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Abstract Specific dark energy models with linear inhomo-
geneous time-dependent equation of state, within the frame-
work of 4d Friedman-Robertson-Walker (FRW) cosmology,
are investigated. It is demonstrated that the choice of such
4d inhomogeneous fluid models may lead to a brane FRW
cosmology without any explicit account of higher dimen-
sions at all. Effectively, we thus obtain a brane dark energy
universe without introducing the brane concept explicitly.
Several examples of brane Rip cosmology arising from 4d
inhomogeneous dark fluid models are given.

Keywords Rip brane cosmology · Cosmological
singularities · Cosmological equation of state

1 Introduction

The discovery of the accelerating universe has led to the ap-
pearance of new ideas/solutions in cosmology (Riess et al.
1998; Perlmutter et al. 1999). This mysterious cosmic ac-
celeration can be explained via the introduction of dark
fluid (see Bamba et al. 2012a for recent review) or via
modification of gravity itself (for review, see Nojiri and
Odintsov 2006, 2011). According to astronomical observa-
tions dark energy currently accounts for some 73 % of the
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total mass/energy of the universe and only 27 % of a com-
bination of dark matter and baryonic matter. Dark energy
proposed to explain the cosmic acceleration should have the
strong negative pressure and/or negative entropy.

The equation of state dark energy parameter is known to
be negative:

w = pD

ρD

< 0, (1)

where ρD is the dark energy and pD is the dark pressure.
According the present observational data value being

w = −1.04+0.09
−0.10 (Nakamura et al. 2010). For a universe

filled with phantom energy (w < −1 case) there are many
possible new scenarios for the end of such universe. Phan-
tom dark energy can lead to a Big Rip future singularity
(Caldwell 2002; Caldwell et al. 2003; Nojiri et al. 2005;
Nojiri and Odintsov 2003a, 2005; Capozziello et al. 2006;
Faraoni 2002; Gonzalez-Diaz 2004; Elizalde et al. 2004;
Singh et al. 2003; Csaki et al. 2005; Wu and Yu 2005;
Nesseris and Perivolaropoulos 2004; Stefancic 2004; Chi-
mento and Lazkoz 2003; Hao and Li 2005; Dabrowski
and Stachowiak 2006; Godlowski and Szydlowski 2005;
Sola and Stefancic 2005), where the scale factor becomes
infinite at a finite time in the future. Another possible
scenario is a sudden (Type II) singularity (Shtanov and
Sahni 2002; Barrow 2004; Nojiri and Odintsov 2004; Cot-
sakis and Klaoudatou 2005; Dabrowski 2005); Fernandez-
Jambrina and Lazkoz 2004, 2009; Cattoen and Visser 2005;
Barrow and Tsagas 2005; Stefancic 2005; Tretyakov et al.
2006; Balcerzak and Dabrowski 2006; Sami et al. 2006;
Yurov et al. 2008; Koivisto 2008), where the scale factor is
finite at the Rip time (for general classification of finite-time
future singularities see, Nojiri et al. 2005). However, a final
evolution without singularities is also possible. It occurs in
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modified gravity where higher-derivative term not only uni-
fies inflation with dark energy (Nojiri and Odintsov 2003b)
but also removes the future singularity (Nojiri and Odintsov
2006, 2011). On the other hand, if the parameter w asymp-
totically tends to −1, and the energy density increases with
time or remains constant, no finite-time future singularity
will be ever formed (Frampton et al. 2011, 2012; Astashenok
et al. 2012c, 2012d; Astashenok and Odintsov 2013; Bre-
vik et al. 2011, 2012, 2013; Frampton and Ludwick 2011;
Nojiri et al. 2011; Ito et al. 2011; Granda and Loaiza 2012;
Xi et al. 2012; Belkacemi et al. 2012; Makarenko et al. 2012;
Bamba et al. 2012b; Saitou and Nojiri 2012; Liu and Piao
2012; Capozziello et al. 2013). This is true also if the uni-
verse starts to decelerate in the far future.

