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Abstract We analyze pilgrim dark energy model in the
background of f (R) gravity by taking IR cut-offs as particle
and event horizons as well as conformal age of the universe.
We regard the f (R) theory as an effective description for the
pilgrim dark energy and reconstruct the function f (R) with
the parameter μ < 0 (which supports the phantom regime).
Finally, we show the distinctive behavior of f (R) for the
future cosmic evolution.

Keywords Modified gravity · Dark energy ·
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1 Introduction

Contemporary observational results form supernova type Ia
(Perlmutter et al. 1999; Riess et al. 2007), anisotropy mea-
surement in current cosmic microwave background from
WMAP (Spergel et al. 2007), large scale structure (Hawkins
et al. 2003; Tegmark et al. 2004), baryon acoustic oscilla-
tions (Eisentein et al. 2005) and weak lensing (Jain and Tay-
lor 2003) indicate that the universe is accelerating in the cur-
rent epoch. The unknown form of energy component usu-
ally named as dark energy (DE) is considered as the prime
source to make this striking change in the cosmic history.

M. Sharif (B) · M. Zubair
Department of Mathematics, University of the Punjab,
Quaid-e-Azam Campus, Lahore 54590, Pakistan
e-mail: msharif.math@pu.edu.pk

M. Zubair
e-mail: mzubairkk@gmail.com

M. Zubair
Department of Mathematics, University of Management and
Technology, Lahore 54590, Pakistan

Dark energy is recognized by its distinctive nature from or-
dinary matter sources having negative pressure which may
lead to cosmic expansion counter striking the gravitational
pull. This is appeared as enigmatic cosmic ingredient and in-
terpretation of its gravitational effects is a dynamic research
field. There are two representative directions to address the
issue of cosmic acceleration. One is to introduce the “ex-
otic energy component” in the context of general relativity.
A number of alternative models have been proposed in this
perspective to explain the role of DE in the present cosmic
acceleration.

In particular, the holographic DE (HDE) turns out to
be one of the most prominent candidates which has exten-
sively been studied in literature (Huang and Gong 2004;
Zhang and Wu 2005). Gao et al. (2009) introduced another
proposal for DE resulting in new form of HDE termed as
Ricci DE. Granda and Oliveros (2008, 2009) suggested a
new infra red (IR) cut-off for HDE in terms of H and its
derivative which generalizes the Ricci DE known as new
HDE. We have discussed the reconstruction and stability of
f (R,T ) models for both Ricci and modified Ricci DE mod-
els (Sharif and Zubair 2014a). Wei (2012) proposed a new
model of DE named as pilgrim DE (PDE) based on the idea
that phantom DE is strong enough to avoid the formation
of BH. He considered Hubble horizon as an IR cut-off and
developed constraints on PDE using the latest cosmic obser-
vations. Recently, we have discussed the cosmological evo-
lution of PDE for particle, event and conformal age of the
universe cut-offs (Sharif and Zubair 2014b). The phantom
cosmic acceleration is established in these scenarios which
is well supported by other cosmological parameters such as
deceleration parameter.

The issue of cosmic acceleration can also be counted
on the basis of modified theories of gravity. In the pro-
cess of modification of Einstein-Hilbert action, various can-
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didates have been proposed to unravel the mysterious na-
ture of DE namely, f (R) (Sotiriou and Faraoni 2010) f (T )

(Ferraro and Fiorini 2007), where T is the torsion scalar,
Gauss-Bonnet gravity (Cognola et al. 2006), f (R,T ) grav-
ity (Harko et al. 2011; Sharif and Zubair 2012, 2013a,
2013b, 2013c, 2013d) and f (R,T ,RμνT

μν) (Haghani et al.
2013; Sharif and Zubair 2013e, 2013f) gravities, T is the
trace of the energy-momentum tensor. The f (R) theory is
defined by the Lagrangian

I =
∫ [

M2
p

2
f (R) +L(M)

]√−gdx4, (1)

where variation implies the field equations

Rαβ − 1

2
Rgαβ = M−2

p T
(M)
αβ + T

(curv)
αβ , (2)

and

T
(curv)
αβ = 1

F

[
1

2
gαβ(f − RF) + F ;μν(gαμgβν − gαβgμν)

