 f(R. T)gij + (8,0 = ViV fr(R. T)
=8nTi; — fr(R,T)T;j — fr(R,T)0O;; S

where

92L,,

Q.. — 2T, L glm n_
Olj = 2T1J +gt]Lm 2g 8gf18glm

&)

Af(R,T Af(R,T i
Here fr(R, T)="LG1, fr(R,T) = 2LED, 0=V,
where V; denotes the covariant derivative.
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Now contraction of equation (4) gives

fR(R,T)R+30fr(R,T)—2f(R,T)
=87 — fr(R.T))T — fr(R.T)O (6)

where @ = g'/ Ojj.
From equations (4) and (6), we obtain

1 1
Sr(R, T)<Rij - gRgij) + gf(R, T)gij

1
=87 — fr(R, T)<Tij - ngij)

) 1
—fT(R,T)<(“)ij—g@gij)wLViijR(R, Ty ()

Using the source of gravitation as perfect fluid, the stress
energy tensor of the matter Lagrangian is given by

Tij = (p+ puiuj — pgij ®)

where u' = (0,0,0, 1) is the velocity vector in co-moving
coordinate system satisfying the condition u’u; = 1 and
u'v ju; = 0. Here p and p are energy density and pressure
of the fluid respectively. Since there is no unique definition
of the matter Lagrangian, it can be taken as L,, = —p.

Using the variation of the stress-energy as perfect fluid in
equation (5), we obtain

Oij = —2T;j — pgij ©))

The field equations of f(R,T) gravity also depend on the
physical nature of the matter field through the tensor ©;;.
Hence in this case depending on the nature of the mat-
ter source, we can obtain several theoretical models corre-
sponding to different matter contributions for f (R, T') grav-
ity. Harko et al. (2011) presented three classes of these mod-
els as follows

R+2£(T)
S1(R) + f(T) (10)
fi(R) + f2(R) f3(T)

f(R,T)=

In this paper, we consider the second case i.e. f(R,T) =
f1(R) + f2(T) for LRS Bianchi type-I space time which is
the straight forward generalization of the flat FRW universe.
The derived cosmological model here is totally different and
new from the other authors mentioned earlier. Till today, the
physically important cosmological term A which is consid-
ered as a candidate for dark energy remains less attended.
So, this model may lead to better understanding of the char-
acteristic of A in LRS Bianchi type-I metric. Throughout the
paper we restrict ourselves to the natural unit system with
G = c =1, where G is the Newtonian gravitational constant
and c is the speed of light in vacuum.

3 Metric and field equations for f;(R) = AR and
f2(T)=AT

We consider the spatially homogeneous and anisotropic
LRS Bianchi type-I metric as

ds* = dr* — A(1)*(dx* + dy?) — B(1)*dz? (1

The metric having symmetry plane corresponding to xy-
plane. The eccentricity of such a universe is given by e =

1= ﬁ—;. The average scale factor, spatial volume, scalar
expansion for this metric (11) are obtained respectively as

1
a=(A’B)’, V=a’=A’B,
4 g (12)
% =M§i ZZZ + E

We consider the linear form of the functions fj(R) = AR
and f>(T) = AT where X is an arbitrary parameter, so that
f(R,T)=A(R+T). Using this the gravitational field equa-
tions of f (R, T) gravity from equation (4) can be written as

1
AR;j — 5,\(R +T)gij + (g0 — ViVj)r
=8nT;j — ATij + AQCT;; + pgij) (13)
Setting (g;;L1— V;V;)A =0, we get

1 8w + A 1
Rij = SRgij=\—— |Ty+\r+35T)si (14)

Using the Einstein tensor G;; = R;j —
equation can be rearranged as

1 8w + A

We choose a small negative value for the arbitrary A to
draw a better analogy with the usual Einstein field equations.
We intend to keep this choice of A throughout.

Einstein field equations with cosmological constant term
is usually expressed as

%gi iR, the above

Gij—Agij=—87'[Tij. (16)

A comparison of equations (15) and (16) provides us

1
AEA(T):p—}—ET. 17
and A = —85%. In other words, p + %T behaves as cosmo-

logical constant.

