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Abstract Algorithms are derived for constructing five di-
mensional Kaluza-Klein cosmological space-times in the
presence of a perfect fluid source in the framework of
f(R,T) gravity theory proposed by Harko et al. (Phys.
Rev. D 84:024020, 2011). Starting from the solution of
Reddy et al. (Int. J. Theor. Phys 51:3222-3227,2012b) some
classes of new solutions are generated which correspond to
accelerating models of the Universe. The physical and kine-
matical behaviors of the models are studied.

Keywords Kaluza-Klein theory - Cosmological models -
f(R, T) gravity

1 Introduction

It is widely believed that a consistent unification of all
fundamental forces in nature would be possible within the
space-time with an extra dimension beyond those four ob-
served so for. Higher dimensional theories of Kaluza-Klein
(KK)-type have been considered to study some aspects of
early Universe (Chodos and Detweiler 1980; Freund 1982;
Sahdev 1984; Shafi and Wetterich 1984). In such KK theory
it has been assumed that the extra dimension form a compact
manifold of very small size undetectable at present day en-
ergies. Thus, in such higher dimensional theories one would
expect that at the grand unification scale the word manifold
has more than one dimension. The Kaluza-Klein theory is
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attractive because it has an elegant presentation interms of
geometry. In certain sense, it looks just like ordinary gravity
in free space, except that it is phrased in five dimensions in-
stead of four. Kaluza et al. (1921) and Klein (1926a, 1926b)
attempted to unify gravitation and electromagnetism. An in-
teresting possibility known as the “cosmological reduction
process” is based on the idea that at very early stage all di-
mensions in the universe are comparable. Later, the scale of
the extra dimension becomes so small as to be unobserv-
able by experiencing contraction. Such cosmological mod-
els were investigated by Forgacs and Horvath (1979), Guth
(1981), Alvarez and Gavela (1983) observed that during the
contraction process extra dimensions produce large amount
of entropy, which provides an alternative resolution to the
flatness and horizon problem, as compared to usual infla-
tionary scenario. Gross and Perry (1983) have shown that
the five-dimensional Kaluza-Klein theory of unified grav-
ity and electromagnetism admits soliton solutions. Further,
they explained the inequality of the gravitational and in-
ertial masses due to the violation of Birkoff’s theorem in
Kaluza-Klein theories, which is consistent with the principle
of equivalence. Appelquist and Chodos (1983), Randjbar-
Daemi et al. (1984) claimed through solution of the field
equations that there is an expansion of four-dimensional
space-time while fifth dimension contracts to the unobserv-
able Plankian length scale or remains constant as needed for
the real universe.

