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Abstract Cosmological solutions in the presence of an im-
perfect fluid and zero-mass scalar field are obtained in
higher derivative theory. We investigate both power law
and exponential expansion of the universe described by full
causal theories proposed by Israel and Stewart. It is observed
that energy density, co-efficient of bulk viscosity decrease
with time in the presence of massless scalar field and tem-
perature increase with expansion of universe.

Keywords Viscous fluid, zero-mass scalar field and higher
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1 Introduction

Studies of the dynamics of scalar field in connection with
inflationary universe scenario have remained very attrac-
tive because it can solve some of the outstanding prob-
lems of standard big bang cosmology while at the same
time the main underlying idea is quite simple. Recent ob-
servations from supernovae light curve data to Wilkinson
Microwave Anisotropy Probe (WMAP) data (Spergel et al.
2003; Page 2003) indicate that the present universe is ac-
celerating. To accommodate the present acceleration of the
universe one needs either to modify Einstein’s general the-
ory of relativity (GR) or to include a time varying cosmo-
logical constant. One of the attempts to modify GR is based
on adding a curvature squared term in the Einstein-Hilbert
action which is known as the generalized theory of grav-
ity. Starobinsky (1980) has shown that higher order theo-
ries of gravity admit inflation, which was proposed before
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the seminal work of Guth. However the efficacy of the the-
ory became known only after the work of Guth (1981),
where he used a temperature phase transition mechanism.
It is interesting to note that higher order theories of grav-
ity have a number of good features. It is known that with
suitable counter terms, viz to C“"p‘SCWp(g, R2, and the cos-
mological term (A), added to the Einstein action, one gets a
perturbation theory which is well behaved, formally renor-
malizable, and asymptotically free (Stelle 1977). The stan-
dard approach to inflation starts from quantum field the-
ory and finds the dynamics of the model by using the Ein-
stein field equations. Although, it has some serious trou-
ble of its own, there is a general belief that inflation, in
some form or other, is indeed a part of cosmological evo-
lution. There have been continuous effort to solve the vari-
ous problems of inflation while keeping its important virtues
alive by suggesting different modifications (Linde 1990;
Kolb and Turner 1990). Perfect fluid cosmological models
have been investigated in the context of higher derivative
theory by Chimento and Jakubi (1996). Although the matter
distribution in the universe is satisfactorily explained by a
perfect fluid, a number of processes may have occurred in
the early universe leading to viscosity. In the early universe,
viscosity may be arise due to the decoupling of neutrinos
during the radiation era, the decoupling of matter from radi-
ation during the recombination era, creation of super strings
during the quantum era, particle collisions involving gravi-
tons, cosmological quantum particle creation processes, as
well as during the formation of galaxies (Misner 1968;
Barrow and Matzner 1977). Thus dissipation may play an
important role in the evolution of the universe. We con-
sider Eckart, truncated and full causal theories for describ-
ing the imperfect fluid to obtain cosmological solutions.
Eckart theory by Eckart (1940) is used to describe viscous
fluid in cosmology to model the universe. But they suffers
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from serious shortcomings viz., causality and stability as
shown by Hiscock and Lindblom (1985). It is known that
the above problems may be resolved by including higher or-
der derivation terms in the transport equation (Muller 1967,
Hiscock and Salmonson 1991). Israel (1976), Israel and
Stewart (1979), and Pavon et al. (1982), Pavon (1991) de-
veloped a fully relativistic formulation of theory taking into
account second order derivation terms in the theory which
is termed extended irreversible thermodynamics (EIT). Us-
ing the transport equation obtained from EIT , cosmological
solutions have been obtained in Einstein gravity by Ratra
and Peebles (1988). A source of viscosity around the present
time which gives rise to the observed acceleration could be
the presence of dark matter by Pavon and Zimdahl (1993) or
a cosmic antifriction force giving rise to an effective nega-
tive pressure as shown by Zindahl et al. (2001). Ram (1993)
showed that one can have power law or exponential infla-
tions consistent with an arbitrary potential driving inflation.
Ellis and Madsen (1991)considered an FRW model with a
minimally coupled scalar field along with a potential and a
perfect fluid in the form of radiation. They solved for the
scalar field and potential in terms of time . Barrow and
Saich (1993) assumed that the kinetic and potential terms for
the scalar field are proportional to each other and obtained
a solution for the scale factor in the case of minimally cou-
pled scalar field in the case of non minimally coupled scalar
fields, we refer to the investigations by Barrow and Mimoso
(1994) and Mimiso and Wands (1995). Massless DKP field
in a Lyra manifold is investigated by Casana et al. (2007).