In a co-moving coordinate system the field equations (14),
for the metric (11), with help of energy momentum ten-
sor (8), can be explicitly written as
A// A/ B/

B” 8w 4+ A
= p—A (18)

A AB B A
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AT (A > (8t A (19)
A \a) "\ )P

Al 2+2A/B’_ AN 0)
A AB )P

where an overhead prime hereafter, denote ordinary differ-
entiation with respect to cosmic time “¢” only. The trace in
our model is given by T = —3p + p, so that the effective
cosmological constant in equation (17) reduces to

1
AT =5 =p). 1)

Subtracting equation (18) from equation (19), we get

d (A B A" B\(.A B
“(=-= Z_Z )22 +2 ) =0 22
a5 (G5)Eh5)= @

which on integration yields

A/ B/ _ C1l

A A2B

Y (23)

where ¢ is a integration constant. Again integrating

A dt dt
E:czexp c1 B =cyexp|cy Pl 24)

where c; is integration constant.
From equation (24), the values of metric potentials are

1/3 Cl dt
A=c, aexp[?/;} (25)
and

_ -2 dt
B=c, g exp|: 361 / a—3i| (26)

The directional Hubble parameters along the symmetry
plane and symmetry axis are defined as H; = %’ and
H, = % so that the mean Hubble parameter becomes
H = %(2H1 + H») and 6 = 3H. The shear scalar o2 for

the metric (11) is defined as

1 1 1
o= E[Z H} — 592} =3 (H - Hy)? @7)

In terms of the directional Hubble parameters, we can ex-
press the field equations (18)—(20) as

H +H,+H}+H; + HHy=ap — A, (28)
2H{ +3H} =ap — A, (29)
H} + HiHy=—ap — A, (30)
where o = S”TH

@ Springer

Equations (21), (29) and (30) gives us the general for-
mulations for the physical parameters of the f (R, T')) model
with respect to the Ricci scalar R and

A" A'B’ B Al 2
R=-2|12—+2 — — 31
[A+AB+B+<A” G1)

Pressure, energy density and the cosmological constant for
the model can be written in terms of Hubble parameter as

(4o +2)H| + (6a +2)H? — H H,
p =

32
20(a + 1) G2)
_2H{+(2— 20)H? — 20+ 1)H  H>
p= (33)
2(ax + 1)
2H! +4H? + H\ H:
_ | H4H + Hi H> (34)
2(ax + 1)

The equation of state parameter i.e. the ratio between pres-
sure and energy density is

(4o +2)H| + (6 + 2)H} — H H,
w =
2H{ + (2 —2e)H? — 2o + 1) H\ H>

(35)

4 Solution of the field equations f;(R) =AR and
S2(T) =AT

This system consists three linearly independent equations
(18)—(20) but four unknowns (A, B, p and p), hence it is not
fully determined. In order to solve the system completely we
used a generalized linearly varying deceleration parameter g
(Akarsu and Dereli 2012) as

a'a d[1
where k > 0 and m > O are constants. The universe exhibit
decelerating expansion if ¢ > 0, expand with constant rate if
g = 0, accelerating power law expansion if —1 < g < 0 and
exponential expansion if g = —1.

Solving equation (36), we obtain three different forms of
the scale factor as

a=ajexplljt] fork=0andm =0 37

a=ay(mt +1)""" fork=0andm >0 (38)

arctanh <

2 kt —m
a=azexp| ——— e
|:\/m2 — 23k Vm?— 213k>:|

fork>0andm >0 (39)

where ay, az, az, I, [ and I3 are integrating constants. The
first two cases refer to constant deceleration parameters cor-
responding to an exponential and power law variation of the
scale factor.
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4.1 Model 1

Using equation (37) in equations (25) and (26), we can get

1/3 -3t
A=ajc, expl|lit — R 40
1 2 p[l 9110? ] ( )
and
_ 2
B=uaic, 2/Sexp|:llt+ %e‘ylt}. 41)
9[1611

We observe that the scale factors have constant values at ini-
tial epoch (+ — 0) which imply that the model has no sin-
gularity. The scale factors start increasing with the increase
in cosmic time and finally diverge to co when (r — 00).
Hence in this case, the volume of the universe is an expo-
nential function which expands with increase in time from a
constant to infinitely large.
The directional Hubble’s parameters are

H =+ 6—26731” 42)
3a;
2c1 gy

H, =1 — 3—36 ! 43)

@
The mean Hubble parameter is obtained as
H=1 (44)

The mean Hubble parameter is constant whereas the di-
rectional Hubble parameters are dynamical. The directional
Hubble parameters H; and H> becomes constant at f = 0 as
well as (f — 00). The directional Hubble parameters differ
from H by some constant at + = 0 and coincides at latter
times with the universe.

