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Abstract The motion of arigid body in a uniformly rotating
second degree and order gravity field is a good model for the
gravitationally coupled orbit-attitude motion of a spacecraft
in the close proximity of an asteroid. The relative equilib-
ria of this full dynamics model are investigated using geo-
metric mechanics from a global point of view. Two types of
relative equilibria are found based on the equilibrium con-
ditions: one is the Lagrangian relative equilibria, at which
the circular orbit of the rigid body is in the equatorial plane
of the central body; the other is the non-Lagrangian relative
equilibria, at which the circular orbit is parallel to but not
in the equatorial plane of central body. The existences of
the Lagrangian and non-Lagrangian relative equilibria are
discussed numerically with respect to the parameters of the
gravity field and the rigid body. The effect of the gravita-
tional orbit-attitude coupling is especially assessed. The ex-
istence region of the Lagrangian relative equilibria is given
on the plane of the system parameters. Numerical results
suggest that the negative Cy¢ with a small absolute value
and a negative C»; with a large absolute value favor the ex-
istence of the non-Lagrangian relative equilibria. The effect
of the gravitational orbit-attitude coupling of the rigid body
on the existence of the non-Lagrangian relative equilibria
can be positive or negative, which depends on the harmon-
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1 Introduction

Space missions to the asteroids have long been of great in-
terest to the space community, since the knowledge of these
primitive bodies can provide answers to the fundamental
questions concerning the solar system origin and early evo-
lution, possibly including the development of life on Earth
(Barucci et al. 2011). Several missions have been developed
with big successes, such as NASA’s NEAR and Dawn, and
JAXA’s Hayabusa. Moreover, near-Earth objects (NEOs)
pose potential impact risk to our fragile ecosystem, which
has made the space community turn its attention to NEO is-
sue. All the major space agencies are involved on missions
to asteroids for scientific exploration or NEO hazard mitiga-
tion.

The close-proximity operations are generally necessary
during the asteroid scientific exploration mission and the
asteroid deflection mission. The dynamical behavior of the
spacecraft near asteroids is the basis of the design and im-
plementation of the guidance and control during the close-
proximity operations. Since an asteroid is always much
smaller than the planets, the orbital radius will be very small
for a spacecraft in the close proximity of a small asteroid.
Therefore, the gravitational coupling between the orbital and
attitude motions of the spacecraft can be significant due to
the large ratio of its dimension to the orbit radius, as shown
by Koon et al. (2004), Scheeres (2006b), Wang and Xu
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(2014a). The magnitude of the gravitational orbit-attitude
coupling can be described by the parameter ¢ = p/ry, where
p is the characteristic dimension of the spacecraft and ry is
the orbital radius. Due to the large dimension of Earth, the
parameter ¢ is order of 107 for a spacecraft (o ~ 10 m)
around Earth. However, the parameter ¢ can be order of
102 for a spacecraft on a 1 km orbit around a small as-
teroid.

In the traditional spacecraft dynamics around Earth and
in general deep space missions, the spacecraft is treated as
a point mass in the orbital dynamics and the attitude mo-
tion, treated separately, is studied on a predetermined orbit
(Maciejewski 1997). The traditional spacecraft dynamics is
precise enough for these missions, because the spacecraft
dimension is very small in comparison with the orbital ra-
dius and the gravitational orbit-attitude coupling is insignif-
icant. However, it will no longer have a high precision in
the close proximity of small asteroids due to the significant
orbit-attitude coupling.

To take into account the gravitational orbit-attitude cou-
pling, the spacecraft in the proximity of an asteroid can be
modeled as a rigid body instead of a point mass. This full dy-
namics model with gravitational orbit-attitude coupling will
be more precise than the previous orbital dynamics around
asteroids with the point mass model. The full spacecraft dy-
namics will be also more faithful to the real motion than
the attitude dynamics of spacecraft near an asteroid, such
as Riverin and Misra (2002), Misra and Panchenko (2006),
Kumar (2008), Wang and Xu (2013a, 2013b, 2013c, 2013d,
2014c). The studies on the full dynamics are very useful for
the future asteroid mission design.

This full dynamics model in a non-central gravity field
can be considered as a restricted model of the Full Two
Body Problem (F2BP), i.e., the dynamics of two rigid bod-
ies orbiting each other interacting through the mutual grav-
itational potential. That is to say, in our problem we only
study the motion of the spacecraft, and assume that the mo-
tion of the central body is not affected by the spacecraft.
The sphere-restricted model of F2BP, in which one body
is assumed to be a homogeneous sphere, has been studied
broadly, such as Kinoshita (1970, 1972a, 1972b), Aboel-
naga and Barkin (1979), Barkin (1979, 1980, 1985), Koon
et al. (2004), Scheeres (2004, 2006a), Breiter et al. (2005),
Bellerose and Scheeres (2008a, 2008b), Balsas et al. (2008,
2009) and Vereshchagin et al. (2010). There are also several
works on more general models of F2BP, in which both bod-
ies are non-spherical, such as Maciejewski (1995), Mondé-
jar and Vigueras (1999), Scheeres (2002, 2009), Koon et al.
(2004), Boué and Laskar (2009), McMahon and Scheeres
(2013), and Woo et al. (2013).