]
,

appears due to the share from the curvature part, T
(M)
μν =

T̂
(M)
μν /f (R), T̂

(M)
μν is matter energy-momentum tensor and

F = df/dR. Recently, some explicit models of f (R,T )

gravity are reconstructed for anisotropic universe which
can produce phantom era of DE (Sharif and Zubair 2013b,
2013c, 2013d). We have also reconstructed f (R,T ) func-
tions corresponding to the evolution background in FRW
universe (Sharif and Zubair 2014a, 2014c). It is shown that
any cosmological evolution including ΛCDM, phantom or
non-phantom eras and possible phase transition from ac-
celerating to decelerating can be reproduced in this theory.
We have proposed some specific forms of Lagrangian in
the perspective of de Sitter and power law expansion his-
tory.

In this work, we consider PDE as promising candidate
of phantom energy and reconstruct f (R) function as an ef-
fective description to such behavior. We analyze the evo-
lution of f (R) for the essential parameter μ < 0 accord-
ing to the recent Planck and WMAP9 results. The paper
is arranged in the following format. In the next section,
we provide numerical reconstruction of f (R) gravity ac-
cording to PDE. The evolution of f (R) is presented for
three different cut-offs that can be differentiated according
to the cosmic evolution. In Sect. 3, we conclude our re-
sults.

2 Reconstructing f (R) gravity from PDE

Cosmological reconstruction in modified theories is one of
the promising aspects in cosmology. In this perspective,
different schemes have been proposed for known cosmic
evolutions to find the corresponding particular Lagrangian

(Elizalde et al. 2010; Goheer et al. 2009a, 2009b; Nojiri
et al. 2010; Sharif and Zubair 2013b). Karami and Khale-
dian (2011) reconstructed different f (R) models in the spa-
tially flat FRW universe according to ordinary and entropy-
corrected versions of holographic and new agegraphic DE
models. Capozziello et al. (2005) proposed an effective
method to reconstruct f (R) from a given Hubble param-
eter H(z) in metric formalism. In this scheme, one needs
to know the relation of H(z) for a given DE model so that
f (R) Lagrangian can be reconstructed implying the same
dynamics. Following (Capozziello et al. 2005), Wu and Zhu
(2008) reconstructed f (R) theory according to HDE and
interpreted the distinctive behavior of reconstructed theory
depending on parameter c. This approach is also applied
to construct f (R) theory corresponding to Ricci DE (Feng
2009). We have reconstructed f (R) function corresponding
to new agegraphic as well as new HDE models (Sharif and
Zubair 2013g) and shown the cosmological evolution of the
reconstructed function under the role of essential parame-
ters.

We follow this scheme to determine Lagrangian f (R)

which gives rise to same dynamics as in PDE with parti-
cle and event horizons as well as cosmological time scale.
The field equations in f (R) gravity can be represented as

3M2
pH 2 = ρcurv + ρM,

−M2
p

(
2Ḣ + 3H 2) = pcurv + pM,

(3)

where

ρcurv = 1

F

[
1

2
(f − RF) − 3HṘFR

]
,

pcurv = 1

F

[
−1

2
(f − RF) + 2HṘFR + R̈FR + Ṙ2FRR

]
.

The total energy density, ρtot = ρcurv +ρM , satisfies the stan-
dard conservation equation ρ̇tot + 3H(ρtot + ptot) = 0. We
combine Eq. (3) and continuity equation to a single equa-
tion

Ḣ = −1

2f

[
3H 2

0 ΩM0e
−3x + (R̈ − HṘ)F + Ṙ2FR

]
. (4)

We replace cosmic time by x employing the relation d/dt =
Hd/dx so that Eq. (4) can be translated into third order
differential equation in f (x) as

C3(x)
d3f

dx3
+ C2(x)

d2f

dx2
+ C1(x)

df

dx
= −3H 2

0 ΩM0e
−3x,

(5)

where Ci (i = 1,2,3) are given in terms of H(x) and its
derivatives as shown in Appendix. If one knows the func-
tion H(x) and its derivatives then Ci ’s can be evaluated
which help to find f (R) according to known DE model. To
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Fig. 1 Evolution trajectories of
reconstructed f (R) for PDE
with particle horizon in
(a) f − R and (b) lf − lR

planes with 0 � z � 10

solve Eq. (5) for f (R[x]), we set the boundary conditions
(Capozziello et al. 2005)

(
df

dx

)
x=0

=
(

dR

dx

)
x=0

,

(
d2f

dx2

)
x=0

=
(

d2R

dx2

)
x=0

,

f (x = 0) = f (R0) = 6H 2
0 (1 − ΩM0) + R0.

