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Abstract Five dimensional Kaluza-Klein space-time is
considered in the presence of cosmic string source in the
frame work of scalar-tensor theory of gravitation proposed
by Saez and Ballester (Phys. Lett. A 113, 467 (1985)). Exact
cosmological models, which represent Nambu, Takabayasi
and Reddy strings are presented. Some physical and kine-
matical properties of the models are also discussed.
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1 Introduction

In recent years there has been a multitude of efforts to con-
struct alternative theories of gravitation. The most popular
among them are scalar-tensor theories of gravitation pro-
posed by Brans and Dicke (1961), Nordtvedt (1970), Ross
(1972) and Dunn (1974). Saez and Ballester (1985) have for-
mulated a scalar-tensor theory of gravitation in which the
metric is coupled with a dimensionless scalar field in a sim-
ple manner. This coupling gives a satisfactory description
of the weak fields. Inspite of the dimensionless character of
the scalar field an antigravity regime appears. This theory,
also, suggests a possible way to solve missing matter prob-
lem in non-flat FRW cosmologies. The scalar-tensor theories
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of gravitation are important in unified theories of gravitation
and to remove the possible “graceful exit” problem (Pimen-
tal 1997) in inflationary era.

Considerable interest has been focussed on the scalar-
tensor theory developed by Saez and Ballester. Saez (1985),
Singh and Agrawal (1991), Shri Ram and Tiwari (1998) and
Reddy and Venkateswara Rao (2001) are some of the au-
thors who have investigated several aspects of the theory
with perfect fluid as a source.

It is still a challenging problem to know the exact physi-
cal situation at very early stages of the formation of our uni-
verse. At the very early stages of evolution of the universe,
it is generally assumed that during the phase transition (as
the universe passes through its critical temperature) the sym-
metry of the universe is broken spontaneously. It can give
rise to topologically stable defects such as strings, domain
walls and monopoles (Kibble 1976). Of all these cosmolog-
ical structures, cosmic strings have excited the most interest.
The present day configurations of the universe are not con-
tradicted by the large scale network of strings in the early
universe. Moreover, they may act as gravitational lenses
(Vilenkin 1981) strings possess stress energy and are cou-
pled to the gravitational field. Letelier (1979) and Stachel
(1980) have given detailed general relativistic treatment of
strings. Letelier (1983), Krori et al. (1990), Banerjee et al.
(1990), Myung et al. (1986), Hogan and Rees (1984) and
Yavuz and Yilmaz (1996) are some of the workers who have
obtained various string cosmological models in general rel-
ativity.

Very recently, the study of string cosmological models in
alternative theories of gravitation is gaining momentum. Sen
(2000), Barros et al. (2001), Sen et al. (1997), Gundalach
and Ortiz (1990), Barros and Romero (1995), Bhattachar-
jee and Baruah (2001), Rahaman et al. (2003) and Reddy
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(2005) have presented string cosmological models in alter-
native theories of gravitation. In particular, Reddy (2003a,
2006) and Reddy et al. (2006) have discussed some string
cosmological models in Saez-Ballester scalar-tensor theory
of gravitation in four dimensions.

The study of higher dimensional cosmological models is
motivated mainly by the possibility of geometrically unify-
ing the fundamental interactions of the universe. In the con-
text of the Kaluza-Klein and super string theories higher di-
mensions have, recently, acquired much significance. Also,
the higher dimensional theory is important at the early stages
of the evolution of the universe (Appleqluist et al. 1987). Ra-
haman et al. (2002), Chatterjee (1993) and Khadekar et al.
(2005) have investigated higher dimensional string cosmo-
logical models in general relativity.

In this paper, we discuss string cosmological models in
Kaluza-Klein five dimensional space-time in the framework
of Saez and Ballester (1985) scalar-tensor theory of grav-
itation. We have discussed Nambu, Takabayasi and Reddy
strings in this theory. As far as our information goes, there
has not been much work in literature on five dimensional
cosmic string models in scalar-tensor theories of gravitation.

2 Metric and field equations

We consider five dimensional Kaluza-Klein metric in the
form

ds2 = dt2 − R2(dx2 + dy2 + dz2) − A2 dm2. (1)

Unlike Wesson (1983), the fifth coordinate is taken to be
space-like and the metric coefficients are assumed to be
functions of time only, i.e. A and R are functions of time
only. Here the spatial curvature has been taken as zero (Grøn
1988).