If the cosmic energy density remains constant or in-
creases monotonically in the future, then all the possible
fates of our universe can be divided into four categories
based on the time asymptotic regimes of the Hubble param-
eter (Frampton et al. 2011; Astashenok et al. 2012d, 2012c;
Astashenok and Odintsov 2013):

1. Big Rip: H(t) → ∞, when t → trip < ∞;
2. Little Rip: H(t) → ∞ when t → ∞;
3. Cosmological constant: H(t) = const.;
4. Pseudo-Rip: H(t) → H∞ < ∞ when t → ∞, with H∞

a constant.

In this paper some examples of dark energy models of
brane Rip cosmology from 4d FRW cosmology will be con-
sidered. Choosing appropriate values of the parameters w

and Λ in the equation of state in standard FRW cosmology
the Rip brane cosmology is obtained.

2 Review of brane FRW cosmology

We consider the simplest brane model in which space-time
is homogeneous and isotropic along the three spatial dimen-
sions, this being our 4-dimensional universe as an infinitesi-
mally thin wall with constant spatial curvature, embedded
in a 5-dimensional space-time (Sahni and Shtanov 2008;
Langlois 2003).

The FRW metric on the brane is

ds2
∣
∣
y=0 = −dt2 + a2(t,0)γij dxidxj , (2)

where γij is the maximally symmetric 3-dimensional met-
ric; a is the scale factor.

The energy conservation equation is

ρ̇b + 3
ȧ

a
(ρb + pb) = 0, (3)

where ρb and pb are the total brane energy density and pres-
sure, respectively.

Now, let ρb = ρ + λ, where λ is the brane tension. For
the Hubble parameter we have the following equation

H 2 = ρ

3

(

1 + ρ

2λ

)

. (4)

When ρ � |λ|, Eq. (4) differs insignificantly from the
FRW equation. One can actually assume that in our epoch
ρ/2λ � 1, and thus there is no significant difference be-
tween the brane model and conventional FRW cosmology.

The equation of state (EoS) for dark energy is taken in
the form

pD = −ρD − f (ρD), (5)

where f (ρD) is a function of the energy density. The
case f (ρD) > 0 corresponds to w < −1, whereas the case
f (ρD) < 0 corresponds to w > −1.

The EoS formalism for dark energy models on the brane
was considered in Astashenok et al. (2012a, 2012b). Assum-
ing that ρD � ρm where ρm is the energy density of dark
matter, one obtains the following link between time and en-
ergy density:

t (ρD) − t0 = 1√
3

∫ ρD

ρD0

dρ√
ρ(1 + ρ

2λ
)1/2f (ρ)

, (6)

where t0 is the present time.
The scale factor as a function of the dark energy density

obeys the same relation as in FRW cosmology:

a = a0 exp

(
1

3

∫ ρD

ρD0

dρ

g(ρ)

)

. (7)

In the case of a positive tension, one has the following
possibilities:

1. If the integral (6) converges while (7) diverges, there oc-
curs a Big Rip.

2. If both integrals (6) and (7) diverge when ρD → ∞, then
a Little Rip occurs.

3. Asymptotic de Sitter expansion is realized if g → 0 for
ρD → ρDf

, and the integral (6) diverges.
4. The is a type III singularity if both integrals converge

when ρD → ∞.
5. If g(ρD) → ∞ for ρD → ρDf

, the universe ends its ex-
istence in a sudden future singularity.

If the tension is negative, the following ways of evolution
are possible:

1. Asymptotic de Sitter expansion if g(ρD) → 0 for
ρD → ρDf

.
2. Asymptotic breakdown (the rate of the universe tends to

zero), if g(ρD) → 0 for ρD → 2λ.
3. Sudden future singularity, if g(ρD) → ∞ when

ρD → ρDf
.
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3 Examples of brane rip cosmology from 4d
inhomogeneous dark fluid

We consider now examples of dark energy models of brane
Rip cosmology corresponding to the Little Rip case, the
asymptotic de Sitter regime, and the Big Freeze singularity
from 4d FRW cosmology. For simplicity it will be assumed
that the universe consists of dark energy only.