(6)

Initially, Cohen et al. (1999) set up a relation between ul-
traviolet (UV) and infrared (IR) cut-offs due to the limit
made by the formation of a BH. If ρϑ is the quantum
zero-point energy density associated with UV cut-off then
entire energy in a system of size L should not exceed
BH mass of the same size so that L3ρϑ � LM2

p , Mp =
1/

√
8πG is the reduced Planck mass. The largest IR cut-

off saturates the inequality and one gets the HDE density

ρϑ = 3c2M2
p

L2
,

where 3c2 is a numerical constant. Feng (2008) made an
early attempt to generalize the Cohen relation and postulated
a relation of UV and IR cutoff as (LΛ)n � L2M2

p , where n

is a dimensionless parameter. This relation helps to define

the vacuum energy density of the form ρΛ = 3c2L
8
n
−4M

8
n
p .

It is shown that the fine tuning problem can be resolved
for this choice of energy density. However, in pilgrim DE,
Wei (2012) introduced the concept that phantom DE is
strong enough to prevent the formation of black hole. In
this perspective the energy bound set by Cohen et al. (1999)
could be violated. The PDE is defined by the relation (Wei
2012)

ρϑ = 3n2M4−μ
p L−μ, (7)

where μ and n are dimensionless constants. The parameter
μ is adjusted according to the idea of phantom like behav-
ior of DE and most acceptable choice is μ � 0 (Wei 2012;

Sharif and Zubair 2014b). In Sharif and Zubair (2014b)
the PDE model is studied by taking IR cut-offs as parti-
cle and event horizons as well as conformal age of the uni-
verse.

For flat FRW, the corresponding Friedmann equation is

3M2
pH 2 = ρM + ρϑ . (8)

By setting the fractional energy densities ΩM = ρM

ρcri
,Ωϑ =

ρϑ

ρcri
, ρcri = 3M2

pH 2, Eq. (8) can be interpreted as

H(x) = H0

(
ΩM0e

−3x

1 − Ωϑ

)1/2

. (9)

In the following, we reconstruct f (R) gravity corresponding
to PDE for particle and event horizons as well as cosmolog-
ical time scale.

2.1 Particle horizon

The particle horizon is given as (Li 2004)

L = Rp = a(t)

∫ t

0

dt̂

a(t̂)
= a(t)

∫ a

0

da′

Ha′2 . (10)

The corresponding dynamical equation of fractional energy
density is

Ω ′
ϑ = Ωϑ(1 − Ωϑ)

(
3 − μ − μ

C
(1−Ωϑ)1/2−1/μ

× (Ωϑ)1/μe(3/2−3/μ)x

)
, (11)

where C = (
n2M

2−μ
p

H
2−μ
0 Ω

1−μ/2
m0

)1/μ and prime denotes derivative

with respect to x = lna. For PDE with particle horizon as
an IR cut-off, analytic expression of H(x) is not on cards
but depends upon the evolution of Ωϑ . We represent H(x),
its derivatives and hence the coefficients Ci ’s in terms of Ωϑ

and Ω ′
ϑ . The system of Eqs. (5) and (11) is solved numeri-

cally using the conditions (6) as well as Ωϑ0 = 1−Ωm0 and
results are shown in Figs. 1 and 2. We set the recent values
of Ωm and H as Ωm0 = 0.27 and H0 = 74 (Ade et al. 2014).
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Fig. 2 (a) Evolution
trajectories of Ricci scalar and
(b) reconstructed f (R) versus
redshift with −1 � z � 1

Fig. 3 Evolution of
reconstructed function f (R) in
f − R and lf − lR planes
corresponding to PDE with
event horizon and 0 � z � 10

In this study, we set μ = −1,−2,−3 and n = 2 which favor
the phantom regime of the universe. For these parameters,
the plot of f (R) against R is shown in Fig. 1(a). It is obvi-
ous that evolution trajectories appear distinct if |R| is large
and coincides for small values of |R|. These trajectories are
also shown on lf − lR plane in Fig. 1(b), where lf = ln(−f )

and lR = ln(−R). To show the distinctive behavior of μ, we
consider the future evolution scenario. Figure 2(a) clearly
shows the characteristic evolution of R for future cosmic
evolution. We also show the future growth of f versus z, for
μ = −1, the curve is smooth whereas for other two choices
there is sudden variation as z → −1 (see Fig. 2(b)).

