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Abstract The propagation of nonlinear waves in warm
dusty plasmas with variable dust charge, two-temperature
ions, and nonthermal electrons is studied. By using the
reductive perturbation theory, the Kadomtsev–Petviashivili
(KP) equation is derived. The energy of the soliton has been
calculated. By using standard normal modes analysis a lin-
ear dispersion relation has been obtained. The effects of
variable dust charge on the energy of the soliton and the an-
gular frequency of the linear wave are also discussed. It is
shown that the amplitude of solitary waves of the KP equa-
tion diverges at the critical values of plasma parameters. We
derive solitons of a modified KP equation with finite ampli-
tude in this situation.

Keywords Dust · Soliton · Nonthermal

PACS 52.35Bj · 52.35Mw · 52.35.S

1 Introduction

Dusty plasma physics studies the properties of heavier
charged dust in the presence of electrons and ions (Rao et
al. 1990). These media have been observed in the plane-
tary rings, the earth’s magnetosphere, comet tails, and so
on (Shukla and Mamun 2002; Havens et al. 1992). More-
over, the studies of the dusty plasma media are very at-
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tractive because of their theoretical features and their ap-
plications (D’Angelo 1995; Mamun et al. 1996). Tagare
(1997) extended the model of Mamun et al. (1996) to study
plasma consisting of cold dust particles and two-temperature
isothermal ions. They also examined a necessary condition
that must be satisfied to achieve the validity of the two-
temperature ions assumption. As is well known, in most
practical dusty plasma experiments, a gas flow which is usu-
ally introduced can charge quickly, while maintaining a rel-
atively low temperature. In most investigations, dust charge
variation has been neglected. However, from the physical
point of view, dust grains have variable charge due to frag-
mentation, coalescence, and other phenomena (Bharuthram
and Shukla 1992; Nejoh 1997). Xie et al. (1999) investigated
small and large amplitude dust acoustic solitary waves in
dusty plasma with variable dust charge and two-temperature
ions. In most of the theoretical studies on dusty plasma, the
reductive perturbation method has been used for deriving
the Korteweg–de Vries (KdV), Zakharov–Kuznetsov (ZK),
and Kadomtsev–Petviashvili (KP) equations (Duan 2002;
El-Labany et al. 2004, 2006). The effects of variable dust
charge, dust temperature, and trapped electrons on small am-
plitude dust acoustic waves are investigated in (El-Labany
and El-Taibany 2003). Gill et al. (2006) have derived a
KP equation for dusty plasma with variable dust charge
and two-temperature ions. Space plasma observations in-
dicate the presence of ion and electron populations which
are not in thermodynamic equilibrium (Lundin et al. 1989;
Futaana et al. 2003). Recently, motivated by the latter class
of events, Cairns et al. (1995) used a nonthermal distribution
of electrons to study the ion acoustic solitary structures ob-
served by the FREJA satellite. Sagdeev’s pseudo-potential
technique is used to investigate the existence of double lay-
ers in dusty plasma with nonthermal electrons and two-
temperature ions in (Das and Chatterjee 2009). Tribeche and
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Boumezoued (2008) investigated the effect of nonthermal
electrons with an excess of fast energetic electrons on large
amplitude electrostatic solitary waves in a charge-varying
dusty plasma. In the present paper, we consider the motion
of dust particles with variable charge in the presence of non-
thermal electrons and two-temperature ions. In Sect. 2, the
basic set of equations is introduced and in Sect. 3, by using
the reductive perturbation method (RPM), the KP equation
has been derived. Section 4 contains a discussion on the en-
ergy of the soliton. The linear dispersion relation and the
effect of variable dust charge on this relation are also dis-
cussed in this section. We discuss the critical parameters
of solitonic solutions and derive a modified KP equation in
Sect. 5. Conclusions are given in Sect. 6.