The field equations given by Saez and Ballester (1985)
for the combined scalar and tensor fields are

Gij − ωφn

(
φ,iφ,j − 1

2
gijφ,kφ

,k

)
= Tij (2)

and the scalar field satisfies the equation

2φnφi
;i + nφn−1φ,kφ

,k = 0 (3)

where Gij = Rij − 1
2gijR is the Einstein tensor, ω and n are

constants, Tij is the energy tensor of the matter and comma
and semicolon denotes partial and covariant differentiation
respectively.

Also

T
ij

;j = 0 (4)

is a consequence of the field equations (2) and (3).

The energy-momentum tensor for cosmic strings is

Tij = ρuiuj − λxixj . (5)

Here ρ is the rest energy density of the system of strings with
massive particles attached to the strings and λ the tension
density of the system of strings. As pointed out by Letelier
(1983), λ may be positive or negative, ui describes the sys-
tem four velocities and xi represents direction of anisotropy,
i.e. The direction of strings which is taken to be along fifth
dimension.

We have

uiui = −xixi = +1 and uixi = 0. (6)

We consider

ρ = ρp + λ (7)

where ρp is the rest energy density of particles attached to
the strings. Here, we consider φ,ρ and λ are functions of t

only.
The field equations (2), (3) and (4) for the metric (1) with

the help of (5) and (6) can, explicitly, be written as

3R2
4

R2
+ 3R4A4

RA
− ω

2
φnφ2

4 = ρ, (8)

2R44

R
+ R2

4

R2
+ 2R4A4

RA
+ A44

A
+ ω

2
φnφ2

4 = 0, (9)

R44

R
+ R2

4

R2
+ ω

2
φnφ2

4 = λ, (10)

φ44 + φ4A4

φ
+ 3φ4R4

R
+ n

2

φ2
4

φ
= 0, (11)

ρ4 + 3ρ
R4

R
+ (ρ − λ)

A4

A
= 0 (12)

where a suffix 4 after an unknown function denotes differ-
entiation with respect to t .

3 Solutions and the models

The field equations (8–12) are four independent equations in
five unknowns R,A,φ,ρ and λ. Hence to get a determinate
solution one has to assume a physical or mathematical con-
dition. In the literature, we have equations of state for string
model (Letelier 1983),

ρ = λ (geometric string or Nambu string),

ρ = (1 + w)λ (P-string or Takabayasi string).

In addition to the above, recently, Reddy (2003a, 2003b)
and Reddy and Rao (2006) have obtained inflationary string
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cosmological models in Brans and Dicke (1961), Saez and
Ballester (1985) and Lyra (1951) scalar-tensor theories of
gravitation assuming a relation

ρ + λ = 0 (Reddy string) (13)

i.e. the sum of rest energy density and tension density for a
cloud of strings vanishes. The relation (13) is analogous to
ρ + p = 0 in general relativity with perfect fluid as source
which represents false vacuum case.

Here we find string cosmological models corresponding
to (i) ρ = λ (ii) ρ = (1 + w)λ and (iii) ρ + λ = 0 in five
dimensions in Saez-Ballester scalar-tensor theory.

Case (I): geometric string (ρ = λ)
Here we also assume the relation between metric coeffi-

cients, i.e. A = Rn because of the fact that the field equations
are highly non-linear. Using this relation, the field equations
(8–12) admit the exact solution

R = [N(k1t + k2)]
1
N

,

A = [N(k1t + k2)] n
N ,

φ =
[(

k3

2k1

)
N(n + 2)

(N − n − 3)
(k1t + k2)

−(N−n−3) + k4

] 2
n+2

,

ρ = λ = k2
1(5 − N + 3n)

2N2(k1t + k2)2
where N = 2n2 + 7n + 7

2n + 3

(14)

and k1, k2, k3 are constants of integration. After a suitable
choice of coordinates and constants of integration, the model
corresponding to the solution (14) can be written as

ds2 = dt2 − (NT )
2
N (dx2 + dy2 + dz2) − (NT )

2n
N dm2(15)

where N = 2n2+7n+7
2n+3 .

Some physical features of the model

The model (15) represents five dimensional geometric or
Nambu string in Saez-Ballester scalar-tensor theory of grav-
itation.

