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Abstract In the three-dimensional restricted three-body
problem, by considering the more massive primary as an
oblate spheroid with its equatorial plane coincident with the
plane of motion as well as source of radiation, it is found that
the collinear point L1 comes nearer to the primaries with
the increase in oblateness and radiation pressure, while L2

and L3 move away from the more massive primary with
the increase in oblateness and come nearer to it with the in-
crease in radiation pressure. It is noted that the angular fre-
quency s1 at L1 increases with oblateness as well as with ra-
diation pressure. s2 increases with oblateness and decreases
with radiation pressure and s3 decreases with oblateness and
increases with radiation pressure. A study on the norms of
the characteristic roots λ and s at L1, L2 and L3 is carried
out.

It is established that for certain oblateness and radiation
pressure parameters there is a one-to-one commensurability
at the collinear points L2, L3 between the planar angular fre-
quencies (s2,3) and the corresponding angular frequency (sz)
in the z-direction, and that at L1 no such commensurability
exists. At L2 and L3, the value of oblateness parameter pro-
viding the commensurability decreases with the increase in
the radiation pressure. However, the commensurable angular
frequencies and eccentricity of the periodic orbits decrease
at L2 and increase at L3, with the increase in the radiation
pressure.
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1 Introduction

The restricted three-body problem possesses five stationary
solutions called Lagrangian points, three of which called
collinear equilibria lie on the line joining the primaries and
the other two called equilateral equilibria make equilateral
triangles with primaries. In general, the collinear equilibria
are unstable while equilateral points are stable, in the Lya-
punov sense, only in a certain region for the mass parame-
ter. However, under certain initial conditions periodic solu-
tions to the first variational equations that represent the in-
finitesimal (linearized) periodic orbits around the collinear
points can be established. It is known that in the three-
dimensional case also there are only five stationary points
Li (i = 1,2, . . . ,5) for the problem located at exactly the
same places as in the corresponding planar case—three of
which (L1,2,3) are collinear with the primaries.

Various authors have made studies on Lagrangian points
in the restricted three-body problem by considering the more
massive primary or both primaries as source of radiation.
Some of the important contributions are by Radzievsky
(1950, 1953), Chernikov (1970), Perezhogin (1976), Kunit-
syn and Perezhogin (1978), Bhatnagar and Chawla (1979),
Schuerman (1980), Simmons et al. (1985), Kunitsyn and
Tureshbaev (1985), Lukyanov (1988), Todoran (1994), Ra-
gos and Zagouras (1988a, 1988b), Xue-tang et al. (1994),
Kalantonis et al. (2006) and Papadakis (2006). Some of
the significant studies carried out related to the Lagrangian
points by considering the oblateness of one or both the pri-
maries with their equatorial planes coincident with the plane
of motion, are by Vidyakin (1974), Sharma (1975), Sharma
and Subba Rao (1975, 1976, 1978). Subba Rao and Sharma
(1975, 1997), Markellos et al. (1996), and Douskos and
Markellos (2006). By including the effect of oblateness of
the more massive primary, Sharma and Subba Rao (1978)
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established that oblateness of the more massive primary in-
duces a one-to-one commensurability between the planar
angular frequencies (s2,3) and the corresponding angular
frequency (sz) in the z-direction at L2,3 for 0 ≤ μ ≤ 0.5 and
that no such commensurability existed for L1. However, the
values of the oblateness coefficient (A1) involved at L2 were
found to be high, while those at L3 being small for small
values of μ could be useful in generating periodic orbits of
third kind.

