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Abstract This article is based on two hypotheses. The first
one is the existence of the gravitational repulsion between
particles and antiparticles. Consequently, virtual particle-
antiparticle pairs in the quantum vacuum might be con-
sidered as gravitational dipoles. The second hypothesis is
that the Universe has geometry of a four-dimensional hyper-
spherical shell with thickness equal to the Compton wave-
length of a pion, which is a simple generalization of the
usual geometry of a 3-hypersphere. It is striking that these
two hypotheses lead to a simple relation for the gravitational
mass density of the vacuum, which is in very good agree-
ment with the observed dark energy density. It might be a
sign that QCD fields provide the largest contribution to the
gravitational mass of the physical vacuum; contrary to the
prediction of the Standard Model that QCD contribution is
much smaller than some other contributions.

Keywords Dark energy · Vacuum fluctuations · Extra
dimension · Cosmological constant problem

1 Introduction

No one knows what dark energy is, but we need it to explain
(the recently discovered) accelerated expansion of the Uni-
verse. The most elegant and natural solution is to identify
dark energy with the energy of the quantum vacuum pre-
dicted by Quantum Field Theory (QFT); but the trouble is
that QFT predicts the energy density of the vacuum to be
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orders of magnitude larger than the observed dark energy
density

ρde ≈ 7.5 × 10−27 kg/m3 (1)

Summing the zero-point energies of all normal modes of
some field of mass m up to a wave number cut-off Kc � m,
QFT yields (Weinberg 1989) a vacuum energy density (with
� = c = 1)

〈ρve〉 =
∫ Kc

0

4πk2dk

(2π)3
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√
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c

16π2
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or reintroducing � and c and using the corresponding mass
cut-off Mc instead of Kc
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16π2
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Mc
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(3)

where λMc denotes the (non-reduced) Compton wavelength
corresponding to Mc. If we take the Planck scale (i.e. the
Planck mass) as a cut-off, the vacuum energy density calcu-
lated from (3) is 10121 times larger than the observed dark
energy density (1). If we only worry about zero-point en-
ergies in quantum chromodynamics, (3) is still 1041 times
larger than the (1). Even if the Compton wavelength of an
electron is taken as cut-off, the result exceeds the observed
value by nearly 30 orders of magnitude. This huge discrep-
ancy is known as the cosmological constant problem (Wein-
berg 1989). It is very unlikely that a solution of the cos-
mological constant problem can be found in the framework
of the major approaches: superstrings, adjustment mecha-
nisms, changing the rules of the classical General Relativ-
ity, quantum cosmology and anthropic principle (see review
(Weinberg 1989) for more details).
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In the present article the cosmological constant problem
is approached on the assumptions that the gravitational inter-
action between matter and antimatter is repulsive, and that
the Universe has geometry of a hyper-spherical shell (em-
bedded in a four-dimensional Euclidian space) with thick-
ness equal to the Compton wavelength of a pion. Under
these assumption the relation

ρde = 3mπ

λ2
πR

(4)

between the dark energy density, the pion mass mπ , pion
Compton wavelength λπ , and cosmological scale factor R

is obtained. The later is given by the Friedman equation

kc2

H 2R2
= � − 1; k = +1,−1,0 (5)

with � the total energy density of the universe relative to the
critical density; H is the Hubble parameter, and we restrict
to a closed universe (k = 1). In addition to its simplicity and
fundamental appearance, the (4) is in very good agreement
with the observationally inferred value (1) for the dark en-
ergy density.

In a recent and potentially very significant publica-
tion (Urban and Zhitnitsky 2009) it was argued that the
well known Veneziano ghost in Quantum Chromodynam-
ics (QCD) might act as a source for the cosmological con-
stant. While our approach and approach in Urban and Zhit-
nitsky (2009) are very different, they share a common point
of view that only the QCD vacuum is significant in Cosmol-
ogy. A series of the striking “coincidences” involving pi-
ons (Dirac 1937, 1938; Weinberg 1972; Hajdukovic 2010a,
2010b) should be considered as a support to this point of
view.