The full dynamics of a rigid body with gravitational orbit-
attitude coupling in a central gravity field has been inves-
tigated in several works (Wang et al. 1991, 1992; Teix-
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Fig. 1 The rigid body moving in a uniformly rotating second degree
and order-gravity field

id6 Romén 2010). The relative equilibria and their stabil-
ity of the full dynamics of a rigid body with gravitational
orbit-attitude coupling in a J, gravity field have been stud-
ied in Wang and Xu (2013e, 2013f) and Wang et al. (2014a).
However, these results are only applicable to a spherical or
spheroid central body, but not applicable to an irregular-
shaped asteroid, the oblateness and ellipticity of which are
both significant. Also notice that most of the asteroids are
nearly in a uniform rotation about their maximum-moment
principal axis. Therefore, studies of the full dynamics of a
rigid body with gravitational orbit-attitude coupling in a uni-
formly rotating second degree and order-gravity field with
harmonics Coo and C», are necessary.

The relative equilibria act as “organizing centers” of the
dynamics of the system. It is helpful to understand dynam-
ical properties of the system by studying the existence of
relative equilibria. Moreover, the relative equilibria provide
some natural hovering positions for the spacecraft in the
close-proximity operations, at which the hovering can be
achieved at the cost of a low control effort.

In the present paper, the relative equilibria of the rigid
body, especially their types and existence, are investigated
using geometric mechanics from a global point of view. To
our best knowledge, this problem has not been studied be-
fore either in the dynamics near asteroids or in F2BP. In our
study, the effect of the gravitational orbit-attitude coupling
will be especially assessed.

2 Statement of the problem

As described by Fig. 1, we consider a rigid body B mov-
ing around a uniformly rotating celestial body P, the grav-
ity field of which is approximated by a second degree and
order-gravity field with harmonics C»p and Cp;. The body-
fixed reference frames of the central body and the rigid body
are given by Sp = {u, v, w} and Sp = {i, j, k} with O and
C as their origins respectively. The origins of the frame Sp
and Sp are fixed at the mass centers of the bodies, and the
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coordinate axes are chosen to be aligned along the principal ~ (Wang and Xu 2012, 2014b; Wang et al. 2014b):

moments of inertia. The principal moments of inertia of the .

central body are assumed to satisfy z=[0".a" B y" . R". PT]" eR", (5)

IP,ww > [P,vvs IP,ww > IP,uu~ €Y)

The mass center of the central body is assumed to be sta-
tionary in the inertial space, and the central body is rotating
uniformly around its maximum-moment principal axis, i.e.,
the w-axis.

The harmonic coefficients Crg and C»; of the 2nd degree
and order-gravity field of the central body can be defined by

1
Cy = _W(ZIP,ww - IP,uu - IP,vv) <0,
| @
Cn= W(IP,W —1Ipuu),
where M and a, are the mass and the mean equatorial radius
of the central body respectively.

3 Equilibrium conditions

The relative equilibria of the rigid body are the stationary so-
lutions of the equations of motion. Equilibrium conditions
determining the relative equilibria can be obtained by set-
ting the time change rates of the phase space variables all
equal to zero. Equations of motion can be derived with the
method of the geometric mechanics. Here we only give the
equations of motion briefly, see Wang and Xu (2012, 2014b)
and Wang et al. (2014b) for the details of the non-canonical
Hamiltonian structure and the derivation of the equations of
motion.

The attitude of the rigid body is described with respect to
the body-fixed frame of the central body Sp by the attitude
matrix A,

A=[a B,ylT €5003), 3)

where «, 8 and y are coordinates of the unit vectors u, v
and w expressed in the body-fixed frame of the rigid body
Sp respectively; SO(3) is the 3-dimensional special orthog-
onal group. The position vector of mass center C of the rigid
body with respect to the mass center O of the central body
expressed in the body-fixed frame Sp is denoted by r.

Therefore the configuration space of the problem is the
Lie group

Q=SEQ@), “)

known as the special Euclidean group of three space with
elements (A, ), which is the semidirect product of SO(3)
and R3. We can choose the body-fixed coordinates for the
phase space, i.e., the cotangent bundle 7*Q, as follows

where IT, R = ATr and P are the angular momentum, po-
sition vector and linear momentum of the rigid body respec-
tively expressed in the body-fixed frame Sg. The body-fixed
coordinates z provide a global point of view to determine
the relative equilibria.

This system has a non-canonical Hamiltonian structure
with the Poisson bracket {-, -}gis(z), which can be written
in terms of the Poisson tensor as follows:

{f, glris(2) = (Vo /)T B(2)(V,9). ©)

The Poisson tensor B(z) is given by (Wang and Xu
2012):

1 &« By R P
a 0.0 0 0 0
B 0 0 0 0 0

B(z) =

(z)};0000 o |’ 7
R 0 0 0 0 I
(P00 0 I35 0 |

where I343 is the 3 x 3 identity matrix, and the hat map

":R3 — s0(3) is the usual Lie algebra isomorphism. For a

vector w = [w”*, wY, w?], we have

0 —w*  wY
w=| w? 0 —w |. 8)
—wY  w 0

The Hamiltonian of the system is given by (Wang et al.
2014b; Wang and Xu 2014b):

| A |P|? T
Hz)y==-nN'I""' NI+ — —orll'y
2 2m

—wrPT(HR) +V(2), ©)

where the diagonal matrix I = diag{/,y, Iyy, I;;} and m are
the inertia tensor and mass of the rigid body respectively, wr
is the angular velocity of the uniform rotation of the gravity
field, and V (z) is the gravitational potential.