2.2 Event horizon

Li (2004) proposed the event horizon as

L = R
Ê

= a(t)

∫ ∞

t

d t̂

a(t̂)
= a(t)

∫ ∞

a

da′

Ha′2 . (12)

Using the relation of PDE (10) and event horizon, we obtain

Ω ′
ϑ = Ωϑ(1 − Ωϑ)

(
3 − μ + μ

C
(1 − Ωϑ)1/2−1/μ

× (Ωϑ)1/μe(3/2−3/μ)x

)
. (13)

For PDE with event horizon, the situation is similar to the
one discussed in Wu and Zhu (2008), cosmic history of H(z)

depends on the evolution of Ωϑ and one needs to solve the
system of dynamical equations (5) and (13). Though Ωϑ

can be solved independently but here we consider it as part
of the system. Thus we can reconstruct f (R) correspond-
ing to the evolution of PDE with event horizon. We choose
μ < 0 which produces the phantom regime of the universe
as shown in Sharif and Zubair (2014b). The reconstructed
function f (R) is presented in Fig. 3. The difference in evo-
lution trajectories of f is quite evident depending on the val-
ues of parameter μ for large |R| and the distinctive property
vanishes for very small values of |R|. We also show these
curves on lf − lR plane in Fig. 3(b). Figure 3 shows the role
of parameter μ in remote past.

To explain how the reconstructed theory reflects the dis-
tinctive nature of parameter μ, we present the cosmic evo-
lution for later times. Figure 4(a) shows the future evolution
of |R| which is alike for different values of μ. As expected
for μ � −1, the curve shows that |R| → ∞ in the future,
which is the distinctive phantom DE evolution. This behav-
ior is due to dominance of DE (with ωϑ < −1) over matter
components and in such case phantom increases with time
which would split the structures and hence the big rip is un-
avoidable. We plot the future evolution of the reconstructed
function f (R) which more effectively reflects the difference
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Fig. 4 Future evolution
trajectories of Ricci scalar
versus redshift with −1 � z � 2.
Future evolution of
reconstructed f (R) is also
shown for μ = −1 with
−1 � z � 3, μ = −2 with
−1 � z � 4, μ = −3 with
−1 � z � 5, respectively.
Different choices of redshift are
used to have more clear
behavior of evolution
trajectories for the
reconstructed f . The dots
denote the present day values at
x = 0 and stars indicate the
point of reversion where DE
begins to dominate the matter
part and hence total energy
components

in choice of parameter μ. The most common property in
these plots is the point of reversion where decreasing |R|
starts increasing which reveals that phantom DE dominates
the matter components.

For μ = −1, the point of reversion is in the future as the
universe evolves, |R| keeps on growing whereas f initially
decreases approaching the turn around point and then be-
comes positive leading to infinity as shown in Fig. 4(b). The
parameters μ = −2 and μ = −3 show almost identical be-
havior where rapid decrease in f is observed for increasing
|R| (see Figs. 4(c) and 4(d)). It can be checked that the point
of reversion approaches near future for small values of μ,
i.e., the dominance of phantom DE starts earlier for small μ.
We remark that point of reversion is a universal property of
all reconstructed functions f (R) representing the phantom
like DE models as a result of context between DE and matter
components.

