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Abstract Matter collapsing to a singularity in a gravita-
tional field is still an intriguing question. Similar situation
arises when discussing the very early universe or a universe
recollapsing to a singularity. It was suggested that inclusion
of mutual gravitational interactions among the collapsing
particles can avert a singularity and give finite value for var-
ious physical quantities. We also discussed how inclusion
of large dark energy term compensates for the net gravity.
The discussion is taken further by including the effects of
charge, magnetic fields and rotation. The role of large extra
dimensions under the extreme initial conditions is discussed
and possible connection with the cyclic brane theory is ex-
plored. We constrain various cosmic quantities like the net
charge, number density of magnetic monopoles, primordial
magnetic fields, size of the extra dimensions, etc. We are
also able to arrive at the parameters governing the observed
universe.

Keywords Singularity · Mutual gravitational interactions ·
Dark energy · Magnetic monopoles · Primordial magnetic
fields

It is now generally accepted that the universe went through
a very hot dense phase and many of the predictions of
this standard evolutionary model, including the anisotropies
(Mather 2007; Smoot 2007) and the light element abun-
dances (Steigman 2007) are now well established (Peacock

C. Sivaram
Indian Institute of Astrophysics, Bangalore, 560 034, India
e-mail: sivaram@iiap.res.in

K. Arun (�)
Christ Junior College, Bangalore, 560 029, India
e-mail: kenath.arun@cjc.christcollege.edu

1991). However there are still some enigmatic (Sivaram
1988) aspects of the earliest phase of the universe, which are
only partially explained by models such as those involving
inflation (Guth 1981).

In a recent paper (Sivaram and Arun 2011) it was also
suggested that inclusion of mutual gravitational interactions
among the particles in the early dense universe can lead to
a ‘pre-big bang’ scenario, with particle masses greater than
the Planck mass implying an accelerating phase of the uni-
verse, which then goes into the radiation phase when the
masses fall below the Planck mass.

The existence of towers of states of such massive par-
ticles (i.e. multiples of Planck mass) as implied in various
unified theories, provides rapid acceleration in the early uni-
verse, similar to the usual inflation scenario, but here the
expansion rate goes over ‘smoothly’ to the radiation dom-
inated universe when temperature becomes lower than the
Planck temperature.

In order to include the possible effects of dark energy on
charge, rotation and magnetic fields of individual objects we
consider a few exact solutions of Einstein’s equation. Now
the exact solution for the metric of a particle of mass m in
general relativity is given by the Schwarzschild solution as:

dS2 =
(

1 − 2GM

rc2

)
c2dt2 − dr2

(1 − 2GM

rc2 )
− r2d�2 (1)

The solution for charged massive particle is given by the
Reissner-Nordstrom solution as (Misner et al. 1973):

dS2 =
(

1 − 2GM

rc2
+ Ge2

c4r2

)
c2dt2

− dr2

(1 − 2GM

rc2 + Ge2

c4r2 )
− r2d�2 (2)
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From the above solution, for a massless charged particle,

g00 = 1 + Ge2

c4r2 = 0 would imply that r = √−Ge/c2, that
is a naked singularity will arise. Due to this it is argued
that a massless particle cannot have charge (Xiang and Shen
2005).

But these zero rest mass particles will have a mass due to
their electric charge (Landau and Lifshitz 1963). The elec-
tric energy for a charge e of size r is given by: E = e

r2 .

And the corresponding energy density is given by: E2

8π
=

e2

8πr4 .
The total energy density associated with this charge is:

ε = ∫ ∞
r

e2

8πr4 4πr2dr = e2

2r
.

Therefore the mass due to the electric charge is given by:

M = e2

2rc2 .
From this we have: (cf. (2))

g00 = 1 − 2G

rc2

(
e2

2rc2

)
+ Ge2

c4r2
(3)

The last two terms cancels and hence we have in this case:
g00 = 1, that is it gives a flat space-time. Thus if a parti-
cle’s mass is only due to its electric charge (like perhaps for
the classical electron), then it will not bend the space-time
around it!

Including the dark energy term, assumed to be just the
cosmological constant, �, (Sivaram 1979) the solution is
given by the Reissner-Nordstrom de-sitter solution (also
called the Kottler metric) as:

dS2 =
(

1 − 2GM

rc2
+ Ge2

c4r2
− �r2

3

)
c2dt2

− dr2

(1 − 2GM

rc2 + Ge2

c4r2 − �r2

3 )
− r2d�2 (4)

where,

g00 = 1 − 2GM

rc2
+ Ge2

c4r2
− �r2

3
(5)

If the cosmological constant term compensates for the
charge in (5), then as for the electron 2GM

rc2 � 1, we have,

r = ( 3Ge2

c4�
)1/4.

