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Abstract Recently, Bijalwan (Astrophys. Space Sci. doi:10.
1007/s10509-011-0691-0, 2011) discussed all important so-
lutions of charged fluid spheres with pressure and Gupta et
al. (Astrophys. Space Sci. doi:10.1007/s10509-010-0561-1,
2010) found first closed form solutions of charged Vaidya-
Tikekar (V-T) type super-dense star. We extend here the ap-
proach evolved by Bijalwan (Astrophys. Space Sci. doi:10.
1007/s10509-011-0691-0, 2011) to find all possible closed
form solutions of V-T type super-dense stars. The existing
solutions of Vaidya-Tikekar type charged fluid spheres con-
sidering particular form of electric field intensity are be-
ing used to model massive stars. Infact at present maximum
masses of the star models are found to be 8.223931Mg and
8.460857 Mg subject to ultra-relativistic and non-relativistic
conditions respectively. But these stars with such are large
masses are not well behaved due to decreasing velocity of
sound in the interior of star. We present new results con-
cerning the existence of static, electrically charged perfect
fluid spheres that have a regular interior. It is observed that
electric intensity used in this article can be used to model
superdense stars with ultrahigh surface density of the or-
der 2 x 10'* gm/cm® which may have maximum mass
7.26368240M g for ultra-relativistic condition and velocity
of sound found to be decreasing towards pressure free in-
terface. We solve the Einstein-Maxwell equations consider-
ing a general barotropic equation of state with pressure. For
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brevity we don’t present a detailed analysis of the derived
solutions in this paper.
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relativity - Exact solution

1 Introduction

It is well known that static, spherically symmetric, un-
charged perfect fluids cannot be held in equilibrium below
a certain radius without developing singularities inside. The
possibility of holding a non-singular object in stable equi-
librium but compact enough to be close (in fact arbitrarily
close) to a black-hole state, is of great interest not only in
order to judge the state of matter in this condition, that is be-
ing about to turn into a black-hole, but also to yield a clas-
sic model of charged massive particles which might have
astrophysical and cosmological implications. Although one
can reach this goal with non-perfect fluids, a perfect fluid
solution of the type mentioned was recently found (Gupta
and Kumar 2005a, 2005b) but with the presence of an elec-
tric charge. Electric charges inhibit the growth of space-time
curvature and therefore they are an efficient means of avoid-
ing singularities inside matter and enhance stability.

The charged analogues of Vaidya-Tikekar types of fluid
spheres have been considered by many workers (Patel et al.
1997; Tikekar and Singh 1998; Patel and Pandya 1986a,
1986b). The solutions were then utilized to depict the
charged superdense star models with ultra high surface den-
sity (Vaidya and Tikekar 1982). The Vaidya-Tikekar fluid
spheres are described by space-time with the hypersurfaces
t = const. as 3-spheroids. The Vaidya-Tikekar type charged
fluid spheres have been derived considering the electric field
intensity that has positive gradient. In the past (Sharma et al.
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2001; Gupta and Kumar 2005a, 2005b) have presented all
the charged analogues of Vaidya-Tikekar type fluid spheres
with said electric field intensity. Gupta et al. (2010) found
some new closed form solutions of V-T type stars. The pos-
itive gradient consideration is too restrictive on the accu-
mulation of charge. Taking notice of this fact in the present
article the authors have successfully chosen a more general
electric intensity and have obtained charged Vaidya-Tikekar
fluid spheres joining smoothly with the Reissner-Nordstrom
Metric at the pressure free boundary and utilized them to
represent superdense star with surface density of the or-
der 2 x 10" gm/cm?. The latter are analyzed numerically
subject to the energy conditions throughout the star. Conse-
quently, the maximum mass of the star models was found to
be 7.26368240Mg.