2 Basic equations

We consider the propagation of dust acoustic waves in col-
lisionless, unmagnetized warm dusty plasma consisting of
nonthermal electrons, two-temperature ions, and highly neg-
atively charged dust grains. Total charge neutrality at equi-
librium requires that

n0e + n0dZ0d = n0il + n0ih (1)

where n0e, n0d, n0il and n0ih are the equilibrium values of
electron, dust, lower temperature ion, and higher temper-
ature ion number densities, respectively. Z0d is the unper-
turbed number of charges on the dust particles. The follow-
ing set of normalized two-dimensional equations of continu-
ity, motion for the adiabatic dust, and Poisson describe the
dynamics of a dust acoustic wave in such plasma:

∂nd

∂t
+ ∂
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(ndud) + ∂
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∂ud
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∂ud
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∂ud
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∂y2
= Zdnd + ne − nil − nih

where ud and vd are the velocity components of the dust
particles in the x- and y-directions, and they are normalized
by the effective dust acoustic speed Cd = √

Z0dTeff/md · Pd

and φ are the pressure of the dust particles and electrostatic
potential, and they are normalized by Zdnd0Td and Teff/e,
respectively, in which

Teff =
[

1

Z0dn0d

(
n0e

Te
+ n0il

Til
+ n0ih

Tih

)]−1

is the effective temperature. nd and Zd are the dust number
density and the variable charge number of dust grains, and
they are normalized by n0d and Z0d, respectively. The time
and space variables are normalized by the dust plasma pe-

riod ω−1
pd =

√
md/4πn0dZ

2
0de

2 and the Debye length λd =√
Teff/4πZ0dn0de2, respectively. Electrons and ions are as-

sumed to be distributed with nonthermal and Maxwell–
Boltzmann distribution functions, respectively. So the re-
lated dimensionless number densities for electrons (ne), low
temperature ions (nil), and high temperature ions (nih) are

ne = 1

δ1 + δ2 − 1

[
1 − 4α

1 + 3α
β1sφ

+ 4α

1 + 3α
(β1sφ)2

]
exp(β1sφ)

(3)
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δ1 + δ2 − 1
exp(−sφ)

nih = δ2

δ1 + δ2 − 1
exp(−βsφ)

where

β1 = Til

Te
, β2 = Tih

Te
, β = β1

β2
= Til

Tih
,

s = Teff

Til
= δ1 + δ2 − 1

δ1 + δ2β + β1
, δ1 = n0il

n0e
, (4)

δ2 = n0ih

n0e
, σ = Td

Teff

where Td, Te, Til, Tih are the temperature of the dust and
electrons and the low temperature and high temperature of
the ions. αis a nonthermal parameter which determines the
number of fast (nonthermal) electrons. From (1) it follows
that

δ1 + δ2 − 1 ≥ 0 (5)

The dust charge variable Qd is obtained from the charge-
current balance equation (Melandsø et al. 1993)
(

∂

∂t
+ −→

V · −→∇
)

Qd = Ie + Iil + Iih (6)

where
−→
V = (ud, vd) and Ie, Iil and Iih are the electron and

ion (low and high temperature) currents. Notice that the
characteristic time for dust motion is around 10−3 s (Barkan
et al. 1995), while the dust charging time is typically about
10−9 s (Winske and Jones 1995). So the dust charge reaches
its equilibrium position quickly. Thus dQd

dt
� Ie, Iil, Iih and

the charge-current balance equation (6) reads (Melandso
1996)

Ie + Iil + Iih ≈ 0 (7)
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The electron and ion currents are (Nejoh 1997)
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) 1
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3
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) 1
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where Φ denotes the dust grain surface potential relative to
the plasma potential φ. If the thermal velocities of electrons
and ions are larger than their streaming velocities, then from
(6) we have

√
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δ1 exp(−sφ)(1 − sψ) +

√
β2
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−
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(9)

where ψ = eΦ/Teff and μi = mi/me ∼= 1840. The dust
charge Qd = CΦ is calculated by using (7) in which C is
the capacitance of the dust grains. Zd is defined as

Zd = ψ/ψ0 (10)

where ψ0 = ψ(φ = 0) is the dust surface floating potential
with respect to the unperturbed plasma potential at an infi-
nite region. By substituting φ = 0 into (9), we have

b1δ1(1 − sψ0) + b2δ2(1 − βsψ0)
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where b1 = √
β1/μi and b2 = √

β2/μi ·Zd can be expanded
with respect to φ as follows:
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3 + · · · (12)
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3 The derivation of the KP equation

According to the general method of reductive perturbation
theory, we choose the independent variables as

ξ = ε(x − λt), τ = ε3t, η = ε2y (15)

where ε is a small dimensionless expansion parameter which
characterizes the strength of nonlinearity in the system, and
λ is the phase velocity of the wave along the x direction. We
can expand the physical quantities which have appeared in
(2) in terms of the expansion parameter ε as

nd = 1 + ε2n1d + ε4n2d + · · ·
ud = ε2u1d + ε4u2d + · · ·
vd = ε3v1d + ε5v2d + · · ·

