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Abstract Issues concerning the structure and evolution of
core collapse progenitor stars, and stellar evolution in gen-
eral, are discussed with an emphasis on interior evolution.
We discuss some recent results that address quantifying the
uncertainties inherent in modern stellar evolution calcula-
tions, and we describe a research effort aimed at investi-
gating the transport and mixing processes associated with
stellar turbulence, which is arguably the greatest source of
uncertainty in supernova progenitor structure, besides mass
loss, at the time of core collapse. We highlight the important
role played by precision observations of stellar parameters
in constraining theoretical models, as well as the physical
insight that can be garnered from three-dimensional hydro-
dynamic simulation.
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1 Introduction

To first order, stellar evolution theory is a success: an evolu-
tionary picture unifying the gross observed statistical prop-
erties of stars and stellar populations has been developed.
The general structure of massive stars (M � 11M�) pre-
ceding core-collapse is also predicted by this theory (e.g.,
Arnett 1996; Woosley et al. 2002): the presupernova struc-
ture consists of a core, mantle, and envelope. The envelope
is extended, composed of H and He, and may have been re-
moved prior to core collapse by wind-driven mass loss, or
tidal stripping by a companion. The mantle is composed of
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burning shells of C, Ne, O and Si; these shells are convec-
tive, interact nonlinearly, contain most of the nucleosynthe-
sis products ejected, and may smother a neutrino-driven ex-
plosion. The core is composed of Fe-peak nuclei, and its
mass is near the Chandrasekhar mass for its entropy and
electron fraction. Lower entropy and electron fraction give
smaller cores, which are easier to explode by neutrino trans-
port mechanisms. Core collapse mechanisms for explosion
are sensitive to core mass, mantle density, and rotation; and
all are sensitive to the treatment of turbulence.

While the general structure of a presupernova massive
star is considered to be robust, quantitative details depend
on how the turbulent flow is treated. In the following, we
briefly address the following issues as they relate to mas-
sive star evolution as well as stellar evolution in general: in
Sect. 2 we discuss the salient features of the current theory
of stellar evolution, in Sect. 3 the extent to which verification
and validation has been conducted, in Sect. 4 the importance
of precision stellar observations, in Sect. 5 future prospects
for improving theory, and then conclude in Sect. 6 with a
brief summary.

2 The current framework for computing evolution

2.1 A 1D model

The basic framework for stellar evolution relies on the ap-
proximation of spherical symmetry. When rotation is strong
enough to distort the star’s shape from spherical symmetry
the radial coordinate is replaced by an equipotential coordi-
nate and quantities averaged over equipotential surfaces are
evolved instead, thus retaining a one-dimensional treatment
(Kippenhahn and Thomas 1970; Endal and Sofia 1976).
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The hydrodynamics governing stellar interiors are grossly
simplified from the outset by this reduction in dimensional-
ity, and a quasi-static approximation is generally adopted.
Non-radial hydro- and magneto-dynamic processes (such as
convection and internal waves) are incorporated on top of
this quasi-static, 1D evolution in the form of spherically av-
eraged transport processes, which we will be discuss below.
The quasi-static equations for single star structure and evo-
lution (e.g. Kippenhahn and Weigert 1990) involve the 1D
formulations of mass, momentum, and energy conservation
together with the auxiliary equations

∂T

∂m
= − GmT

4πr4P
∇ (1)

∂Xi

∂t
= Ẋnuc

i − ∇ · Ji (2)

which describe the mode of energy transport (1) and the
compositional evolution of the stellar plasma (2), where
standard notation has been used with the temperature gra-
dient written as ∇ = d lnT/d lnP (not to be confused with
the divergence operator in (2)). The compositional flux Ji

is due to the cumulative effects of a variety of processes
including turbulence, internal wave motions, and radiative
levitation and elemental settling, while Ẋnuc

i is the change
in composition due to nuclear burning.