Sharma (1982) studied the linear stability of the triangu-
lar points in the planar case by considering the more massive
primary as an oblate spheroid as well as a source of radia-
tion and found that the critical mass value decreases with
the increase in the oblateness and radiation force and be-
comes zero for q = ((2 + 3A1)(1.5A1)

(3/2))/4, where A1 is
the oblateness coefficient of the more massive primary and
q = 1 − Fp/Fg is the mass reduction factor constant for a
given particle, Fp being the force due to radiation pressure
and Fg is the force due to gravitational field. Sharma (1987)
and Sharma and Ishwar (1995) studied the linear stability
of the triangular points in the planar case by considering
the more massive primary as source of radiation and smaller
primary as oblate spheroid and found that the critical mass
value decreases with the increase in oblateness and radiation
pressure. Recently Abdul Raheem and Singh (2006, 2008)
studied the combined effects of perturbations due to coriolis
forces, centrifugal forces, radiation pressure and oblateness
on the linear stability of the triangular libration points.

In this paper we study the restricted three-body problem
when the more massive primary is a source of radiation as
well as an oblate spheroid with its equatorial plane coin-
cident with the plane of motion. Expressions for locations
of the collinear points are found and a numerical study on
the effect of oblateness and radiation pressure is carried out.
Study on the effect of oblateness and radiation pressure on
the characteristic roots of the variational equations is also
carried out. A study is carried out to find out one-to-one
commensurability between the planar and the z-direction
angular frequencies at the collinear points L1,2,3. It is found
that one-to-one commensurability exist at L2 and L3 be-
tween s2,3 and sz (L2,3), and no such commensurability ex-
ists at L1. At L2, the values of A1 providing one-to-one
commensurability between s2 and sz decrease with the in-
crease in the radiation pressure and the values of the angular
frequency s2 and eccentricity of the periodic orbits also de-
crease. However, at L3 though the values of A1 providing
one-to-one commensurability between s3 and sz decrease
with increase in radiation pressure, the values of s3 and ec-
centricity of the periodic orbits increase with the increase in
the radiation pressure. This study can be useful in becoming
one of the method in generating periodic orbits of third kind
at the collinear points.

2 Equations of motion

In the dimensionless synodic coordinate system (x, y), the
equations of motion are (Szebehely 1967; Sharma 1982)

ẍ − 2nẏ = ∂�

∂x
,

ÿ + 2nẋ = ∂�

∂y
,

(1)

where

� = n2

2
[(1 − μ)r2

1 + μr2
2 ] + q

(1 − μ)
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(1 − μ)

2r3
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with r2
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2A1. Jacobi’s integral is
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y
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The mass parameter μ = m1/(m1 + m2), where m1

and m2 are masses of primaries m1 > m2, such that m1 +
m2 = 1, the oblateness coefficient A1 = (AE2 −AP 2)/5R2,
where AE and AP are the dimensional equatorial and po-
lar radii of the more massive primary and R is the distance
between the primaries.

From (3) the curves of zero velocity are given by
2�(x,y) = C, where C is the Jacobian constant. The lib-
eration points in the xy-plane are given by
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= 0,

i.e.,
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− 3A1(1 − μ)q

2r5
1

]
= 0. (5)

3 Location of collinear equilibrium points

When y = 0, (4) determines the locations of the collinear
points L1(x1,0), L2(x2,0) and L3(x3,0), where

x1 = μ − 1 − ξ1, x2 = μ − 1 + ξ2,

x3 = μ + ξ3 .
(6)
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Fig. 1 Location of L1 versus μ

ξ1, ξ2, ξ3 satisfying the seventh degree polynomials:

(3A + 2)ξ7
1 + (A1(15 − 3μ) − 2μ + 10)ξ6

1

+ (−8μ + A1(30 − 12μ) + 20)ξ5
1

+ (μ(2q − 12) − 2q + A1(30 − 18μ) + 20)ξ4
1

+ (μ(4q − 8) − 4q + A1(15 − 12μ) + 10)ξ3
1

+ (A1(μ(3q − 3) − 3q + 3)

+ μ(2q − 4) − 2q + 2)ξ2
1 − 8μξ1 − 2μ = 0, (7)