The second-order gravitational potential V(z) is given
by:

V(R e, B,y)
= —% - %[tr(l) “3RTIR — mwo+ 3mwo(y - R)?
+6mn((a- R — (B-R)?)], (10)

where u = GM, G is _the Gravitational Constant, 19 =
aezCzo, ) = aezng and R is the unit vector along the vec-
tor R (Wang and Xu 2013a).
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The equations of motion can be written in the Hamilto-
nian form

z=B()V;H(2). (11)

The explicit equations of motion can be obtained from
Egs. (9) and (11) as follows:

I/'0 — wry
AV /o
av/oB
—owrIl —wr RP + 3V /3y
—wrPy +0V/0R
—wrYyR+ P/m

= B(z)

N R R ™ R q

(A1 T+, 5, g b@V/0b)]
a(I~'I — wry)
ar7—1
_ A~ wry) W
yd—I)
RUI'M)+P/m
PUI'IM)—3V/R

Then equilibrium conditions that determine the relative
equilibria are given by

av(R1a7 9 )
Iﬂg X SZe + Re X 8—Rﬁy .
OV(R,a,B,y) VR, o, B,y)
+oa, x Py e+ﬁe X 0B )
V(R,a, B,
ay B
a, X (£, —owry,) =0, (14)
B, x (R, —wry,) =0, (15)
V. X 2,=0, (16)
P,
R, x2,+—=0, (17)
m
oV(R,a,B,p)
Pex.fle—a—Rﬂy o0, (18)

e

where the subscript e is used to denote the value at the equi-
librium. Here the angular momentum IT and the angular
velocity I~'IT in Eq. (12) are denoted by I and £ re-
spectively. Actually, Eqgs. (13) and (18) are the torque and
force balance equations respectively. Using the formulation
of the second-order potential equation (10), we can write the
torque and force balance equations (13) and (18) as follows

12, x2,+T,=0, (19)
P.x2,+F,=0, (20)
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where T, and F, are the gravity gradient torque and gravi-
tational force expressed in the body-fixed frame Sp respec-
tively.

IV(R,a,B,y) IV(R,a,B,y)
T,=R, x —— oy X ———MM———
IR . dar .
IV(R,a,B,y) V(R &, B,y)
B x T gy X e
B e ay e
3u
= R—S_Re x IR,, @1
dV(R
Fo—_ (R, o, B, y)
IR .
wm -
=—"_R
R2¢

3 (roaT ]
+ 5 er{[SRe IR — (D) + wom(1 = 5(y, - R.)?)
e

- 10‘[21’)1((0(@ : Re)z - (B.- Re)2)]Re
—2IR, +2tom(y, Ry, +4tom((ete - Ro)exe
—(B.-R.)B,)}. (22)

It is worth our attention that the attitude parameters of
the rigid body e, § and y are included in Eq. (22) due to the
gravitational orbit-attitude coupling.

Equations (14)—(17) describe the basic geometrical prop-
erties of the configuration of the relative equilibria. Accord-
ing to Eqgs. (14)—(16), we can conclude that

2.=ory,. (23)

That is to say, the rigid body has the same angular velocity
as the central body and then the relative attitude is kept to be
stationary.

From Eq. (17), we can know that

P,=mory, x R,. 24)

The mass center of the rigid body is on a stationary orbit,
moving synchronously with the rotation of the central body.
The position vector r,(t) of the mass center C of the rigid
body will generate a cone in the inertial space with the unit
vector w as its axis. When R, is perpendicular to y,, this
cone will degenerate into a plane. Therefore, the orbit of the
mass center of the rigid body is a circle that is the base of
the cone, and the angular velocity of the orbit is @, same
as the angular velocity of the rotation of the central body
and the rigid body. Notice that there is no priori reason that
the center of the circular orbit coincides with the origin O.
The orbital plane is perpendicular to w, i.e., parallel to the
equatorial plane of the central body P.

Insertion of Eq. (21) into the torque balance equation (19)
yields:

3u
wrly, xy, = FIRe x R,. (25)

e
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By taking the inner product of both sides of Eq. (25) with
Y., we have

(IR, xR,)-y,=IR.- (R, xy,) =0. (26)

Therefore, IR, lies in the plane spanned by R, and y,. In
the same way we get

Iy, xy.) -Re=1Iy, - (y,xR,)=0. 27)

Iy, also lies in the plane spanned by R, and p,. Then the
plane spanned by R, and p, is parallel to a principal plane
of the tensor of inertia I. According to Eq. (24), the linear
momentum P, is parallel to the principal axis, which is per-
pendicular to the principal plane spanned by R, and y,.

According to Egs. (22)-(24), the force balance equa-
tion (20) can be written as:

Mo (Yo X Re) X p,

pm
="_"R,
RZ

3u
2R?

— 101’21’!1((0(@ : Re)z - (B.- R€)2)]Re
—2IR, +2tm(y, - Ry,
+ 41’2m((ae ) Re)ae - (ﬂe ’ RE)ﬂe)}' (28)

{[SRL IR, —tr(I) + tom (1 — 5, - R.)?)

4 Lagrangian relative equilibria

First we consider a particular case when R, is parallel to a
principal axis of the tensor of inertia I. From Eq. (25), we
can know that

wrly, x y, =0, (29)

which means that p, is also parallel to a principal axis of
the tensor of inertia I. For a general rigid body B without
symmetry, this can mean either R, -y, =0or R, x y, =0.
From the physical intuition, the case of R, x y, = 0 means
that the mass center of the rigid body is always located
above the pole of the central body P, which is impossible in
the real situation of an asteroid orbiter. Therefore we have
R, -y, =0. Thus, the orbit plane of the mass center of the
rigid body is in the equatorial plane of body P, and the cen-
ter of the circular orbit coincides with origin O. From the
fact that R, and y, are parallel to two different principal
axes of the tensor of inertia I and Eq. (24), we can conclude
that P, is parallel to the third principal axis of the tensor of
inertia.

Since the circular orbit of the mass center of the rigid
body is within the equatorial plane of the central body P,

and R,, £2, and P, are parallel to the three principal axis of
the tensor of inertia I, this type of the relative equilibria is
called the classical relative equilibria, or Lagrangian relative
equilibria.