2 Conjecture of the gravitational repulsion between
particles and antiparticles and its consequences

The gravitational properties of antimatter are still not
known. Our ignorance may end with the eventual accom-
plishment of two emerging experiments; AEGIS (Keller-
bauer et al. 2008) at CERN and AGE (Cronin et al. 2009) at
Fermilab; both designed to measure the gravitational accel-
eration of atoms of antihydrogen.

While a huge majority of physicists believes that gravita-
tional acceleration of particles and antiparticles is the same,
there is room for surprises. The biggest surprise would be
if the gravitational acceleration of particles and antiparticles
just differs in sign and this exciting possibility is the main
assumption in this paper.

The assumption of a gravitational repulsion between mat-
ter and antimatter (antigravity) as a universal property may
be written

mi = mg; mi = m̄i; mg + m̄g = 0 (6)

Here, a bar denotes antiparticles; while indices i and g

refer to inertial and gravitational mass. The first two re-
lations in (7) are based on experimental evidence (Will
1993; Gabrielse et al. 1999), while the third is our conjec-
ture. It radically differs from the conventional expression
mg − m̄g = 0, implying (together with the Newton law of
gravity) that matter and antimatter are mutually repulsive
but self-attractive.

The usual statement that we live in the Universe com-
pletely dominated by matter is not true in the case of quan-
tum vacuum, where according to QFT, virtual matter and
antimatter “appear” in equal quantities. Thus, our hypothe-
sis must have dramatic consequences for the quantum vac-
uum (a world of “virtual” matter) and indirectly through it
to our world of “real” matter.

First, it is immediately clear that a virtual particle-
antiparticle pair is a system with zero gravitational mass
and such a cancelation of gravitational masses might be im-
portant for an eventual solution of the cosmological constant
problem. By the way, a similar cancellation of the opposite
electric charges of particle and antiparticle in a virtual pair,
leads to the zero density of the electric charge of the vacuum.

Moreover, a virtual particle-antiparticle pair may be con-
sidered as a virtual gravitational dipole with dipole moment

�p = m �d; p ≈ mλ = h

c
(7)

The vector �d is directed from the antiparticle to the par-
ticle, and presents the distance between them. As the dis-
tance between particle and antiparticle is of the order of the
Compton wavelength, we shall use the second of equations
(7) attributing to every virtual pair a dipole moment inde-
pendent of mass. Consequently, a gravitational polarization
density �P (i.e. the gravitational dipole moment per unit vol-
ume) may be attributed to the quantum vacuum.

As well known, in a dielectric medium the spatial varia-
tion of the electric polarization generates a charge density
ρb = −∇ · �P , known as the bound charge density. In an
analogous way, the gravitational polarization of the quan-
tum vacuum should result in a gravitational mass density of
the vacuum. In the rest of the paper it would be argued that
dark energy may be identified with such a gravitational mass
resulting from polarization.

It is evident that under the assumption of antigravity, (2)
and (3), correspond to the inertial mass density of the phys-
ical vacuum, while the dark energy is related to the density
of the gravitational mass. Equations (2) and (3) are not in
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conflict with observations; they simply determine the value
of a non-relevant quantity, the inertial mass instead of the
gravitational mass of the quantum vacuum.

3 Universe as a hyper-spherical shell

From mathematical point of view the Universe is a three-
dimensional subspace (with non-Euclidean intrinsic geome-
try) embedded in a four-dimensional Euclidean space. To be
more specific, let us denote by x, y, z,w the Cartesian co-
ordinates of the four-dimensional Euclidean space with line
element

dσ 2 = dx2 + dy2 + dz2 + dw2 (8)

Our Universe is defined as a three-dimensional subspace; in
fact a 3-hypersphere

x2 + y2 + z2 + w2 = R2 (9)

where R is the radius of the 3-hypersphere.
In spherical coordinates R,χ,ϕ,φ

x = R sinχ sinϕ cosφ

y = R sinχ sinϕ sinφ

z = R sinχ cosϕ

w = R cosχ

(10)

the line element (8) becomes

dσ 2 = dR2 + R2{dχ2 + sin2 χ(dϕ2 + sin2 ϕdφ2)} (11)