The scalar expansion 6 and the shear scalar o' are found
as

62

0 =3I, o? = Lm0 (45)
3a;

The deceleration parameter ¢ = —1 shows accelerating ex-

pansion of the universe which is in agreement with current
observations of SNe Ia and CMB. The expansion scalar 6
remains constant throughout for this model.

The anisotropy parameter of the expansion A is defined
as

3 2 2
1 H — H o
A =— =6( — =
32( i) =o(7)

where H; (i = 1,2, 3) represent the directional Hubble pa-
rameters in the directions of x, y and z respectively. The
anisotropy parameter is finite for earlier times and vanishes

2

2y —6lyt
672

9a}l}

(46)

at infinite time of the universe. It shows that the universe
expands isotropically at later times.

Using equations (42) and (43) in equations (32)—(34), we
obtain the pressure, energy density and cosmological con-
stant for this model as

I
|:(6o: + 12— gl—fe—3llf

P= 2@+ P
60 + 4)c?
Ppu 9a6) ‘66’”} C)
1
= | (1 -4y - — L 3
P 2a(a—|—1)[( i 3a?
2a + 4)c?
PP 9a6) le“”} (48)
1
2
2 a3y, 2y —611t:|
= |54+ Ll T, 49
2 + 1)[ ' 3d 9a® )

The pressure and density are constant at early stages of the
universe and behaves monotonically in the evolving of cos-
mic time.

The equation of state w for this model is given by

o ={9(6a + l)a?ll2 — 3clllafe_3l” + (6o + 4)6‘%6_61”}
X {9(1 — 4a)a?112 31+ Za)clllafe_ylt

+ a +4)cte o1} (50)

Since w — constant as ¢t — 0 and also w — constant when
t — oo it indicates that the equation state @ would remain
ideal during the evolution.

In this model, all cosmological parameters are constant
at t = 0. Hence the universe starts with a non-singular state
at initial epoch. The scale factors and the spatial volume in-
creases exponentially as ¢ increases. Since the scalar expan-
sion is a constant, the universe exhibits uniform exponential
expansion. The cosmological constant is negative increasing
function of time and reaches to a small value at late time.

The Ricci scalar for this model is given by

2
R=-—

ﬁ[1&;?1% +cfe ] (51)
1

The curvature R remains constant through the whole evolu-
tion of the universe.
The trace T for this model is given by

(I +2a)cih e_3llt

—_— o _
! 361?

Cale+ 1)

8o +4)ct 6—6’”} 52

6
9a;
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The function f(R,T) =
given by

f1(R) + f»(T) for this model is

fRT)= [(108a2 + 207 + 9)all}

9a16Ol(Ol +1)
— (34 6a)aicile 3N
+ (602 + 4o + 4)cfe 0] (53)

In this model the negative deceleration parameter indicates
that the universe is accelerating which is consistent with the
present day observations.

4.2 Model 2

Using equation (38) in equations (25) and (26), we can get
the scale factors as

A =axe) (mt + )™

ci m=3

and

B =axc, " (mt + 1)/
xexp[#( t+12) m i| (55)
3a3(m — 3)

From the above set of solutions we observe that the spatial
volume is constant at # = 0. The metric potentials A(¢) and
B(t) are also constant at this initial epoch. As t — oo, both
the scale factors A(¢) and B(¢) tend to infinity.

The directional Hubble’s parameter H; and H; have the
values

Hy=(mi +1)7" + o mt + )™ (56)
3a2
-1 2cq =3
Hy=(mt +1) " — Sk (mt + 1) (57)
a,

The average generalized Hubble’s parameter H has the
value given by

= (mt +1)"! (58)

The directional Hubble parameters and mean Hubble param-
eter become constant at the initial epoch while the values of
these parameters tend to zero as t — oo.

