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Abstract The paper presents a class of interior solutions
of Einstein–Maxwell field equations in general relativity
for a static spherically symmetric distribution of a charged
fluid. This class of solutions describes well behaved charged
fluid balls. This solution gives us wide range of parame-
ter K (0.53 ≤ K ≤ 0.95), for which the solution is well
behaved hence, suitable for modeling of super dense star.
For this solution the mass of a star is maximized with all
degree of suitability and by assuming the surface density
ρb = 2 × 1014 g/cm3. Corresponding to K = 0.95 with
X = −0.15, the maximum mass of the star comes out to
be M = 1.56 M� with radius rb ≈ 9.22 km and the surface
red shift Zb ≈ 0.124207. It has been observed that under
well behaved conditions this class of solutions gives us the
mass of super dense object within the range of neutron star.
However, its neutral counter part is not well behaved.

Keywords Charge fluid · Reissener–Nordstrom · General
relativity · Exact solution

1 Introduction

Ever since the formulation of Einstein’s field equations,
the relativists have been proposing different models of im-
mense gravity astrophysical objects by considering the dis-
tinct nature of matter or radiation(energy-momentum tensor)
present in them. Such models successfully explain the char-
acteristics of massive objects like quasar, neutron star, pul-
sar, quark star, black-hole or other super-dense object. These
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stars are specified in terms of their masses as white dwarfs
(Mass <1.44 solar mass), Quark star (2 solar mass–3 solar
mass) and Neutron star (1.35 solar mass–2.1 solar mass).

Exact solutions with well behaved nature of Einstein–
Maxwell field equations are of vital importance in relativis-
tic astrophysics. Such solutions may be used to make a suit-
able model of super dense object with charge matter. Even-
tually, these exact solutions of the Einstein-Maxwell field
equations joining smoothly to the Nordstrom solution at the
pressure free interface. It is interesting to observe that, in the
presence of charge, the gravitational collapse of a spherical
symmetric distribution of the matter to a point singularity
may be avoided. In this scenario gravitational attraction is
counter balanced by the Colombian repulsive force together
with the pressure gradient. On account of the nonlinearity of
Einstein–Maxwell field equations, not many realistic well
behaved, analytic solutions are known for the description of
relativistic charge fluid spheres. For well behaved model of
relativistic star with charged and perfect fluid matter, follow-
ing conditions should be satisfied (Pant et al. 2011a):

(i) The solution should be free from physical and geomet-
rical singularities i.e. finite and positive values of cen-
tral pressure, central density and non zero positive val-
ues of eλ and eυ .

(ii) The solution should have positive and monotonically
decreasing expressions for pressure and density (p and
ρ) with the increase of r . The solution should have pos-
itive value of ratio of pressure-density and less than 1
(weak energy condition) and less than 1/3 (strong en-
ergy condition) throughout within the star.

(iii) The solution should have positive and monotonically
decreasing expression for fluid parameter p

ρc2 with the
increase of r .

(iv) The solution should have positive and monotonically
decreasing expression for velocity of sound (

dp
dρ

) with
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the increase of r and causality condition should be
obeyed at the centre i.e. dp

c2dρ
< 1.

(v) The red shift Z should be positive, finite and monoton-
ically decreasing in nature with the increase of r .

(vi) Electric intensity E is positive and monotonically in-
creasing from centre to boundary and at the centre the
Electric intensity is zero.

Under these well behaved conditions, one has to assume
the gravitational potential and electric field intensity in such
a way that the field equation can be integrated and solution
should be well behaved. Keeping in view of this aspect, sev-
eral authors obtained the parametric class of exact solutions
Pant et al. (2011a, 2011b), Gupta and Maurya (2011), Mau-
rya and Gupta (2011a, 2011b), Pant (2011a, 2011b), Bijal-
wan (2011) etc. These coupled solutions are well behaved
with some positive values of charge parameter K and com-
pletely describe interior of the super-dense astrophysical ob-
ject with charge matter. Further, the mass of the such mod-
eled super dense object can be maximized by assuming sur-
face density is ρb = 2 × 1014 g/cm3. In the present paper we
have obtained yet another new parametric class of well be-
haved exact solutions of Einstein–Maxwell field equations,
which is compatible within the range of Neutron star.