Recent observations of type Ia Supernovae (SNe Ia) at red
shift z < 1 provide startling and puzzling evidence that the
expansion of the universe at the present time appears to be
accelerating, behavior attributed to “Dark Energy” with neg-
ative pressure. These observations (Chaterrjee 1992; Frie-
man and Waga 1998; Carlberg et al. 1996; Ozer and Thha
1987; Freese et al. 1987; Carvalho et al. 1992; Silveira and
Waga 1988; Ratra and Peebles 1988), strongly favor a sig-
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nificant and positive value of A. A number of models for
dark energy to explain the late-time cosmic acceleration
without the cosmological constant has been proposed. For
example, a canonical scalar field, so-called quintessence, a
non-canonical scalar field such as phantom, tachyon scalar
field motivated by string theories, and a fluid with a special
equation of state (EoS) called as Chaplygin gas. Nojiri and
Odintsov (2003a, 2003b) have presented a review a various
modified gravities which have considered as gravitational al-
ternative for dark energy. Nojiri and Odintsov (2004) pro-
posed that dark energy may become over standard matter
due to universe expansion. Carroll et al. (2004) explained the
presence of late time cosmic acceleration of the universe in
f(R) gravity and proposed that dark energy model for spe-
cific % modified gravity. Allemandi et al. (2005) discussed
the dark energy dominance cosmic acceleration in first or-
der Palatini formalism. There also exists a proposal of holo-
graphic dark energy. One of the most important quantity to
describe the features of dark energy models is the equation
of state parameter (EoS) w, which is the ratio of the pressure
p to the energy density p of dark energy, defined as w = %.
There are two ways to describe dark energy models. One is
a fluid description and the other is to describe the action of
a scalar field theory. In both description, we can write the
gravitational field equations, so that we can describe various
cosmologies, e.g., the A CDM model, in which w is a con-
stant and exactly equal to —1, quintessence model, where
w is a dynamical quantity and —1 < w < —%, and phantom
model, where w also varies in time and w < —1. This means
that one cosmology may be described equivalently by dif-
ferent model descriptions discussed by Bamba et al. (2012).
In view of the late time acceleration of the universe and
the existence of dark energy and dark matter, several modi-
fied theories of gravitation have been proposed as alternative
to Einstein’s theory. The most important among them are
scalar-tensor theories of gravitation and Rosen’s bi-metric
theory of gravitation. Noteworthy amongst them is the f(R)
gravity theory. Nojiri and Odintsov (2006a) developed the
general scheme for modified f(R) gravity reconstruction
from any realistic FRW cosmology. They have shown that
the modified f(R) gravity indeed represents the realistic al-
ternative to general relativity, being more consistent in dark
epoch. Nojiri and Odintsov (2006b), developed a general
program for unification of matter-dominated era with ac-
celeration epoch for scalar-tensor theory or dark fluid. No-
jiri and Odintsov (2007) have reviewed various modified
gravities considered as gravitational alternative for dark en-
ergy. They have considered the version of f(R), f(G) or
f(R, G) gravity, model with non-linear gravitational cou-
pling or string inspired model with Gauss-Bonnet-dilaton
coupling in the late universe. Nojiri and Odintsov (2011),
have studied f(R) gravity in different context. Bertolami
et al. (2007) proposed a generalization of f(R) theory of
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gravity by including in the theory an explicit coupling of
an arbitrary function of the Ricci scalar R with the matter
Lagrangian density L,,. Shamir (2010), proposed a phys-
ically viable f(R) gravity model, which show the unifi-
cation of early time inflation and the late time accelera-
tion.

Harko et al. (2011) developed a generalized f(R,T)
gravity where the gravitational Lagrangian is given by an ar-
bitrary function of the Ricci scalar R and of the trace T of the
energy-momentum tensor. It is to be noted that the depen-
dence from T may be induced by exotic imperfect fluid or
quantum effects. They have obtained the gravitational field
equations in the metric formalism, as well as, the equations
of motion of test particles, which follow from the covariant
divergence of the stress-energy tensor. They have derived
some particular models corresponding to specific choices of
the function f (R, T') and have also demonstrated the possi-
bility of reconstruction of arbitrary FRW cosmologies by an
appropriate choice of the function f (R, T). Subsequently
Adhav (2012), Reddy et al. (2012a), Chaubey and Shukla
(2013), Ram et al. (2013, to appear), presented Bianchi
types cosmological models in the presence of perfect fluid
in f(R,T) gravity theory. Recently, Reddy et al. (2012b),
investigated a five dimensional Kaluza-Klein space-time in
the presence of a perfect fluid source in f(R, T) theory of
gravitation with negative constant deceleration parameter.

In this paper, we present some new classes of five di-
mensional Kaluza-Klein cosmological models in the pres-
ence of a perfect fluid source in f(R, T) gravity theory.
The paper is organized as follows: In Sect. 2, we revisit
the field equations presented by Reddy et al. (2012b). We
then derive algorithms for generating new solutions of the
field equations in Sect. 3. In Sect. 4, starting with solution of
Reddy et al. (2012b), we obtain some solutions of the field
equations which represent accelerating cosmological mod-
els. The physical and kinematical properties of the models
are also discussed. Conclusions are given in Sect. 4.

2 Metric and field equations

We consider a five dimensional Kaluza-Klein metric in the
form

ds* =dt* — A*(1)(dx* + dy* +dz*) — BX(dw?* (1)

where A(t) and B(t) are the scale factors. The fifth coordi-
nate ¥ is taken to be space-like.