2 Field equations

Let us take the following spherically symmetric metric to
describe the space-time of a charged fluid sphere

ds®> = —e*dr? — r’(d6* + sin® 0d¢>) + eVdr>. (1a)

Let us take the static spherically symmetric space-time with
t = constant hypersurfaces as spheroids as

K(14Cr?)

ds* = —
(K +Cr?)

dr? —r?(d6*+sin® 0d¢>) + y* (r)d1?,
(1b)

where C and K < 1 are constant parameters.
If (1) describes charged fluid distribution then the space-
time (1) has to satisfy the Einstein-Maxwell equations

R — LRrsi = —¢ (*p + pyiv; — pé
J TR0 = pTp j— Poj

1 . 1.
+ E<_Flijm + ZS;anan>:|v (2)

where k = &5—40, o, p and v’ denote matter density, fluid

pressure and the unit time-like flow vector of the fluid re-
spectively and Fj; being the skew symmetric electromag-
netic field tensor satisfying the Maxwell equations

Fig;j + Fyji + Fjije =0, 3)

0 . .
W(J—gF"‘) = —dn/—gj", 4

where ji = ov' represents the four-current vector of charged
fluid while the charged density is denoted by o.
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The field equations (2) with respect to (la) reduce to
(Dionysiou 1982)

v/ 1—e* 2
KTllz——e_k—i—(—z):—Kp—}—q—z‘, (5a)
r r r
2
/{T22=KT33=_ U—N—)L/U/ i v = et
2 4 4 2r
2
- —Kkp — —, 6a
P =3 (6a)
A 1—e? 2
KTfZ—e_)L—I—%:KCZ,O—G—q—“. (7a)
r r r

The field equations (5a), (6a) and (7a) with respect to (1b)
reduce to

(K+Cr>) [-2y C(K-1) q°
=— =, 5b
KA+CrH| ry K+Cr? Kp+r4 (5b)
oy C(K —Dry’
y ry (K+Cr)(A+Cr?)y
B C(K—1) (K +Cr?) . _ﬁ
(K+Cr)(1+Cr2) [K(1+Cr?) r4’
(6b)
C(K—-1D@3B+Cr?) 5, q°
KA tCaz  —kort (70)
where
.
q(r) =4r / or2e’dr = r*/—Fi4F14
0
— r2F4le()t+U)/2 (8)

represents the total charge contained with in the sphere of
radius ‘r’. Equation (4) reduces to

i(e<“v)/2r2F‘“) = —4g P TV/22 4, 9)
ar

Beyond the pressure free interface ‘r = @’ the charged fluid
sphere is expected to join with the Reissner-Nordstrom met-
ric:

oM 2\7!
ds?=—(1-24+%) a2
r r2
M €

— r2(d6* + sin® 0d¢?) + (1 -+ —z)dtz, (10)
r r
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where M is the gravitational mass of the distribution such
that

M = p(a)+¢e(a)

while

Kk [¢ Kk ¢
ua) = —/ ,orzdr, ela) = —f raqex/zdr,
2 Jo 2 Jo
e=q(a), (11)

&(a) is the mass equivalence of the electromagnetic energy
of distribution while w(a) is the mass and ‘e’ is the total
charge inside the sphere (Florides 1983)

Let us consider the barotropic equation of state xc?p =
g(p). Further, assume that the metric components (e* and
ev) and the electric intensity are arbitrary functions of pres-
sure p(w) such that w is some function of r i.e.

et =s5(p), e’ =h(p®)), rc’p=g(p). (5)

On subtracting (5a) from (7a) gives

<U A )e_)‘ —k(Pp+p). (5d)

r

Substituting (5¢) in (5d) leads to

U+ A d
7(;) Y e_k—p =r (5e)
(c*p+p) dr
where overhead dash denotes derivative w.r.t. p or w. Equa-
tion (5e) yields

p=p), w=c +cr’ (5f)

where c¢1 and ¢, (5 0) are arbitrary constants.

Ko

K —Kto) e

et =s(p(w) =

where ¢c; = K and ¢ = KC.
Matter density and velocity of sound can be expressed
using (5¢) in (5e) and (5a) as

h
Zp= cz(ﬁs —E) - p, (5h)

| ‘215 = _ ! . (5i)
X el -5 -1

The velocity of sound less than unity in the interior of star
using (51) translates to

2 < cz<<%s> —?). (55

Further, in order to have physically viable solutions, from
(5h) c2p + p(= cz(%s — 5)) should be monotonically de-
creasing i.e.

2c§<<%s) — §>r <0. (5k)

From (5j) and (5k) can only be satisfied if and only if

((%5) —5) <0and ¢, <O.

We consider K < 0 and C > 0 Gupta and Kumar (2005a,
2005b). Now, for the given expression of ‘q’, the expres-
sions for the pressure and energy density can be had from
((52)-(5k)) and (7a, 7b) subject to the consistency of (6),
which requires elimination of ‘p’.