The second term on the right-hand side of (11) is the
Friedman-Robertson-Walker’s metric, i.e. intrinsic metric of
3-hypersphere (9) in comoving coordinates; the Universe
expands or contracts as R increases or decreases, but the
galaxies keep fixed coordinates χ,ϕ,φ. Note that in the met-
ric (11) R represents a coordinate, while in FRW metric it is
not a coordinate but the cosmic scale factor. From the point
of view of the 4-dimensional Euclidean space, the present
day Universe is an accelerated growing 3-hypersphere.

Instead of considering the Universe being a 3-hyper-
sphere (9), assume that it is a hyper-spherical shell of small
thickness Red . While a 3-hypersphere is a three-dimensional
subspace, a hyper-spherical shell is a four dimensional sub-
space (of the space (11)), with one extra dimension of size
Red . This conjecture is motivated by the expectation that
vacuum fluctuations should be related to the expansion of
the Universe and can’t be confined on a 3-hypersphere. In
other words, the gravitational dipole moment of a virtual
particle-antiparticle pair should have (without violation of
the cosmological principle) a nonzero component perpen-
dicular to 3-hypersphere.

If the extra spatial dimensions exist, they must be of very
small size; roughly speaking less than the size of an atom.
Otherwise it would be in conflict with observation; a large
extra dimension would violate the firmly established inverse
square law of gravitational and electromagnetic forces.

In the present paper, we put forward the idea that there
is a universal size of finite extra dimensions, related to the
quantum vacuum fluctuations. More precisely, the conjec-
ture is that an extra dimension must be sufficiently large to
allow for the appearance of virtual quark–antiquark pairs,
which are an inherent part of the physical vacuum in quan-
tum chromodynamics. To our best knowledge this is the first
time that the size of extra dimensions is related to vacuum
fluctuations, i.e. demand that extra dimensions are not “ster-
ile” but allow the existence of major fluctuations such as the
quark–antiquark pairs. Hence, the reduced Compton wave-
length of a pion should be considered as a lower-bound for
the size of the extra spatial dimension.

Pions have been involved in a number of numerical “co-
incidences” (Dirac 1937, 1938; Weinberg 1972; Hajdukovic
2010a, 2010b), suggesting that they possess some (hidden)
importance for the Universe as a whole. If so, the Comp-
ton wavelength of a pion should be more significant than a
lower-bound; it might be the best candidate for a universal
size of all extra dimensions. Hence, as for an approximation
we may use:

Red ∼ λπ (12)

At the end of this section let us remember that in a four-
dimensional space with line element (11), the volume of a
four dimensional ball, the volume of a hyper-spherical shell
and the volume of a 3-hypersphere are respectively:

VB = π2

2
R4; Vhshell = 2π2R3Red; Vhs = 2π2R3 (13)

4 Dark energy as a result of vacuum polarization

In the framework of the hyper-spherical shell geometry,
every dipole moment has a component perpendicular to
the 3-hypersphere. For simplicity assume that the four-
dimensional gravitational polarization density �P has a con-
stant radial component PR . Then, according to the (11) and
ρve = −∇ · �P , a virtual gravitational mass density

ρv,hshell = −∇ · P = − 1

R3

∂

∂R

(
R3PR

) = −3PR

R
(14)

may be attributed to the physical vacuum inside the hyper-
spherical shell. Hence, from (13) and (14), the total gravita-
tional mass of the vacuum in the hyper-spherical shell is

Mv,hshell = ρv,hshellVhshell = −6π2R2RedPR (15)
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Dividing (15) by the volume of the 3-hypersphere, yields to
the familiar three-dimensional gravitational mass density

ρv,hs = −3Red

R
PR (16)

Equation (16) can be trivially transformed into (4) if
Red = λπ and if the number density (N0) of the gravitational
dipoles is equal to the number density of virtual pions (i.e.
N0 = 1/λ3