3.1 Little Rip case

Let us consider a brane Little Rip model where the scale
factor a is given as (Astashenok et al. 2012c, 2012d; As-
tashenok and Odintsov 2013)

a(t) = a0 exp

[
λ

3α2
cosh

(√

3

2λ
α2t

)]

. (8)

This corresponds to setting f (η) = α2 =constant. Here it is
natural to associate t = 0 with the present time, so that a0

becomes the present-time scale factor.
The Friedman equation for a spatially flat universe is

ρ = 3

κ2
H 2, (9)

where ρ is the energy density, H = ȧ/a the Hubble param-
eter, a(t) the scale factor, and κ2 = 8πG with G denoting
Newton’s gravitational constant.

We assume that our universe is filled with an ideal fluid
(dark energy) obeying an inhomogeneous equation of state
(see Nojiri et al. 2005; Brevik et al. 2004 for the general
case):

p = w(t)ρ + Λ(t), (10)

where w(t) and Λ(t) are time-dependent parameters and p

the pressure.
Let us write down the energy conservation law

ρ̇ + 3H(ρ + p) = 0. (11)

The Hubble parameter is

H =
√

λ

6
sinh

(√

3

2λ
α2t

)

. (12)

The derivative of ρ with respect to cosmic time t is

ρ̇ = 3α2 cosh

(√

3

2λ
α2t

)

H. (13)

Taking into account Eqs. (10)–(13) we obtain

α2 cosh

(√

3

2λ
α2t

)

+ λ

2

[

1 + w(t)
]

sinh2
(√

3

2λ
α2t

)

+ Λ(t) = 0. (14)

Solving with respect to Λ(t),

Λ(t) = −
{

α2 cosh

(√

3

2λ
α2t

)

+ λ

2

[

1 + w(t)
]

sinh2
(√

3

2λ
α2t

)}

, (15)

and choosing the parameter w(t) as

w(t) = −1 − 2

λ sinh2(

√

3
2λ

α2t)

, (16)

we find the cosmological “constant” to be

Λ(t) = 1 − α2 cosh

(√

3

2λ
α2t

)

. (17)

If t → ∞, then the parameter w tends asymptotically to −1
and the energy density increases monotonically with time.
No finite-time future singularity is formed.

Consequently, if we assume an ideal fluid obeying an
equation of state (10) and (15), then we obtain a solution
realizing Little Rip on the brane, from the standpoint of 4d
FRW cosmology.

3.2 Asymptotic de Sitter regime

We will now consider the situation where the brane has a
negative tension (λ < 0), corresponding to the universe ex-
panding in a quasi-de Sitter regime.

The scale factor increases with time as Astashenok et al.
(2012a, 2012b)

a(t) = a0 exp

{
β2

2

[
√

1 +
(

tanη0 + αt

β

)2

− 1

cosη0

]}

.

(18)

In this equation the dimensionless parameter β2 = 2|λ|/
(3α2) has been introduced, and also η0 = √

3/2λα2t0,
where t0 is the present time.

The Hubble parameter becomes

H = αβ

2

tanη0 + α
β
t

√

1 + (tanη0 + α
β
t)2

. (19)

When t → ∞, H → αβ/2. Thus the expression (19) asymp-
totically tends to the de Sitter solution.

We take the derivative of the energy density with respect
to cosmic time,

ρ̇ = 3α2H
√

1 + (tanη0 + α
β
t)2

, (20)
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and from Eqs. (10), (11), (19) and (20) we then obtain the
energy conservation law,

2α

β

H

tanη0 + α
β
t

+ 3
[

1 + w(t)
]

H 2 + Λ(t) = 0, (21)

where t �= −(β/α) tanη0.
Let us solve Eq. (21) with respect to Λ(t),

Λ(t) = −H

[

3H
[

1 + w(t)
] + 2 α

β

tanη0 + α
β
t

]

. (22)

Now writing the parameter w(t) in the form

w(t) = −1 − δ

3H
, (23)

with δ a positive constant, we obtain from Eq. (22)

Λ(t) = −H

[ 2 α
β

tanη0 + α
β
t

− δ

3H

]

. (24)

If t → +∞, then Λ → δ/3.
Thus we have presented the appearance of the asymptotic

de Sitter regime on the brane, from 4d FRW cosmology.