2 Einstein–Maxwell equation for charged fluid
distribution

Let us consider a spherical symmetric metric in curvature
coordinates

ds2 = −eλdr2 − r2(dθ2 + sin2 θdφ2) + eνdt2 (1)

where the functions λ(r) and v(r) satisfy the Einstein–
Maxwell equations

−8πG

c4
T i

j = Ri
j − 1

2
Rδi

j

= −8πG

c4

[
(c2ρ + p)vivj − pδi

j

+ 1

4π

(
−F imFjm + 1

4
δi
jFmnF

mn

)]
(2)

where ρ,p, vi,Fij denote energy density, fluid pressure, ve-
locity vector and skew-symmetric electromagnetic field ten-
sor respectively.

In view of the metric (1), the field equation (2) gives,

v′

r
e−λ − (1 − e−λ)

r2
= 8πG

c4
p − q2

r4
, (3a)

(
v′′

2
− λ′v′

4
+ v′2

4
+ v′ − λ′

2r

)
e−λ = 8πG

c4
p + q2

r4
, (3b)

λ′

r
e−λ + (1 − e−λ)

r2
= 8πG

c2
ρ + q2

r4
(3c)

where, prime (′) denotes the differentiation with respect to
r and q(r) represents the total charge contained within the
sphere of radius r .

By using the transformation

ev = B(1 + x)−1/3, and e−λ = Y. (4)

where B being positive constants. Now putting (4) into (3a)–
(3c), we have

−2Y

3(1 + x)
− (1 − Y)

x
+ c1q

2

x2
= 1

c1

8πG

c4
p, (5)

(1 − Y)

x
− 2

dY

dx
− c1q

2

x2
= 1

c1

8πG

c2
ρ (6)

and Y satisfying the equation

dY

dx
+ −2x2 − 18x − 9

3x(1 + x)(3 + 2x)
Y = 3(1 + x)

x(3 + 2x)

(
2c1q

2

x
− 1

)
, (7)

E2

c1
= c1q

2

x2
= 9Kx

2(3 + 2x)2
(8)

In view of (8) differential equation (7) yields the following
solution

Y = e−λ

= −81K.
x(1 + x)2

(3 + 2x)3

+ 27

(3 + 2x)3

[
Ax(1 + x)

7
3 + (3 + 4x)(1 + x)2

3

]
(9)

where A is an arbitrary constant of integration.

3 Properties of the new class of solutions

Using (4), (8), (9) into (5) and (6), we get the following ex-
pressions for pressure and energy density

1

c1

8πG

c4
p = 9K

(−4x2 − 21x − 18)

2(2 + 3x)3

+ 1

(3 + 2x)3

[
9A(1 + x)

4
3 (x + 3)

+ (18 + 21x + 4x2)
]

(10)

1

c1

8πG

c2
ρ = 9K.

(32x3 + 294x2 + 423x + 162)

(3 + 2x)42

− 1

2(3 + 2x)4

[
18A(27+51x +10x2)(1+x)

4
3

+ (−648 − 1458x − 924x2 − 112x3)
]

(11)

Differentiating (10) and (11) w.r.t. x., we get;
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1

c1
· 8πG

c4

dp

dx
= 9K(8x2 + 60x + 45) + 6A(−9 − 21x − 4x2)(1 + x)

1
3 − 90 − 120x − 16x2

(3 + 2x)4
(12)

1

c1
· 8πG

c2

dρ

dx
= 9K(−64x3 − 888x2 − 774x − 27)

2(3 + 2x)5

+ 224x3 + 2688x2 + 3204x + 810 − 6A(1 + x)
1
3 {−40x3 − 330x2 + 99x + 135)

2(3 + 2x)5
(13)

The expression for gravitational red-shift (z) is given by

z = (1 + x)1/6

√
B

− 1 (14)

The central value of gravitational red shift to be non zero
positive finite and monotonically decreasing with the in-
crease of radial coordinate r , we have

1 >
√

B > 0 (15)

x < 0 or c1 < 0 (16)

4 Boundary conditions

The solutions so obtained are to be matched over the bound-
ary with Reissner–Nordstrom metric;

ds2 = −
(

1 − 2GM

c2rb
+ e2

r2
b

)−1

dr2 − r2(dθ2 + sin2 θdφ2)