The expansion scalar 6 and the shear scalar o' are turns
out to be

2

. -1 2_ 9 =6
0 =3(mt+1)" ", o= —6(mt + )™, (59)
3a,
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and the anisotropy parameter is
ZC% —4

A=—c(mt+1lp)m (60)
9a,

The pressure, density and cosmological constant for this
case are given by

_ . _ -2
p= Ya@ D) |:(1 dam + 6a — 2m)(mt + Ir)
6 -
Lt 4 1) %< +lz)m6} (61)
a2 a2
_ 1 -2
w( H_[z)m] (62)
2 az

: [(2 Symt + 1) "% — L (mt 4+ 1)
=—|Q2m—=5)(m ——(m m
2+ 1) : ag’ :

2

c —6
Lt + 1) (63)
a,

The pressure and energy density becomes infinite at initial
epoch (¢ = 0) and tend to zero as t — oo.
The equation of state w for this model is given by

w= {9ag(1 —4dam + 6a — 2m)(mt + 12)72

— 3cla2(mt + 12) + (6 + 4)cl(mt + 12) m }

x {9ad(1 — 4o — 2m) (mt + 1) >

3 =3-m
—3ciay(mt + 1)~ m

+ Qo+ 4)Emt + L) ) ! (64)

Here w — constant as t — 0 however w — oo when ¢ —
oo. The equation of state w for this model will start from
initial epoch and vary according to the time till infinite fu-
ture.

In this model, the spatial volume V is zero at ¢ = fg,
where 7y = —ln—i and the expansion scalar 6 is infinite. This
shows that the universe starts evolving with zero volume at
t = to with an infinite rate of expansion. The anisotropy pa-
rameter becomes infinite at t = #y. At ¢t = #g, the scale fac-
tors become zero, hence the model has a point type singu-
larity (MacCallum 1971) at the initial epoch. As ¢ increases
the scale factors and the spatial volume increase where as
the scalar expansion decreases. The pressure, energy den-
sity, cosmological constant, Hubble’s parameter and shear
scalar decreases as ¢ increases. Hence the model represents
shearing, non-rotating and expanding model of the universe.
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The scalar curvature R for this model is given by

26 -2 _ 2 =
R=——3 [6aS(m — 2)(mt +12) 2 — cf(mt + 1) | (65)
a
The scalar curvature R becomes constant as t — o0.
In this model the trace T is given by

1
T=——|(1-6 1o +2 t+10)7?
ot(a+1)|:( am + 1la + 2m)(mt + 1)

c —3-m 8a + 4)c2
St iyt g SO
3a2 9a2

(mt + zz)ﬂ (66)

Using the above R and T, the f(R, T) gravity from equa-
tion (10) obtained as

f(R,T)= W[{%(m —2)a? + (90 — 18)m

— 171a — 9}aS(mt + 1) >

+ 3c1a§(mt +12)73TH"

+ (60% + 14a + 4)ci(mt + lz)%(’] 67)
4.3 Model 3

From equation (39), let us consider k > 0, m > 0and /3 =0
(Akarsu and Dereli 2012). Hence we get
a= a3e% arctanh(%—l) (68)

Using equation (65) in (24) and (25), we obtain the values
of scale factors as

2 kt
A= a3c;/3 exp|:— arctanh(— — 1>
m m

2 kt kt
— %{(— — 1> arctanh(— — 1)
kaj m m
kt 2
1—-{——-1 (69)
m
_ 2 kt
B =azc, 2/3 exp|:— arctanh(— - 1)
m m
4 kt kt
+ %{(— — l) arctanh(— — 1)
kaj m m
kt 2
m

Using (69) and (70), we get the mean Hubble parameter
as

~|—11
—1In
2

and

+11
—In
2

Hee 2 71
T kt(t—tg) 7

and the directional Hubble parameters as H| = H — % and
3

H,=H + %, where, tp = 27’” and & = arctanh(% —1).
3
When ¢ — 0 the Hubble parameter H — oo and it vanishes
at infinite future.
The scalar expansion 6 and shear scalar o2 are obtained
as

2
6 2 12¢t 5

=5
ma3

T kt(t—tg)

(72)

The anisotropy parameter of the expansion is found to be

Ao 203212t — tp)?

mzag (73)

From the above it is observed that the deceleration parameter
is positive at the early stage of the universe. This represents
the early deceleration phase of the universe. Present obser-
vational data (Ade et al. 2013) indicates that the universe is
accelerating and the value of the deceleration parameter lies
somewhere in the range —1 < g < 0. Choosing the values
of k =0.097 and m = 1.6, the universe enters into acceler-
ation phase at r &~ 6.2 and the present (r = 13.798) value of
the deceleration parameter is ¢ = —0.7386. Therefore these
values are consistent with observational results.