The time evolution of the star is driven by the nuclear
transmutation of matter and its heating, energy losses at the
surface, neutrino cooling in the interior, and the indelible
mixing of composition and angular momentum. The theory
of stellar structure and evolution consists of trying to cap-
ture the dynamics of this complex system with fidelity. Ad-
ditional equations are required to incorporate the effects of
angular momentum and magnetic fields, as well as mass loss
from the surface and binary interactions, including tidal dis-
tortion and mass transfer.

2.2 Energy transport and convection

But even when considering non- rotating, non-magnetic, sin-
gle star evolution the theory remains incomplete. Energy
transport and thermal instabilities in the stellar interior, and
their attendant mixing processes, remain some of the most
pernicious outstanding issues. Energy is carried by radia-
tion, thermal convection, or a combination of both. The the-
ories underlying these different modes of energy transport
determine the equilibrium temperature gradient ∇ appearing
in (1). Radiation transport is simplified in the deep interior
where photon mean free paths (m.f.p.) are small (compared
to any radial scale height in the star) and a diffusion approx-
imation is accurate. In this case the temperature structure
depends primarily on the opacity of the plasma κ and one
finds ∇ → ∇rad = 3κLP/(16πacGmT 4).

When the radiative temperature gradient is steeper than
the adiabatic gradient (i.e., when ∇rad > ∇ad ≡ d lnT/

d lnP |s ) the stellar plasma is unstable to thermal convection
and a hydrodynamic flow ensues and modifies the underly-
ing temperature stratification. In these regions a model for
convective energy transport is required to calculate the tem-
perature (or entropy) profile of the star. The almost univer-
sally adopted model is mixing length theory (MLT) which
provides a functional dependence for ∇ on the stellar lumi-
nosity, structure, and microphysical properties of the plasma
(e.g., opacities, equation of state, nuclear burning rates)
which is only slightly more complicated than the expression
for ∇rad defined above.

Finally, what is arguably the most complex situation re-
garding energy transport is when the convective instabil-
ity extends into the photosphere in which case the diffu-
sion approximation breaks down and one needs to treat si-
multaneously thermal convection and a complex radiation
transport problem. In this case as well, the almost univer-
sally adopted approach is to use MLT and radiative diffu-
sion in evolution models, despite the obvious physical short-
comings (see Arnett et al. 2010, for a discussion of the so-
lar case). Three dimensional radiation-hydrodynamic sim-
ulations (e.g., Nordlund 1982; Steffen and Freytag 1991;
Stein and Nordlund 1998; Robinson et al. 2003) are be-
ginning to provide self-consistent solutions to this com-
plex problem, facilitating a detailed comparison between
model and observation. A stronger foundation for inter-
preting helioseismic data (e.g. Stein and Nordlund 2001;
Li et al. 2002) and inferring the abundances of various el-
emental constituents of the sun (e.g. Asplund et al. 2005;
Caffau et al. 2008) are benefiting tremendously from this
work: these almost brute force approaches to solar sur-
face convection are offering sufficiently precise information
about interior structure to shed light on deep astrophysi-
cal conundrums including the formation scenario of the sun
(Guzik and Mussack 2010) and, in combination with so-
lar neutrino observations, standard model physics (Serenelli
et al. 2009).

2.3 Other instabilities and mixing

Instabilities involving composition gradients (Langer et al.
1983; Spruit 1992; Eggleton et al. 2006; Mocák et al. 2010),
differential rotation (Pinsonneault et al. 1989), and magnetic
fields (Spruit 2002) are just as important as thermal convec-
tion with regards to interior mixing. This mixing is almost
invariably treated as a diffusive process with

Ji = D
∂Xi

∂r
. (3)

The Eulerian diffusion coefficient D is most often con-
structed using a combination of characteristic length l, ve-
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locity v, and time scale τ , based on linear stability theory
(Chandrasekhar 1961; Drazin and Reid 2004), with D ∼ lv

or D ∼ l2/τ . Heger et al. (2000, 2005) provide a fairly com-
prehensive presentation of stellar physics in this “diffusive”
spirit. Caution is advised when using these results, however,
since the development and mixing rates for these instabil-
ities are not necessarily represented correctly by this ap-
proach, particularly in light of the fact that the high Reynolds
number characterizing these flows ensure that the subse-
quent development will be highly turbulent and deep in the
non-linear regime. See also Bruenn (2005) for a related dis-
cussion on the modern stellar evolution model and its short-
comings in core-collapse progenitor modeling.