2.3 Conformal age of the universe

In Sharif and Zubair (2014b), it is shown that only μ = −1
supports the cosmological constant regime where as
μ� −55 favors the quintessence era in later times of the
universe. Here, we are interested to represent the evolution
trajectories of reconstructed function f (R) for μ = −1. Fol-
lowing the same procedure as in the previous cases, we nu-
merically solve the system of dynamical equations shown in
Fig. 5. The reconstructed function f (R) for PDE with cos-
mological time scale is represented in f − R and lf − lR

planes as shown in Figs. 5(a) and 5(b). The future evolution
of R can also be seen in Fig. 5(c). For the future evolu-
tion, Fig. 5(d) shows linear dependence of f on R upto a
constant which is consistent with de Sitter phase resulting
in f = R + Λ. This result is consistent with that in HDE
for c = 1 (Wu and Zhu 2008), Ricci DE for α = 0.5 (Feng
2009) and NHDE for (μ, ν) = (1,0.63) (Sharif and Zubair
2013g).

3 Conclusions

The f (R) theory stands among the fascinating models in
modified gravitational theories where the generic nonlin-
ear function f succeeds the Ricci scalar R. Over the past
few years, this theory has received great deal of atten-
tion to count the late time acceleration and provided num-
ber of interesting results on cosmological scales. We have
developed the correspondence of PDE with f (R) theory
and reconstructed the functions yielding the same dynam-
ics as in PDE. We have used the numerical reconstruction
scheme (Capozziello et al. 2005; Feng 2009; Sharif and
Zubair 2014b; Wu and Zhu 2008) and shown the evolution
paradigm of reconstructed functions. For the reconstructed
f (R) functions, we set the parameters according to their be-
havior in Sharif and Zubair (2014b) and studied the evo-
lution functions f of PDE with three cut-offs namely par-
ticle horizon, event horizon and conformal age of the uni-
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Fig. 5 Evolution trajectories of
reconstructed function f (R) in
f − R and lf − lR planes with
0 � z � 10. Future evolution of
Ricci scalar versus redshift and
f versus R with −1 � z � 1 are
also shown in plots (c) and (d),
respectively

verse in FRW spacetime. The results are summarized as fol-
lows.

For particle horizon, the evolution trajectories of f and
R are shown in f − R, lf − lR, R − z and f − z planes
which indicate the evolution of PDE. We employ the param-
eter μ = −1,−2,−3, n = 2 and future evolution is shown
in Fig. 2. The evolution trajectories of f correspond to the
plots (1)–(3) in Sharif and Zubair (2014b). In case of PDE
with event horizon, the difference in evolution trajectories
of f is quite evident as shown in Fig. 3. The behavior of R

clearly shows the dominance of DE in future evolution. We
set the evolution parameters according to Sharif and Zubair
(2014b) and distinctive nature of f is shown in Fig. 4 which
does favor the phantom evolution. The evolution trajectories
in case of conformal time scale favors the ΛCDM regime
which is obvious from Fig. 5. Thus the reconstructed f (R)

functions corresponding to PDE are consistent with that of
cosmological parameters in Sharif and Zubair (2014b). It
is to be noted that PDE model is developed in the context
of general relativity rather than in any modified theory. The
PDE parameter is constrained from latest observational data
to speculate the phantom behavior of DE. In fact f (R) the-
ory is modified Einstein gravity where scalar curvature R

is replaced by an arbitrary function and it is formulated to
understand various cosmic issues. In this work, we have de-
veloped the correspondence of f (R) theory with PDE and
reconstructed f (R) by considering curvature part as an ef-
fective description for PDE.

Appendix

C1 = 2H 2
(

d2R

dx2

)(
d2R

dx2

)−3

−
[
H 2 d3R

dx3
+

(
1

2

dH 2

dx
− H 2

)
d2R

dx2

](
dR

dx

)−2

+ dH 2

dx

(
dR

dx

)−1

,

C2 = −2H 2
(

d2R

dx2

)(
dR

dx

)−2

+
(

1

2

dH 2

dx
−H 2

)(
dR

dx

)−1

,

C3 = H 2
(

dR

dx

)−1

.

(A.1)

References

Capozziello, S., Cardone, V.F., Troisi, A.: Phys. Rev. D 71, 043503
(2005)

Cognola, G., Elizalde, E., Nojiri, S., Odintsov, S.D., Zerbini, S.: Phys.
Rev. D 73, 084007 (2006)

Cohen, A.G., Kaplan, D.B., Nelson, A.E.: Phys. Rev. Lett. 82, 4971
(1999)

Eisentein, D.J., et al.: Astrophys. J. 633, 560 (2005)
Elizalde, E., Myrzakulov, R., Obukhov, V.V., Saez-Gomez, D.: Class.