(3A1 + 2)ξ7
2 + (A1(3μ − 15) + 2μ − 10)ξ6

2

+ (−8μ + A1(30 − 12μ) + 20)ξ5
2

+ (μ(2q + 10) − 2q + A1(18μ − 30) − 20)ξ4
2

+ (−4μq + 4q + A1(15 − 12μ) + 10)ξ3
2

+ (A1(μ(3q − 3) − 3q − 3)

+ μ(2q − 10) − 2q − 2)ξ2
2 + 8μξ2 − 2μ = 0, (8)

(3A1 + 2)ξ7
3 + (A1(3μ + 6) + 2μ + 4)ξ6

3

+ (A1(6μ + 3) + 4μ + 2)ξ5
3

+ (2μq + 2q + 3A1μ)ξ4
3 + (4μq − 4q)ξ3

3

+ (A1(3μq − 3q) + 2μq − 2q)ξ2
3

+ A1(6μq − 6q)ξ3 + A1(3μq − 3q) = 0. (9)

The locations of the triangular points (y �= 0) in xy-plane
are given by Sharma (1982)

(2 + 3A1)r
5
1 − 2qr2

1 − 3A1q = 0, r3
2 = 2

2+3A1

.

Figures 1, 2 and 3 provide the locations of the collinear
points for μ up to 0.5 for different values of A1 and q . It

Fig. 2 Location of L2 versus μ

Fig. 3 Location of L3 versus μ

is noted that L1 comes nearer to the primaries with the in-
crease in oblateness and radiation pressure. L2 and L3 move
away from the more massive primary with the increase in
oblateness and come nearer to it with the increase in radia-
tion pressure.

4 Variational equations and characteristic exponents

The variational equations in the linear analysis become

ξ̈ − 2nη̇ = �0
xxξ + �0

xyη,

η̈ + 2nξ̇ = �0
xyξ + �0

yyη,
(10)

where x = a +ξ , y = b+η, and the superscript ‘0’ indicates
that the second derivatives are to be evaluated at the points
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Fig. 4 Angular frequencies at L1 versus μ

Li(a, b), i = 1,2,3.

The characteristic equation of (10) is given by

λ4 + [4n2 − �xx(a, b) − �yy(a, b)]λ2

+ [�xx(a, b)�yy(a, b) − �2
xy(a, b)] = 0. (11)

At the collinear points, we have

�xx = n2 + 2q(1 − μ)

r3
1

+ 2μ

r3
2

+ 6q(1 − μ)A1

r5
1

> 0,

�xy = 0,

�yy = n2 − q(1 − μ)

r3
1

− μ

r3
2

− 3q(1 − μ)A1

r5
1

< 0.

Consequently, �xx�yy − (�xy)
2 < 0.

The roots λi (i = 1,2,3,4) of (10) are

λ1,2 = ±[−β1 + (β2
1 + β2

2 )1/2]1/2 = ±λ, (12)

λ3,4 = ±[−β1 − (β2
1 + β2

2 )1/2]1/2 = ±is, (13)

where

β1 = 2n2 − (�xx + �yy)/2,

β2
2 = −(�xx.�yy) > 0.

The eccentricity of the periodic orbit is given by e =√
(1 − 1/β2

3 ) and synodic period of the orbit is 2π/s, where

β3 = (s2 + �xx)/2ns.
Figures 4, 5 and 6 provide the angular frequencies s1, s2

and s3 at L1, L2 and L3 for the mass parameter μ up to
0.5 for different values of A1 and q . It may be noted from
Fig. 4 that s1 increases with oblateness as well as radiation
pressure. The increase is more with radiation pressure for