Without loss of generality, we assign R, = [R, 0 017,
Y.=[001]", 2, =[00 wr]” and P, =m[0 R.wr 0]".
Then the force balance equation (28) can be written as fol-
lows:
um - 3u

ke “EA[SRLIR, — tr(I) + tom
e

mw%ReI_?e = pEyY:
e

— 100m((ete - R)* — (B, - R.)*)]R.
— 21 Re + 4‘[2m((“e . Re)ae
—(B.-RB.)} (30)

By checking the left and right sides of Eq. (30), it is easy
to find that Eq. (30) requires the vector (e, - Roa, — B, -
R.)B, on the right side to be parallel to the unit vector R,.
Notice that I_(e, which is perpendicular to y, is within the
plane spanned by &, and ,. Then, the vector (e, - I_Qe)oee —
B, - R.)B . is actually the reflection of the unit vector R,
with respect to the vector «,.

According to the fact that (a, - R.)ote — B, - I_ie)ﬂe is
parallel to the unit vector I_ie, we can conclude that I_Ie is
parallel or perpendicular to the vector «,. That is to say,

1 0 -1 0

a,= |0, 1], 0 |or|-—1 (31)
0 0 0 0

Accordingly,
0 -1 0 1

B.,=|1],] 01|, |[=1]or|O]. (32)
0 0 0 0

Therefore, at the Lagrangian relative equilibria, the mass
center of the rigid body is located at the principal axes of the
asteroid in the equatorial plane, i.e., u and v, and the axes
of the body-fixed frame of the rigid body Sp are parallel to
those of the body-fixed frame Sp. The Lagrangian relative
equilibria given here are the same with those in Wang and
Xu (2014b) and Wang et al. (2014b) obtained by using the
symmetry of the gravity field and the inertia tensor of the
rigid body.

Without loss of generality, we assign and e, = [1 0 0]7
B, =1010]", as shown by Fig. 2. At this relative equilib-
rium, the mass center of the rigid body is located on the pos-
itive side of the principal axis u. Other Lagrangian relative
equilibria can be converted into this equilibrium by chang-
ing the arrangement of the axes of the body-fixed reference
frames Sp and Sp.
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Fig. 2 A Lagrangian relative equilibrium of the rigid body

Then the force balance equation (30) can be written as

mwy R, R,
pm s 3p _
= g R 2—R§{[51xx —tr(I) + Tom — 10T2m ] R,
— 21xxRe —I—4‘L’2mi\’e}, (33)

which can be rearranged further as

3 (L Ly I
k2K {2ﬂ—l—ﬁ+ro—6rz}. (34)
m m m

Here we have solved out the Lagrangian relative equilib-
ria based on the equilibrium conditions. The existence of the
Lagrangian relative equilibria can be investigated based on
Eq. (34).

To make studies in general cases instead of in specific
cases, we first nondimensionalize the system by the char-
acteristic time /a2 /u and the characteristic length a,. Af-
ter nondimensionalization, the equatorial radius a, and the
gravitational constant p of the central body are both equal
to 1, and the unit of the angular velocity is \///a]. Then
Eq. (34) can be written as:

1 3 I Iy, 1
2 Xx yy 2z
=———=|2——-— - =4 Cy—-6C
Wy K3 2R2< p” " m+ 20 22)
1 3 Lie 1y I
=—=|l4+—=|-2—+—4+—-C 6C
R§[+2R§< m—i—m—i-m 20 +6C2
_ 2 1+ . (Al — Cy +6C22) (35)

where Al = =21 /m+1,,/m+1I,;/m. The parameter Al
is a comprehensive scale of the effect of the orbit-attitude
coupling of the rigid body, since it describes both the non-
spherical mass distribution and the characteristic dimension
of the rigid body, which are two basic elements of the gravi-
tational orbit-attitude coupling (Wang et al. 2014a). The ef-
fect of AT can be considered equivalently as a change of the
oblateness and ellipticity of the central body in the sense of
the point mass model.

@ Springer

As in Wang et al. (2014a), the characteristic dimension of
the rigid body d¢ can be defined by the following equation:
I = %mdé or %d(z: = I’;—x 36)
Notice that the characteristic dimension d¢ is only an esti-
mation of the dimension of the rigid body, but not the real
dimension of the rigid body. Since the characteristic dimen-
sion d¢ has a very simple relation with I, /m, we will also
refer I, /m as the characteristic dimension in the following.

The mass distribution parameters of the rigid body can be
defined as follows:

o, = (IZZ_IW) i (Izz_lxx>' (37)
Lx ' Iyy

The parameters oy, and o, have the following range:

—-1<o0,<1, —1<o0,<1. (38)

As shown above, the ratio I, /m describes the charac-
teristic dimension of the rigid body; the ratios o, and o
describe the shape of the rigid body. The parameter Al can
be written in terms of the three ratios Iy /m, oy, and oy as
follows (Wang et al. 2014a):

I Iy I I
Al=—"(-2+-2 4+ 2 ) =227, (39)
m Ly Ly m

where f, is defined as:
(40)

We can estimate the range of the parameter Al through
the upper limit of /;,/m and the calculation of f; on the
oy—0, plane. We assume that the upper limit of I,/m is
equal to 0.5, which means that the characteristic dimension
of the rigid body dc¢ is a., which is the upper limit in our

study.
According to Wang et al. (2014a), the lower limit of f,
is —1, which can be reached in the case of oy = —1. Theo-

retically, the upper limit of f; is the positive infinity, which
can be reached when oy approaches 1 and it means that
the mass distribution of the rigid body is a rod along the
i-axis. In our study we will not consider this extreme case
that would not exist in the real physical system. We choose
the upper limit of f,; as 16 as in Wang et al. (2014a).

