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Abstract The problem of arbitrary amplitude electron-
acoustic solitary (EAS) waves in a plasma having cold fluid
electrons, hot superthermal electrons and stationary ions is
addressed. The domain of their allowable Mach numbers
enlarges as the spectral index κ increases revealing there-
fore that the “maxwellisation” process of the hot compo-
nent favors the propagation of the EAS waves. As the su-
perthermal character of the plasma is increased, the potential
pulse amplitude increases while its width is narrowed, i.e,
the superthermal effects makes the electron-acoustic soli-
tary structure more spiky. As the spectral index κ decreases,
the hot electrons are locally expelled and pushed out of the
region of the soliton’s localization. A decrease of the frac-
tional number density of the hot electrons relative to that of
the cold ones number density would lead to an increase of
the depth as well as the width of the localized EAS wave.
Our results should help to understand the salient features of
large amplitude localized structures that may occur in the
plasma sheet boundary layer and may provide an explana-
tion for the strong spiky waveforms that have been observed
in auroral electric fields.
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1 Introduction

The electron-acoustic wave, which is one of the basic wave
processes in plasmas, is a high-frequency (in compari-
son with the ion plasma frequency) wave that occurs in
a plasma having, in addition to positively charged ions,
two electron components with widely disparate tempera-
tures (Watanabe and Taniuti 1977; Tokar and Gary 1984;
Gary and Tokar 1985). The relatively cold inertial elec-
trons oscillate against a thermalized background of inertia-
less hot electrons providing the necessary restoring force.
Electron acoustic waves may also exist in an electron-
ion plasmas with ions hotter than electrons (Fried and
Gould 1961). During the last decade, there has been a
vast body of theoretical literature on electron-acoustic
waves to explain the space observations of solitary waves
with either negative (Singh and Lakhina 2004; Tagare
et al. 2004) or positive potentials (Berthomier et al. 2000;
Mace and Hellberg 2001; Berthomier et al. 2003). At-
tempts have been made to explain the broadband elec-
trostatic noise (a common wave activity in the plasma
sheet boundary layer of the Earth’s magnetotail region)
as being solitary electron-acoustic structures with nega-
tive potential in two-temperature electron plasma (Mace
et al. 1991). More recently, Verheest et al. (2005) demon-
strated that the inclusion of the hot electron inertia can
lead to compressive electron-acoustic solitons and may
render the analysis much more intricate (Verheest et al.
2007). There are several other papers dealing with electron-
acoustic waves (Bharuthram and Shukla 1988; Bharuthram
1993; Singh and Lakhina 2001; Cattaert et al. 2005; Gill
et al. 2007; Lakhina et al. 2008a, 2008b; Pottelette and
Berthomier 2009; Pakzad and Tribeche 2010). However, nu-
merous observations of space plasmas (Scudder et al. 1981;
Marsch et al. 1982) indicate clearly the presence of su-
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perthermal electron and ion structures as ubiquitous in a va-
riety of astrophysical plasma environments. The latter may
arise due to the effect of external forces acting on the nat-
ural space environment plasmas or to the wave–particle in-
teraction which ultimately leads to κ-like distributions. As
a consequence, a high-energy tail appears in the distribu-
tion function of the particles. The aim of the present pa-
per is therefore to show the existence of arbitrary amplitude
electron-acoustic solitary potentials in a plasma having sta-
tionary ions, cold inertial electrons and hot superthermal
electrons. It is worth to note that some theoretical work fo-
cused on the effects of superthermal particles on different
types of linear and nonlinear collective processes in plasmas
(Mann et al. 1998; Barghouthi et al. 2001; Leubner 2002;
Kumar and Sikka 2007; Shizgal 2007; Aoutou et al. 2008;
Younsi and Tribeche 2008; Baluku and Hellberg 2008;
Tribeche et al. 2009; Saini et al. 2009; Mace and Hellberg
2009; Aoutou et al. 2009; Tribeche and Boubakour 2009;
Hellberg et al. 2009; Boubakour et al. 2009).