Two big open question are: (1) Is a diffusive treatment
for mixing (as in (3)) appropriate? (2) If not, how shall we
improve this situation? Two processes have already been
shown to differ dramatically from diffusion, including the
flux of kinetic energy and the erosion of convective bound-
ary layers due to convective overshoot. The kinetic energy
flux is now known to carry a non-negligible fraction of the
total luminosity of the star under many circumstances, con-
trary to MLT which takes this flux to be zero. In the rare
case that this contribution to the luminosity is included in a
stellar model it is usually treated using a “down gradient ap-
proximation” with FK ∝ −∇EK (Kuhfuss 1986), which is
in direct conflict with simulated flow as well as basic consid-
erations of energy conservation (Meakin and Arnett 2010).
Similarly, convective boundaries are likely to evolve in a
manner which is far from diffusive in nature, and behave
instead as sharp entrainment interfaces, which will be dis-
cussed further in Sect. 5.

3 How well does the current theory work?

3.1 Quantifying uncertainty

While the uncertainty inherent in the stellar modeling frame-
work is difficult to quantify, a formal lower bound can be
assessed by comparing stellar parameters calculated in the
following ways. (1) The results from a variety of evolution
codes which have nominally the same input physics and pa-
rameters can be compared. This exercise addresses the ques-
tion: How accurately is the mathematical model being cap-
tured by the numerical implementation? (2) The results from
a single code using a range of plausible adjustable parame-
ters and input physics can be compared. This addresses the
question: How sensitive is the stellar model to uncertainties
in the input physics and parameters within the framework
being used?

While some effort has been exerted to obtain consis-
tency between different implementations of the same physi-
cal model (e.g. Montalbán et al. 2008; Marconi et al. 2008),

code to code scatter persists even for the relatively simple
case of main sequence evolution. A recent comparison be-
tween the inferred masses of O and B stars within 500 pc
(Hohle et al. 2010) using three modern evolution codes
(Schaller et al. 1992; Bertelli et al. 1994; Claret 2004) in-
dicate uncertainties at the ∼20–25% level. Similar degrees
of uncertainty were found when computing the mass limits
associated with O–Ne–Mg core formation in intermediate
mass stars (Poelarends et al. 2008).

Of deeper concern is the range of evolutionary outcomes
found for the same initial conditions using what are appar-
ently an acceptable range of plausible input physics and ad-
justable parameters. This is discussed next.

3.2 Mass limits

An informative way to summarize a stellar evolution model
is to calculate various mass limits. Examples include: The
mass above which a star will form a black hole, Mbh; the
mass above which core helium burning ignites under non-
degenerate conditions, MHe−f; the mass above which an iron
core forms and undergoes gravitational collapse, MFe−CC;
etc. A summary of such limits for massive star evolution,
based on extensive stellar evolution calculations, is pre-
sented by Heger et al. (2003); and the fate of massive AGB
stars and the potential for O–Ne–Mg core collapse are dis-
cussed by Siess (2007) and Poelarends et al. (2008).

By comparing the mass limits found from a finely enough
sampled grid of models and observational stellar data, the
theoretical model can be tested. The landmark paper by
Maeder and Mermilliod (1981) used this approach to ex-
amine the consistency between stellar cluster data and their
evolution model, and concluded that additional mixing can
bring observationally inferred and theoretically calculated
mass limits into better agreement, and summarized this in
terms of an “overshoot” parameter αov ≈ 0.2, a quantita-
tive value which remains preferred among stellar population
modelers for stars having masses larger than a few times so-
lar (e.g. Girardi et al. 2000; Pietrinferni et al. 2004).