Using the values of directional Hubble parameters, we
obtain the pressure, energy density and cosmological con-
stant as

3 3
p:m[{(za—i—1)[kl(2a3+01t)_2m(a3 +ci1)]
1 (6o +4)c?
+ (60 + a3 a3k —1r)?) ' + wéz
- m?a
(120 + 5)cy :| (74)
mazkt(t — tg)
2 3 3
p= m[{1a(2a3 +cit) = 2m (a3 +c11)
o1 (Ba+3)c?
+ 2 = 20)a3 a3k (t — tp)*) 1+% ?
m2a3
Qa+3)cy ] (75)
mazkt(t — tg)
and
2 [kr(2a§+c1r)—2m(a§+cn)+4a§
a+1 a3k2t2(t — tg)?
4¢? 8c
m?as mazkt(t — tg)

The equation of state parameter w is given by

w= {(Za + 1)m2a§ [kt(2a§ + clt) — 2m(a§ + clt)]
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x (60 + 1)m?a$ + ki (t — tg) (6 + 4)cFE>

+ (120 + 5)(t — tg)ktmeya3g } {m?a3[kt (2a3 + cit)
—2m(a3 +c1t) + (2 — 20)a3 | — kt (t — tg) (4o + 3)
x RE2 + Qo +3)(t — 1p)ktmerafe) (77)

The assumption of a linearly varying deceleration pa-
rameter as in equation (36) with £k > 0 and m > O limits
the life time of the universe. It starts with a big bang at an
initial epoch #; = 0 with zero spatial volume and large en-
ergy density. With the growth of cosmic time, the scale fac-
tor and the energy density of the cosmic fluid diverge very
fast leading to a Bip Rip singularity (Caldwell et al. 2003;
Nojiri et al. 2005) at a finite time tg = % At the beginning,
we have a deceleration parameter ¢; = m — 1, which for
m > 1 is positive signifying a decelerating universe. How-
ever with the growth of cosmic time, a transition from de-

celeration to acceleration occurs at 7, = mT_l when the de-

celeration parameter becomes negative. At a time, tg = 27’”,

when the repulsive phantom energy rips apart the universe
by overcoming the binding force (Big Rip), the decelera-
tion parameter becomes ¢ = —(m + 1). The mean Hubble
parameter and the directional Hubble rates diverge both at
the beginning and at the Big Rip. However, in the interme-
diate phase of cosmic evolution between the Big Bang and
Big Rip, the Hubble rates evolve with time. At the time of
transition from a deceleration to acceleration (Nojiri et al.
2010b), the mean Hubble rate becomes H, = %

The equation of state parameter exhibits different be-

haviour at different phases of cosmic evolution. At Big Bang

Qa+1)(6a+Dm3al C .
(), w = W, whereas at Big Rip (tg = 27’”), it

20+1) (604 1)m3al
becomes,w:%.lfwe take m = 1.6, as has

been considered in Akarsu and Dereli (2012), the equation
of state parameter evolves from a positive value at the Big
Bang to a negative value at the time of Big Rip. Obviously,
at the time of Big Rip, the equation of state is in the phantom
region with value less than —1 (@ < —1).

The Ricci scalar R for this model is obtained as

R |:12(kt —m+2) 8¢ 12¢ 2}
k22(t —tr)*>  mazkt(t —tg) m2a$
(78)

The trace of the model T is given by

T = ———|{(6a +2)[kt (2a3 + 11
oz(oz+1)|:{( o +2)[kt(2a3 + c1t)

+ (36a + 20)m (a3 + c1t) ] + (4o — a3}

1 Bda+12)c

3,2,2 2
x [a31282(t — 1g) il M At
tas ! malkt(t — tg)

@ Springer

- (79)

(140 + 9)cf§2}
m?a3

The reconstruction of the functional f(R,T) in the
present model with the assumption f(R,7T) =A(R + T)
obtained as

RT)— =2\
FR, )_(x(a+1)

+ (240 + 28 — 1) + m (20 + 24e — 120%)]

