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Abstract Kinetic Alfven waves are important in a wide va-
riety of areas like astrophysical, space and laboratory plas-
mas. In cometary environments, waves in the hydromagnetic
range of frequencies are excited predominantly by heavy
ions. We, therefore, study the stability of the kinetic Alfven
wave in a plasma of hydrogen ions, positively and nega-
tively charged oxygen ions and electrons. Each species was
modeled by drifting ring distributions in the direction par-
allel to the magnetic field; in the perpendicular direction
the distribution was simulated with a loss cone type distri-
bution obtained through the subtraction of two Maxwellian
distributions with different temperatures. We find that for
frequencies ω∗ < ωcH+ (ω∗ and ωcH+ being respectively
the Doppler shifted and hydrogen ion gyro-frequencies),
the growth rate increases with increasing negatively charged
oxygen ion densities while decreasing with increasing prop-
agation angles, negative ion temperatures and negative ion
mass.

Keywords Kinetic Alfven wave · Stability · Multi-ion ·
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1 Introduction

Hydromagnetic wave activity has been observed in distinct
space environments: in the distant magnetotail (Tsurutani
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and Smith 1984), in the magnetosheath (Anderson et al.
1982), upstream of the Earth’s (Hoppe et al. 1981) and other
planets’ bow shocks (Smith and Lee 1986) and upstream
of interplanetary shocks (Tsurutani et al. 1983) especially
near comets. In the space plasma environments nearer to
our earth, Alfven wave activity was frequently observed in
the auroral regions by the spacecraft FREJA. The strong
electric spikes associated with magnetic and density fluc-
tuations were interpreted as kinetic Alfven waves (KAWs)
and were proposed as contributing to auroral plasma ener-
gization (Louarn et al. 1994). Other emissions in these re-
gions also coincided with Alfven wave activity from a few
Hz to tens of Hz; these emissions were linked to the evolu-
tion of nonlinear KAWs (Wahlund et al. 1994a). Again, the
broadband electrostatic turbulence identified as ion acous-
tic waves was thought of as evolving from solitary kinetic
Alfven waves (Wahlund et al. 1994b). A more recent ev-
idence was the observation of small scale large amplitude
KAWs/spikes at the plasma sheet boundary layer (PSBL),
at altitudes of 4–6 RE (Wygant et al. 2002). Another ex-
ample is the observation of the drift kinetic Alfven wave in
the vicinity of a reconnection X-line in the earth’s magne-
topause. These waves were observed to propagate outwards
from the X-line suggesting that reconnection is a source of
KAWs. Interestingly, energetic O+ observed in these waves
indicate that reconnection is a driver of auroral ion outflow
(Chaston et al. 2005).

Alfven wave activity was also observed in cometary envi-
ronments. Specifically, Alfvenic turbulence was detected in
the magnetic field (Tsurutani and Smith 1986a, 1986b) and
in the electron distribution (Gosling et al. 1986) at comet
Giacobini-Ziner by the ICE spacecraft. Similar turbulence
was also detected by Giotto (Neubauer et al. 1986) and Vega
(Reidler et al. 1986) spacecrafts at comet Halley. In addition
to these observations, Alfvenic turbulence was also observed
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in the solar wind protons and alpha particles, where the fluc-
tuations were not only seen in the plasma velocity as ex-
pected for simple Alfven waves, but also in the density and
temperature as Giotto approached comet Halley (Johnstone
et al. 1987).