(16)
φ = ε2φ1 + ε4φ2 + · · ·
Pd = 1 + ε2P1d + ε4P2d + · · ·
Zd = 1 + ε2Z1d + ε4Z2d + · · ·

Substituting (15) and (16) into (2) and collecting terms
with the same powers of ε, from the coefficients of the low-
est order we have

n1d = φ1

3σ − λ2
, n1d = u1d

λ
,

λ2 = 3σ +
[

1 + γ1 − 4αβ1
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]−1

, (17)
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and for the higher orders of ε
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= γ1φ1
∂φ1
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∂ξ
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∂τ
= 0

∂2φ1

∂ξ2

= γ1n1dφ1 + n2d

+
[

1 + γ1 − 4αβ1

(1 + 3α)(δ1 + δ2β + β1)

]
φ2

+
[
γ2 − 1

2

(δ1 + δ2 − 1)2(δ1 + δ2β
2 − β2

1 )

(δ1 + δ2β + β1)2

]
φ2

1 (18)

The KP equation is derived from the above equations as

∂

∂ξ

[
∂φ1

∂τ
+ Aφ1

∂φ1

∂ξ
+ B

∂3φ1

∂ξ3

]
+ C

∂2φ1

∂η2
= 0 (19)

where

A = 1

2λ

{
−2 + (λ2 − 3σ)2

[(
δ1 + δ2β

2 − β2
1

)

× (δ1 + δ2 − 1)

(δ1 + δ2β + β1)2
− 2γ2

]

(20)

+ 3γ1(λ
2 − 3σ) − λ2 + 9σ

λ2 − 3σ

}

B = 1

2λ
(λ2 − 3σ)2, C = λ

2

If the charge of the dust particles is constant (γ1 = γ2 = 0),
“A” becomes

A = 1

2λ

{
(δ1 + δ2β

2 − β2
1 )(λ2 − 3σ)2(δ1 + δ2 − 1)

(δ1 + δ2β + β1)2

− 3

(
λ2 + σ

λ2 − 3σ

)}
(21)

where

λ2 = 3σ +
[

1 − 4αβ1

(1 + 3α)(δ1 + δ2β + β1)

]−1

The KP equation is widely used in plasma physics and the-
oretical physics. Duan et al. (2004) have studied the reso-
nance of the KP equation, theoretically. The stationary solu-
tion of (19) can be written as (Gill et al. 2006)

φ1 = φ0 sech2
(

ξ + η − Uτ

W

)
,

(22)

φ0 = 3(U − C)

A
, W = 2

√
B

U − C

where φ0 and W are the amplitude and width of the soliton,
respectively.

Solitonic solutions of the KP equation can be compared
with other results. The above results are reduced to those
of (Xie et al. 1999; Gill et al. 2006) for Maxwell distrib-
uted electron (α = 0) and cold plasma (σ = 0). Also, the
above solitonic solutions are comparable with the results of
Tagare (1997) for dusty plasmas containing cold dust parti-
cles and two-temperature ions. The above-mentioned equa-
tions for warm plasma with one ion and without fast elec-
trons (α = 0), when γ1 = γ2 = 0, agree with those of Duan
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(2002). He showed that, in this medium, the nonlinear term
is always negative. For cold dusty plasmas without nonther-
mal electrons and dust particles with constant charge (Gill
et al. 2006), that is, α = σ = 0 and γ1 = γ2 = 0 we have

A = 1

2

{
(δ1 + δ2β

2 − β2
1 )(δ1 + δ2 − 1)

(δ1 + δ2β + β1)2
− 3

}

Obviously, (δ1 + δ2β
2 −β2

1 ) is always less than (δ1 + δ2β +
β1), but for the term (δ1+δ2−1)

(δ1+δ2β+β1)
we have

(δ1 + δ2 − 1)

(δ1 + δ2β + β1)
= (δ1 + δ2 − 1)

(δ1 + δ2 − 1) + 1 + β1 − (1 − β)δ2

It is clear that the above term is less than 1 if δ2 <
1+β1
1−β

,
and in this case “A” is always negative and rarefactive soli-
tons always exist. Also, the above-mentioned term is more
than 1 if δ2 >

1+β1
1−β

, and in this case “A” can have posi-
tive or negative values. In these cases, both compressive and
rarefactive solitary waves can be propagated. It can also be
easily shown that in cold dusty plasma (σ = 0) with fixed
dust charge (γ1 = γ2 = 0), compressive solitons can exist if
(δ1 + δ2β

2 − β2
1 )(δ1 + δ2 − 1) > 3(δ1 + δ2β + β1 − Gβ1)

2.
The coefficients of the dispersive terms “B” and “C” and
also the nonlinear term “A” are functions of relative den-
sities, relative temperatures, γ1 and γ2. It is possible that
the competition between the nonlinear term and dispersion
terms leads to the formation of a soliton.