[{a§ [kt (120 + 24 + 4)

+ (6akt + 2kt + 36am + 20m)c1t}

x a3kt (1 — tR)z}_l

{8ar(a + 1) + (B4 + 12)asz}cy
maskt(t — tg)

N (1202 + 260 + 9)c$§2}

2,6
ma3

+

(80)

It is worth to mention here that, this particular f(R, T)
model leads to an effective cosmological constant described
through the trace of the stress-energy tensor which should
evolve with the cosmic expansion. In this third model with a
linearly varying deceleration parameter, it is found that, the
effective cosmological constant diverges both at the initial
phase #; and at Big Rip 7. It may be concluded that, during
the Big Bang, obviously the large value of the cosmologi-
cal constant in the form of vacuum energy density may have
triggered the cosmic expansion. Similarly at the time Big
Rip, may be the large value of cosmological constant has
certain role in accruing the phantom energy that overcomes
the usual binding force of the universe to rip it apart.

5 Field equations and its solutions for fj(R) =AR
and f>(T) =AT?

In this case we consider the linear for of R as fj(R) = AR
and f>(T) = AT? which yield f(R, T) = A(R + T?). Using
this the field equations of f (R, T') gravity from equation (4)
becomes

1 87 + 20T 1,
Rij = SRgij=\——— |Ti+\2rT+ 5T Jgij (81)

This can be rearranged as

I, 8w +2AT
G,’j— 2pT+§T 8ij = f T;; (82)

Comparing the above equation with equation (16), we get

1
Ay =2pT + 5T2 (83)
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and 4¢\(6F — E)t§ — 8a3mE
1 27 azkt®m(t — tg)
Geff=7+—. (84) 5
A 8w 4c;BF + E) 2] (89)
A and G are respectively the time dependent effec- mzag
tive cosmological constant and the time dependent effective
Newtonian gravitational constant. It is interesting to note where
here that, the choice fi(R) = AR and f»(T) = AT? leads 9 , 1 3, 5
to an effective Newtonian gravitational constant which de- £ =3® — 7Y 75 and F =70+ 7Y 75 90)

pends on the stress-energy tensor 7' and obviously become
time dependent.
The field equations for this particular model become

H| + Hy+ H} + H} + H H,

L 22 Ly (85)
=—Pt3pp—5p 5P
87 9 1
2H, +3H>=—p+3pp— =p> — =p* 86
1 F3H =——p+3pp—Sp7—5p (86)
Hj +H1Hz=—70+§p +7pp—§p (87)

The above set of field equations give the values of metric
potential A and B same as that of equations (25) and (26)
respectively. The field equations are highly non-linear in na-
ture and in order get viable models, we assume a barotropic
equation of state described through the relationship p = wp.
Here w is the equation of state parameter and for the sake of
simplicity, it is assumed to be constant quantity.

One can note from the discussion in the previous choice
of the functional f(R,T) = A(R + T) that, the first two
cases corresponding to the power law and exponential ex-
pansion of the volume scale factor are trivial in the sense
that they have been studied widely and does not reproduce
the time dependence of the deceleration parameter. The two
specific cases, even though, have importance in getting the
dynamics of the universe, have a little priority in the con-
text of the linearly varying deceleration parameter. In view
of this, in the present section, we restrict ourselves to the
third case only. Using equations (69) and (70), the values of
p and p are obtained as

B A [ag{s(kz —m) + 12} +4c1ktF
P = 82 (E+owF) a3k 2 (t — tg)?
4¢i(6F — E)t€ — 8a3mE
azkt?m(t — tg)
4c2(3F + E
C]( . )%—2:| (88)
m2a3
and
B wh [agj{S(kz—m)+12}+4c1ktF
P = 82 (E+wF) a3k (t — 1g)?

