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Abstract An axially symmetric Bianchi type-I space-time

is considered in the presence of perfect fluid source in the

scale-covariant theory of gravitation formulated by Canuto

et al. [1977a, Phys. Rev. Lett. 39, 429]. With the help of

special law of variation for Hubble’s parameter proposed by

Bermann [1983, Nuovo Cimento 74B, 182] a cosmological

model with a negative constant declaration parameter is ob-

tained in this theory. Some physical properties of the model

are also discussed.
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1 Introduction

Alternative theories of gravity have been extensively studied

in connection with their cosmological applications. Note-

worthy among them are scalar-tensor theories of gravitation

formulated by Brans and Dicke (1961), Nordvedt (1970),

Sen (1957), Sen and Dunn (1971) and Saez and Ballester

(1985). In Brans-Dicke theory there exists a variable grav-

itational parameter G. Canuto et al. (1977a) formulated a

scale-covariant theory of gravitation which is a viable alter-
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native to general relativity (Wesson, 1980; Will, 1984). In the

scale-covariant theory Einstein’s field equations are valid in

gravitational units where as physical quantities are measured

in atomic units. The metric tensors in the two systems of units

are related by a conformal transformation

ḡi j = φ2(xk)gi j (1)

where in latin indicies take values 1,2,3,4, bars denote gravi-

tational units and unbar denotes atomic quantities. The gauge

function ø, (0 < ø < ∞) in its most general formulation is

function of all space-time coordinates. Thus using the confor-

mal transformation of the type given by Equation (1), Canuto

et al. (1977a) transformed the usual Einstein equations into

Ri j − 1

2
Rgi j + fi j (φ) = −8πG(φ)Ti j + �(φ)gi j (2)

where

φ2 fi j = 2φφi ; j − 4φiφ j − gi j
(
φφk

;k − φkφk
)

(3)

Here Ri j is the Rici tensor, R the Ricci scalar, � the cos-

mological ‘constant’ G the gravitational ‘constant’ and Ti j ,

the energy momentum tensor. A semicolon denotes covari-

ant derivative and øi denotes ordinary derivative with respect

to xi . A particular feature of this theory is that no indepen-

dent equation for ø exists. The possibilities that have been

considered for gauge function ø are (Canuto et al., 1977).

φ(t) =
(

to
t

)ε

, ε = ±1, ±1/2 (4)

where to is a constant. The form

φ ∼ t1/2 (5)
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is the one most favoured to fit observations (Canuto and

Goldman, 1983a,b).

In recent years there has been a lot of interest in the

study of alternative theories of gravitation with the perfect

fluid matter distribution as source. Reddy and Rao (2006)

and Reddy et al. (2006a) have investigated axially symmet-

ric perfect fluid cosmological models in Brans-Dicke theory

while Reddy et al. (2006b) have discussed the same in Saez-

Ballester scalar-tensor theory. In particular Rahaman et al.

(2005) have obtained Bianchi type-I and Kantowski-Sachs

cosmological models in Lyra (1951) manifold. Very recently,

Reddy et al. (2006c,d) presented models of the universe with

a negative constant deceleration parameter in Saez-Ballester

and Brans-Dicke Scalar-tensor theories.

In this paper, we study an axially symmetric Bianchi type-I

cosmological model with a negative constant deceleration

parameter with the help of Hubble’s special law of variation

proposed by Bermann (1983). This study is relevant in view

of the recent scenario of the accelerating of universe.

2 Metric and field equations

We consider the axially symmetric and spatially homogenous

Bianchi type-I metric in the form

ds2 = dt2 − A2(t)dx2 − B2(t)(dy2 + dz2) (6)

The energy momentum tensor for a perfect fluid distribution

is

T i
j = (ρ + p)ui u j − p gi j (7)

together with

ui ui = 1, ui u j = 0 (8)

where ρ is the energy density, p is the isotropic pressure

and ui is the four-velocity of the fluid. Here ρ, p and ø are

homogeneous functions of cosmic time t.
Using commoving coordinates, the field Equations (1) and

(2) for the metric (6) can be written as

2B44

B
+

(
B4

B

)2

+ φ44

φ
− A4φ4

Aφ

+ 2B4φ4

Bφ
−

(
φ4

φ

)2

= −8πGp (9)

B44

B
+ A44

A
+ A4 B4

AB
+ φ44

φ

+ A4φ4

Aφ
−

(
φ4

φ

)2

= −8πGp (10)