Noticing that the upper limit of I, /m is equal to 0.5, we
can obtain the range of the parameter A[ as follows:

—0.5 <Al <8. 1)

The practical range of the harmonic coefficients Cyg and
C»yy of the 2nd degree and order-gravity field in our study
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Fig.3 The (Al — Cy 1
+ 6Co)—wr plane divided 2a
according to the root R,

0.8

1
0.6
§
0.4
2b
0.2
7c
2 -1.6 -1.2 -0.8 -0.4 0
AlI-Co0+6Co2

are chosen as follows:

(42)

—0.5<Cy <0,
—0.25 < Cyp < 0.25,

which should cover most asteroids in our solar system.
Therefore, the range of Al — Coo 4 6C2; is given by:

—2 < Al — Cyy+ 6Copy < 10. 43)

According to the results by Howard (1990) and Elipe
and Lépez-Moratalla (2006), through some calculation it is
found that Eq. (35) has one positive root for R, under the
following condition:

Al — Cyy+6Co >0, (44)
and the positive root R, satisfies
1\ /3
R, > (—2> . (45)
@7

Equation (35) has two positive roots for R, under the fol-
lowing condition:

2/2 2/3 1 2/3
0> Al — C2() +6C22 > —§<§) (—2> s (46)
@7

and the two positive roots R,; and R, satisfy

N3/ 1 \13 1 \1/3
O<Rp<|- — <Rg<|— . 47
= ()(E) e (@) e

In the case of

2 N3/ 1 \23
Al — C 6C —\ = — , 48
20 +6Cx < 5<5) (w%> (48)

Equation (35) has no positive root for R,.

Since the unit of the angular velocity is /u/a2, or =1
means that the gravity of the particle on the surface of the
asteroid is balanced by the centrifugal force. Therefore, it
is reasonable to assume that wy < 1. The existence of the
Lagrangian relative equilibria can be investigated in the
(Al — Cyp + 6C2)—wr plane according to the value of the
root R, of Eq. (35). For simplification, if Eq. (35) has no
positive root or its positive root R, < 1, which means that
the mass center of the rigid body moves under the surface of
the central body P, the Lagrangian relative equilibria will
be regarded not to exist.

According to Eq. (45) and the range wr < 1, Eq. (35)
always has a positive root R, > 1 in the case of Al — Coo +
6C>, > 0, therefore the Lagrangian relative equilibria can
always exist in the range 0 < Al — Cyo + 6C2 < 10.

According to Egs. (46) and (48), the remaining part of
the (AT — Cso + 6C22)—w7 plane can be divided into two
regions by

2 /N3 1 \23
Al — C 6Cry=——| = — . 49
20 + 6C2 5(5) <w%> (49)

As shown by Fig. 3, the (Al — Cro + 6Co)—wr plane is
divided into the region 1 and the region 2 by the blue curve,
which is given by Eq. (49).

In the region 1, Eq. (48) is satisfied, therefore Eq. (35)
has no positive root and then the Lagrangian relative equi-
libria cannot exist. Whereas the region 2, in which Eq. (46)
is satisfied, can be divided into three subregions 2a, 2b and
2¢ corresponding to the three cases R,1 < 1, R,1 > 1 > R
and R, > 1 respectively, as shown by Fig. 3.

In the subregion 2a, the two positive roots are both
smaller than 1, therefore the Lagrangian relative equilibria
cannot exist in this subregion. In the subregion 2b, only one
of the two positive roots is larger than 1, therefore only one
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Fig. 4 The curves of the orbital 8
radius R, versus the angular
velocity wr 7
6 ‘i;‘.
\\
5 \
\
¢ 4
3

0.2

Lagrangian relative equilibrium can exist for each point of
this subregion. In the subregion 2c, both the two positive
roots are larger than 1, therefore two Lagrangian relative
equilibria can exist for each point of this subregion.

To investigate the existence of the Lagrangian relative
equilibria from another point of view, the curves of the or-
bital radius R, versus the angular velocity wr in the cases of
different values of Al — Cog+ 6Cy; are given in Fig. 4. The
nine curves, from up to bottom, are corresponding to nine
values of AI — Cyg +6Co:10,8,6,4,2,0,-0.5, —1, =2
respectively.

According to Fig. 4, we can see that the upper six curves,
which are corresponding to the six nonnegative values of
Al — Cy + 6Ca: 10, 8, 6, 4, 2, 0 respectively, are al-
ways above the critical strange line R, = 1. This means
that the Lagrangian relative equilibria can always exist in
the range wr < 1 that is consistent with the conclusion ob-
tained above. The lower three curves, which are correspond-
ing to the three negative values of Al — Cyo + 6C2y: —0.5,
—1, —2 respectively, are more complex. As the angular ve-
locity w7 decreases from 1 to 0, there exists a bifurcation,
before which Eq. (35) has no positive root and after which
two positive roots of Eq. (35) appear.