Since the anticipation of Ip and Axford (1982) on theo-
retical grounds, of low frequency hydromagnetic turbulence
upstream of a comet, possible excitation mechanisms em-
phasizing proton (or heavier) ion beams with Maxwellian
(Gary et al. 1985) or drifting (Winske et al. 1985) veloc-
ity distributions were studied. While these studies were re-
stricted to parallel propagation, oblique propagation was
also considered (Sharma and Patel 1986). In particular, Gary
and Sinha (1989) studied the stability of electromagnetic
waves, below the proton cyclotron frequency, propagating
parallel or anti-parallel to a uniform magnetic field. Brinca
and Tsurutani (1989) studied numerically the oblique be-
havior of low frequency electromagnetic waves excited by
cometary new born ions. Later, Killen et al. (1995) stud-
ied the excitation of obliquely propagating magnetosonic
waves using a distribution function that represented a ring
beam in the parallel direction and a delta function in the
perpendicular direction, while Cao et al. (1998) investi-
gated the oblique behavior of left circularly polarized elec-
tromagnetic waves driven by a ring of gyrotropic ions,
again modeled by delta function distributions. In the an-
alytical studies cited above, the thermal spreads of the
particle distribution functions in the perpendicular direc-
tion were not considered. Besides, where applicable, these
studies were confined to a plasma composition of hydro-
gen ions and electrons with only positively charged oxy-
gen ions as the heavy ion component. However, negatively
charged ions in three broad mass peaks of 7–19, 22–65
and 85–110 amu were observed in the coma of comet
Halley. Of the many ionic components, negatively charged
oxygen (O−) was unambiguously identified (Chaizy et al.
1991).

In general, a cometary environment contains hydrogen
and new born heavier ions with relative densities depend-
ing on the distance from the nucleus, and each isolated
beam capable of exciting instabilities. A model of the so-
lar wind permeated by dilute, drifting ring distributions of
electrons, hydrogen ions and positively charged oxygen ions
with finite thermal spreads, was used to study numerically
the electromagnetic waves excited by cometary new born
ions (Brinca and Tsurutani 1987). In this model, the modes
excited in the hydromagnetic frequency range were pre-
dominantly fed by the positively charged heavier oxygen
ions.

We have, therefore, studied the stability of the kinetic
Alfven wave in a plasma of hydrogen ions, positively and
negatively charged oxygen ions and electrons. Each species

has been modeled by a drifting ring distribution in the di-
rection parallel to the magnetic field. In the direction per-
pendicular to the magnetic field, another ring was simu-
lated with a loss cone type distribution obtained by the
subtraction of two Maxwellians with different temperatures
(Brinca and Tsurutani 1987). Analytic expressions were de-
rived both for the real part of the dispersion relation as well
as the growth/damping rate. However, since we are inter-
ested in a study over a wide range of parameters, the dis-
persion relation was solved numerically. It was found that
for frequencies ω∗ < ωcH+ (ω∗ and ωcH+ being, respec-
tively, the Doppler shifted and the hydrogen ion-gyro fre-
quencies), the growth rate increased with increasing neg-
ative oxygen ion densities and decreased with increasing
propagation angles, negative ion temperatures and negative
ion mass.

2 The elements of the dielectric tensor

As mentioned above, we are interested in the stability of the
kinetic Alfven wave in a plasma of hydrogen ions (H+),
positively and negatively charged oxygen ions (O+ and
O− respectively) and electrons (e), with each species be-
ing modeled by drifting ring distributions in the direction
parallel to the magnetic field. Another ring, simulated by a
loss-cone type distribution, was obtained by subtracting two
Maxwellians with different temperatures. This distribution
function is given by (Brinca and Tsurutani 1987)

Fs(v⊥, v‖) = f⊥s(v⊥)f‖s(v‖) where
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In the above Vsw and vts are respectively the velocity of the
solar wind and thermal velocity of species ‘s’ (=H+, O+,
O− or e); α is the pitch angle.

The elements of the dielectric tensor required for the
derivation of the dispersion relation of the kinetic Alfven
wave are given by (Krall and Trivelpiece 1973; Shukla et al.
2007)
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with the dispersion relation being given by

DxxDzz − DxzDzx = 0 (7)

In (3) to (6), ‘s’ indicates a summation over the species
(= H, O+, O− or e), ωps = (4πn0se

2/ms)
1/2 is the cor-

responding plasma frequency while ωcs = |e|B0/(msc) is
the gyro-frequency. Also

∫
d3v = ∫
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k⊥v⊥/ωcs while k⊥ and k‖ are, respectively, the wave vec-
tors perpendicular and parallel to the magnetic field. All the
other terms in (3) to (6) have their usual meaning.