(K+crd) |y y CE—=DrCr—3)| 242

KA+Cry) |y " ry (K+CrH(A+Crd) | -

12)

If we let

K K2—K+w K Cr?
X =, ‘/ =,/ 1+ — 13
K -1 K? K -1 + K 13

then (12) transforms to a simple form

d? d
Y ix2 Lay=o0 (14)

1—X3)—
( )dX2 dXx

2 2
where o =1 — K +2Kq2(céz—f61).
In order to solve the equation in closed form, let us take
y=1-x»" (15)

and (14) reduces to

N 2+3X? V=0
1—X2 4(1-Xx»H2]

(16)

Equation (16) can easily be integrated if, we let

o 2+3x2
1= X2 4(1— Xx2)2

=Ayq,

where A can take positive, negative or zero constant value.
The electric intensity can be explicitly determined as
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> C*? Ai(1+Cr?) 5(1 — K)
r T 2(Cr2+ D2 K(1—K)  4K(1+Cr?)
S (17)
4K

The expressions for density and pressure are expressed as

C21’2
21+ Cr2)?

, C(K-1) 3+Cr?
P="Kk d+crp
A(1+Cr?)
K(1—K)

M _ i 1]’ (18)
4K(1+Cr2) 4K
2y (K+Cr?) C(K—1) Cc%r?
Ty KA4Cr2)  KA+Cr?) ' 2(1+Cr2)?
Ay (14Cr?) 5(1 —K) 7
x [7 (1—K)  4K(1+Cr?) _R“] (19)

And the expressions for the density gradient and pressure
gradient can be written as:

240 _ Cr  J1(21 39 Ay
dr — (+crhf2\k 2 K(1-K)

+{§<——1> —L}Crz
2 \K K(1—K)

2
)4 1s

d-K)

L. N P
+{4K 1 K(I_K)}Cr}, (20)
d 2
Kd—lr)—Pr——e o+ )[ r) %JF%] (2))
where

Clr [ A 5310002

T U+C022 | KA=K) "

15 (1-K)

2
_u4=-r <1 _ L) w}
4 K(1+4 Cr2)2 4K ) (1+Cr2)?

v - [ E=DcCr C2r
)= 5[1{(1 10 214022
{A1(1+Cr2) 5(1—-K) N _l}
K(1—K) ' 4K(1+Cr?) 4K

2
such thate=* =1 — 2@ | ¢
r )

3 The speed of sound

The sphere being charged, it is not possible on the present
naive phenomenological level to say what the speed of prop-
agation of a sound wave of arbitrary frequency will be. How-
ever, if the frequency is sufficiently large the adiabatic speed
of propagation by the fluid is presumably by

2[ ~2 | ALG+2CrHA+Cr
c [C { 1 Ee

& K1+Cr2)
—ere(co+ p) [ M — 4 +Q}<1+Cr2>3](1 +cr?)

+(1 = )G+

2= (22)
o 2 [[ + 2K K(l—lK)} + {Kzlzfll() 2 y + 2K } Cr? {K(l ot 4K ]C2r4]
Also if the ratio of the surface density p, to central density  and
pois L =
From(18) Pa _ (3+ Ca?) B KCa?
po  3(14Ca??  6(K—1)(1+ Ca?)?
) C(K—=1) B+Cda? C24? AL(1 +Ca?) 51 — K) 7
T TR U+ Cad)? T 201+ Ca?P? x [ K(1—K) T4K(11Cad 4K 1]' @5)
A1(1+ Ca?) 5(1—K) 7
X |: K1 —K) 4K(1+Ca?) T 4K + 1i| ) On simplification of (25), we get
(23) A K1) -
[21((1—1()_3 K L](1+Ca)
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2 T lascad +
8 2K .

51-K)

0 26
8K ’ (26)

where surface density p, is taken out to be 2 x 10'* gm cm ™3

_ 87GKpo __ 1.24479x10~13
and € = 35575 = ““k-DL

One can easily get value of 1 + Ca? on solving the cubic
equation (26) for positive, negative and zero value of Aj.
For A1 > 0, it follows from Riccati rule that (26) has one
negative and two positive roots for all values of K and L.
Also one root lies between 0 and 1. So, we are left with only
one root for 1 4+ Ca? > 1. However for A| < 0, nothing can
be said analytically but numerically calculated roots have
same behaviour as in the case of A1 > 0.