2 Theoretical model and basic equations

Let us consider a collisionless unmagnetized plasma with
cold fluid electrons, hot superthermal kappa-distributed
electrons and stationary ions of density nc, nh, and ni , re-
spectively. Thus, at equilibrium, we have nc0 + nh0 = ni0

or α = nh0/nc0 = ni0/nc0 − 1, where the subscript “0”
stands for unperturbed quantities. The dynamics of one-
dimensional electron-acoustic oscillations is governed by
the following adimensional equations

∂Nc

∂T
+ ∂(NcUc)

∂X
= 0 (1)

∂Uc

∂X
+ Uc

∂Uc
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(
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Here and in the following, j = c, h, i stands for cold elec-
trons, hot electrons, and ions, respectively, e is the elemen-
tary charge, mj are the masses, and Tj the temperatures.
The electrostatic potential � , the cold electron fluid ve-
locity Uc , and the particle densities Nj are normalized by
Th/e, Ce = (Th/αme)

1/2, and nj0, respectively. The time
and space variables are in units of the cold electron plasma
period ω−1

pc = (me/4πnc0e
2)1/2 and the hot electron Debye

length λDh = (Th/4πnh0e
2)1/2, respectively. To model the

effects of the hot superthermal electrons, we refer to an ap-
propriate Bernstein-Greene-Kruskal solution that solves the
collisionless Vlasov equation. Thus, we choose (Thorne and

Summers 1991)
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where the normalization is provided for any value of the
spectral index κ > 1/2 by

Ch = ne0

(2πκθ2
the)

1/2

�(κ + 1)

�(κ + 1/2)
(5)

Here, the parameter κ shapes predominantly the superther-
mal tail of the distribution, the quantity � stands for the stan-
dard gamma function, and

θthe =
(

κ − 1/2

κ

Th

me

)1/2

(6)

In the limit κ → ∞, distribution (4) reduces to the well
known Maxwell-Boltzmann velocity distribution. Integrat-
ing fh(vx) over all velocity space, we get

Nh = nh

nh0
=

(
1 − �

κ − 1/2

)−κ−1/2

(7)

To study the time-independent arbitrary amplitude electron-
acoustic solitary waves, we assume that all the dependent
variables in (1)–(3) depend only on a single variable ξ =
X − MT (where again ξ is normalized by λDh and M =
solitary wave speed/Ce). Now, under the appropriate bound-
ary conditions, viz., � −→ 0, Uc −→ 0, and Nc −→ 1 at
ξ −→ ±∞, Equations (1) and (2) can be integrated to give

Nc = 1√
1 + 2α�/M2

(8)

Substituting for Nc from (8) into Poisson’s equation (3), and
multiplying both sides of the resulting equation by d�/dξ ,
integrating once, and imposing the appropriate boundary
conditions for localized solutions, namely, � −→ 0 and
d�/dξ −→ 0 at ξ −→ ±∞, we obtain the quadrature

1

2

(
d�

dξ

)2

+ V (�) = 0 (9)

where the Sagdeev potential (Sagdeev 1966) for our pur-
poses reads as

V (�) = −M2

α2
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Equation (9) can be regarded as an “energy integral” of
an oscillating particle of unit mass, with a velocity d�/dξ
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Fig. 1 Plot of the lower limit Mmin of the allowable Mach numbers
versus the spectral index κ [see (12)]

and position � in a potential V (�). Prior to the numeri-
cal integration, it is instructive to discuss the conditions un-
der which (9) leads to soliton solutions by analyzing the
Sagdeev potential (10). It is clear from (10) that V (�) = 0
and dV (�)/d� = 0 at � = 0. Solitary wave solutions of
(9) exist if (i) (d2V/d�2)�=0 < 0, so that the fixed point
at the origin is unstable; (ii) there exists a nonzero �m at
which V (�m) = 0; and (iii) V (�) < 0 when � lies between
0 and �m. The second condition simply means that a qua-
siparticle of zero total energy will be reflected at the posi-
tion � = �m. The third condition means that V has to be
a potential trough in which the quasiparticle can be trapped
and experience oscillations. Condition (i) for the existence
of localized structures requires the Mach number to satisfy
(recall that κ > 1/2)

M2 >
κ − 1/2

κ + 1/2
(11)

