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Abstract. Recently, C. Tain and G. Chen introduced a new concept of sequence of time
invariant function. In this paper we try to investigate the chaotic behavior of the uniform
limit function f:X — X of asequence of continuous topologically transitive (in strongly
successive way) functions f,, : X — X, where X is a compact interval. Surprisingly, we find
that the uniform limit function is chaotic in the sense of Devaney. Lastly, we give an exam-

ple to show that the denseness property of Devaney’s definition is lost on the limit function.
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1 Introduction

In [2], chaos of a time invariant continuous function on a metric space has been extensively
studied. The authors also introduced several concepts, such as chaos for a sequence of time
invariant functions. It is also well- known that if a sequence of continuous functions converges
uniformly, then the uniform limit function is continuous. Also H. R. Flores [1] gives sufficient
conditions for the topological transitivity of uniform limit function f: X — X of a sequence
of continuous functions f, : X — X, where (X,d) is a compact metric space. Also chaos of a
continuous function has been discussed extensively in [2, 3, 5 and 7]. But Devaney’s definition®!
has certainly become one of the most popular. It is also the most purely topological and thus

in some sense the simplest definition. Devaney’s definition utilises the concept familiar to any
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student of basic point set topology. This motivates us to give further investigation whether the
uniform limit function of a sequence of continuous functions on a compact and perfect metric
space is chaotic in the sense of Devaney. To do this we require the main results of the two papers
[4] and [6].

In this paper we take the definition of sequence of topologically transitive functions in
successive way and we also modify this definition in a stronger sense. We then show that if
fn : X — X is a continuous sequence of continuous topologically transitive functions in strongly
successive way, (X,d) is a compact metric space, then the uniform limit function f: X — X
is also topologically transitive in Theorem-I. Then by the theorem of Vellekoop [4] we can say
that the uniform limit function is chaotic in the sense of Devaney. Lastly we give an example to
show that, although the uniform limit function is chaotic, the denseness property of Devaney’s
definition is lost on the limit function.

Throughout this paper we use some mathematical notations. We give them one by one.

i) If A is any set then we denote the boundary of A by B(A).

ii) The radius of any set A is denoted by Rad(A).

iii) If € > 0 is arbitrary, we denote the €-neighborhood of any point x by S¢(x).

2 Definitions

We now give some elementary definitions which is very important for our paper.
1. Uniform Convergence: Let (X,d) be a compact metric space and f, : X — X be a
sequence of continuous functions defined on X, n=1,2,--- . Let f: X — X be a continuous

function such that, d(f,(x), f(x)) < &, for all n > ng and for all x, where n is a positive integer

n=1

(depending on € only), then we say that {f,}>_, is uniformly convergent to f. If {f,}>_, is
uniformly convergent to f we then write f,, — f uniformly.

2. Sensitive Dependence on Initial Conditions: A continuous function f: X — X, where
(X,d) is a compact metric space, has sensitive dependence on initial conditions if there exists
0 > 0 such that for any x € S and any neighborhood N (x) of x, there exists y € N(x) and n > 0
such that d(f"(x), f*(y)) > 6.

3. Topological Transitivity: The function f:X — X is said to be topologically transitive
if for any pair of non-empty open sets K, L C X there exists n > 0 such that f"(K) L # ¢, where
(X,d) is a compact metric space.

4. Dense Set of Periodic Points:  Let f: X — X be a continuous function on a compact

metric space (X,d). If the set of all periodic points of f is dense in X, then f is said to have a
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dense set of periodic points.

5. Chaos in the Sense of Devaney: Let f: X — X be a continuous function on a compact
metric space (X,d). Then f is said to be chaotic in the sense of Devaney if

i) f is topologically transitive on X;

i) f has sensitive dependence on initial conditions;

iii) the set of periodic points is dense in X .

6. Topological Transitivity in Successive Way?: Let (X,d) be a compact metric space
and f,, : X — X a sequence of continuous functions, n = 1,2,--- . If for any two non-empty

open subsets U and V of X, there exists a positive integer k such that fi(U)NV # ¢, then the

oo

-1 1s said to be topologically transitive on X in successive way.

sequence of functions { f,

We now modify this definition slightly.

7. Topological Transitivity in Strongly Successive Way : Let (X,d) be a compact
metric space and f,, : X — X a sequence of continuous functions, n =1,2,--- . If

1) for any two non-empty open subsets U and V of X, there exists a positive integer k such
that f(U)NV # ¢ and

ii) for any two pair of distinct non-empty open subsets U;, V| and U,, V, of X, there exist
positive integers k; # ky such that fi, (U;) NVy # ¢ and fi, (U2) NV2 # @, then the sequence of
function { f,}_, is said to be topologically transitive on X in strongly successive way.

8. Sensitive Dependence on Initial Conditions in Successive Way”: Let (X,d) be a
compact metric space and f;, : X — X be a sequence of continuous functions, n =1,2,--- . If
there exists a constant § > 0 such that for any point x € X and any neighborhood N (x) of x, there
exist a point y € N(x) and a positive integer k such that d(fi(x), fc(y)) > 0, then the sequence

of functions {f, };_, is said to be sensitive dependence on initial conditions in successive way.