In this paper, we investigate the evolution of zero-mass
scalar field interacting with imperfect fluid in higher deriva-
tive theory. The objective of the work is to explore the ef-
fects of higher order terms in the evolution of the universe
coupled with massless scalar field. The paper is presented as
follows: we discussed model and field equations in Sect. 2
and solutions of field equations in Sect. 3. The conclusions
are discussed in Sect. 4.

2 Model and field equations

We consider a gravitational action with higher order terms
in the scalar curvature (R) which is given by

1=—fo(R>+Lm}/—_gd“x M

where f(R) is a function of R and its higher powers, g is
the determinant of the four dimensional metric. L,, is the
matter Lagrangian, choosing 87 G = ¢ = 1. Several authors
have studied classical solutions of this action without mat-
ter and have concluded that the big bang singularity may be
avoided as shown by Kung (1996). Variation of action (1)
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with respect to g, yields

1
f/(R)Rpw - Ef(R) + f//(R)(VpLVvR - DRguv)
+ f"(R)(V,RV,R —V° RV Rguy) = =Ty, (2)

where [ = g, V#V"¥ and V,, is the covariant differential
operator, and prime represents the derivative with respect
to R. The energy momentum tensor for the fluid coupled
with massless scalar field is given as T}, = [T;fv + T;fv]. The
energy momentum tensor (TMFV) of a fluid with bulk viscosity
is given by the equation

Th = (p+p+m)vvy + (P +1)gu 3)

where p and p are density and thermodynamic pressure of
the fluid while 7 is the bulk viscous stress. In a co-moving
system, the unit time vector v, is given by v#v, = —1 and
vt = 8(’; . The contribution to 7}, from the minimally cou-
pled zero-mass scalar field ¢ is

g v o
TS, = udy— %qﬁ,m 4)

¢ being a zero-mass scalar field which satisfies the Klein-
Gordon equation relation

gﬂvd);;u):)((rvt) ()

where x(r,t) is the source density, the suffix comma and
semicolon after a field variable represent ordinary and co-
variant differentiation w.r.t. ‘> and ‘g,  respectively. We
consider the flat Robertson-Walker spacetime given by the
metric

ds? = —dt* + a*()[dr* + r>(d6? + sin® 0dp?)] (6)

where a(¢) is the scale factor of the universe. The scalar cur-
vature of the universe is given as

R=—6[H +2H?] (7)

where H = ;—‘ is the Hubble parameter and an overdot repre-
sents a derivative with respect to time. The trace and (0, 0)
components of (2) are given by

FRRo0-+ 5 f(R) = 37" (R) (R i 3;11%)
+3f"(R)R+T =0, ®)

RIR) = 2f (R 43" (RIR+3 R+ T =0 (9)

Now, we consider a higher derivative theory of gravity de-

scribed by f(R) =R + aR?. Using (7) in (8) and (9), we
get

;2
3H?> — 18a[2HH — H> +6HH?] = p + % (10)
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The conservation equation for the fluid is
o+3H(@+p+m)=0 (11)

From (5), we obtain the Klein-Gordon equation for the zero-
mass scalar field as

b+3Ho =y (12)

From the consideration of non equilibrium thermodynamics,
the bulk viscous stress 7 given by the equation

. € t g T
tn+n=-3nH—-tn|(3H+—— - — — (13)
2 Tt n T

where 7 is the relaxation time,n is the coefficient of bulk
viscosity and 7T is the temperature of the fluid. The param-
eter € takes the value O or 1, the former represents the trun-
cated Israel-Stewart causal theory and the latter represents
the full causal theory. One recovers the noncausal Eckart
theory for T = 0. Equation (13) becomes the much sim-
pler form “m = —3nH”. The drawback of this simplified
version is that this leads to infinite speed of propagation of
signals violating the causality requirement and instability of
the model against perturbations. Even in Truncated Israel-
Stewart theory(e = 0), (13) becomes “m + 7w = —3nH”,
this break down of causality can be removed. We refer to
the papers by Maartens (1995) and Lindblom (1996) for
brief and comprehensive review. Zimdhal (1996) investi-
gated how the truncated theory is indeed a good limit to the
full causal theory in certain physical situations. An equation
of state for the isotropic fluid is chosen in the form

p=(( —Dp (14)

where y (1 <y <?2) is a constant.