Further, the expression for the pressure can be derived as
follows:

Case 1. A; = —p?

y=A( - XHV*PX 4 Be P,

K - Cr? 2B(ePX — Be=PX)
K—1 K K(1+ Cr2)(ePX + Be=BX)

kp=C
N 1 (1/241/(8K))Cr?
(1+Cr?)2 (1+Cr?)2
(K-1 B2Cr?
S KA+CrY) 2K —-K)(1+Cr?)
5(1 — K)Cr? -
8K(1+Cr2)3 |’ @7
Case2. A1 =0
y=A1-X)"*(X + B),
el e 2
P = K—1 K KO+Cr2) (X +B)
N 1 (1/2+1/(8K))Cr?
(1+ Cr2)2 (1+ Cr2)2
_ _ 2
(K- 5(1— K)Cr . 28)
K(1+Cr?)  8K(1+Cr?)3
Case 3. A| = B?

y=A(1 — X»)*(cos(BX) + Bsin(BX)),

—2B(sin(BX) — Bcos(BX))

K
=c |:K(1 + Cr?)(cos(BX) + Bsin(BX)) \/:

(1/241/(8K))Cr?

X
K (1 Cr2)2

(14 Cr?)?
(K= B>Cr?
K(1+Cr2)  2K(1—K)(1+Cr?)
5(1 — K)Cr?
8K (1+ Cr2)3]' 29

4 Physical analysis of the solutions

The physical validity of the charged fluid sphere (CFS) de-
pends upon the following conditions (called reality condi-
tions or energy conditions) inside and on the sphere ‘r =a’
such that

(i) p>0,0<r<a.

(i) p>0,r <a.

@iii) p=0,r =a.

@iv) dp/dr <0,dp/dr <0,0 <r <a.

(v) ¢2p > p non-relativistic (NR) or ¢?p > 3p ultra-
relativistic (UR).

(vi) The velocity of sound (dp/ dp)l/ 2 should be less than
that of light throughout the CFS (0 <r <a).

Beside the above the CFS is expected to join smoothly

with the Nordstrom metric, which requires the continuity of

e”, eV and ¢ across the pressure free interface ‘r =a’.

(K + Caz) _ 2m(a) e?
K (14 Ca?) sl-—ta (30)
2 2m(a) 2
= (1= ), (3D
a a
q(a)=e, (32)
P(r=a) = 0. (33)

The conditions (30) and (32) are automatically satisfied to
the preposition (11) however (31) and (33) can provide the
unique values of arbitrary constants A and Bin each of the
cases 1 to 3.

From the numerical analysis of M(r) and C, it is ob-
served that M decreases with increase in L and increases
with increase in 2. However the physical constraints in
terms of the reality conditions have severely restricted the
magnitude of mass. An attempt has been made to get max-
imum mass (effectively M/Mg) in each case. M and Mg
denote mass of the model and solar mass respectively. Vari-
ous physical quantities such as p, p, dp/dr, dp/dr,c*p — p
(NR), ¢2p — 3p (UR), (dp/dp)'/* (velocity of sound), j*
(the only surviving component of the 4-current vector) and
M /Mg have been calculated numerically for 0 <x <1,
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Table 1 The star of maximum mass with its radius corresponding to various values of the guiding parameters K, B and L

For 0 < p < c2p&dp/dp < c* (NR)

For 0 <3p <cp&dp/dp < c (UR)