3 Main Theorems

Theorem-1. Let (X,d) be a compact metric space and suppose that {f,}_, is a contin-
uous sequence of functions from X into X such that f, — f uniformly. If the sequence { f,}_,
is topologically transitive on X in strongly successive way, then f is topologically transitive.

Proof. Let U, and V; be any two non-empty open subsets of X. Since the sequence { f,}_,
is topologically transitive on X in the strongly successive way, there exists a positive integer k;

8/
such that fi, (U;)NV; # ¢. Let€’,€” > 0. Consider an open ball U, C U; such that Rad(U,) = 5

. Similarly we take an open ball V, C V]

/

and the minimum distance of B(U,) from B(U,) is 100
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8” "

such that Rad(V,) = 5 and the minimum distance of B(V,) from B(V;) is 100

transitivity (in strongly successive way), there exists a positive integer k, such that fi, (Uy) NV, #
8/

¢. We now take an open ball Us C U, such that Rad(Usz) = 3 and the center of U3 is same as

. Again by

that of U,. Similarly we take an open ball V3 C V, such that Rad (V3) = 83" and the center of V3 is
same as that of V,. Then by transitivity (in strongly successive way) again, there exists a positive
integer k3 such that fi, (Us) N'V3 # ¢. See Figure-1 and Figure-2. We now continue this process
repeatedly. Then by our modified definition {k,}}>_, is an infinite subset of N. So, we rearrange
this set as a sequence by taking the least element first then the next lowest element and so on.

We now denote this rearrangement by {k,}_,. That is, ks the least element of {k,}_,.

Figure 1. Figure 2.
By our construction AB= €'/100 and CD= " /100. Also, fi, (U1) Vi # 9. fio(U2) V2 # 0,
fis (Us)NV3 # ¢ and so on.

Then the following facts are noticeable:
a) U; and V; are open sets such that Uy CU;and Viy) C V;, foralli=1,2,---.
b) There exists a sequence of positive integers {k, }_; such that f; ,(Uy) NV,y # ¢, for all

¢) U;’s (and V;’s) are all open sets such that center of U;’s (and V;’s) are same fori =2,3,--- .

d) By a) and b) it can be easily proved that fi ,(U1) NV # ¢, for all k.

With those facts as above we now proof Theorem-I. Obviously f;, — f uniformly for
n=2,3,--- since {fi , };_, is a subsequence of {fi , }_;.

Then for € = 1880, d(fi,(x),f(x)) <e, forall n’ >m’ and for all x € X, with some
m e N—{1}. (1)

We now show that f/(U;) NV} # ¢, foran [ > 0.
Let

Y€ fioy (Un) NV (2)
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Theny € V,y and y € fi ,(Uy). So, there exists x € U,y such that f; , (x) = y. Again from (1) we
getd(fy, (x),f(x)) <e.
So, f(x) € Se(fi,, (x)), that is
F(x) € Se(y). 3)

From (2) we get y € fi ,(Ui) and y € Vi. Now x € Uy = x € Uy = f(x) € f(Uy). Since
m' # 1, then by the definition of €, (3) and also our construction above we see f(x) € V;. Hence,
FU)NVi#¢.

So, we conclude that f is topologically transitive.

Hence, by an application of the theorem of Vellekoop in [4] and Theorem-I above we get
our desired result.

Theorem-Il. Let X be a compact interval of real numbers and f, : X — X a sequence
of continuous function that converges uniformly to f, then f is chaotic on X whenever f, are

topologically transitive in strongly successive way.

4 Conclusions

In[1], H. R. Flores shows that if f;, : X — X is a topologically transitive continuous sequence
of functions on a metric space (X,d), then the uniform limit function f is not necessarily topo-
logically transitive and then he gives the sufficient condition for transitivity of f. But in this
paper we show that if f,, : X — X is a sequence of topologically transitive continuous functions
in strongly successive way on a compact metric space (X,d), then the uniform limit function f
is also topologically transitive (Theorem-I) in X. Hence by the theorem of Vellekoop [4], we can
say that if f,, : X — X is a sequence of topologically transitive continuous functions in strongly
successive way on a compact interval, then the uniform limit function is chaotic. So Theorem-II
is a very important one, because we do not apply any condition for proving f to be chaotic.

Lastly we give an example to show that the denseness of periodic points will be lost on the
limit function.

Example-I. Consider the sequence of translation maps T, j2n : S I — S'by

(n2+1)n
(n+ 1)
T, o (x)=x+21 ,
i O T Gy
1 2n
where S is the unit circle on the plane. Now obviously (n+1) is a rational number for
(2 + 1)
1 2n
all n=1,2,---. Hence, En2++ i)” = ", where p,q are integers and g # 0. Then we see that
n q
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T,E’ (x) =x+ an.Z = x+27mp = x. So all points of S' are periodic with periods g. Hence, the
set of all periodic points of S! are obviously dense in S'. But note that
,}Erolo EZZ—:?;Z = ez, where € is an irrational number.
Then by Jacobi’s Theorem we get that 7,(x) has dense orbit for each x € S'. Thus there is
no periodic point. This proves that the denseness of periodic points will be lost on the limit
function.
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