The physical and kinematical parameters for the model
(15) are

ρ = λ =
(

5 − N + 3n

2N2

)(
1

T 2

)
, (16)

φ =
[

N(n + 2)

2(N − n − 3)

1

T (N−n−3)

] 2
n+2

. (17)

Spatial volume

V 3 = (NT )
n+3
N . (18)

Scalar expansion

θ = 1

3T
. (19)

Shear scalar

σ 2 = 1

2
σ ijσij = 1

54T 2
.

Deceleration parameter (Feinstein et al. 1995)

q = − 3

θ2

[
θαuα + 1

3θ2

]
= 8. (20)

The model (15) has no initial singularity, while the en-
ergy density, the tension density of the string given by (16)
and the scalar field φ given by (17) possess initial singu-
larities. However as T increases these singularities vanish.
The spatial volume of the model given by (17) shows the
anisotropic expansion of the universe (15) with time. For the
model (15) the expansion scalar θ and shear scalar σ tend to
zero as T → ∞. The positive value of the deceleration pa-
rameter indicates that the model decelerates in the standard
way.

Also, since

Lim
T →∞

(
σ

θ

)
�= 0. (21)

The model does not approach isotropy for large values
of T .

Case (II): Takabayasi string [ρ = (1 + w)λ,w ≥ 0]
In this case, again, assuming the relation between met-

ric coefficients i.e. A = Rn. We obtain the five dimensional
Takabayasi string (p-string) model in Saez-Ballester scalar-
tensor theory as

ds2 = dt2 −
[(

N1 + N2

N1

)
T

] 2N1
N1+N2

(dx2 + dy2 + dz2)

−
[(

N1 + N2

N1

)
T

] 2nN1
N1+N2

dm2, (22)

where N1 = w+3+n(w+2), N2 = 4+n(2w+7)+n(n−
1)(w + 2).

It may be observed that the model (22) is similar to the
model (15) but for the constants.

The string density, tension density and the scalar field in
the universe (22) are

ρ = (1 + w)λ = N1(1 + w)[(3n + 4)N1 − N2]
(2 + w)(N1 + N2)2T 2

, (23)

φ =
[
(N1 + N2)(n + 2)

N2 − (n + 2)N1
T

− (n+2)N1+N2
N1+N2

] 2
n+2

. (24)
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It can be easily seen that, as in case (I), the physical and
kinematical parameters have an identical behaviour in the
universe given by (22).

Case (III): Reddy string (ρ + λ = 0)
In this case, again, assuming A = Rn, the five dimen-

sional Reddy string model can be written as

ds2 = dt2 − [(3n + 5)T ] 2
3n+5 (dx2 + dy2 + dz2)

− [(3n + 5)T ] 2n
3n+5 dm2. (25)

Which is, again, similar to the model (15) with similar be-
haviour of the physical and kinematical parameters and in
this model

ρ = −λ = 3n + 3

(3n + 5)2T 2
− w

2
[(3n + 5)T ]− 2n+6

3n+5

= 3n + 3

(3n + 5)2T 2
− w

2
[(3n + 5)T ]− 2(n+3)

3n+5 . (26)

Comparing the cosmic string models (15), (22) and (25)
with the string cosmological models obtained in four dimen-
sions by Reddy (2003a) in Brans-Dicke theory and Reddy
and Rao (2006) in Lyra manifold, we observe that the model
in Brans-Dicke theory inflates while the models in this the-
ory decelerate in the standard way while the models ob-
tained here have similar behaviour as the models obtained
in Lyra manifold. Also, the physical quantities like energy
density, tension density and the scalar field diverge in this
theory while they do not in Brans-Dicke theory.

4 Conclusions

We have studied five dimensional cosmological models gen-
erated by a cloud of strings with particles attached to them
in Kaluza-Klein space-time in the frame work of Saez
and Ballester (1985) scalar-tensor theory of gravitation.
The models obtained represent Nambu string, p-string and
Reddy string in this theory in five dimensions. The mod-
els are free from initial singularities and they are expand-
ing, anisotropic, shearing, non-rotating and decelerate in the
standard way. Also, we find that all the physical quanti-
ties like energy density, tension density of the string and
the scalar field diverge at the initial moment of creation
and we do not have any knowledge of the cosmic strings
at that instant. However, the four dimensional string models
in general relativity obtained by Bhattacharya and Karade
(1993) and models presented by Reddy and Rao (2006) in
Lyra manifold are quite similar to the five dimensional string
models discussed here.