K L B Radius Max. M /Mg L B Radius Max. M /Mg
(Km) (Km)
Case 1
—6 0.29000 2.68000 16.83018 4.08517340 0.29000 2.68000 16.83018 4.0851734
-55 0.23000 2.40000 17.01503 4.87694340 0.23000 2.40000 17.01503 4.87694340
-5 0.06010 2.09000 14.72360 7.40523480 0.07180 2.09000 15.21157 7.26368240
-3 0.06900 2.18600 12.79387 7.40523480 0.06900 2.19700 12.53931 7.26368240
=25 0.10000 1.97420 13.72565 7.40523480 0.10000 1.99990 13.43589 7.26368240
24 0.09000 2.12798 12.83409 7.40523480 0.09000 2.12798 12.58877 7.26368240
-2 0.11000 2.11000 12.81786 7.40523480 0.11000 2.11000 12.57285 7.26368240
—1.5 0.16500 1.95570 13.63324 7.40523480 0.16500 1.95570 13.37264 7.26368240
-1 0.24015 2.00300 13.77914 7.40523480 0.24015 2.00300 13.51575 7.26368240
-8 0.29800 1.99000 14.31522 7.40523480 0.29800 1.99000 14.04159 7.26368240
-.791 0.29900 2.00400 14.25290 7.40523480 0.29900 2.00400 13.98045 7.26368240
—.700 0.34000 1.96000 14.89129 7.40523480 0.34000 1.96000 14.60664 7.26368240
—.400 0.50000 2.05900 16.53079 7.40523480 0.50000 2.05900 16.21480 7.26368240
Case 2
-1.99 0.290 - 19.34143 5.9391024 0.349 - 18.99689 5.0592442
—-1.5 0.350 - 19.92668 5.9019845 0.410 - 19.39786 4.9629789
-1 0.490 - 20.13283 5.0724358 0.510 - 19.83958 4.7402463
-8 0.540 - 20.49044 5.0841766 0.560 - 20.13679 4.7221282
—.400 0.760 - 19.17011 3.4523376 0.760 - 19.17011 3.4523376
Case 3
-1.99 0.258 0.001 19.45322 6.4587585 0.3480 0.001 19.00406 5.0733663
—-1.5 0.3500 0.001 19.92668 5.9019844 0.4050 0.001 19.44768 5.0373489
-1 0.4700 0.001 20.40950 5.4170270 0.5010 0.001 19.97359 4.8882233
-8 0.5400 0.310 20.54452 5.0884818 0.5570 0.001 20.19098 47755715
—.400 0.7481 0.090 19.60503 3.7251923 0.7481 0.090 19.60503 3.7251923

Mg =1.475Km, G = 6.673 x 108 cm3/gm sec?, ¢ =2.997 x 1010 cm/sec

(x =r/a) and the data so obtained is analysed subject to

the reality conditions. The data for the various cases reveals
the following informations:

mass is greater than 7.26368240M g then velocity of sound
decreases towards pressure free interface.

Case 2.

Case 1.

It is observed that the maximum mass first increases and
then decreases with the increase of 8 for 0 < L < mL.How-
ever it decreases with the increase of § when mL < L < 1,
where .4 <mL < .53. mL increases with decrease in K. In
order to keep j* physically valid the K and S form a rela-
tion ,32 > 2+ K)(K — 1)/4. It is easily seen that for large
negative K, B has to be taken large but reality conditions
severely restricts the Maximum mass. Hence, Maximum
mass decreases appreciably for K « 0. Pressure and den-
sity become very large negative values of K. The maximum
mass 7.26368240M¢ is possible for (UR) K = —0.7910,
L =0.299, 8 =2.004, a = 14.25290 Km. When maximum
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The j* remains physically valid only for K > —2.
This case provides maximum mass e.g. 5.9391024 Mg
(NR) for K = —1.99, L =0.290, a = 19.34143 Km and
5.0592442M¢ (UR) for K = —1.99, L = 0.349, a =
18.99689 Km. Although the maximum mass increases with
decrease in K.

Case 3.

Mass decreases with increase in charge for L < 0.5 while
increases with increase in charge for L > 0.5. In order
to keep j* physically valid the K and B8 form a relation
B% < (24 K)(1—K)/4. This implies that physical solutions
are valid only for K > —2. This case provides maximum
mass e.g. 6.4587585M¢ (NR) for K = —1.99, L =0.258,
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B =.001, a = 19.45322 Km. and 5.0733663M¢g (UR) for
K =-1.99, L =0.3480, § = .001, a = 19.00406 Km. As
in previous case the maximum mass increases with decrease
in K.

5 Conclusion

The authors have tried to develop some models of Vadiya-
Tikekar type charged fluid spheres considering more gen-
eral electric field intensity. The three solutions have been
analysed numerically after joining them smoothly with the
Reissner-Nordstrom Metric at the pressure free boundary.
And hence discussed the limitations on the guiding param-
eters, K, 8 and L subject to the prescribed energy condi-
tions. The sample values of mass M /Mg, and radii are de-
picted on Table 1 under the heading ultra-relativistic and
non-relativistic’ conditions. One of the graphs shows varia-
tion of M /Mg for different values of K. Also the graphs for
pressure, density, j* and velocity of sound are being traced
for each case. Overall maximum mass for the charged fluid
spheres of maximum mass M found to be 7.26368240M ¢

for strong energy condition. The corresponding radius is
given as 14.25290 Km. When maximum mass is greater than
7.26368240M¢g then velocity of sound decreases towards
pressure free interface.
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