It is clear that the lower limit of M

Mmin =
(

κ − 1/2

κ + 1/2

)1/2

(12)

is smaller than the lower limit in a plasma without superther-
mal electrons (κ → ∞), Mmin = 1 (see Fig. 1). The upper
limit of M can be found by the condition V (�c) ≥ 0, where
�c = −M2/2α is the minimum value of � for which the
cold electron density Nc is real. Thus, we have

D (Mmax, α, κ) = 1 + M2
max

(
1 − α

2α2

)

−
(

1 + M2
max/2α

κ − 1/2

)−κ+1/2

≥ 0 (13)

Fig. 2 Plot of D versus Mmax for different values of the spectral index
κ = 0.6 (solid line), 0.8 (dashed line), and 1 (dotted line) [see (13)],
with α = 1.5. The Maxwell-Boltzmann case (κ → ∞) is represented
by a dash-dotted line

For Boltzmann distributed hot electrons (κ → ∞), (13) re-
duces to the following transcendental relation

1 + M2
max

(
1 − α

2α2

)
− exp

(
−M2

max

2α

)
≥ 0 (14)

Keeping α at a constant value, the effect of the hot elec-
trons superthermality on the allowable Mach numbers is in-
vestigated. Interestingly, one finds that the effect of increas-
ing the spectral index κ is to shift the upper limit of M to-
ward higher values, enlarging therefore the domain of allow-
able Mach numbers (M in what follows) as can be seen
on Fig. 2. This domain passes from 0.301 < M < 1.207
(M = 0.906) for κ = 0.6, to 0.480 < M < 1.803 (M =
1.323) for κ = 0.8, to 0.577 < M < 2.121 (M = 1.544)
for κ = 1, to 1 < M < 2.909 (M = 1.909) for Maxwell-
Boltzmann distributed hot electrons. Therefore, one can
conclude that the “maxwellisation” process of the hot su-
perthermal component (Brodsky et al. 1988) favors the prop-
agation of electron-acoustic solitary waves.

We now proceed with the presentation of our numeri-
cal results. Equation (9) is integrated numerically assum-
ing the initial value �0 = �(ξ = 0) = 0 and a small edge
electric field E0 = −( d�

dξ
)(ξ = 0) = −10−12. For the sake

of comparison, we have plotted the spatial variation of �

for various values of the spectral index κ = 1, 1.5, and 2
in Fig. 3. The electrostatic potential exhibits spatially local-
ized electron-acoustic structures as is evident from the well
structure of the Sagdeev potential in Fig. 4. The following
parameters α = 0.5 and M = 1.2 have been chosen. It can
be seen that as κ decreases, i.e, the superthermal charac-
ter of the plasma is increased, the potential pulse amplitude
increases while its width is narrowed, i.e, the superthermal
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Fig. 3 Soliton-like solution for the electrostatic potential � for differ-
ent values of the spectral index κ = 1 (solid line), 1.5 (dashed line), and
2 (dotted line), with α = 0.5 and M = 1.2. The Maxwell-Boltzmann
case (κ → ∞) is represented by a dash-dotted line

effects makes the electron-acoustic solitary structure more
spiky. Consequently, cusped electron-acoustic solitons may
arise as the electrons evolve far away from their thermody-
namic equilibrium. This may be attributed to the fact that
as the spectral index κ decreases, the hot electrons are lo-
cally expelled (Fig. 5) and pushed out of the region of the
soliton’s localization, a phenomenon that can generate an
intense and spiky electric field in the medium. Keeping M

and κ at constant values, Fig. 6 indicate that a decrease of the
fractional number density of the hot electrons relative to that
of the cold ones number density (α = nh0/nc0 → 0) would
lead to an increase of the depth as well as the width of the
localized electron-acoustic solitary wave. Our findings are
in good agreement with recently published results (Pakzad
2009a, 2009b, 2010; Alinejad 2010a, 2010b), in the sense
that a departure from thermodynamic equilibrium not only
affects the salient features of the localized solitary structures
but also modifies the domain of their admissible Mach num-
bers.