Substituting (1) and (2) into (3) to (6) and carrying out the
dv‖ integration using the plasma dispersion function (Fried
and Conte 1961)
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we get the final expressions for the elements of the dielectric
tensor as
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In relations (10)
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3 The dispersion relation

In this section we use the dispersion formula (7) and the ele-
ments of the dielectric tensor (10) to arrive at the dispersion
relation for the kinetic Alfven wave in the frequency regime
ω∗ � ωcH+ .

We use the asymptotic expansion for the plasma disper-
sion function which is given by Z(ζs) = − 1
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− 1

2ζ 3
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− · · · +
i
√
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Dzz is from the n = 0 electron term. The simplified final
expressions for the tensor elements are:
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Substituting (14) into (7) and simplifying and assuming that
c2k2/ω2

pe � 1 we get the real part of the dispersion relation
for the kinetic Alfven wave as
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In (15) nH+ , nO+ and nO− are, respectively, the equilibrium
densities of the hydrogen ions and positively and negatively
charged oxygen ions, while vA is the Alfven velocity defined
by vA = B0/

√
4πnH+mH+ .

Putting ω∗ = ω∗
r + i� and simplifying we get the final

expression for the growth/damping rate as
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4 Discussion

The dispersion relation (15) and the expression for the
growth/damping rate (16) are very general relations. For
example, (15) reduces to the well known dispersion rela-
tion ω2 = k2‖v2

A when the heavy ion densities and Vsw are
zero. In fact, (15) closely resembles the dispersion relation

of Hasegawa and Chen (1975) which was for a single ion
plasma. In their study, Hasegawa and Chen (1975) found
that heating of the plasma occurred as a result of the damp-
ing of the modified Alfven wave by finite Larmour radius
effects. It may be noted that the dispersion relation (15) is
now modified by the finite Larmour radius effects of all three
types of ions. Another interesting feature is the modifica-
tion of both the dispersion relation and the growth/damping
rate by the ion-ion hybrid resonances between the major-
ity species H+ and the minority, heavier ion species O+
and O−.

In a three fluid model study of KAWs in a hydrogen-
oxygen-electron plasma (Yang and Wu 2005) it was found
that the parallel phase speed of the KAW in one of the solu-
tions was much larger than the Alfven velocity in the pres-
ence of heavy ions in the plasma. From (15) it is obvious
that both O+ and O− contribute to an increase in the paral-
lel phase velocity. This phenomenon is interesting as KAWs
can then produce a more effective acceleration of particles
(Yang and Wu 2005).

Next consider relation (16), the expression for the growth/
damping rate. For simplicity if we put the oxygen ion den-
sities nO+ = nO− = 0 and the solar wind velocity Vsw = 0,
the wave can grow only if it’s phase velocity ω/k‖ is greater
than the Alfven velocity; that is in regions where the mag-
netic field is weak. For Vsw 	= 0, the wave can also grow
in regions where the solar wind velocity is large; that is,
when Vsw 
 vA or when we have a beam like condition
with the kinetic energy of the particles being large. On the
other hand, when ω/k‖ ≈ Vsw cosα, the wave is likely to
be damped since the term (k‖vA)2 is likely to dominate. In
other words, the wave is more likely to be damped in regions
where the magnetic field is strong.

5 Results

Since we intend to study the growth/damping rates over
a wide range of parameters, we have solved the disper-
sion relation numerically. The dispersion relation which was
set up using the dispersion formula (7) and the tensor ele-
ments (10) was solved using a subroutine based on Muller’s
method (Press et al. 1993) for the same parameters as in
Brinca and Tsurutani (1987). The parameters common to all
the figures are nH+ = 4.95 cm−3, as = 1.8, bs = 1.2, with
the temperatures and positively charged oxygen ion density
slightly higher at Te = 1 × 106◦K, TH+ = 9 × 105◦K and
TO+ = 1.2 × 103◦K and nO+ = 0.5 cm−3. As a simplifying
assumption we set TO+ = TO− in all figures except Fig. 3.