In addition to the overshoot parameter, which is a mea-
sure of how much material mixes beyond the limits of a for-
mally defined unstable region, the mixing processes men-
tioned in Sect. 2 also shift mass limits. The double diffusive
instability arising in thermally unstable regions which are
stabilized by composition gradients, dubbed “semiconvec-
tion” (Merryfield 1995), is particularly important in massive
star evolution. This process can change the mass of the He
core following main sequence evolution, perhaps the para-
meter most indicative of how a massive star will end its life,
by a factor of ∼50% or more (Woosley and Weaver 1988;
Staritsin 2009). When to include this mixing process or not,
and its strengths when included, remain open questions (e.g.
Biello 2001).
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Fortunately, interesting constraints can be placed on stel-
lar evolution theory by observational data when the observa-
tional uncertainties are less than a few percent. Both aster-
oseismic and wide eclipsing binary data, which we discuss
next, are beginning to meet these requirements.

4 The need for precision observational data

4.1 Wide eclipsing binaries

Observationally determined effective temperatures (T1, T2),
luminosities (L1,L2), radii (R1,R2), and masses (M1,M2)
are known for many of these systems to better than a
few percent (Torres et al. 2010). In some cases precision
surface rotational velocities ([v sin i]1, [v sin i]2) and com-
positions Xi,1 = Xi,2 are also available. A stellar evolu-
tion model can be tested against this data by comparing,
e.g., the model radii and temperatures (R̂1, R̂2; T̂1, T̂2) =
f (M1,M2,Xi; tage, αj ), where the hat symbol indicates
model data. Here the stellar masses and compositions are
also known observationally to high precision. The age of the
binary system tage is a fitting parameter, and the theoretical
model is represented by the function f and the parameter
set αj . Ribas et al. (2000) and Claret (2007) have studied
the dependence of the convective overshoot parameter αov

on the stellar mass using this type of procedure.

4.2 Asteroseismology

The set of normal mode oscillations frequencies {νk} found
by time monitoring stellar luminosity, together with spec-
troscopic (logg and Teff) and photometric information (e.g.,
parallax π and luminosity L), provides another important
test of stellar evolution theory (Gilliland et al. 2010). In this
case, the model data {ν̂k, T̂eff, log ĝ, L̂} = f (M,Xi, tage;αj )

is compared to the observed data to find a best fit stel-
lar mass, composition,1 age, and model parameters αj (see
e.g. Vauclair et al. 2008). The strength of this method lies in
the large number of observable frequencies, each having a
unique spatial dependence on internal structure (Unno et al.
1989).

4.3 Results and implications

A summary of the overshoot parameter and its dependence
on stellar mass, inferred from wide eclipsing binary and
asteroseismological data, is presented in Fig. 1. While the

1Observed values of [Fe/H] can be used to estimate the helium abun-
dance Y by adopting a cosmic enrichment rate. Uncertainties and in-
trinsic scatter in these laws generally undermine confidence in this ap-
proach so that Y is generally left as a free parameter to be fit.

Fig. 1 Overshoot parameter estimates from wide eclipsing binary (di-
amonds) and asteroseismological data (triangles). The values adopted
by Girardi et al. (2000) and Pietrinferni et al. (2004) for populations
synthesis are labeled G2000 and P2004. The mass uncertainties for the
eclipsing binary data is negligible on the log(M) scale used. Overshoot
parameters inferred from asteroseismic data are from Soriano and Vau-
clair (2010), Di Mauro et al. (2003), Suárez et al. (2009), Briquet et al.
(2007), Dupret et al. (2004), Aerts et al. (2006), Desmet et al. (2009),
and Mazumdar et al. (2006); and the values from eclipsing binary data
are from Claret (2007)

error bars are still quite large in Fig. 1, the scatter in the
data may be indicating that we are missing some essential
physics. Multi-dimensional simulation (e.g. Deupree 2004;
Meakin and Arnett 2007a) also indicates that overshoot may
not be best characterized by a length scale related to the
pressure scale height, and that it depends on the evolution-
ary state, rotation rate, and latitude of the star. Astronomers
are just beginning to collect enough precision data to empir-
ically test questions like this. In Fig. 2 we present a subset
of wide eclipsing binary data for upper main sequence stars
in the mass–age plane, showing that we can now study stars
of a given mass at multiple points in time during the course
of their evolution (Meakin et al. 2010, in preparation).