In the cases of AI — Cyy + 6C2 = —1, —2, both the
curves of the two positive roots of Eq. (35) are above the
critical strange line R, = 1. That is to say, after the bifur-
cation two Lagrangian relative equilibria can always exist.
However, in the case of Al — Cyo 4+ 6Co = —0.5, after
the bifurcation, as the angular velocity wr decreases to O,
the smaller positive root will decrease below the critical line
R, = 1. Therefore, as the angular velocity wr decreases to
0 after the bifurcation, the number of the Lagrangian rela-
tive equilibria that can exist will decrease from two to one.
These conclusions are consistent with the results in Fig. 3.
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5 Non-Lagrangian relative equilibria

5.1 Existence condition of non-Lagrangian relative
equilibria

Here we consider a general case when R, is not parallel
to any principal axis of the tensor of inertia I. Notice that
the plane spanned by R, and p, is parallel to a principal
plane of the tensor of inertia I. Without loss of generality,
we assume that the principal plane spanned by R, and p,
is the i—k plane, and P, is parallel to the principal axis j.
Then, we can have

Ro=[R: 0 R]". y.=[w 0o ],

. (50)
R.=or[y} 0 ¥,
P.=mor[0 RyZ—Riy} 0] 51)
Then Eq. (25) can be written as follows
3up
7S ViU — L) = o5 R RS Uz = 1o (52)

e

Here a general rigid body with (I, — I1x) 7 0 is considered,
therefore we have

3up

7 RYRZ. (53)

2.X..7
OTYe Ve =

Since R, is not parallel to any principal axis of the rigid
body, we have R} RZ # 0. From Eq. (53) and R} RZ # 0, we
know that y, is not parallel to any principal axis either, and

x(pz\2
R} (RY)”#0.

m
Re-y, =ViR,+V;Ro=VR + 55—
R o1V,

(54)
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Therefore, the orbit of the mass center of the rigid body is
a circle with its center located on w but not coinciding with
origin O. The orbital plane is displaced, that is to say, par-
allel to but not in the equatorial plane of the central body P.
Since the circular orbit of the mass center of the rigid body
is not within the equatorial plane of the central body P, and
neither of R, and y, is parallel to the principal axis of the
tensor of inertia 7, this type of relative equilibria is called the
non-classical relative equilibria, or non-Lagrangian relative
equilibria.

Then the left side of the force balance equation (28) can
be written as follows:

0 Ye
mw% RIy —R:yS | x| 0O
0 Ve
RI(v&)? = REyvé
= ma)% 0 , (55)

RE(y5? — RIySyve

which is within the plane spanned by R, and y,, i.e., i—k
plane. Therefore, the right side of Eq. (28) is required also
to be within the plane spanned by R, and y,, which means
that the vector (e, - R,)ote — B, Re)ﬂe is within the plane
spanned by R, and y,, since the remaining terms on the
right side are within the plane naturally.

Notice that (e, - R,)et, — B, - I_Ze)ﬂe is the reflection
of the component of the unit vector R, in the a,—f, plane
with respect to the vector «,.. According to the fact that (e, -
R.)a, — (B, - R.)B, is within the plane spanned by R, and
Y., we can conclude that &, is within or perpendicular to
the plane spanned by R, and y. That means that the mass
center of the rigid body is located within the principal plane
of the central body P. Without loss of generality, we assume
that ¢, is within the plane spanned by R, and y,, and

=y 0 -y B.=[0 1 0] (56)
Figure 5 illustrates the geometry of this non-Lagrangian
relative equilibrium. In Fig. 5, y7 and ;" are coordinates of
the vector w (or p,) on the axes k and i respectively; R and
R} are coordinates of the position vector r on the axes k and
i respectively. 6 is the angle between R, and the equatorial
plane of the central body P, 0 is the angle between R, and
i, and 0, is the angle between w (or y,) and k. The angles

0, 01 and 6, are given by:
Z

RE
tanf; = —,
RX

e

X
tany =22, 0=6,+0,. (57)
%

According to Fig. 5, we can find that the principal plane
of the rigid body i—k plane coincides with the principal
plane of the central body u—w plane at the non-Lagrangian
relative equilibria. Through the comparison between Figs. 2

orbit

Fig. 5 The geometry of the non-Lagrangian relative equilibrium

and 5, it is easy to find that the locations of the Lagrangian
and non-Lagrangian relative equilibria are close. That is to
say, for a Lagrangian relative equilibrium, if we rotate the
rigid body around its negative j axis for 8, and then lift up
the orbit of the mass center of the rigid body to an equilib-
rium position, we can reach a non-Lagrangian relative equi-
librium if it can exist.

After the nondimensionalization, the force balance equa-
tion (28) can be written as follows:

RI(E)? — Ry} v¢é

Wy 0
RE(y)? — RY v ve
IXX
PRy [ R
= = 0 [+ =S 0
: : I..
¢ | RZ ¢ LR =
3 2 Ixx 2IV
_ 5 Rx _ R2 o R ~_y
| SR - R - R
2 1 2
+ (5(RE)” = R2) = + Coo(RZ = 5( R + Vi R))
R}
—_10C ZRX _ X R 2 6
22()@ e — Ve e)
R
_Vx
_ iC ( X RX + ZRZ) 6
R5 20 ye e ye e
e _yez
_ Y2
_ ic ZRx _ XRZ 6 58
RS 22(7/6 e ~ Ve 6) ) (58)
e _—yex

According to (yex)2 + ()/ez)2 =1 and Eq. (53), ¥, and ¥}
can be solved out as:

1 3 eer) 3
:F 4 w%RS e e ’
1

(1, 1 3

(59)

2\ 2
RgRg) ) .
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Equation (59) contains two cases

Ve >ve and y; >y, (60)

The non-Lagrangian relative equilibrium, i.e., R}, R, v,
and yZ, can be solved out by Eqs. (58) and (59). The exis-
tence condition of the non-Lagrangian relative equilibria is
equivalent to the solvable condition of the algebraic equa-
tions (58) and (59).

5.2 Existence regions of non-Lagrangian relative equilibria

However, it is difficult to analyze the existence of the non-
Lagrangian relative equilibria through theoretical studies of
nonlinear algebraic equations (58) and (59). Therefore, we
will try to solve Egs. (58) and (59) using numerical method
with different values of the parameters of the system.