The field equations in f (R, T) theory of gravity for the
function f(R,T) = R + 2f(T) when the matter source is
perfect fluid are given by (Harko et al. 2011).
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Rij = 5 Reij =87 T;j + 2f (1) Tij + [2pf'(T) + £ (1) ]gis

2)
where
Tij = (p+ puiuj — pgij 3)
and the prime denotes differentiation with respect to the ar-
gument.
Choosing
f(T)=AT “

where A is a constant, the field equations (2) for the metric
(1) in comoving coordinates lead to the following equations

3( A 2+3AB (87 +30)p — ph (5)
— - = T — s

A AB p=r

A'+ A 2+2AB+B'_ 8w +3M)p + pr (6)
A \a AB B T ppr
3A+3 AV _ 87 +32)p + ph )
AT\ TP e

Here an overhead over dot denotes ordinary differentiation
with respect to time 7.

For the metric (1), the spatial volume V and the average
scale factor a are given by

V=a*=AB ®)

where a is the scale factor.
The mean Hubble parameter H has the expression

a 1( A B
H=—-=-(3—+— 9
a 4<A+B> ©)
where H, = y=HZ=%and szgare directional

Hubble parameters. The scalar expansion 6 and shear scalar
o are are given by

o=3 3A+B (10)
~4\"A  B)

3

2 2

=20 11
o= (1D

In next sect. we follow (Hajj-Bouttros 1986) to derive
algorithms for generating new solutions of the field equa-
tions of KK-type perfect fluid cosmological models within
the framework of f (R, T) gravity theory.

3 Generating technique

From Egs. (6) and (7) we obtain

M+2A2 2AB B—o (12)
A A2 AB B

To treat Eq. (12), we introduce new functions R and S given
y
A B
R=—, S=—, (13)
A B

By use of (13), Eq. (12), becomes

o ok
2Ry +4Ry —2RyS — S-S —2§

+8Rol+i—2£=0. (14)
X XxX? X
The nonlinear equation (14) can be treated as a Riccati equa-
tionin R or S.
If we treat Eq. (14) as a Riccati equation in R, it can be

linearized by means of change of function

1
R =R —. 15
o—i-X (15)

Using (15) in Eq. (14), we obtain
X+ (S—4R)X =2 (16)

where Ry is a particular solution of Eq. (14). Equation (16)
is linear first-order differential equation which has the gen-
eral solution given by

X—Ag fZBdt+k (17)

k1 being an integration constant. From Eqgs. (15) and (17),
we obtain after integration

A= Aoky exp|: (18)

dt }
A4
f(/zA%dwkl)

where k> being another constant. Hence, from metric func-
tion [Ag, B] we can generate new function [A, B] where (A)
is given by Eq. (18) and B remains invariable.

If (14) is regarded as a Riccati equation in S, we can be
linearized it by the change of function

1
S=8+—. 19
0+ Y (19)
Introducing (19) into Eq. (14), we obtain
Y —2R+2S)Y =1 (20)

where Sy is a particular solution of (14). Equation (20), on
integration, gives

Y A232</ d +k> (1)
= 0 ) 3
A2B}

where k3 being a constant. From Egs. (19) and (21), we ob-
tain

dt

B = Boksexp |:/

(22)

+k3)]
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Fig. 1 The plot of scalar expansion € verses cosmic time ¢, m = 0.5;
A=1k=1

where k4 is another constant of integration. Thus, from the
couple [A, Byg] we can generates [A, B] where B is given by
Eq. (22) and A remains invariable.

Reddy et al. (2009) have presented the solutions of the
field equations (5)—(7) in f (R, T) gravity theories has given
by the metric
ds® = di® — [kt] (dx? + dy* + dz%) — k] Fdw?  (23)
where k = %, m # 1. Starting with this metric, we
now generate new solutions of the field equations (5)—(7) by
applying the generating techniques (18) and (22).

Model I

To apply our generation technique (22) to the metric (23),
we take
A= ()t By=(kn)t

Then, performing the integration in (22), the new metric
function B is obtained as
k2 —2m2—2m-+km

B=ky(k) ¥k [1] F&2m-2 (24)

by putting k3 = 0. Hence the metric of our new solution can
be written in the form (Figs. 1, 2 and 3).

ds® = di* — (ki1 (dx” + dy” + d2?)

m K2=2m?—2mtmk

— kR }quﬂ (25)

For the model (25) the physical and kinematical parame-
ters are given by
1
H =
dmkt (k — 2m — 2)
x [k*(1—m) — 2mk — 2k — 2m*® — 2m* + m*k], (26)

6 =3H
3

~ dmkt(k —2m —2)
< [kK*(1—=m) — 2mk — 2k — 2m> — 2m* + m?k], (27)
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Fig. 2 The plot of pressure p verses cosmic time ¢, m = 0.5; L = 1;
k=1
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Fig. 3 The plot of density p verses cosmic time ¢, m = 0.5; A = 1;
k=1

3
or=26?