2A4 B4

AB
+

(
B4

B

)2

− φ44

φ
+ A4φ4

Aφ

+2B4φ4

Bφ
+ 3

(
φ4

φ

)2

= 8πGρ (11)

where a subscript 4 after an unknown function denotes dif-

ferentiation with respect to t.
Also, the energy conservation equation which is a conse-

quence of the field Equations (1) and (2), in this theory, is

(Canuto et al., 1977a)

ρ4 + (ρ + p)uk
;k = −ρ

(Gφ)4

Gφ
− 3p

φ4

φ
(12)

For the metric (6), this takes the form

ρ4 + (ρ + p)

(
A4

A
+ 2B4

B

)
+ρ

(
G4

G
+ φ4

φ

)
+ 3p

φ4

φ
= 0 (13)

3 Cosmological model

In this section, we obtain cosmological model with a negative

constant deceleration parameter.

Bermann (1983) proposed a special law of variation for

Hubble’s parameter which yield constant deceleration pa-

rameter models of the universe. Here we consider constant

deceleration parameter defined by

q = −(
R44 R/R2

4

) = constant (14)

where R = (AB2)1/3 is the overall scale factor. Here the con-

stant is taken as negative (i.e. it is an accelerating model of

the universe)

Equation (14) gives the solution

R = (AB2)1/3 = (at + b)1/1+q (15)

where a and b are integration constants. This equation implies

that the condition of expansion is 1 + q > 0.

Equations (9) and (10) yield

B44

B
− A44

A
+

(
B4

B

)2

− A4 B4

AB

−2A4φ4

Aφ
+ 2B4φ4

Bφ
= 0 (16)

which admits an exact solution

A = αB (17)
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Where α 0 is a constant

From Equations (15) and (17) we have

A = (at + b)1/1+q

B = (1/α)(at + b)1/1+q
(18)

Hence the cosmological model in scale covariant theory can

be written as (through a proper choice of integration con-

stants, i.e., a = 1, b = 0)

ds2 = dt2 − t2/1+qdx2 − (1/α)2t2/1+q (dy2 + dz2) (19)

4 Some physical properties of the model

The cosmological model given by Equation (19) represents

a homogeneous universe in scale-covariant theory of gravi-

tation. The model has no singularities at t = 0.

The energy density, pressure, the gauge function ø and

the gravitational ‘constant’ G are obtained as

8πGρ =
[

2q2 + 7q + 11

2(1 + q)2

]
1

t2
(20)

8πGp =
[

q2 + 3q − 2

2(1 + q)2

]
1

t2
(21)

φ = φ0/t1/2, φ0 = constant (22)

8πG =
[

q3 − 12q2 − 27q − 28

2(1 + q)(2q2 + 7q + 11)

]
t (23)

For the model (19), the expressions for the spatial vol-

ume V, scalar expansion θ , shear scalar σ and the Hubble’s

parameter H are

V 3 = (−g)1/2 = (1/α2)t3/1+q (24)

θ = 1

3
ui

;i =
(

1

1 + q

)
t2−q/1+q (25)

σ 2 = σ i jσi j = 1

6
θ2 = 1

6(1 + q)2
t4−q/1+q (26)

H = R4/R =
(

1

1 + q

)
1

t
(27)

At the initial moment t = 0, the spatial volume is zero

and the energy density, pressure and the scalar fielddiverge

while θ , σ 2 and G become zero and the Hubble’s parameter

tends to ∞. As t → ∞, V, θ , σ 2 tend to infinity while H,

ρ and p become zero. Also Ltt→∞( σ 2

θ2 ) = 1
6

�= 0 and hence

the model does not approach isotropy for large values of t.
However, for α = 1, the model becomes spatially isotropic.

In this model, particle horizon exists because∫ t

t0

dt/V (t) =
(

q + 1

q

)
[tq/1+q ]t

t0

is a convergent integral.

5 Conclusions

In this paper, we have considered the field equations of

scale covariant theory of gravitation proposed by Canuto

et al. (1977a) for an axially symmetric Bianchi-I space-time.

The field equations being highly non-linear, we have ob-

tained a cosmological model using special law of variation

of Hubble’s parameter proposed by Bermann (1983). The

model obtained represents an expanding, accelerating and

spatially homogenous anisotropic universe in the theory.
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