3.3 Big Freeze singularity cosmology

Let us assume that λ > 0. There are then two Big Freeze
singularities: one in the past (t → −∞) and another in the
future (t → +∞). The universe begins its existence at tin =
− 1

α2

√

2λ
3 and ends at tf = 1

α2

√

2λ
3 . The scale factor is

a(t) = af exp

[

− λ

3α2

(

1 − 3α4t2

2λ

)1/2]

, (25)

where af is the final scale factor. This expression shows that
the universe will contract in the time interval tin < t < 0 and
will thereafter expand.

The Hubble parameter is

H = α2t

2
√

1 − 3α4t2

2λ

. (26)

We now find

ρ̇ = 3H
α2

(1 − 3α4t2

2λ
)3/2

. (27)

Using Eqs. (10), (11), (26) and (27) we can rewrite the en-
ergy conservation equation as

α2

(1 − 3α4t2

2λ
)3/2

+ 3

4
α2[1 + w(t)

] t2

1 − 3α4t2

2λ

+ Λ = 0. (28)

We may solve for Λ(t),

Λ(t) = − α2

1 − 3α4t2

2λ

[
3

4
α2[1+w(t)

]

t2 + 1
√

1 − 3α4t2

2λ

]

. (29)

If we assume that the parameter w(t) has the following time
dependence,

w(t) = −1 − 1
√

1 − 3
2

α4

λ
t2

, (30)

we obtain

Λ(t) = α2(−1 + 3
4α2t2)

(1 − 3α4t2

2λ
)3/2

. (31)

Thus, we have explored the appearance of a Big Freeze
(Type III) singularity on the brane, from 4d FRW cosmol-
ogy, where brane effects are mimicked by an inhomoge-
neous fluid.

4 Conclusion

Several brane dark energy models have been analyzed in
accordance with the usual 4d FRW cosmology, including
asymptotic de Sitter evolution, Little Rip behavior, and Big
Freeze singularity. The brane contribution has been effec-
tively taken into account via the corresponding choice of an
inhomogeneous dark fluid. In other words, we have obtained
a brane dark energy universe without introducing the brane
concept explicitly.

A prediction of the future evolution of the universe is
closely associated with the chosen EoS for the dark energy
component. Choosing parameters w(t) and Λ(t) in the in-
homogeneous time-dependent EoS, the effective FRW cos-
mology on the brane is obtained.

Acknowledgements This work has been supported by project
2.1839.2011 of Min. of Education and Science (Russia) and LRSS
project 224.2012.2 (Russia). We are grateful to Professor Sergei
Odintsov for clarifying discussions.

References

Astashenok, A.V., Odintsov, S.D.: Phys. Lett. B 718, 1194 (2013).
arXiv:1211.1888

Astashenok, A.V., Elizalde, E., Odintsov, S.D., Yurov, A.V.: Eur. Phys.
J. C 72, 2260 (2012a). arXiv:1206.2192 [hep-th]

Astashenok, A.V., Elizalde, E., Odintsov, S.D., Yurov, A.V.: Eur. Phys.
J. C 72, 2260 (2012b). arXiv:1301.6344

Astashenok, A.V., Nojiri, S., Odintsov, S.D., Scherrer, R.: arXiv:
1203.1976 (2012c)

Astashenok, A.V., Nojiri, S., Odintsov, S.D., Yurov, A.V.: Phys. Lett.
B 709, 396 (2012d). arXiv:1201.4056 [gr-qc]

http://arxiv.org/abs/arXiv:1211.1888
http://arxiv.org/abs/arXiv:1206.2192
http://arxiv.org/abs/arXiv:1301.6344
http://arxiv.org/abs/arXiv:1203.1976
http://arxiv.org/abs/arXiv:1203.1976
http://arxiv.org/abs/arXiv:1201.4056


Astrophys Space Sci (2013) 346:267–271 271

Balcerzak, A., Dabrowski, M.P.: Phys. Rev. D 73, 101301 (2006)
Bamba, K., Capozziello, S., Nojiri, S., Odintsov, S.D.: arXiv:

1205.3421 (2012a)
Bamba, K., Myrzakulov, R., Nojiri, S., Odintsov, S.D.: Phys. Rev. D