References

Appleqluist, T., Chodos, A., Freund, P.G.O.: Modern Kaluza-Klein
Theories. Addison–Wesley, New York (1987)

Banerjee, A., Sanyal, A.K., Chakraborti, S.: Pramana J. Phys. 34, 1
(1990)

Barros, A., Romero, C.: J. Math. Phys. 36, 5800 (1995)
Barros, A., Sen, A.A., Romero, C.: Braz. J. Phys. 31, 507 (2001)
Bhattacharjee, R., Baruah, K.K.: Ind. J. Pure Appl. Math. 32, 47

(2001)
Bhattacharya, S., Karade, J.M.: Astrophys. Space Sci. 202, 69 (1993)
Brans, C.H., Dicke, R.H.: Phys. Rev. 124, 925 (1961)
Chatterjee, S.: Gen. Relativ. Grav. 25, 10 (1993)
Dunn, K.A.: J. Math. Phys. 15, 389 (1974)
Feinstein, A., Ibanez, J., Labarge, P.: J. Math. Phys. 36, 4962 (1995)
Grøn, Ø.: Astron. Astrophys. 193, 1 (1988)
Gundalach, C., Ortiz, M.E.: Phys. Rev. D 42, 2521 (1990)
Hogan, C.J., Rees, M.J.: Nature 311, 109 (1984)
Khadekar, G.S., Patki, V., Radha, R.: Int. J. Mod. Phys. D 14, 1621

(2005)
Kibble, T.W.: J. Phys. A 9, 1387 (1976)
Krori, K.D., Chaudhuri, T., Mahanta, C.R., Majumdar, A.: Gen. Rela-

tiv. Grav. 22, 123 (1990)
Letelier, P.S.: Phys. Rev. D 20, 1294 (1979)
Letelier, P.S.: Phys. Rev. D 28, 2414 (1983)
Lyra, G.: Z. Math. 54, 52 (1951)
Myung, Y.S., Cho, B.H., Kim, Y., Park, Y.J.: Phys. Rev. D 33, 2944

(1986)
Nordtvedt, K. Jr.: Astrophys. J. 161, 1069 (1970)
Pimental, L.O.: Mod. Phys. Lett. A 12, 1865 (1997)
Rahaman, F., Chakraborty, S., Hossain, M., Begum, N., Bera, J.: Ind.

J. Phys. B 76, 747 (2002)
Rahaman, F., Chakraborty, S., Begum, N., Hossain, M., Kalam, M.:

Pramana J. Phys. 60, 1153 (2003)
Reddy, D.R.K.: Astrophys. Space Sci. 286, 365 (2003a)
Reddy, D.R.K.: Astrophys. Space Sci. 286, 397 (2003b)
Reddy, D.R.K.: Astrophys. Space Sci. 300, 381 (2005)
Reddy, D.R.K.: Astrophys. Space Sci. 305, 139 (2006)
Reddy, D.R.K., Rao, M.V.S.: Astrophys. Space Sci. 302, 157 (2006)
Reddy, D.R.K., Venkateswara Rao, N.: Astrophys. Space Sci. 277, 461

(2001)
Reddy, D.R.K., Naidu, R.L., Rao, V.U.M.: Astrophys. Space Sci. 306,

185 (2006)
Ross, D.K.: Phys. Rev. D 5, 284 (1972)
Saez, D.: A simple coupling with cosmological implications, Preprint

(1985)
Saez, D., Ballester, V.J.: Phys. Lett. A 113, 467 (1985)
Sen, A.A., Banerjee, N., Banerjee, A.: Phys. Rev. D 53, 5508 (1997)
Sen, A.A.: Pramana J. Phys. 55, 369 (2000)
Shri Ram, Tiwari, S.K.: Astrophys. Space Sci. 259, 91 (1998)
Singh, T., Agrawal, A.K.: Astrophys. Space Sci. 182, 289 (1991)
Stachel, J.: Phys. Rev. D 21, 2171 (1980)
Vilenkin, A.: Phys. Rev. D 23, 852 (1981)
Wesson, P.S.: Astron. Astrophys. 119, 1 (1983)
Yavuz, I., Yilmaz, I.: Astrophys. Space Sci. 245, 131 (1996)


	Five dimensional string cosmological models in a scalar-tensor theory of gravitation
	Abstract
	Introduction
	Metric and field equations
	Solutions and the models
	Some physical features of the model

	Conclusions
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