Figure 1 is a plot of the normalized growth rate �/ωcH+
versus k⊥rLH+ (rLH+ being the hydrogen ion Larmour ra-
dius) for the parameters given above and a propagation an-
gle ϑ = 70◦ as a function of the negatively charged oxy-
gen ion density nO− . Curve (a) is for nO− = 0, curve (b) is
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Fig. 1 Plot of the normalized
growth �/ωcH+ versus k⊥rLH+
for nH+ = 4.95 cm−3, as = 1.8,
bs = 1.2, nO+ = 0.5 cm−3,
Te = 1 × 106◦K,
TH+ = 9 × 105◦K and
TO+ = TO− = 1.2 × 103◦K as a
function of the negatively
charged oxygen ion density. The
propagation angle ϑ = 70◦.
Curve (a) is for nO− = 0,
curve (b) is for nO− = 0.1 cm−3

and curve (c) is for
nO− = 0.2 cm−3

Fig. 2 Plot of the normalized
growth �/ωcH+ versus k⊥rLH+
as a function of the propagation
angle ϑ . Curve (a) is for
ϑ = 65◦, curve (b) is for
ϑ = 70◦ and curve (c) is for
ϑ = 75◦. The negatively
charged oxygen ion density
nO− = 0.4 cm−3, while the
other parameters are the same as
in Fig. 1

for nO− = 0.1 cm−3 and curve (c) is for nO− = 0.2 cm−3.

It is evident from the curves that the growth which starts

from low values reaches a maximum and then gradually ap-

proaches zero as k⊥rLH+ increases. Also it increases with in-

creasing negatively charged oxygen ion densities nO− . This

result is also in agreement with the earlier conclusion that

the modes excited in the hydromagnetic frequency range

were predominantly fed by positively charged oxygen ions

(Brinca and Tsurutani 1987): our results indicate that O−
ions also contribute to the instability.

Figure 2 is also a plot of the normalized growth rate
�/ωcH+ versus k⊥rLH+ but as a function of the propaga-
tion angle ϑ with nO− = 0.4 cm−3, while the other param-
eters are the common parameters given above. Curve (a) is
for ϑ = 65◦, curve (b) for ϑ = 70◦ and curve (c) ϑ = 75◦.
While the curves are similar to that in Fig. 1, it is seen that
the growth rate decreases with increasing propagation an-
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Fig. 3 Plot of the normalized
growth rate �/ωcH+ versus
k⊥rLH+ as a function of the
negatively charged oxygen ion
temperature. The propagation
angle ϑ = 60◦ and the
negatively charged oxygen ion
density nO− = 0.4 cm−3.
Curve (a) is for
TO− = 1.2 × 103 K, curve (b) is
for TO− = 4.8 × 103 K and
curve (c) is for
TO− = 9.6 × 103 K; other
parameters are the same as in
Figs. 1 and 2

gle ϑ . This could be due to the fact that the influence of
the solar wind, which is assumed propagating parallel to the
magnetic field, decreases as we go towards perpendicular
propagation.

It may be noted here that a large number of solitary KAW
events were observed with their propagation angles in the
range of 50◦ to 70◦ in the magnetosphere by the satellite
FREJA. Also the phase velocities of these waves gener-
ally decreased as the propagation angle increased (Huang et
al. 1997). For a given wavelength, a decrease in the phase
velocity is due to a decrease in the frequency ω. Since
ω = ωr + i�, the decrease in the growth rate with increasing
propagation angles, as depicted in Fig. 2, is consistent with
the observed results.

The growth rate was also studied as a function of the tem-
perature of the O− ions. Thus Fig. 3 is a plot of the normal-
ized growth rate �/ωcH+ versus k⊥rLH+ as a function of the
negatively charged oxygen ion temperature. The propaga-
tion angle ϑ = 60◦ and the negatively charged oxygen ion
density nO− = 0.4 cm−3; the other parameters are the same
as in Figs. 1 and 2. Curve (a) is for TO− = 1.2 × 103 K,
curve (b) is for TO− = 4.8 × 103 K and curve (c) is for
TO− = 9.6 × 103 K; we find that the growth rate decreases
as the negative ion temperature increases.