85, 104036 (2012b). arXiv:1202.4057 [physics.gen-ph]
Barrow, J.: Class. Quantum Gravity 21, L79 (2004)
Barrow, J.D., Tsagas, C.G.: Class. Quantum Gravity 22, 1563 (2005)
Belkacemi, M.-H., Bouhmadi-Lopez, M., Errahmani, A., Ouali, T.:

Phys. Rev. D 85, 083503 (2012). arXiv:1112.5836 [gr-qc]
Brevik, I., Nojiri, S., Odintsov, S.D., Vanzo, L.: Phys. Rev. D 70,

043520 (2004). hep-th/0401073
Brevik, I., Elizalde, E., Nojiri, S., Odintsov, S.D.: Phys. Rev. D 84,

103508 (2011). arXiv:1107.4642 [hep-th]
Brevik, I., Obukhov, V.V., Osetrin, K.E., Timoshkin, A.V.: Mod. Phys.

Lett. A 27, 1250210 (2012)
Brevik, I., Obukhov, V.V., Timoshkin, A.V.: Astrophys. Space Sci. 344,

275 (2013)
Caldwell, R.R.: Phys. Lett. B 545, 23 (2002)
Caldwell, R.R., Kamionkowski, M., Weinberg, N.N.: Phys. Rev. Lett.

91, 071301 (2003)
Capozziello, S., Cardone, V., Elizalde, E., Nojiri, S., Odintsov, S.D.:

Phys. Rev. D 73, 043512 (2006). astro-ph/0508350
Capozziello, S., Makarenko, A.N., Odintsov, S.D.: arXiv:1302.0093

(2013)
Cattoen, C., Visser, M.: Class. Quantum Gravity 22, 4913 (2005)
Chimento, L.P., Lazkoz, R.: Phys. Rev. Lett. 91, 211301 (2003)
Cotsakis, S., Klaoudatou, I.: J. Geom. Phys. 55, 306 (2005)
Csaki, C., Kaloper, N., Terning, J.: Ann. Phys. 317, 410 (2005)
Dabrowski, M.P.: Phys. Rev. D 71, 103505 (2005)
Dabrowski, M.P., Stachowiak, T.: Ann. Phys. 321, 771 (2006)
Elizalde, E., Nojiri, S., Odintsov, S.D.: Phys. Rev. D 70, 043539

(2004)
Faraoni, V.: Int. J. Mod. Phys. D 11, 471 (2002)
Fernandez-Jambrina, L., Lazkoz, R.: Phys. Rev. D 70, 121503 (2004).

gr-qc/0410124
Fernandez-Jambrina, L., Lazkoz, R.: Phys. Lett. B 670, 254 (2009)
Frampton, P.H., Ludwick, K.J.: Eur. Phys. J. C 71, 1735 (2011).

arXiv:1103.2480 [hep-th]
Frampton, P.H., Ludwick, K.J., Scherrer, R.J.: Phys. Rev. D 84, 063003

(2011)
Frampton, P.H., Ludwick, K.J., Nojiri, S., Odintsov, S.D., Scherrer,

R.J.: Phys. Lett. B 708, 204 (2012)
Godlowski, W., Szydlowski, M.: Phys. Lett. B 623, 10 (2005)

Gonzalez-Diaz, P.F.: Phys. Lett. B 586, 1 (2004)
Granda, L.N., Loaiza, E.: Int. J. Mod. Phys. D 21, 1250002 (2012).

arXiv:1111.2454 [hep-th]
Hao, J.G., Li, X.Z.: Phys. Lett. B 606, 7 (2005)
Ito, Y., Nojiri, S., Odintsov, S.D.: arXiv:1111.5389 [hep-th] (2011)
Koivisto, T.: Phys. Rev. D 77, 123513 (2008)
Langlois, D.: Prog. Theor. Phys. Suppl. 148, 181 (2003)
Liu, Z., Piao, Y.: arXiv:1203.4901 (2012)
Makarenko, A.N., Obukhov, V.V., Kirnos, I.V.: arXiv:1201.4742

[gr-qc] (2012)
Nakamura, K., et al. (Partical Data Group Collaboration): J. Phys. G