5 Future directions and 3D models

Precision observational data is beginning to reveal deficien-
cies in our theoretical models of stars, and improvements
are needed. More highly parameterized models offer one
means to accommodate new data, but rarely lack predic-
tive power and even less frequently motivate new discover-
ies. A more satisfying approach is to capitalize on what the
new data can tell us by pursuing a richer theoretical picture.
Fortunately, many promising developments in understand-
ing turbulent flow have already taken place in related fields
which await application in stellar evolution (see e.g. Canuto
1992 and references therein) in addition to recent work dedi-
cated specifically to understanding stellar interior turbulence
(e.g. Bazán et al. 2003; Browning et al. 2004; Rogers and
Glatzmaier 2006; Eggleton et al. 2006; Herwig et al. 2006;
Meakin and Arnett 2006; Meakin and Arnett 2007b; Mocák
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Fig. 2 The ages and masses of wide eclipsing binary star data having
precision observational parameters from Torres et al. (2010). These are
all upper main sequence stars with convective cores and radiative en-
velopes and are therefore some of the simplest stellar objects to model.
The dashed curve represents an approximate main sequence turn off
age as a function of initial mass

et al. 2008, 2009, 2010; Mocák and Mueller 2010; Garaud
et al. 2010).

One such striking development is the recognition that a
turbulent convective boundary is likely to evolve as a sharp
entrainment interface (e.g. Fernando 1991; Meakin and Ar-
nett 2007b; Mocák et al. 2009; Woodward et al. 2009).
While this synergy between geophysics and astrophysics
is intuitive and obvious in retrospect, it provides a robust
physical basis for describing “overshoot” and its time de-
pendence, which has utility. From relatively simple physical
arguments once can deduce that the boundary of a turbulent
convection zone in a deep stellar interior should evolve at
a speed given by u = σuARi−n

B (Kantha et al. 1977) where
σu is the r.m.s. turbulence velocity near the boundary, RiB
is the bulk Richardson number,2 A is an “efficiency” pa-
rameter which depends on the turbulence in the vicinity of
the interface, and n is an exponent close to 1. The data for
the stars included in Fig. 2 can be used to test mixing laws
such as this one, which has a natural time dependence and
a physical consistency built into it. This type of theoretical
modeling provides an essential bridge between turbulence
simulation data, like that shown in Fig. 3 and reality. (See
also Meakin (2008) and Arnett and Meakin (2010) for ad-
ditional discussion concerning the use of simulation data to
study stellar turbulence.)

2The bulk Richardson number is a dimensionless measure of the po-
tential energy in stratification separating the turbulent layer from the
stably stratified layer, often written in terms of the buoyancy jump δb

and integral length scale of turbulence L, compared to the strength of
the turbulence σu, with RiB = δbL/σ 2

u . Small values indicate bound-
aries which are strongly distorted by the adjacent turbulence, while
large values indicate relatively undisturbed boundary layers.

Fig. 3 A detailed view of the boundary layer separating a turbulent
convection zone from an overlying stably stratified layer in a stellar in-
terior simulation Meakin and Arnett (2007b, 2010). The stellar radius
increases vertically upwards in the right-most panel while the other
four panels are horizontal slices having radial positions indicated by
the black lines in the right-most panel. The gray scale represents oxy-
gen abundance, with lighter values indicating higher abundance

6 Conclusions

Stellar evolution, particularly our understanding of massive
stars, is a crucial input to many areas of astrophysical re-
search. Our current best models, however, suffer severe de-
ficiencies in treating turbulent transport and mixing to the
degree that it is the dominant uncertainty (in combination
with mass loss) in our calculations. These shortcomings are
currently being addressed by studying ever more realistic
simulations of turbulent flow and incorporating the results
from knowledge garnered in related fields of inquiry (e.g.,
geophysical). This work is beginning to provide deep in-
sights into stellar interior mixing processes. While this work
is still in a relatively formative stage, early results are begin-
ning to reveal promising alternative approaches to the back
of the envelope, mixing-length style treatments presently be-
ing used.