Fig. 5 Angular frequencies at L2 versus μ

Fig. 6 Angular frequencies at L3 versus μ

smaller values of μ. It may be noted from Fig. 5 that s2

increases with oblateness and decreases with radiation pres-
sure. However, it may be seen from Fig. 6 that s3 decreases
with oblateness and increases with radiation pressure. Fig-
ures 7 and 8 provide the norms of λ and s at the collinear
points L1, L2, and L3. It may be noted that the norms of λ

and s at L2 and L3 are seen to be strictly increasing with
mass ratio μ, while both norms at L1 are strictly decreasing
with μ. It may be seen that for the unperturbed case (A1 = 0,
q = 1) as in Deprit (1965), the value of λ and s at L1 and L3

coincide at μ = 0.5 and at L1 and L2, these values coincide
at μ = 0. In the perturbed case, we observe that the oblate-
ness coefficient increases λ and s values at L1, L2, and L3.
The increase in the radiation pressure increases λ and s L1

and L3 and decreases them at L2. The values of λ and s
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Fig. 7 λ values at L1, L2, L3 vs. mass parameter for different combi-
nations of oblateness and radiation pressure

Fig. 8 s values at L1, L2, L3 versus mass parameter different combi-
nations of oblateness and radiation pressure

at L1 and L3 become equal for μ < 0.5 and at L1 and L2,
these values become equal for μ > 0. It is interesting to note
that with increase in oblateness, λ and s values at L1 and L2

coincide at μ = 0 and with increase in radiation pressure,
λ and s values at L1 and L3 coincide at μ = 0.5, as in the
unperturbed case. However, their values are higher.

5 Three-dimensional case

The equations of motion are (Szebehely 1967)

ẍ − 2nẏ = ∂�
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,
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,
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with r2
1 = (x −μ)2 + y2 + z2, r2

2 = (x + 1 −μ)2 + y2 + z2.

Jacobi’s integral is

.
x

2 + .
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2 + .
z

2 = 2� − C.

The singularities of the manifold of the state of motion
are obtained from the equations ẋ = 0, ẏ = 0, ż = 0 and
�x = 0,�y = 0,�z = 0.

The variational equations in the linear analysis become

ξ̈ − 2nη̇ = �0
xxξ + �0

xyη,

η̈ + 2nξ̇ = �0
xyξ + �0

yyη,

ζ̈ = �0
zzζ,

(16)

where x = a + ξ , y = b + η, z = c + ζ and the superscript
‘0’ indicates that the second derivatives are to be evaluated at
the points Li (a, b, c), i = 1,2,3. It may be noted from (16)
that the motion in xy plane does not influence the motion in
the z-direction. At the collinear points, since we have

�xx + �yy + �zz = 2n2,

the mean motion in the z-direction is

sz = (−�zz)
1/2 = (�xx + �yy − 2n2)1/2. (17)

Figures 9, 10 and 11 provide the angular frequencies sz

at L1, L2 and L3 for the mass parameter μ up to 0.5 for dif-
ferent values of A1 and q . It may be noted from Fig. 9 that sz

increases at L1 with oblateness as well as radiation pressure.
The increase is more with radiation pressure with smaller
values of μ. It may be noted from Fig. 10 that at L2, sz

increases with oblateness and decreases with radiation pres-
sure. However, it may be seen from Fig. 11 that sz decreases
with oblateness and increases with radiation pressure.

6 One to one commensurability

To find out one-to-commensurability between the planar
angular frequencies s1,2,3 and the three-dimensional angu-
lar frequency sz at the collinear points, (13) and (17) are
equated and the values of the oblateness parameter A1 are
found by fixing the values of the mass parameter μ and the
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Fig. 9 Oblateness coefficient (A1) versus mass parameter (μ) for
q = 0.6, 0.7, 0.8, 1.0 when angular frequency s2 = sz at L2