3 3
4\ dmkt(k —2m —2)

2
x [k*(1 —m) — 2mk — 2k — 2m* — 2m* +m2k]) )

(28)
27 M —Zm-—+m. 3

T (29)
The deceleration parameter g defined by

ad
4=——= (30)

a
which has the value given by

4k

q 1. (€20)

T3k —2m—2)+ K2 —2m2—2m+mk
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The pressure and energy density are obtained as

[ Alktk —2m —2)E| — (87 + 31) Exm?]
L @®m +40) B + 20)m2k>(k — 2m — )12 |

(32)

k(k—2m—2)
m2t2(8m +31)
A2 (k(k —2m — 2) — BT g2y
(87T + 20) (87 + 3X) (87 + 4h)m2k212

[3(14_k2—2m2—hn+mk)
o=

(33)

where
Ey =k(k —2m —2) + 3m(k* — 2m* — 2m + mk),
Ey=[2—m+ @m— 1)(k* — 2m* — 2m + mk)

x (k(k —2m —2)] + (k* — 2m* — 2m + mk)

From the above results we observed that the model has ini-
tial singularity at + = 0 if k > 2(m 4 1) which leads to
m < 1. We see that 0, o0, H, p and p have infinite value
at the initial singularity r+ = 0. These parameters are de-
creasing function of time which tend to zero for large time.
Since g—j # 0, the model is anisotropic throughout the evo-
lution of the universe. We also find that the deceleration pa-
rameter g is negative, which corresponds to an accelerat-
ing model of the universe in five-dimensional Kaluza-Klein
theory.

1

Model II
We apply formula (18) for the metric (23) to generate the
new function A by taking

72m272m+km

m K2—2m®—2m+km
Ag = (kt)%, B = (k)¥[t] *&-2m-2)
Then, after integration, we obtain

1 mk(k—2m—2)
A =ky(k)%[t] 20m (k2 —2m2 —2m-+mk)+(mk—4k) (k—2m—2))

i (34)

assuming k; = 0. The metric of the solution can be written
in the form

mk(k—2m—2) 1

ds? = di? — {(k)% (] 20n 07 =22 =2m-+mh)-+ (km—48) (k—2m=2)) T }2
X (dx2 + dy2 +dZ2)
m k2—2m2—2mmk
e 2 35)

The metric (35) represents the five-dimensional Kaluza-
Klein cosmological model in f (R, T) gravity theory with
the following physical and kinematical parameters (Figs. 4,
5 and 6)

V="

K2—2m2 —2m+mk
k(k—2k—2)

3k(k—2m—2)
x [t]20m (k2 —2m2 —2m+mhk)+(m—4)k(k—2m—2))

. (36)

H=
[8t(m(k2 —2m2 — 2m + mk) + km(k — 2m — 2) — 4k2(k — 2m — 2)2)}

x [((m — ®kk —2m —2)(1 + (k — 2m — 2)((m — Dk + 3mk?))]

+ [(k* = 2m* — 2m + km) (2km (k — 2m — 2) + 2m*(k* — 2m* — 2m + km)))],

3

37

6 =
|:8t(m(k2 —2m? —2m + mk) + km(k —2m — 2) — 4k2(k — 2m — 2)2)]

x [(m — dk(k —2m — 2)(1 + (k — 2m — 2)((m — 4k + 3mk?))]