Different choice of the equation of state parameter @ will
lead to different cosmological phases of the universe. It is
clear from the above expressions that, the model provides
unphysical results for a radiation dominated era with w = %
for which both E and F vanish. Also, for a vacuum energy
dominated universe with w = —1, the factor E + wF van-
ishes which results in an infinitely large values for the en-

ergy density and pressure. However, for w = —%, w= —%

and w = —%, the values of the parameter pair (E, F) be-
comes (—2, —13—4), (—%, —%) and (—é, — %) respectively.
Consequently, the factor E 4 wF for these choices of w be-
comes —‘9—‘, —% and — %. Therefore, we expect that, we can
get viable models for these specific choices of the equation
of state parameter. If we interpolate the results, we can ex-
pect to get reasonably good models within the region domi-
nated by quintessence behaviour.
The trace of the model is obtained as

s (1=3w)xr [ag{S(kz —m) + 12} + 4cikt -

87(E + wF) a3k2t2(t — tg)?
4c1(6F — E)t§ —8a3mE
azkt2m(t — tg)
4¢}(3F + E) 2}

2.6
m=as

oD

It is interesting to note from the above discussion that,
although we can get viable models in the region described
by —% <w<-—- %, the Big Rip situation can not be avoided.
The Big Rip situation may be inherent in the deceleration
parameter we have chosen to mimic it to be time dependent
simulating a transition from early deceleration to late time
acceleration.

6 The jerk parameter

Observations confirm that in the early stages of the universe,
the dark energy would have been too small to counteract the
gravity of the matter in universe and the expansion would
have initially slowed. After the universe grew big enough the
dark energy would dominate and the universe would start to
accelerate (Capozziello et al. 2006). Cosmologists believe
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that the universe transitional from deceleration to acceler-
ation in a cosmic jerk. Hence the knowledge of jerk was
important step in figuring out just what the dark energy is.
The deceleration to acceleration phase of the universe occurs
for different models with negative value of deceleration pa-
rameter and positive value of jerk parameter. (Sahni 2002;
Visser 2004). As we know flat ACDM model have a con-
stant jerk j = 1. Itis defined as a dimensionless third deriva-
tive of the scale factor with respect to the cosmic time

1 a///

(1) = —— 92
j0) = =5~ (92)
Now we solve the equation (92) by putting the values of
average scale factor a from equations (37)—(39) for three
different physically viable cosmologies.

Case (A) When k =0 and m = 0, we get

Jj =1 (93)

This value overlaps with flat ACDM models.
Case (B) When k =0 and m > 0, we get

Jj@)=(m—-12m—1) (94)

This value overlaps with flat ACDM models for m = %
Case (C) When k > 0 and m > 0, we get

3
j) = E/<2z2—3(m — Dkt +2m? —3m +1 (95)

The cases A and B refer to the exponential expansion and
power law expansion of the volume scale factor and have
been studied widely in literature. However, the third refers
to an interesting cosmological model. In view of this, we
have plotted the jerk parameter for this third case only as a
function of cosmic time in Fig. 1. In the numerical code, we
have used the values of k and m to be 0.097 and 1.6 respec-
tively. The jerk parameter initially decreases with the growth
of cosmic time upto ¢ = 6.2 and then increases with time. It
is clear from the figure that the jerk parameter remains in
the positive domain throughout the entire history of the uni-
verse. For low values as well as large values of cosmic time,
the jerk parameter assumes larger value compared to that of
ACDM model. However, it is interesting to note from the
figure that, the present model becomes closer to the ACDM
model twice in the cosmic evolution i.e. at t & 2.23 and at
t ~10.14.

7 State-finder diagnosis
To have a geometric view of the dark energy models, Sahni
et al. (2003) first introduced a cosmological diagnostic pa-

rameter set {r, s} called State-finder pair. The State-finder
parameters depend only on the scale factor. The important
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Fig. 1 Jerk parameter vs. time

property of the state-finder pair is that {r,s} = {1,0} is a
fixed point in the s — r plane for the spatially flat ACDM
model. The state-finder parameters » and s are defined as
follows:

"

a
r = aH3 (96)
s=—t L 97)
3(g — z)

For the three different cases of cosmological models
as set by the linearly varying deceleration parameter, it is
straightforward to calculate the State finder pair by putting
the values of average scale factor ¢ from equations (37)—
(39).

Case (A): For this case i.e. k =0 and m = 0, we get the
State finder pair as {1, 0} which overlaps with the ACDM
model. This is obvious because, this case predicts a de Sit-
ter universe where the expansion is exponential and is con-
trolled by a constant Hubble parameter.