Fig. 10 Mass parameter (μ) versus commensurable angular frequency
at s2 = sz for q = 0.6, 0.7, 0.8, 1.0

radiation parameter q . It is found that the collinear points L2

and L3 have one-to-one commensurability, and that at L1 no
such commensurability exists. Figure 9 provides the values
of A1 at L2 for the mass parameter μ up to 0.5 for q = 0.6,
0.7, 0.8, 1.0. It is noted that A1 decreases with the increase in
the radiation pressure effect. Figures 10 and 11 provide the
value of the angular frequency (s2 = sz) and the eccentricity
of the conditional periodic orbits, for μ up to 0.5 for q = 0.6,
0.7, 0.8, 1.0. It is noticed that both the parameters s2 and e

decrease with the increase in the radiation force. Similar re-
sults are provided for L3 in the Figs. 12, 13 and 14. It may
be noted that in the case of L3, though A1 decreases with the
increase in the radiation pressure effect for obtaining one-to-
one commensurability between s3 and sz, however, the pa-
rameters s3 = sz and eccentricity of the conditional periodic

Fig. 11 Eccentricity (e) of the periodic orbits at L2 when s2 = sz ver-
sus mass parameter (μ) for q = 0.6, 0.7, 0.8, 1.0

Fig. 12 Oblateness coefficient (A1) versus mass parameter (μ) for
q = 0.6, 0.7, 0.8, 1.0 when angular frequency s3 = sz

orbits increase with the increase in the radiation force. Ad-
vantage at L3 is seen in terms of the decrease in the oblate-
ness parameter in obtaining the one-to-one commensurable
angular frequencies with the increase in the radiation force.

Figure 15 provides the variation of angular frequencies s1

and sz for the mass parameter μ up to 0.5 at L1 (s1 < sz), for
A1 = 0.1, q = 0.9, A1 = 0.2, q = 0.1. It is noted that at L1

no commensurability exists between s1 and sz. The differ-
ence between s1 and sz increases with mass parameter. Also
it is seen that as radiation pressure increases, s1 and sz also
increase. Figure 16 shows that the increase in oblateness in-
creases the eccentricity for fixed values of q , also as radi-
ation pressure increases eccentricity increases. The eccen-
tricity decreases with respect to mass parameter for a fixed
value of q and A1.
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Fig. 13 Mass parameter (μ) versus commensurable angular frequency
at s2 = sz for q = 0.6, 0.7, 0.8, 1.0, for L3

Fig. 14 Eccentricity (e) of the periodic orbits at L3 when s3 = sz ver-
sus mass parameter (μ) for q = 0.6, 0.7, 0.8, 1.0

7 Conclusions

A study on the effect of oblateness and radiation pressure on
the location of linear collinear points, and the absolute val-
ues of the characteristic roots is carried out. We observe that,
in the absence of radiation pressure, the increase in oblate-
ness coefficient increases λ value for L1, L2, and L3. Added
to this effect if radiation pressure is also considered increas-
ing, then, at L1, L3, λ value further increase, but at L2 its
value decreases. The effect of oblateness and radiation pres-
sure on s values is same as that of λ values at L1 and L2,
but at L3 the increase in oblateness and radiation pressure
decreases s values near μ = 0 and increases slightly near
μ = 0.5 in comparison to the unperturbed case.

Fig. 15 Mass parameter (μ) versus angular frequencies (s and sz) for
q = 0.9, A1 = 0.1; q = 0.1, A1 = 0.2 at L1

Fig. 16 Eccentricity of the periodic orbits at L1 versus mass parameter
(μ) at L1 with q = 0.5, A1 = 0; q = 0.5, A1 = 0.2; q = 0.8, A1 = 0;
q = 0.8, A1 = 0.2

We have found that one-to-one commensurability exists
between planar angular frequency, s, and the angular fre-
quency in z-direction, sz, at L2 and L3, and no such com-
mensurability exists at L1. At L2, and L3, the value of
oblateness parameter providing the commensurability de-
creases with the increase in the radiation pressure. However,
the commensurable angular frequencies and eccentricity of
the periodic orbits decrease at L2 and increase at L3, with
the increase in the radiation pressure. There is no one-to-one
commensurability if the body is not oblate and the effect of
radiation pressure decreases its eccentricity.
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