That is, the last two terms in (5) become equal at this
value of r (where � = 10−56 cm−2). For an electron this
works out to be of the order of 10−3 cm.

This suggests that the electrostatic energy density around
a single electron becomes comparable to the cosmological
constant energy density at sub-millimetre distances. This
could be testable in an experiment involving single electrons
in devices like an ion trap.

If we consider the effects of quantum vacuum fluctuation
term, where energy density is given by β�c

r4 , where β ∼ 1
(like in the case of Casimir force), the metric then becomes

g00 = 1 − 2GM

rc2
+ βG�c

c4r2
− �r2

3

As in the earlier case, the last two terms become comparable
for a radial distance given by:

r =
(

3G�

c3�

)1/4

(6)

Which again works out to be ∼3 × 10−3 cm.
For a spinning body we get a similar expression as (6),

that is,

r =
(

3GJ

c3�

)1/4

(7)

where J is the angular momentum.
From (7) we see that:

J

r4
= c3

3G
� (8)

which is a constant. We have already shown (for a very large
range of structures in the universe) that the following rela-
tion holds. That is (Sivaram 1992, 2008):

M

r2
= c2

G

√
� (9)

which is again a constant. Therefore (8) and (9) together im-
ply that J ∝ M2. This is consistent with what is actually ob-
served for a wide range of astronomical structures (Sivaram
1984, 1987a).

For the cosmological case (where the total action is ∼J =
10120

�), r then corresponds to the size of the universe, that
is:

r =
(

3GJ

c3�

)1/4

= (3 × 10−3 cm)(10120)1/4 ∼ 1028 cm (10)

In the case of a typical galaxy, J = 10100
�, this implies:

r =
(

3GJ

c3�

)1/4

= (3 × 10−3 cm)(10100)1/4 ∼ 3 × 1022 cm (11)

In the case of a star, J = 1076
� ⇒ r ∼ 1016 cm, which is the

expected size of the nebula (interstellar cloud) from which
the star formed (Sivaram 1984, 1994a, 1994b; Taylor 1994).

We can see that the dark energy term goes as 1/r4 in
the metric, so for the recollapsed universe as a whole at r ∼
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10−3 cm, the cosmological constant term is of the order of
� = �Pl ∼ 1066 cm−2, (that is in the final stage of collapse)
and this is consistent with earlier results (Sivaram 1986;
Sivaram et al. 2008a).

At the present epoch, according to the above relation:

� = �Pl

(
3 × 10−3

1028

)4

∼ 10−56 cm−2 (12)

which corresponds to the observed value (Krause 2004)!
But r scales with time as: r ∝ t1/2 in the radiation era,

this implies that � ∝ 1
t2 .

At the present epoch, that is 1018 s (Hubble time), the
dark energy term is given by:

� = �Pl

(
10−43

1018

)2

∼ 10−56 cm−2 (13)

This is again in agreement with what is observed. We can
think of what the implications for a closed universe, recol-
lapsing to a finite size of r ≈ 10−3 cm are, as implied by the
above equations and also elaborated in earlier parts (Sivaram
1986; Sivaram et al. 2008b).

We can try and interpret in what follows. We note that in
many current models of unification of interactions, there are
large extra dimensions of sub-millimetre (r ≈ 10−3 cm) size
(Arkani-Hamed et al. 1998).

The zero point energy (ZPE) fluctuations at the boundary
between our 3-space and the extra dimension can give rise
to a vacuum energy density in our universe.

L−1 gives a wave number (k) cut-off so that vacuum
energy density propagating into our universe gives rise to
an effective cosmological constant � obtained as (Sivaram
1999):

� ≈ L2
Pl

L4
EW(LEW/LPl)8/n

(14)

where n is the number of extra dimensions and LPl is the
familiar Planck length. For n = 2, we have (Sivaram 1992,
1999):

� ≈ L6
Pl

L8
EW

= �
7G3

G4
F c5

∼ 10−56 cm−2 (15)

where, LPl = (�G/c3)1/2, LEW = (GF /�c)1/2 =
7 × 10−17 cm is the beta decay length and GF = 1.5 ×
10−49 erg cm3 is the Fermi constant.