Case (B): In this case, i.e. for k = 0 and m > 0, the State
finder parameter pair become

r=m-—1Q2m—1),
o 2m —3)m (98)
S 3(m—kt—3)

The State finder pair depend on the parameters k£ and m
of the deceleration parameter. Also, r is independent of cos-
mic time whereas s is time dependent. The magnitude of s
decreases with the growth of cosmic time. However, for a
specific choice m = %, the State-finders parameters overlaps
with flat ACDM model.
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Case (C): For the third case with kK > 0 and m > 0, the
State finder parameters are calculated to be

1
r=1+ 5[6(1(; — m) + 3kt (kt —2m) + 4m?],

99)
2(kt — m) + ki (kt — 2m) + *2

2(kt —m) +3

In the present case the State-finder parameters depend on
the cosmic time ¢ and the deceleration parameters m and k.
The dynamics of the universe as depicted from the geomet-
rical features of the model is shown as the r — s trajec-
tory in the Fig. 2. Here also, we use the value m = 1.6 and
k = 0.097 for our numerical calculation. Fig. 2 shows that
within the limits of the present model with a linearly varying
deceleration parameter, the universe passes through a phase
close to the ACDM model at the point (r = 1,5 =0) at a
cosmic time ¢ ~ 10.13. This clearly imply that at late time
cosmic evolution, the dark energy dominates and drives the
cosmic acceleration.

8 Conclusion

In this paper, we have studied spatially homogeneous and
anisotropic LRS Bianchi type-I cosmological models with
linearly varying deceleration parameter in the framework of
a modified gravity theory known as f(R,T) gravity. Fol-
lowing the works of Akarsu and Dereli (2012), we have
considered a special law for deceleration parameter which
is linear in time with a negative slope. This law covers
a wide range of the deceleration parameter including the
constant deceleration parameter law proposed by Berman
(1983). For different probable combination of the deceler-
ation parameter, we have considered three specific models

signifying three different scale factors. The cosmological
consequences of first two models that correspond to an ex-
ponential expansion and power law expansion have already
been discussed earlier by several authors for f(R,T) =
R+2f(T).

First of all, the gravitational field equations has been
established with f(R,T) = f1(R) + f>(T), in particular
f(R,T)=A(R+T).Inmodel 1, it has been found that the
cosmological constant is a negative increasing function of
time and it converges to a small positive value at late time.
In model 2, at t = —ln—zl we have found a point type singu-
larity at initial epoch. It is interesting to note that in the
third model the universe ends with a big rip. Expressions
for some important cosmological parameters have been ob-
tained and the physical behaviour of the models are dis-
cussed in detail. We observed that in case of f(R,T) =
MA(R + T), the metric potentials admit the same solution as
f(R,T)= f1(R)+ f>(T). The solutions obtained here are
new and useful for a better understanding of the evolution of
the universe in LRS Bianchi type-I universe with variable A.

Further, one may note that, in the present model of
f (R, T), if we consider an isotropic universe such as FRW,
we may not get such results. In FRW model, f(R,T) =
M(R 4 T) leads to a model with an effective cosmological
constant where the cosmic fluid behaves fluid with pressure
p = —p and the equation of state becomes w = —1. How-
ever, in an anisotropic model such as the one considered in
the present work, the scenario changes and we get an evolv-
ing equation of state parameter.

Secondly, we derive the f(R, T) gravity field equations
with f(R,T) = A(R + T?). We obtain an exact solution
of the field equations by considering the barotropic equa-
tion of state for perfect fluid. Physical and kinematical as-
pects of the universe are studied. With this choice of the
functional f(R,T) and the equation of state, the model is
dominated by quintessence behaviour. Moreover, our results
show that the cosmic jerk parameter of the derived model is
positive throughout the entire history of the universe. From
the State-finder trajectory in the s — r plane as shown in
Fig. 2, we have found that our model cross the ACDM fixed
point {s =0, r = 1} at the cosmic time ¢ =~ 10.13.

Interestingly, we found from the present study that, the
Big Rip situation can not be avoided within the present
framework of f(R, T) gravity, what ever may be the func-
tional form chosen for f(R,T). The Big Rip singularity
may be inherent in the linearly varying deceleration param-
eter chosen to mimic the transition of the universe from a
decelerated one to an accelerated one at late times of cosmic
evolution. We may conclude that, care must be taken, when
such parametrization of the deceleration parameter is con-
sidered for addressing different issues of cosmology. How-
ever, the present issue demands further intensive investiga-
tion considering different gravity models and parameter sets.
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