The growth rate was also studied as a function of the pa-
rameter bs , which is a measure of the number of particles
missing from the distribution function. Thus the theoretical
limits of bs → 0 and bs → ∞ correspond, respectively, to a
minimum and maximum number of particles missing from

the plasma. Figure 4 is thus a plot �/ωcH+ versus k⊥rLH+ as
a function of bs , with as = 2.7, propagation angle ϑ = 60◦,
nO− = 0.4 cm−3, while the other temperatures and densities
remain unchanged. Curve (a) is for bs = 1.8, curve (b) for
bs = 2.0 and curve (c) for bs = 2.5; we find that there is a
slight decrease in the growth rate as bs increases. Physically
this could be due to the fact that there is a slight decrease
in the number of particles (as bs increases) from which the
wave can absorb energy and grow.

Besides O−, a number of a number of other negatively
charged ions were also observed. Among others, the promi-
nent ones were OH−, CH−, CN−, etc. (Chaizy et al. 1991).
Figure 5 is thus a plot of the growth rate versus k⊥rLH,
with O− and CN−. To explore the effect of the larger mass,
we adopted the same values of density and temperature for
both types of ions, namely nO− = nCN− = 0.4 cm−3 and
TO− = TCN− = 1.2 × 103 K, the as and bs values, the den-
sities and temperatures of electrons, H+ and O+ remaining
the same as in Figs. 1–3. The propagation angle ϑ = 60◦.
Curve (a) depicts the growth rate when the heavier ion is
O− and curve (b) when the heavier ion is CN−. As can be
seen there is a clear reduction in the growth rate when the
heavier ion is CN−. Since the temperatures of both these
ions were assumed the same, the reduction in the growth
rate for CN− could be due to the lower thermal velocity of
these ions as compared to O−. This result could be of rele-
vance nearer earth as negative pickup ions were occasionally
detected during the Tethered Satellite System mission of the
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Fig. 4 Plot of the normalized
growth rate �/ωcH+ versus
k⊥rLH+ as a function of the
parameter bs of the distribution
function. The propagation angle
ϑ = 60◦, as = 2.7 and
nO− = 0.4 cm−3. Curve (a) is
for bs = 1.8, curve (b) is for
bs = 2.0 and curve (c) is for
bs = 2.5; other densities and
temperatures are the same as in
Figs. 1 and 2

Fig. 5 Plot of the normalized
growth �/ωcH+ versus k⊥rLH+
as a function of the negative ion
mass: Curve (a) is when the
heavier negative ion is O− with
nO− = 0.4 cm−3,
TO− = 1.2 × 103 K and
curve (b) when the heavier
negative ion is CN− with
nCN− = 0.4 cm−3,
TCN− = 1.2 × 103 K. The
propagation angle ϑ = 60◦
while the other parameters are
the same as in Fig. 1

Space Shuttle. The negative ions were identified as NO−
2 or

MMH− (Rubin et al. 1997).

6 Conclusions

We have, in this paper, studied the stability of the kinetic
Alfven wave in a plasma composed of hydrogen ions, posi-
tively and negatively charged oxygen ions and electrons. All

species of particles were modeled by distribution functions
that could be separated into a drifting Maxwellian distribu-
tion in the direction parallel to the magnetic field; in the per-
pendicular direction the distribution functions were of the
loss-cone type obtained by subtracting two Maxwellian dis-
tributions. It is found that for frequencies ω∗ < ωcH+ (ω∗
and ωcH+ being respectively the Doppler shifted and the hy-
drogen ion-gyro frequencies), the growth rate increased with
increasing negative oxygen ion densities; it also decreased
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with increasing propagation angles, O− temperatures and
negative ion mass.
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