Finally, it can not be emphasized enough how important
precision observational data is to testing and refining stellar
evolution models. Fortunately, precision data is beginning to
arrive just in time to begin testing the increasingly sophis-
ticated models of stellar interior physics that are presently
being formulated.

References

Aerts, C., et al.: Astrophys. J. 642, 470 (2006)
Arnett, D.: Supernovae and Nucleosynthesis: An Investigation of the

History of Matter, from the Big Bang to the Present. Princeton
University Press, Princeton (1996)

Arnett, D., Meakin, C., Young, P.A.: Astrophys. J. 710, 1619 (2010)
Arnett, W.D., Meakin, C.: IAU Symp. 265, 106 (2010)
Asplund, M., Grevesse, N., Sauval, A.J.: Cosmic Abundances as

Records of Stellar Evolution and Nucleosynthesis in honor of
David L. Lambert, ASP Conference Series, vol. 336, Proceedings
of a symposium held 17–19 June, 2004 in Austin, Texas. Edited
by Thomas G. Barnes III and Frank N. Bash. San Francisco, As-
tronomical Society of the Pacific (2005), p. 25

Bazán, G., et al.: In: Turcotte, S., Keller, S.C., Cavallo, R.M. (eds.) 3D
Stellar Evolution, ASP Conference Proceedings, vol. 293, Univer-
sity of California Davis, Livermore, California, USA, 22–26 July
2002 (2003). ISBN: 1-58381-140-0

Bertelli, G., Bressan, A., Chiosi, C., Fagotto, F., Nasi, E.: Astron. As-
trophys. Suppl. Ser. 106, 275 (1994)



128 Astrophys Space Sci (2011) 336:123–128

Biello, J.A.: Ph.D. thesis, U.Chicago (2001)
Briquet, M., Morel, T., Thoul, A., Scuflaire, R., Miglio, A., Montalbán,

J., Dupret, M.-A., Aerts, C.: Mon. Not. R. Astron. Soc. 381, 1482
(2007)

Browning, M.K., Brun, A.S., Toomre, J.: Astrophys. J. 601, 512
(2004)

Bruenn, S.W.: Open Issues in Core Collapse Supernova Theory, vol.
99 (2005)

Caffau, E., Ludwig, H.-G., Steffen, M., Ayres, T.R., Bonifacio, P.,
Cayrel, R., Freytag, B., Plez, B.: Astron. Astrophys. 488, 1031
(2008)

Canuto, V.M.: Astrophys. J. 392, 218 (1992)
Chandrasekhar, S.: International Series of Monographs on Physics.

Clarendon, Oxford (1961)
Claret, A.: Astron. Astrophys. 424, 919 (2004)
Claret, A.: Astron. Astrophys. 475, 1019 (2007)
Desmet, M., et al.: Mon. Not. R. Astron. Soc. 396, 1460 (2009)
Deupree, R.G.: In: Maeder, A., Eenens, P. (eds.) Stellar Rotation, Pro-

ceedings of IAU Symposium, vol. 215, p. 378, Cancun, Yucatan,
Mexico, 11–15 November, 2002. Astronomical Society of the Pa-
cific, San Francisco (2004),

Di Mauro, M.P., Christensen-Dalsgaard, J., Kjeldsen, H., Bedding,
T.R., Paternò, L.: Astron. Astrophys. 404, 341 (2003)

Drazin, P.G., Reid, W.H.: Hydrodynamic Stability. Cambridge Univer-
sity Press, Cambridge (2004), p. 626. ISBN 0521525411

Dupret, M.-A., Thoul, A., Scuflaire, R., Daszyńska-Daszkiewicz, J.,
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