4 Energy of soliton and linear dispersion relation

The study of the amplitude and width of solitons is a
common way to further recognize waves in plasmas. The
other way is the study of the soliton’s energy. El-Shewy
(2007) showed that increasing the population of nonthermal
electrons decreases the energy of electron acoustic solitary
waves. Also, the effect of electron inertia on the energy of a
soliton in relativistic plasma has been investigated by Malik
(1999).

The energy of a soliton can be obtained from the follow-
ing equation (Singh and Honzawa 1993):

E =
∫ +∞

−∞
u2

1d dξ (23)

After the integration, we obtain (Singh and Honzawa 1993)

E = 4

3
u2

mW = 24λ2

(3σ − λ2)2

(U − C)2

A2

√
B

U − C
(24)

Figure 1a shows the variation of soliton energy with respect
to γ1. The following set of parameters have been chosen
for this figure (Gill et al. 2004; Das and Chatterjee 2009):

Fig. 1a Energy of the soliton as a function of γ1 for δ1 = 0.1, δ2 = 10,
σ = 0.002, β = 0.001, β1 = 0.0001, α = 0.25, γ2 = 0, U = 1

Fig. 1b Energy of the soliton as a function of β for δ1 = 0.1, δ2 = 10,
σ = 0.002, α = 0.2, γ1 = 0.2, γ2 = 0, U = 1 and different values of β1

β = 0.001, β1 = 0.0001, δ1 = 0.1, δ2 = 10, σ = 0.002, α =
0.25, γ2 = 0, u = 1

We can also choose 0 ≤ γ1 ≤ 1 based on the values of
dust charge in (Tribeche and Boumezoued 2008; Xie et al.
1999).

Figure 1a indicates that an increase in the parameter γ1

increases the energy of solitary waves. Figure 1b shows the
variation of soliton energy with respect to β for different
values of β1. In this figure we see that an increase in β in-
creases the soliton energy. On the other hand, the energy of
the soliton is increased when the temperature of cold ions
(β1) increases. More investigation shows that the energy is
increased slightly by increasing α. Therefore, α has a very
weak effect on the energy.

Now we derive the linear dispersion relation. The lin-
ear dispersion relation shows the amount of decay rate in
the linear approximation for a wave packet. Therefore, we
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Fig. 2 The angular frequency with respect to k for α = 0.28, δ1 = 0.1,
δ2 = 10, σ = 0.002, β = 0.001, β1 = 0.0001, γ1 = 0,0.2,0.4, γ2 = 0

can calculate the distance that a wave packet can travel be-
fore decaying. This is the essential difference between lin-
ear and nonlinear media. The characteristic frequency range
of a dust acoustic wave in isotropic, collisionless, weakly
coupled plasma was theoretically predicted by Rao et al.
(1990). According to standard normal mode analysis, by lin-
earization of dependent variables nd, φ and Zd in terms of
their equilibrium and perturbed parts (Verheest and Lakhina
1996; Samanta et al. 2007), we have

nd = 1 + n1d, φ = φ1, ud = u1d,

(25)
Zd = 1 + Z1d = 1 + γ1φ1

Then, we may assume that all the perturbed quantities are
proportional to ei(kx−ωt) with k being the wave propaga-
tion constant in the direction of the x-axis, and so we have
∂
∂t

= −iω, ∂
∂x

= ik. Substituting (25) into (2) and using their
linear terms, one can obtain the linear dispersion relation as

ω2 = k2

k2 + H
+ 3k2σ (26)

where

H = 1 + γ1 − Gβ1

δ1 + δ2β + β1
(27)

Figure 2 shows the angular frequency (ω) as a function of k

for γ1 = 0,0.2,0.4 and γ2 = 0.
Figure 2 indicates that increasing k(γ1) leads to increas-

ing (decreasing) values for ω. For real values of ω, all pertur-
bation variables oscillate harmonically, and if any or all of
the ω’s have positive imaginary parts, then the system is un-
stable since those normal modes will grow in time (Samanta
et al. 2007; Krall and Trivelpiece 1986).