3 Solutions of the field equations

Only three among four equations i.e., (10)—(13) can be
treated to be independent whereas there are seven variables,
namely a(t), p, p, w, ¢, nand T to be solved as functions of
time. It may be observed here that the actual behavior of the
various thermodynamic parameters in the theory may not be
fully realized as the number of unknowns is more than the
number of field equations. By choosing the “gamma law”
equation of state and giving 7 as a function of p and a, the
system of equations can be solved. In the following exam-
ples, this exact approach is resorted to. We assume a partic-
ular form of expansion of the universe, namely a power law
expansion and exponential expansion, and try to solve for ¢
and thermodynamic temperature 7.

3.1 A perfect fluid model revisited

For perfect fluid, one has w = 0. Equation (11) leads to the
continuity equation for a perfect fluid. For simplicity, we
first consider power law inflation of the universe.

3.1.1 Power law cosmology

For power law expansion, we assume the scale factor in the
form

a(t) =a,t" (15)

where a, and n are positive constants. The spatial volume

is given by V =a’ = ag’t3” and scalar expansion factor
6= ui = 3% = 3t—" We found the shear scalar(c’) as 02 =
1 8110 _ 822012 822:0 _ 833,042 8330 _ 811:0\27 _

i3 ( g1 gzz) +(g2 833 ) +(833 811 )1=0.1t

is observed that the spatial volume V is zero and expansion
scalar is infinite at # = 0 which shows that the universe starts
evolving with zero volume at ¢+ = 0 with an infinite rate of
expansion. We also found that lim & = 0 as  — oo. This
relation confirms that the space time is isotropic. Equation
(11) integrates to give

p = pot 7" (16)

where p, is a constant of integration.
For x =0, from (12), one has

Ct1_3n

¢_¢o—l_3n

A7)

where ¢, and ¢ are constants of integration. Here the evo-
lution of zero-mass scalar field ¢ is valid for n # % ¢ is
constant at # = 0 and grows to infinity at + — oo. In this
model, the deceleration parameter for an power law infla-
tionary universe is negative i.e., ¢ =n > 1.

For x # 0, using (10) and (16), one has

_ 6n? _ 18a(1=2n) ,00t2_3y"] (18)

12
¢ _z‘_2|:1 12 n?

It is very difficult to integrate this equation, so we take
n=1/2

. 3 _3y

¢2=ﬁ[1—4por2 7], (19)
) V1 =btB —1

— o= — |2V 1 = btF +In|~—e— 20

o0 ﬁ[ t+n\/1—btﬂ+1H 20

where § = 4, b=2% and =2 — 37” In this case, ¢>
is valid for 7 > (4p,)%/3. From (19), it is shown that this
model is valid for a finite value of ¢. From (20), it is evident
that once the solution is valid, it remains valid for subse-

quent times only if y > ‘3—‘. The deceleration parameter is
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found as g = 1 which observes an expansion of universe.
Thus it is evident that the presence of higher derivative term
do not effect the behavior of the early universe in the pres-
ence of zero-mass scalar field. The cosmological evolution
in this case is the same as that obtained in the Einstein grav-

ity.
3.1.2 Exponential cosmology

For exponential inflation, one choose the scale factor of the
universe in the form

a() =ae (21

where « and a; are constants. Here the deceleration param-
eter is g = —Z—‘z = —1 which is consistent with the recent
observations of supernovae Ia which require the present uni-
verse is accelerating. The volume V' and scalar expansion 6
are given by A = a13e3"’ and 6 = 3k. At initial epoch, vol-
ume and scalar expansion are constant. Universe has Big-
bang singularity with constant scalar expansion at t — oo.
In this model also, o2 = 0 which observes that the universe
is isotropic.
For x =0, from (11) and (12), one has

p=pie >, (22)

coe—3kt

¢ —¢1= 3. (23)

where ¢1,p1 and ¢, are constants of integration. It is ob-
served that ¢ is satisfied for all ¥ ## 0. Here, the massless
scalar field is constant at + = 0 and grows exponentially at
t — oQ.

For x # 0, using (10) and (22), one has

6= dr= [ 20— poe )] P 4

which means that there is no real solution. As we observed
in Einstein gravity, this solution is discarded as unphysical.