This precisely gives the size of the extra dimensions as
L ≈ 0.01 cm. This value of L can also be understood as the
Casimir energy between two branes (separated by L) bal-
ancing the repulsive cosmic density (Sivaram 1992; Wein-
berg 1996):

L ≈
(

8πG�c

240�c4

)1/4

∼ 0.01 cm (16)

Size of the extra dimension L, and their number n, are
independent parameters but in order to achieve equality
of strength of gravity and electroweak force at LEW ∼
10−19 m, they become constrained by L = 10(32/n)−19. This
is in the spirit of models with large extra dimensions.

For large n, strength of gravity grows very rapidly at
microscopic length and becomes comparable to the elec-
troweak force at ∼10−19 m (Arkani-Hamed et al. 1998;
Randall and Sundrum 1999).

The size of the extra dimensions is given by:

RC = �c

MWc2

(
MPl

MEW

)2/n

∼ Ln
EW × 1032 (17)

For n = 1, the size of the extra dimension is given by,
RC ∼ 10−17 × 1032 = 1015 cm, which is about the size of
the solar system and there are no observed deviations from
the usual 4-dimensional space in this scale, hence n = 1 is
not a possible number for a large extra dimension.

For n = 2, the size of the extra dimension is given by,
RC ∼ 10−3 cm, which is testable and is indeed being ex-
plored in numerous experiments (Hoyle et al. 2001).

So if the universe recollapses to L ∼ 10−3 cm, it can tun-
nel into this extra dimension given by (17) to another space-
time and reexpand.

The force per unit area or the energy density between
two branes given by (Randall and Sundrum 1999; Manzoni
2001):

F

A
= ε = �c

240πd4
(18)

In terms of the cosmological constant it is given by: ε =
�c4

8πG
, where we have effectively:

� = �
7G3

G4
F c5

(19)

Therefore the energy density is given by:

ε = �
7G2

8πG4
F c

(20)

This has the value of ∼10−8 erg s/cm3, precisely what is
observed from the dark energy.

According to general relativity, the maximum force

is Fmax = GM2

R2
min

, where, Rmin ≈ GM

c2 . This implies that

Fmax = c4

G
.

Therefore the maximum area to which it can expand, un-
der the pressure (energy density) given by (20) is given by
maximum force/energy density. That is given by

Amax = 8πG4
F c · c4

G

�7G2
= 8πG4

F c5

�7G3
≈ 1056 cm2 (21)
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And the corresponding size is given by R = 1028 cm which
is the Hubble radius.

So we have a possible scenario to explain the present
scale of the expanding universe.

From (20), the energy density is given by: ε = �
7G2

8πG4
F c

∼
10−8 erg s/cm3.

The energy associated with the total volume is therefore
given by:

E� = �
7G2

8πG4
F c

× 2π2�−3/2

= πG2
F c13/2

4�7/2G5/2
∼ 2 × 1077 erg s (22)

where 2π2�−3/2 is the volume. This energy quantifies the
total dark energy in the universe. The corresponding mass is
given by:

M� = E�

c2
= πG2

F c9/2

4�7/2G5/2
∼ 2 × 1056 g (23)

The maximum power associated with the baryonic matter
is given by general relativity as c5/G. This can be seen as
follows.

The total energy released is ∼GM2

R
, and the total power

is given by:

P ≈ GM2

Rt
(24)

In general relativity, the smallest time scale (or smallest
length scale) associated with a given mass is tmin ≈ GM

c3 (for

R corresponding to the gravitational radius of R ≈ GM

c2 ).
This gives the maximal power as:

P ≈ GM2

Rt
≈ c5

G
(25)

(Substituting the minimal values for R and t as given above.)
So if we have a given set of objects of total baryonic mass

(�M), generating radiation energy we can write for the
combined maximal Eddington luminosity as (Sivaram 1982;
Rees 1978):

4πG(�M)cmP

σT

= c5

G
(26)

where, mP is the proton mass and σT is the Thomson cross
section and �M = Mb gives the total baryonic mass, which
generates the radiation luminosity.

This gives (Sivaram 1982):

Mb = σT c4

4πG2mP

∼ 9 × 1054 g (27)

From (23) and (27) we can see that:

M�

Mb

∼ 25 (28)

This is consistent with observations (Sivaram 2006).
The maximum area to which this mass can expand is

given by (21) as Amax = 8πG4
F c5

�7G3 . And the mass by area is
given by:

M�

A
= πG2

F c9/2

4�7/2G5/2
× �

7G3

8πG4
F c5

= �
7/2G1/2

32G2
F c1/2

∼ 1 g/cm2 (29)

This is consistent with the scaling relations for the mass as
obtained for a wide range of self-similar structures in the
universe, right from the scale of the electron to that of the
entire universe (Sivaram 1992, 2006, 2008).