Notice that all the six parameters of the system, i.e., C2,
Cn, wr, Iyx/m, ox and oy, need to be discussed. To inves-
tigate the existence of the non-Lagrangian relative equilibria
and the effects of the system parameters on the existence, we
only need to carry out the numerical studies for some cho-
sen values of the system parameters. We will choose some
different values for the harmonic coefficients Coo and Cpa,
the angular velocity of the gravity field wr, and the charac-
teristic dimension of the rigid body I./m. Then for each
combination of the values of Cog, C2y, wr and I, /m, we
try to solve the algebraic equations (58) and (59) for a grid
of points on the oy—o, plane with a certain step size. If
the point (oy, 0y) can guarantee the solvable condition of
Egs. (58) and (59), that is to say, guarantee the existence
of the non-Lagrangian relative equilibria, we plot the point
(o, 0x) on the oy—0o, plane.

With this method, we can obtain the existence regions of
the non-Lagrangian relative equilibria on the oy—o plane
with different values of the harmonic coefficients Cpy and
C», the angular velocity wr, and the characteristic dimen-
sion I,/m. Through comparisons between existence re-
gions with different values of Cag, C22, w7 and I, /m, we
can find out the individual effect of the system parameters
on the existence of the non-Lagrangian relative equilibria.

We choose three different values for the coefficient Cp
and five different values for the coefficient Cy, as follows:

Cy =-0.5,-0.3,0.1,
(61)
Cy =-0.25,-0.15,0,0.15,0.25.

That is to say, there are fifteen different cases for the pair
(C20, C22). The upper limits of I,,/m and wr are chosen
the same as in the studies of the Lagrangian relative equilib-
ria. Then, the different values of I, /m and w7 for each case
of (Cyg, C»7) in the numerical studies are chosen as follows:

I.)C.X
— =0.5,0.5e — 2,0.5¢ — 6; (62)
m
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Fig. 6 The pairs of (Cyg, C22) on the Co0—Cy) plane

wr=1,0.5,0.2. (63)

Through the numerical studies, we find that only in the
cases of three pairs of (C»g, C22), including (—0.3, —0.25),
(—0.1, —0.25) and (—0.1, —0.15), the non-Lagrangian rel-
ative equilibria can exist. The fifteen pairs of (Cg, Cy2) are
plotted on the C29—C7; plane in Fig. 6.

The three pairs of (Cao, C22), in the cases of which the
non-Lagrangian relative equilibria can exist, are given by
pentagrams in Fig. 6, and the remaining twelve pairs are
given by dots. The existence regions of the non-Lagrangian
relative equilibria on the oy—oy plane with the three pairs
of (Ca, C22), including (—0.3, —0.25), (—0.1, —0.25) and
(—=0.1, —0.15), are given in Tables 1, 2 and 3 respectively. In
these figures, the interval —0.02 < o, < 0.02 is not consid-
ered, since o, = 0 is equivalent to I;; = Iy, that is the sin-
gular point of the existence condition of the non-Lagrangian
relative equilibria, as shown by Egs. (52) and (53).

5.3 Effects of the system parameters

Through comparisons between existence regions on the
oy—0oy plane in Tables 1, 2 and 3 with different pairs of
(C20, C22) and different values of I, /m and w7, we can as-
sess the effects of the system parameters on the existence of
the non-Lagrangian relative equilibria. Several conclusions
can be reached as follows:

(a) The effect of the harmonic Cog and Co;

According to Fig. 6, the numerical results suggest that
a Cpo with a small absolute value and a negative Cpp
with a large absolute value favor the existence of the non-
Lagrangian relative equilibria. This conclusion can be also
verified through the comparisons between existence regions
on the oy—oy plane with different values of C9 and C»; in
Tables 1, 2 and 3. That is to say, with a smaller absolute
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Table 1 The existence regions of the non-Lagrangian relative equilibria with Co9 = —0.3 and Cy, = —0.25
L _ Le — Ly —
e =0.5 2 =0.5e — 2 2 =0.5e — 6
1 ‘ : - 1 1
05 05 05
g o g 0 1 ¢ o
wr =1
05 -05 05
:
- -1 : -1
A 05 £] 05 0 05 1 4 06 0 05 1
Oy Oy
1 1 1
05 05 05
g 0 g 0 g 0
wr =0.5
0.5 0.5 05
g 05 4 05 0 05 4 05 0 05 1
Oy Oy
1 1 1
05 05 05
8 o 6 0 6 0
wr =0.2
05 05 05
1 4 4
1 05 0 05 1 -1 05 0 05 1 -1 05 0 05 1
Oy Oy Oy

value of the negative C», the existence region of the non-
Lagrangian relative equilibria is larger, as shown by Tables 1
and 2. Generally, with a larger absolute value of the nega-
tive Coy, the existence region is larger, as shown by Tables 2
and 3.

(b) The effect of the angular velocity of the gravity field wr

In Tables 1, 2 and 3, if we change the value of the angular
velocity of the gravity field wr with other system parameters
fixed, we can find that the effect of the angular velocity wr
is not monotone. Generally, among the three values of wr
in Eq. (63) the existence region is the largest in the case of
ot =0.5.

(c) The effect of the gravitational orbit-attitude coupling of
the rigid body

Notice that the gravitational orbit-attitude coupling is
more significant when the ratio of the characteristic dimen-
sion of the rigid body to the orbit radius is larger. The effect
of the gravitational orbit-attitude coupling of the rigid body
can be discussed through comparisons between existence re-
gions with different values of I, /m.