3 Weak amplitude analysis

The nature of small-amplitude, |�| � 1, electron-acoustic
localized structures may be obtained explicitly. Expanding
in � and retaining leading-order terms, we find that (10)
reduces to

V (�) = A1� + A2�
2 + A3�

3 + O
(
�4) (15)

where

A1 = 0

Fig. 4 Plot of the Sagdeev potential associated with the nonlinear lo-
calized structure of Fig. 3

Fig. 5 Spatial profile of the hot electron density for different values of
the spectral index κ = 1 (solid line), 1.5 (dashed line), and 2 (dotted
line), with α = 0.5 and M = 1.2

A2 = 2κ + 1

2(2κ − 1)M2
− 2κ + 1

2(2κ − 1)
(16)

A3 = 12ακ − 12ακ2 − 3α

6(2κ − 1)2M4
− 4κ2 + 8κ + 3

6(2κ − 1)2

Performing the last step in deriving soliton solutions,
namely, solving the energy equation (15), one gets

�(ξ) = �mSech2
(

ξ − ξ0



)
(17)

where �m = −A2/A3, and  = (−2/A2)
1/2 represent, re-

spectively, the amplitude and the width of the localized soli-
ton. Solution (17) represents a small-amplitude stationary
electron-acoustic solitary wave provided A2 < 0 or M > 1.
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Fig. 6 Soliton-like solution for the electrostatic potential � for two
different values of the density ratio α = 0.01 (dashed line) and 0.1
(solid line), with κ = 1.5 and M = 1.2

Now retaining terms up to �4, (10) may be expanded as

V (�) = A1� + A2�
2 + A3�

3 + A4�
4 + O

(
�5) (18)

where

A4 = 120α2κ3 − 180α2κ2 + 90α2κ − 15α2

24M6(2κ − 1)3

− 8κ3 + 36κ2 + 46κ + 15

24(2κ − 1)3
(19)

Double layers solutions of (18) exist if (i) V (0) = V (�m)

= 0; (ii) (dV/d�)�=0 = (dV/d�)�=�m = 0; and
(d2V/d�2)�=0,�m < 0, where 0 and �m are two extreme
points of the Sagdeev potential V (�). Applying the first two
boundary conditions, we obtain 2�m = −A3/A4 and V (�)

can be rewritten as V (�) = A4�
2(�m − �)2. Performing

the last step in deriving double layer solution, one gets

�(X) = �m

2

[
1 − tanh

(
2ξ



)]
(20)

where  = √−8/A4/|�m| represents the width of the dou-
ble layer provided A4 < 0, i.e,

15(8α2κ3 − 12α2κ2 + 6α2κ − α2)

8κ3 + 36κ2 + 46κ + 15
< M6 (21)

4 Conclusion

To conclude, we have addressed the problem of arbi-
trary amplitude electron-acoustic solitary (EAS) waves in
a plasma having cold fluid electrons, hot superthermal elec-
trons and stationary ions. Our results show that in a such

plasma, localized EAS structures can exist. The domain of
their allowable Mach numbers enlarges as the spectral index
κ increases revealing therefore that the “maxwellisation”
process of the hot component favors the propagation of the
EAS waves. As the superthermal character of the plasma
is increased, the potential pulse amplitude increases while
its width is narrowed, i.e, the superthermal effects makes
the electron-acoustic solitary structure more spiky. Conse-
quently, cusped electron-acoustic solitons may arise as the
electrons evolve far away from their thermodynamic equi-
librium. This may be attributed to the fact that as the spectral
index κ decreases, the hot electrons are locally expelled and
pushed out of the region of the soliton’s localization, a phe-
nomenon that can generate intense and spiky electric fields
in the medium. A decrease of the fractional number density
of the hot electrons relative to that of the cold ones number
density would lead to an increase of the depth as well as the
width of the localized electron-acoustic solitary wave. Con-
sidering the wide relevance of nonlinear oscillations, our re-
sults should help to understand the salient features of large
amplitude localized structures that may occur in the plasma
sheet boundary layer (Sarafopoulos et al. 1997) and may
provide an explanation for the strong spiky waveforms that
have been observed in auroral electric fields (Ergun et al.
1998).
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