We can also arrive at the maximum magnetic field possi-
ble at the present epoch based on the results obtained above.
The maximum energy density due to the magnetic field at
the Planck epoch is given by:

B2

8π
= ρPl = (�c5

G
)1/2

4
3π(�G

c3 )3/2
≈ 10114 erg s/cm3 (30)

The corresponding maximum field is then given by (Sivaram
2000; Zel’dovich et al. 1966):

Bmax = (8π × 10114)1/2 ≈ 1057 G (31)

Since the flux (BR2) is conserved we can calculate the mag-
netic field for the present epoch. That is:

B0R
2
0 = BmaxR

2
min (32)

where Rmin = 10−3 cm is the size corresponding at the
Planck epoch.

The magnetic field at the present epoch is then given by:

B0 = 1057
(

Rmin

R0

)2

≈ 10−6 G (33)

This is the maximum possible magnetic field at the present
epoch. But the microwave background sets constraints on
the energy density due to this magnetic field. At BBN era
corresponding to time of 1 second, the size of the universe
and the temperature are of the order of 1018 cm and 1010 K.

The corresponding energy density due to the radiation is
given by:

ρrad = aT 4 ≈ 1026 erg s/cm3 (34)
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The microwave background sets a constraint that the energy
density due to the magnetic field be less than 5% of that
given by (34) (Sivaram 2006). That is

ρmag = B2

8π
≈ 1024 erg s/cm3 (35)

The maximum magnetic field of 1011 G corresponds to tem-
perature of 1010 K and size of 1018 cm. Since the flux is
conserved, the field at the present epoch is given by:

B0 = 1011
(

1018

1028

)2

≈ 10−9 G (36)

This is consistent with the observed Faraday rotation, in ex-
tragalactic structures (Zel’dovich et al. 1966).

We have seen from (31) that the maximum magnetic field
at the Planck epoch is of the order of ∼1057 G and the cor-
responding flux is given by:

BR2
min ≈ 1052 G cm2 (37)

where Rmin = 10−3 cm is the size corresponding at the
Planck epoch.

The unit quantum of flux is given by (for example see
Feynman Lectures Vol. III, 1965):

�c

2e
∼ 10−8 (in cgs units) (38)

From (37) and (38) we see that there are 1060 units of flux
quanta. This can be interpreted as the maximum number of
monopoles. This can be explained as follows. From (33) we
see that the maximum magnetic field allowed at the present
epoch is ∼ 10−6 G, but from the consideration of conser-
vation of flux we arrived at the field at the present epoch
as ∼10−9 G (36) which is consistent with observation. This
could be because the remaining energy is trapped in these
monopoles.

Therefore the 1060 units of flux quanta can be interpreted
as the maximum number of monopoles. Since the flux (num-
ber of monopoles) is conserved, there are 1060 monopoles in
the present volume of 2π2�−3/2 ∼ 2 × 1085 cm3.

That is the monopole density at the present epoch is:

∼ 1060

2 × 1085
∼ 5 × 10−26/cc (39)

Or the monopole flux is given by:

∼5 × 10−26 × c

4
≈ 10−16 cm−2 s−1 (40)

This matches with the bound on the monopole flux of
10−16 cm−2 s−1 set by Parker from independent consider-
ations (Sivaram 1987b).

We had for the single electron charge, the radius as:

r =
(

3Ge2

c4�

)1/4

≈ 10−3 cm (41)

For electron charge e and � ≈ 10−56 cm−2 (that is the
present value).

In the initial stage, we had for the whole universe, � =
�Pl and the corresponding size works out to be:

r =
(

3Gq2

c4�Pl

)1/4

≈ 10−3 cm (42)

Comparing (41) and (42), it follows that since r is of com-
parable magnitude, q2 ≈ 10120e2, giving:

q ≈ 1060e (43)

This gives the maximal value of the total electric charge
we can have. As the radius encompasses 1090 particles, this
would imply that net charge (in electron unit) is 1 part in
1030 (Sivaram and Arun 2008; Altschul 2007).

So it appears interesting that the upper limit of the num-
ber of magnetic flux quanta (∼1060) is also the same as the
upper limit on the number of electric charge. This suggests a
electric-magnetic charge duality in the spirit of Dirac (who
explained quantification of electric charge on the basis of
existence of magnetic monopole via the quantisation condi-
tion eg ≈ �c, where g is the magnetic charge) (Dirac 1931;
Shellard 1994; Schwinger 1969).
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