As shown by Tables 1, 2 and 3, the effect of the orbit-
attitude coupling of the rigid body on the existence of the
non-Lagrangian relative equilibria is complex, since the ef-
fect can be positive or negative, depending on the values of
Cpo, C2 and wr.
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Table 2 The existence regions of the non-Lagrangian relative equilibria with Co9 = —0.1 and Cy, = —0.25

* =0.5 Le —0.5e —2 La —0.5¢ -6

Iy

m m
wr =1
wr =0.5
wT = 0.2

n 05 0 05 1 Y 05 0 05 1 4 05 0 05 1

o, oy oy
In the cases of Cyo=—0.3, Cyp =—0.25, wr =0.5, 67)
Co=-0.1, Cp=-025 or=05, 64) Co=-0.1  Cp=-025, or=lI, (68)
Co=-0.1, Cpn=-015  wr=05, 65 Co=-0.1  Cn=-025, wr=02, (69)
C20 = —01, C22 = —015, wT = 17 (70)

as the characteristic dimension of the rigid body I,,/m de-
creases, the existence region of the non- Lagrangian rela-
tive equilibria is getting larger and larger, and is equal to the
whole oy—0, plane eventually. That is to say, the gravita-
tional orbit-attitude coupling of the rigid body B has a neg-
ative effect on the existence of the non-Lagrangian relative
equilibria.
However, in some other cases, including

Cy=-0.3, Cyp =-0.25, or =1, (66)

@ Springer

as the characteristic dimension of the rigid body I, /m de-
creases, the existence region of the non-Lagrangian relative
equilibria is getting smaller and disappears eventually. That
is to say, the gravitational orbit-attitude coupling of the rigid
body B has a positive effect on the existence of the non-
Lagrangian relative equilibria in these five cases.

When the characteristic dimension of the rigid body
I /m is very small, such as I, /m = 0.5e — 6, the effect of
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Table 3 The existence regions of the non-Lagrangian relative equilibria with Co9 = —0.1 and Cy, = —0.15

[~

@ =(.5

m

L _ Lo
Le —0.5e —2 Le —0.5e -6

-

1

0.5 05

0.5

g ¢ [ g o
wr =1
-0.5 -0.5 0.5
1 A 1 | |
E -1 0.5 0 05 E] 05 0 0.5 1
Gy Oy
1
[
05
o' 0 &
wr =0.5
0.5
.!‘
1 1 1
05 | 05/ | 0.5/
6 0 g 0 g o
wr =0.2
-0.5 t -0.5¢ -0.5-
1 i A i A | j
- 05 0 0.5 1 -1 -0.5 0 05 -1 -0.5 0 0.5 1
Oy Oy Oy

the gravitational orbit-attitude coupling is very weak and the
mass distribution parameters o, and oy have no influence on
the existence of the non-Lagrangian relative equilibria. The
existence will be determined by the values of Csg, C2> and
w7 . The non-Lagrangian relative equilibria can exist on the
whole oy—0, plane when the values of C9, C22 and wr fa-
vor their existence, which are given by Eqgs. (64) and (65);
whereas the non-Lagrangian relative equilibria cannot ex-
ist on the whole oy—o, plane when the values of Cz9, C22
and wr do not favor their existence, which are given by
Eqgs. (66)—(70).

When the characteristic dimension of the rigid body is
large, such as I;,/m = 0.5, the effect of the gravitational
orbit-attitude coupling is dominant. Compared with the case
of a smaller characteristic dimension, the orbit-attitude cou-

pling can destroy the existence of non-Lagrangian relative
equilibria in some regions on the oy—oy plane in the cases
of Egs. (64) and (65); whereas the orbit-attitude coupling
can lead to the existence of non-Lagrangian relative equi-
libria in some regions on the oy—o, plane in the cases of
Eqgs. (66)—(70).

When the characteristic dimension of the rigid body is
very small, the gravitational orbit-attitude coupling is in-
significant and the rigid body can be considered as a point
mass. According to our conclusions stated above, the dis-
placed stationary orbit above the equatorial plane of the
central body can exist even for a point mass in the cases
of Egs. (64) and (65). This is consistent with the results in
Howard (1990).
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6 Conclusions

Relative equilibria of the full dynamics of a rigid body with
gravitational orbit-attitude coupling in a uniformly rotating
second degree and order gravity field, especially their types
and existences, have been investigated from a global point of
view. Equilibrium conditions of the relative equilibria have
been obtained based on the equation of motion of the sys-
tem. It has been found that at the relative equilibria the at-
titude and position of the rigid body are both kept to be
stationary with respect to the central body. The orbit of the
mass center of the rigid body is a circle parallel to the equa-
torial plane of the central body, and the center of the orbit is
located on the rotational axis of the central body.

Through the equilibrium conditions, we have found two
types of relative equilibria: one is the Lagrangian relative
equilibria, in which the circular orbit of the rigid body is in
the equatorial plane of the central body; the other is the non-
Lagrangian relative equilibria, in which the circular orbit is
parallel to but not in the equatorial plane of central body.
The geometrical properties of both the Lagrangian and non-
Lagrangian relative equilibria have been given in details.

The existences of both the Lagrangian and non-Lagran-
gian relative equilibria have been discussed numerically
with respect to the parameters of the gravity field and the
rigid body. The effect of the gravitational orbit-attitude cou-
pling has been especially assessed. The existence region
of the Lagrangian relative equilibria has been given on the
plane of the system parameters.

As for the non-Lagrangian relative equilibria, our numer-
ical results suggested that a C¢ with a small absolute value
and a negative C»p with a large absolute value favor their
existence. The effect of the gravitational orbit-attitude cou-
pling of the rigid body on their existence could be positive
or negative, depending on the values of the harmonics Cyg
and Cp;, and the angular velocity of the rotation of the grav-
ity field. Our numerical results also suggested that the dis-
placed stationary orbit above the equatorial plane of the cen-
tral body could exist even for a point mass in a second degree
and order-gravity field.
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