+
(

1 − 2GM

c2rb
+ e2

r2
b

)
dt2 (17)

which requires the continuity of eλ, eν and q across the
boundary r = rb

e−λ(rb) = 1 − 2GM

c2rb
+ e2

r2
b

, (18)

eν(rb) == 1 − 2GM

c2rb
+ e2

r2
b

, (19)

q(rb) = e, (20)

p(rb) = 0 (21)

On setting xr=rb = X = c1r
2
b , (rb being the radius of the

charged sphere)
Pressure at p(r=rb) = 0 gives

A = −9K(4X2 + 21X + 18) − (8X2 + 42X + 36)

18(X + 3)(1 + X)
3
2

(22)

In view of (18) and (19) we get,

B =
{
−81K · X(1 + X)2

(3 + 2X)3
+ 27

(3 + 2X)3

×
[
AX(1 + X)

7
3 + (3 + 4X)(1 + X)2

3

]}
(1 + X)

1
3

(23)

The expression for mass can be written as

GM

c2
= rb

2

[
1 + −81K · X(1 + X)2

(3 + 2X)3
+ 27

(3 + 2X)3

×
[
AX(1 + X)

7
3 + (3 + 4X)(1 + X)2

3

]]
(24)

The surface density is given by

8πG

c2
ρbr

2
b = X

⎧⎨
⎩

9K · (32X3+294X2+423X+162)

(3+2X)42
+

− 1
2(3+2X)4

[
18A(27 + 51X + 10X2)(1 + X)

4
3 + (−648 − 1458X − 924X2 − 112X3)

]
⎫⎬
⎭ (25)

Centre red shift is given by

z0 = B−1/2 − 1 (26)

5 Discussion

In view of and Table 1 it has been observed that all the phys-
ical parameters (p, ρ, p

ρc2 , dp
dρ

, z and E) are positive at the

centre and within the limit of realistic equation of state and
well behaved conditions for all values of K satisfying the
inequalities 0.53 ≤ K ≤ 0.95. However, corresponding to
any value of K < 0.53, there exist no value of X for which
causality principle is obeyed at the centre and for K > 0.95,
the central pressure is negative for all values of X.

It has been observed that under well behaved conditions
this class of solutions gives us the mass of super dense object
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Table 1 The march of pressure, density, pressure–density ratio, square of adiabatic sound speed, gravitational red shift and electric field intensity
within the ball corresponding to K = 0.95 with X = −0.15. By assuming surface density; ρb = 2×1014 g/cm3. The resulting well behaved model
has the mass M = 1.56 M� with radius rb ≈ 9.22 km

r/rb
8πG

c4 pr2
b

8πG

c2 ρr2
b (

p

ρc2 ) 1
c2 (

dp
dρ

) Z E × rb

0 0.027864 0.383593 0.07264 0.373806 0.170824 0

0.1 0.027632 0.382972 0.072152 0.364936 0.170385 0.217926

0.2 0.026931 0.381102 0.070666 0.357237 0.169064 0.274879

0.3 0.025746 0.377959 0.068117 0.350794 0.166852 0.315251

0.4 0.02405 0.373507 0.06439 0.345747 0.163735 0.3479

0.5 0.021808 0.367694 0.059309 0.33922 0.15969 0.376051

0.6 0.018967 0.360452 0.05262 0.320727 0.154687 0.401304

0.7 0.015462 0.351706 0.043963 0.315442 0.14869 0.424596

0.8 0.011208 0.341367 0.032834 0.305003 0.141652 0.446537

0.9 0.006099 0.329346 0.018519 0.295222 0.133514 0.467559

1.0 0 0.315554 0 0.283806 0.124207 0.487987

within the range of neutron star. When K = 0, we are left
with a solution which is not well behaved.

We now present here a model of super dense star based
on the particular solution discussed above corresponding to
K = 0.95 with X = −0.15, by assuming surface density;
ρb = 2×1014 g/cm3. The resulting well behaved model has
the mass M = 1.56 M� with radius rb ≈ 9.22 km and the
surface red shift Zb ≈ 0.124207.
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