5 Modified KP equation

The strength of the nonlinear term in the KP equation de-
pends on the value of parameter “A”, which is a function of
β1, β, δ1, δ2, σi, γ1 and γ2. Note that, for some parameters
(which are called critical values), there exists a singularity
in the soliton amplitude, which is proportional to 1/A, at
A = 0. For example, in (21) if

(
δ1 + δ2β

2 − β2
1

) (δ1 + δ2 − 1)

(δ1 + δ2β + β1)2
= 3(λ2 + σ)

(λ2 − 3σ)3
(28)

we will haveA = 0.
This implies that the stretching coordinates mentioned

above are not valid for these critical parameters and tone
must use new stretching coordinates to obtain the modified
KP equation containing a higher-order nonlinear term. The
method is similar to what has appeared in (Tagare 1997).

nd = 1 + εn1d + ε2n2d + ε3n3d + · · ·
ud = εu1d + ε2u2d + ε3u3d + · · ·
vd = ε2v1d + ε3v2d + ε4v3d + · · ·
φ = εφ1 + ε2φ2 + ε3φ3 + · · · (29)

Zd = 1 + εZ1d + ε2Z2d + ε3Z3d + · · ·
= 1 + εγ1φ1 + ε2(γ1φ2 + γ2φ1)

+ ε3(γ1φ3 + 2γ2φ1φ2 + γ3φ
3
1

) + · · ·
Substituting the above expansions into (1) and collecting
different orders of ε, we can derive the following equation:

∂

∂ξ

[
∂φ1

∂τ
+ Dφ2

1
∂φ1

∂ξ
+ E

∂

∂ξ
(φ1φ2) + B

∂3φ1

∂ξ3

]

+ C
∂2φ1

∂η2
= 0 (30)

where

D = 3

4λ2

{
γ3

(
λ2 − 3σ

)[(
δ1 + δ2 − β2

1

)2

× G(δ1 + δ2 − 1)

(δ1 + δ2β + β1)2
− γ1

]
+ λ2 + 9σ

λ2 − 3σ

}

+ 1

2λ

{[
3 + (

δ1 + δ2β
2 − β2

1

)

× (δ1 + δ2 − 1)

(δ1 + δ2β + β1)2
+ γ2

]

×(
λ2 − 3σ

)[
2 + 3γ1

(
λ2 − 3σ

)]}
(31)

At A = 0, (30) reduces to the modified KP equation

∂

∂ξ

[
∂φ1

∂τ
+ Dφ2

1
∂φ1

∂ξ
+ B

∂3φ1

∂ξ3

]
+ C

∂2φ1

∂η2
= 0 (32)
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This equation has solitonic solutions. One soliton solution
for this equation is (Wang et al. 2005)

φ1 = ±φmsech[(ξ + η − uτ)/W ] (33)

where u is velocity. φm = √
6(u − C)/D and W =√

B/(u − C) are the amplitude and width of solitons, re-
spectively. Solitons exist when D > 0.

6 Conclusion

We investigated dust acoustic solitary waves in unmag-
netized dusty plasmas with variable dust charge, two-
temperature ions, and nonthermal electrons. The KP equa-
tion was obtained, and then a solitonic solution of this equa-
tion was studied. Our investigations are summarized as fol-
lows.

(i) Both rarefactive and compressive solitary waves can be
propagated.

(ii) The energy of solitons is increased when the dust
charges are increased, but it is almost independent of
the nonthermal parameter. Also, an increase in the pa-
rameters β and β1 increases the energy of solitary
waves

(iii) The linear dispersion relation is derived. We have
shown that increasing the charge of dust grains leads
to decreasing values of ω.

(iv) Since the nonlinear coefficient of the KP equation, “A”,
can be positive or negative, it can also be zero. But a
solitonic solution cannot be established when “A” is
zero; therefore, “A” has critical values. In this situation,
we derived a modified KP equation, and the solitonic
solutions of this equation are finite.

(v) Our investigations can be useful in understanding the
behavior of a dust acoustic wave in space and as-
trophysical plasma environments and also in under-
standing physical phenomena like condensation of dust
grains and double layers (Das and Chatterjee 2009;
Djebli and Marif 2009) that clearly indicate the pres-
ence of nonthermal particle populations.
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