Quantum Gravity 27, 095007 (2010)
Feng, C.-J.: Phys. Lett. B 663, 367 (2008)
Feng, C.-J.: Phys. Lett. B 676, 168 (2009)
Ferraro, R., Fiorini, F.: Phys. Rev. D 75, 08403 (2007)



Astrophys Space Sci (2014) 353:699–705 705

Gao, C., Chen, X., Shen, Y.G.: Phys. Rev. D 79, 043511 (2009)
Goheer, N., Goswami, R., Dunsby, P.K.S., Ananda, K.: Phys. Rev. D

79, 121304 (2009a)
Goheer, N., Larena, J., Dunsby, P.K.S.: Phys. Rev. D 80, 061301

(2009b)
Granda, L.N., Oliveros, A.: Phys. Lett. B 669, 275 (2008)
Granda, L.N., Oliveros, A.: Phys. Lett. B 671, 199 (2009)
Haghani, Z., et al.: Phys. Rev. D 88, 044023 (2013)
Harko, T., Lobo, F.S.N., Nojiri, S., Odintsov, S.D.: Phys. Rev. D 84,

024020 (2011)
Hawkins, E., et al.: Mon. Not. R. Astron. Soc. 346, 78 (2003)
Huang, Q.G., Gong, Y.G.: J. Cosmol. Astropart. Phys. 0408, 006

(2004)
Jain, B., Taylor, A.: Phys. Rev. Lett. 91, 141302 (2003)
Karami, K., Khaledian, M.S.: J. High Energy Phys. 03, 086 (2011)
Li, M.: Phys. Lett. B 603, 1 (2004)
Nojiri, S., Odintsov, S.D., Saez-Gomez, D.: Phys. Lett. B 681, 74

(2010)
Perlmutter, S., et al.: Astrophys. J. 517, 565 (1999)
Planck collaboration, Ade, P., et al.: arXiv:1303.5062 (2014)

Riess, A.G., et al.: Astrophys. J. 659, 98 (2007)
Sharif, M., Zubair, M.: J. Cosmol. Astropart. Phys. 03, 028 (2012).

[Erratum: 05, E01 (2012)]
Sharif, M., Zubair, M.: J. Exp. Theor. Phys. 117, 248 (2013a)
Sharif, M., Zubair, M.: J. Phys. Soc. Jpn. 81, 114005 (2013b)
Sharif, M., Zubair, M.: J. Phys. Soc. Jpn. 82, 014002 (2013c)
Sharif, M., Zubair, M.: J. Phys. Soc. Jpn. 82, 064001 (2013d)
Sharif, M., Zubair, M.: J. Cosmol. Astropart. Phys. 11, 042 (2013e)
Sharif, M., Zubair, M.: J. High Energy Phys. 12, 079 (2013f)
Sharif, M., Zubair, M.: Adv. High Energy Phys. 2013, 790967 (2013g)
Sharif, M., Zubair, M.: Astrophys. Space Sci. 349, 529 (2014a)
Sharif, M., Zubair, M.: Astrophys. Space Sci. 352, 263 (2014b)
Sharif, M., Zubair, M.: Gen. Relativ. Gravit. 46, 1723 (2014c)
Sotiriou, T.P., Faraoni, V.: Rev. Mod. Phys. 82, 451 (2010)
Spergel, D.N., et al.: Astrophys. J. Suppl. Ser. 170, 377 (2007)
Tegmark, M., et al.: Phys. Rev. D 69, 103501 (2004)
Wei, H.: Class. Quantum Gravity 29, 175008 (2012)
Wu, X., Zhu, Z.-H.: Phys. Lett. B 660, 293 (2008)
Zhang, X., Wu, F.-Q.: Phys. Rev. D 72, 043524 (2005)

http://arxiv.org/abs/arXiv:1303.5062

	Reconstructing f(R) theory from pilgrim dark energy
	Abstract
	Introduction
	Reconstructing f(R) gravity from PDE
	Particle horizon
	Event horizon
	Conformal age of the universe

	Conclusions
	Appendix
	References