+ [(k* = 2m* — 2m + km) (2km (k — 2m — 2) + 2m*(k* — 2m* — 2m + km)))],

(38)

2_§ 2
o _40 , (39
a=—% =—[1+(E3E)*], (40)

_ [asm+ 3))(E3 + E3E4) + (87 + 3))(E] — (E3 + E4))
p= 12(87 + 41) (87 + 21) ’
(41)

A
@B +41)(8m +21)

p = [(3E3E4) - (167 +31)

x (E2 + E3Eq) + (87 +3%)(E2 — (E3 + E4)):|
[;} @)

| 287 +30)

where
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Fig. 4 The plot of 6 verses cosmic time t, m =0.5; A =1; k=1
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Fig. 5 The plot of pressure p verses cosmic time ¢, m =0.5; A = 1;

k=1
e K2k —2m —2)
3T 2m (2 = 2m2 = 2m + mk) + mk(k — 2m —2) — 4k(k — 2m —2))
1
W],
k2 —2m? —2m + mk
E,=

k(k — 2m — 2)

From the Fig. 5, it is clear that the model (35) represents
a five-dimensional Kaluza-Klein accelerating cosmological
model. The other physical and kinematical behaviors of the
model are same as Model 1.

Model I1I
We now use formula (18) to generate new metric function
A by taking
Ao=(k)k, B = (k)T
Then performing integration in (18), we obtain

—km 1
A= kzk% [[]2(1n274k+m)+k (43)
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Fig. 6 The plot of density p verses cosmic time ¢, m = 0.5; A = 1;
k=1

assuming k; = 0. Then the metric (1) can be written in the
form (44) where ks is integration constant.

B=(kt)t.
The metric can be written as
ds? = di® — (kF [T TP (42 4 dy? + d22)
— (kt) T dw? (44)

The model (44) represents the five-dimensional Kaluza-
Klein cosmological with perfect fluid in f(R, T) gravity
theory. The physical and the kinematical parameters of the
model (44) are given as follows (Figs. 7, 8 and 9).

34+m@m2 —5k+2m)

V= (k)mT” [t] 2ton2—dkm) (45)
1
H=—@kE , 46
4tk( s +m) (46)
0 =3H = > (kEs +m) (47)
O T g T,
27
2 2
0" = W(?’kES +m)”, (48)

2 _ A —
8(m~ — 4k —m)k i| 49)

g=-1+ [t(3k2m  2m(m? — 4k + m))
p=[Es((87 + 30)k* + 3rkm?)
— (87 +31)(Es(2mk — Es) + m(m — k))
— (87 + 20K EZ][87 +41) 87 +20K%2] !, (50)

1
P= [(Sn T 4087 + 3087 + Zk)kztz}
x [((3E3(Es — 1)*k* + 3Esm) (87 +41) (87 + 21) ]
+ [AEs(87 + 30k + 3xkm? — A(87 + 30)(m — k)m
— (87 + 20K Es)] (51)



Astrophys Space Sci (2013) 347:389-397

395

Scalar of expansion (theta)

T -
0 20 40 60 80 100
cosmic time (t)

Fig. 7 The plot of scalar expansion 6 verses cosmic time ¢, m = 0.5;
A=1k=1
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Fig. 8 The plot of pressure p verses cosmic time t, m =0.5; A = 1;
k=1

where
k 1
e S ———— + -,
2(m? —4dk+m) k
For the metric (44) the spatial volume is zero at t = 0 if
k < W. The physical and kinematical properties same
as perfect fluid Model L.

Es

Model IV
We use the formula (22) for the metric (44) to generate
the new function B by setting

km 1

A=kE[r2m sk E B = (knE

Then, from Eq. (23), the new function B is obtained as:

m mk(m?—4k-+m)
B = k4kT [l‘] k/712+2(”12—4k+l71)+(3k+2m)(m2—4k+m)+mk(m2 —4k+m) (52)

taking k3 = 0. The metric of the solution can be written in
the form

12000

10000

8000

6000

density (rho)

4000

2000

40 60 80 100
cosmic time (t)

Fig. 9 The plot of density p verses cosmic time ¢, m = 0.5; A = 1;
k=1
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0 20 40 60 80 100
cosmic time (t)

Fig. 10 The plot of Scalar of expansion € verses cosmic time f,
m=05;A=1k=1

_km 1
ds® = dr® — [kt [1]207==m " F P (dx? + dy? + d2?)
km(m2—41<+m)

— [(k)%[,]km2+z<m2_4k+m><|+m+3km) ]2dq/2 (53)

The metric (53) represents five-dimensional Kaluza-Klein
cosmological model in f (R, T) gravity with the following
physical and kinematic parameters in the model (Figs. 10,
11 and 12).