3.2 A bulk viscous model

The bulk viscous stress for a causal viscous fluid is deter-
mined from (11). For the sake of simplicity, it is customary
to assume the different thermodynamic quantities to be sim-
ple power functions of the fluid density p (Maartens 1995).
Thus we assume the widely accepted adhoc relations:

n=xrp5, T=2xrp""! (25)
where n >0, T > 0 and s, A are all positive constants. Al-
though, other behaviors are also conceivable, we restrict our-
selves to this one.We discuss here the causal viscous cos-
mology i.e.full Israel-Stewart theory (¢ = 1) for x =0. In
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the full causal theory (13) becomes
. 1 t n T
tn+n=-3nH——-tn|3H+—-———-——— (26)
2 t n T
3.2.1 Power law cosmology

In this case, we consider a power law expansion of the uni-
verse given by (15) withn = % The energy density and bulk
viscous stress are obtained (10) and (11) as

3 2
RPN @7
By—4) @Q@-y)?
TETTr T (28)

The scalar expansion, volume and shear scalar have the same
signification as we observe in perfect fluid. In this case also,
itis evident that the presence of higher derivative term do not
effect the behavior of m and p in the presence of massless
scalar field. The cosmological evolution in this case is same
as that obtained in the Einstein gravity. Using relation (25),
(26) can be written as

—=3H-=+—4p' 4= (29)
o T
It is very difficult to integrate. For simplicity, we choose

s = % Using (15), (27) and (28) in (29), we obtain the ther-
modynamic temperature in the form

S22 = y)e? = By —Hit?

T=T,a
%o 4(3t — 2c2)
12(5+3y)
[ Q- y)CZ} @37
X |t — ———
3y —4
yoa, 2022
% 35 i (30)

For n = ;—:3, T evolves as exponentially increasing func-
tion of time. It is observed that (i) for stiff fluid model
(y =2), the result is discarded as unphysical, (ii) for radia-
tion (y = %), one has n = 4 yielding a(¢) ~ t* which admits
an accelerating universe, (iii) for matter dominated epoch
(y = 1) and in the presence of viscosity, one has n = 3 and
the scale factor of the universe evolves as a(t) ~ > which
admits an accelerating universe. It is interesting as it ac-
commodates the present accelerating phase of the universe.
However, in the absence of massless scalar field (¢ = 0), the
temperature is a power law function of time. So, the temper-
ature increases with increase in time. But in the presence of
scalar field, the temperature of the universe grows exponen-
tially with increase in time.
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3.2.2 Exponential cosmology

Using (21), one obtains the energy density and bulk viscous
stress from (10) and (11) as

1

p =3k — Ecge—m (31)
2 3y 2 —6it

T =-9y«x"+ >~ 1)cye (32)

In this case, the scalar expansion, volume and shear scalar
have the same signification as we observe in perfect fluid.
From (31) and (32), for simplicity y = 1, we obtain a rela-
tion between 7 and p as

p__2 (33)

It is very difficult to integrate (29). For simplicity, we choose
s = 1. Using (31)—(33) in (29), we obtain the thermody-
namic temperature in the form

2
[—9/(2 4 %C3€_6Kl]2€(’(+7)t

32 — %cge_(”“

T=T,

(34)

In this case, we observed that universe evolves with finite
size in the past and grows exponentially. The increasing tem-
perature mode observed here in FIS is relevant for the later
solution. Here the temperature grows with time with or with-
out massless scalar field ¢. Thus an inflationary universe
with temperature evolution may be determined in this the-
ory, which will be taken up elsewhere.

4 Conclusions

Interacting bulk viscous fluid and zero-mass scalar fields
play a vital role in understanding the early stages of evolu-
tion of the universe. In this paper, we investigate the power
law and exponential cosmology separately of the field equa-
tions generated by perfect fluid and imperfect fluid coupled
with zero-mass scalar field for FRW space time in higher
derivative theory with or without source density x. In the
case of power law cosmology, the perfect fluid model fol-
lows an expanding and isotropic model wheny = 0. The
scalar field ¢ exist for n # % When yx # 0, we obtain ¢
by considering n = % Thus scalar field ¢ exist for y > %
and power law expansion can take place as we observed
in Einstein’s gravity. In the case of exponential cosmology
where x = 0, scalar field exist for x # 0 in this perfect
fluid model. However, we can’t obtain the significant so-
lution when y # 0. We also discussed a viscous universe
described by the full Israel-Stewart theories. In the case of
power law cosmology, the thermodynamic temperature T

follows a power law function of time and increases with
time in the absence of zero-mass scalar field when s = 1/2.
It is interesting to observe that temperature increase expo-
nentially with time in the presence of scalar field. This model
shows an isotropic and expanding universe. This model also
shows that the present universe is accelerating and matter
dominated. The model is empty at initial time. The increas-
ing temperature mode with expansion of universe will be
useful later. In the case of exponential cosmology, we find
the exact solution when s = 1 and y =1 as the relevant
equations are highly non linear. The thermodynamic tem-
perature increase with the expansion of universe which will
be useful later. This model also shows an accelerating uni-
verse in accordance with the present observation.
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