37, 075021 (2010)
Nesseris, S., Perivolaropoulos, L.: Phys. Rev. D 70, 123529 (2004)
Nojiri, S., Odintsov, S.D.: Phys. Lett. B 562, 147 (2003a)
Nojiri, S., Odintsov, S.D.: Phys. Rev. D 68, 123512 (2003b). hep-th/

0307288
Nojiri, S., Odintsov, S.D.: Phys. Lett. B 595, 1 (2004)
Nojiri, S., Odintsov, S.D.: Phys. Rev. D 72, 023003 (2005). hep-th/

0505215
Nojiri, S., Odintsov, S.D.: hep-th/0601213 (2006)
Nojiri, S., Odintsov, S.D.: Phys. Rep. 505, 59 (2011). arXiv:1011.0544
Nojiri, S., Odintsov, S.D., Tsujikawa, S.: Phys. Rev. D 71, 063004

(2005). hep-th/0501025
Nojiri, S., Odintsov, S.D., Saez-Gomez, D.: arXiv:1108.0767 [hep-th]

(2011)
Perlmutter, S., et al.: Astrophys. J. 517, 565 (1999)
Riess, A.G., et al.: Astron. J. 116, 1009 (1998)
Sahni, V., Shtanov, Yu.: arXiv:0811.3839 [astro-ph] (2008)
Saitou, R., Nojiri, S.: arXiv:1203.1442 [hep-th] (2012)
Sami, M., Singh, P., Tsujikawa, S.: Phys. Rev. D 74, 043514 (2006)
Shtanov, Yu., Sahni, V.: Class. Quantum Gravity 19, L101 (2002)
Singh, P., Sami, M., Dadhich, N.: Phys. Rev. D 68, 023522 (2003)
Sola, J., Stefancic, H.: Phys. Lett. B 624, 147 (2005)
Stefancic, H.: Phys. Lett. B 586, 5 (2004)
Stefancic, H.: Phys. Rev. D 71, 084024 (2005)
Tretyakov, P., Toporensky, A., Shtanov, Y., Sahni, V.: Class. Quantum

Gravity 23, 3259 (2006)
Wu, P.X., Yu, H.W.: Nucl. Phys. B 727, 355 (2005)
Xi, P., Zhai, X.-H., Li, X.-Z.: Phys. Lett. B 706, 482 (2012).

arXiv:1111.6355 [gr-qc]
Yurov, A.V., Astashenok, A.V., Gonzalez-Diaz, P.F.: Gravit. Cosmol.

14, 205 (2008)

http://arxiv.org/abs/arXiv:1205.3421
http://arxiv.org/abs/arXiv:1205.3421
http://arxiv.org/abs/arXiv:1202.4057
http://arxiv.org/abs/arXiv:1112.5836
http://arxiv.org/abs/hep-th/0401073
http://arxiv.org/abs/arXiv:1107.4642
http://arxiv.org/abs/astro-ph/0508350
http://arxiv.org/abs/arXiv:1302.0093
http://arxiv.org/abs/gr-qc/0410124
http://arxiv.org/abs/arXiv:1103.2480
http://arxiv.org/abs/arXiv:1111.2454
http://arxiv.org/abs/arXiv:1111.5389
http://arxiv.org/abs/arXiv:1203.4901
http://arxiv.org/abs/arXiv:1201.4742
http://arxiv.org/abs/hep-th/0307288
http://arxiv.org/abs/hep-th/0307288
http://arxiv.org/abs/hep-th/0505215
http://arxiv.org/abs/hep-th/0505215
http://arxiv.org/abs/hep-th/0601213
http://arxiv.org/abs/arXiv:1011.0544
http://arxiv.org/abs/hep-th/0501025
http://arxiv.org/abs/arXiv:1108.0767
http://arxiv.org/abs/arXiv:0811.3839
http://arxiv.org/abs/arXiv:1203.1442
http://arxiv.org/abs/arXiv:1111.6355

	Rip brane cosmology from 4d inhomogeneous dark fluid universe
	Abstract
	Introduction
	Review of brane FRW cosmology
	Examples of brane rip cosmology from 4d inhomogeneous dark fluid
	Little Rip case
	Asymptotic de Sitter regime
	Big Freeze singularity cosmology

	Conclusion
	Acknowledgements
	References