π), except for the difference in sign.
In standard Cosmology, the gravitational mass of the vac-

uum is supposed to be positive and according to the cosmo-
logical field equation (n denotes different components of the
cosmological fluid)

R̈ = −4πG

3
R

∑
n

(
ρn + 3pn

c2

)
(17)

the accelerated expansion is due to the negative pressure of
dark energy. In the standard case, the dark energy obeys the
equation of state p� = −ρ�c2. The sum in brackets (effec-
tive gravitational mass) is negative with value −2ρ�. Our
case directly generates a negative gravitational mass which
drives the accelerated expansion.

The geometry of a hyper-spherical shell of thickness
Led ≈ λπ could be the explanation why the virtual dipoles,
with the Compton wavelength much shorter than the Comp-
ton wavelength of a pion, do not contribute to the gravi-
tational mass of the quantum vacuum. In a Universe with
the geometry of a 3-hypersphere, the gravitational dipoles
would be aligned in a way similar to the ground state of an
antiferromagnet and hence their gravitational polarization
density would be zero. Adding an extra spatial dimension
(i.e. the geometry of a hyper-spherical shell) has different
effects on dipoles of different size. For dipoles of Comp-
ton wavelength λm 
 λπ , the antiferromagnetic like order
would be preserved. Only at λm ≈ λπ , the antiferromagnetic
type order would change to a ferromagnetic type order with
a non-zero polarization density �P perpendicular to the 3-
hypersphere.

The present day Universe expands with the acceleration
of the order of 10−9 m/s2 and hence the virtual dipoles are
subject to a very weak gravitational field. In the case of a
strongly accelerated expansion with a very large accelera-
tion, even dipoles with λm 
 λπ may be forced to align
along the acceleration. At very large accelerations, particles
more massive than pions may than as well contribute to the
gravitational mass (dark energy) of the quantum vacuum.

5 Conclusion

In this Letter we have discussed how the gravitational prop-
erties of antimatter, together with the geometry of a hyper-
spherical shell of thickness λπ , might allow the identifica-
tion of the observed dark energy density with the appropriate

gravitational mass density of the quantum vacuum. In spite
of some shortcomings and “derivation” that is not rigorous,
the (4) provokes with its simplicity, fundamental appearance
and accuracy.

In the framework of the Standard Model of elementary-
particle physics, the vacuum energy density receives contri-
butions from any quantum field. According to QFT, QCD
fields provide just one (and not the largest) contribution
to the gravitational mass of the physical vacuum. Contrary
to the Standard Model, our approach, the approach in Ur-
ban and Zhitnitsky (2009) and “coincidences” involving pi-
ons (Dirac 1937, 1938; Weinberg 1972; Hajdukovic 2010a,
2010b), suggest that the QCD contribution is in fact not mi-
nor but dominant.
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Appendix

Independently of the above consideration let us observe that
(3) and (4) can be related in an intriguing way. Equation (3)
reduces to (4) applying a simple rule: use the mass of a pion
as a cut-off on the right-hand side of (3) and multiply it by
2λπ/R.

The multiplication by λπ/R has an amusing interpreta-
tion. The (3) is based on the assumption that inertial and
gravitational mass are equivalent; the source of gravitation
are gravitational monopoles with a positive gravitational
mass. But what if the sources of gravitation are gravitational
dipoles? Let us compare the gravitational field produced by
two positive monopoles (at mutual distance λπ) and a di-
pole (i.e. a positive and a negative monopole also at distance
λπ). In full analogy with the electric dipole, the gravitational
field produced by a dipole at large distance R � λπ is about
λπ/R times weaker than the corresponding field produced
by two monopoles.

The fact that the result (3), valid for the gravitational
monopoles, must be multiplied by 2λπ/R in order to ob-
tain relation (4) suggests the existence of the gravitational
dipoles; and the simplest candidate for gravitational dipoles
are virtual particle-antiparticle pairs in the quantum vacuum.
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