(ke (m? —4k+m))
km2+Q+m(4+k)) (2 —4k+m) ]’ (54)

3 3km 3.m
V= k% [t 2(m274k+m)+1‘+ T

e Bkm? + 1) 4+ 2m(m?* — 4k + m)Eg)

8tm(m? — 4k + m) ’ (53)
2 2
9:3H:3[(3(km +1) + 2m(m 4k+m)E6)} 56
8tm(m? — 4k + m)

2 27 [Glhkm? + 1) +2m(n® — 4k +mEe) | o
256 8tm(m? — 4k +m) ’

1
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Fig. 11 The plot of pressure p verses cosmic time #, m =0.5; A = 1;
k=1

— 4k + m)2t12(8n +40) (87 + 2)\)]
x [((km® + 1) (167 +3%) + (327 + 61) Eg
+ [(m® + 1)m(m? — 4k +m))]

+ [ + 30ym(m? — 4k +m) (km® +1)]

+ [(87 + 31 E¢(Eg — Dm(m* — 4k +m))],

- _|:4m2(m2

(59)

B 3(km? + 1)2Eg(km? + 1)
P = am2(m?® — 4k + m)2287 + 3%)

B [(87[ + 40) (87 +31) (8 +/\2/\)r24m2(m2 — 4k + m)Z]
x [((km® +1)* (167 +3) + (327 + 61)

x Eg(km? + 1)m(m* — 4k +m)]

+[(87 + 30 Eg(Ee — m(m?* — 4m +m))] (60)
where

m m2—4k+m
E¢=—+ 2 2
k  (km*+ Q2+ 4km 4+ m)(m

—dk+m)

m

|:2(m 4k+m)
km(@m? — 4k + m) ]
+

km? + (m? — 4k +m)(2 + 4m + km) |

We observe that the spatial volume of the model (53) is zero
at t = 0 and increases with time if k < W. Therefore the
model has a point type singularity at 7 = 0 where 6, o2, H, p
and p diverge. These parameters are decreasing function of
time and ultimately tend to zero for large time. The negative
pressure, as shown by Fig. 11, indicates that the model is
accelerating.
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Fig. 12 The plot of density p verses cosmic time ¢, m = 0.5; A = 1;
k=1

4 Conclusions

The higher dimensional cosmological models are of consid-
erable importance because of the underlying idea that cos-
mos in early stages of evolution might have had a higher
dimensional era. The extra space reduces to a volume with
the passage of time, which is beyond the ability of experi-
mental observation at the moment (Reddy et al. 2009). It is
well known that Kaluza-Klein models represent the cosmos
in its early stages of evolution. In the present work, we have
derived algorithms for generating new solutions of the field
equations with a perfect fluid for a five dimension Kaluza-
Klein space-time within the framework of f(R, T) gravity
theory proposed by Harko et al. (2011). Starting from the
model obtained by Reddy et al. (2012b), we have presented
new cosmological models of the present-day accelerating
universe. These models are expanding, shearing and accel-
erating which have point-type singularity at t = 0. All the
physical and kinematical parameters, being infinite at the
initial singularity, are decreasing functions of time which
ultimately tend to zero for large time. The anisotropy in the
cosmological models are maintained throughout the passage
of time.

Nojiri and Odintsov (2003b) studied a modify theory of
gravity where the universe inturns inflates, decelerates and
then accelerates in early times, radiation dominated era. Our
models are similar to the case of five dimensional f(R)
gravity except the decelerating behavior in the presence of
a perfect fluid source discussed by Huang et al. (2010) and
Agmohammadi et al. (2009). It has been observed that in the
five dimensional f(R) and f (R, T) gravity theories the ex-
pansion and contraction of the extra dimension could result
in the present accelerated expansion of other spatial dimen-
sions. This is possible by cosmic re-collapse of the universe
in the finite future. It follows that the the present acceler-
ating models of the universe are consistent with the recent
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observation of type-la supernovae (Permutter et al. 1999;
Riess et al. 1998, and the references therein).
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