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Abstract. The (Nörlund) logarithmic means of the Fourier series is:

tn f =
1

ln

n−1
∑
k=1

Sk f
n− k

, where ln =
n−1
∑
k=1

1

k
.

In general, the Fejér (C,1) means have better properties than the logarithmic ones. We

compare them and show that in the case of some unbounded Vilenkin systems the situation

changes.

Key words: unbounded Vilenkin group, Fejér means, logarithmic means, norm conver-
gence
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1 Introduction

Introduce the necessary notations and definitions.

Let P = N\{0}, and let m := (m0,m1, · · ·) denote a sequence of positive integers not less

than 2. Denote by Zmk := {0,1, · · · ,mk−1} the additive group of integers modulo mk.

Define the set Gm as the complete direct product of the sets Zmj , with the product of the

discrete topologies of Zmj ’s.

The direct product μ of the measures

μk({ j}) := 1

mk
, j ∈ Zmk ,

is the Haar measure on Gm with μ(Gm) = 1.
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If the sequencem is bounded, thenGm is called a bounded Vilenkin group, else its name is an

unbounded one. The elements ofGm can be represented by sequences x := (x0,x1, · · · ,x j, · · ·) (x j ∈
Zmj). It is easy to give a base for the neighborhoods of Gm :

I0(x) := Gm,

In(x) := {y ∈ Gm|y0 = x0, · · · ,yn−1 = xn−1}
for x ∈ Gm, n ∈ N. Define In := In(0) for n ∈ P.

If we define the so-called generalized number system based on m in the following way:

M0 := 1,Mk+1 := mkMk(k ∈ N), then every n ∈ N can be uniquely expressed as n =
∞

∑
j=0

n jMj,

where n j ∈ Gmj ( j ∈ P) and only a finite number of n j’s differ from zero. We use the following

notations. Let (for n > 0) |n| :=max{k ∈N : nk �= 0} (that is,M|n| ≤ n < M|n|+1), n(k) =
∞

∑
j=k

n jMj

and n(k) := n−n(k).

Denote by Lp(Gm) the usual (one dimensional) Lebesgue spaces (‖.‖p the corresponding

norms) (1≤ p≤ ∞).
Next we introduce on Gm an orthonormal system which is called Vilenkin system. At first

define the complex valued functions rk(x) : Gm → C, the Generalized Rademacher functions in

this way

rk(x) := exp
2πixk
mk

, ß2 :=−1, x ∈ Gm, k ∈ N.

Now define the Vilenkin system ψ := (ψn : n ∈ N) on Gm as follows.

ψn(x) :=
∞

∏
k=0

rnkk (x), n ∈ N.

Specially, we call this system the Walsh-Paley one if m≡ 2.

The Vilenkin system is orthonormal and complete in L2(Gm)[10].

Now, introduce the usual definitions from Fourier-analysis. If f ∈ L1(Gm) we can define the
following definitions in the usual way.

Fourier coefficients:

f̂ (k) :=
∫
Gm

fψkdμ, k ∈ N,

partial sums:

Sn f :=
n−1
∑
k=0

f̂ (k)ψk, n ∈ P,

S0 f := 0,

Fejér means:

σn f :=
1

n

n−1
∑
k=0

Sn f , n ∈ P,
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Dirichlet kernels:

Dn :=
n−1
∑
k=0

ψk, n ∈ P,

Fejér kernels:

Kn :=
1

n

n−1
∑
k=0

Dk, n ∈ P.

We use a further notation:

Ka,b :=
a+b−1
∑
j=a

Dj, a,b ∈ N.

2 Approximation in Norm

Review some approximation results with respect to the Vilenkin system. It is well-known

that the partial sums converge to the function in norm. That is,

‖Sn f − f‖p→ 0

for all f ∈ Lp, where 1 < p < ∞[8]. This is not the case if p = 1 or p = ∞.

Moreover, if we use the partial sequence Mn it is also well-known ([1]) the convergence in

the supremum norm for continuous functions, and in the Lebesgue norm L1 for functions f ∈ L1

‖SMn f − f‖→ 0.

The properties of the convergence are better using the Fejér means on bounded Vilenkin

system[9]

‖σn f − f‖p→ 0, ∀ f ∈ Lp, 1≤ p < ∞

and in the supremum norm for continuous functions. On arbitrary Vilenkin system (it is a trivial

consequence of the convergence of the partial sums)

‖σn f − f‖p→ 0, ∀ f ∈ Lp, 1 < p < ∞.

On the other hand, in the case of unbounded Vilenkin systems and p = 1 the theorem above

does not hold. We have the same situation in the case of the supremum norm and continuous

functions.

What is the situation regarding the Fejér means in the case of special subsequence Mn? It is

interesting, that every unbounded sequence m there is f ∈ L1 such that[7]

‖σMn f − f‖1 �→ 0,

but for every Vilenkin system

σMn f → f a.e. ∀ f ∈ L1,

see [2]. Moreover, there exists a continuous function such that σMn f does not converge to f in
the supremum norm[7].
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3 Nörlund Logarithmic Means

Define the Nörlund means in general. If qk ≥ 0 (k ∈ N),

1

Qn

n−1
∑
k=1

qn−kSk f , where Qn =
n−1
∑
k=1

qk.

Móricz discussed in [6] the norm convergence for Walsh-Paley system with respect to some

sequence q. The case qk =
1

k
is excluded in this paper. Among others, that is why this case, the

so-called Nörlund logarithmic means is also interesting to be discussed. The concept of Nörlund

logarithmic means is as follows

tn f :=
1

ln

n−1
∑
k=1

Sk f
n− k

, where ln :=
n−1
∑
k=1

1

k
.

It is evident that

tn f = f ∗Fn,

where

Fn =
1

ln

n−1
∑
k=1

Dk

n− k
.

For further information with respect to Nörlund logarithmic means for Walsh-Paley system see

[5].

In their paper [4] Gát, G. and Goginava, U. proved (for Walsh-Paley system) that there is

f ∈ L1 such that

‖tn f − f‖1 �→ 0.

On the other hand, the main aim of this paper is to prove that the Nörlund logarithmic means have

better apprioximation properties on some unbounded Vilenkin groups, than the Fejér means.

4 New Results on Vilenkin Systems

Lemma 1. Let 1≤ j ≤Mk−1. Then

DMk− j(x) = DMk(x)−ψMk−1(−x)Dj(−x).

Proof. Using the well known equalities ψn⊕m = ψnψm, ψn�m = ψn/ψm, ψn(x) = ψn(−x)
and ψnψn = 1 as well as the simple fact (Mk−1)�ν = Mk−1−ν for ν = 0,1, · · · ,Mk−1 we
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can get

DMk− j(x) = DMk(x)−
Mk−1
∑

ν=Mk− j
ψν(x)

= DMk(x)−ψMk−1(−x)
Mk−1
∑

ν=Mk− j
ψMk−1(−x)ψν(−x)

= DMk(x)−ψMk−1(−x)
Mk−1
∑

ν=Mk− j
ψMk−1(−x)/ψν(−x)

= DMk(x)−ψMk−1(−x)
Mk−1
∑

ν=Mk− j
ψ(Mk−1)�ν(−x)

= DMk(x)−ψMk−1(−x)
Mk−1
∑

ν=Mk− j
ψMk−1−ν(−x)

= DMk(x)−ψMk−1(−x)
j−1
∑
ν=0

ψν(−x)

= DMk(x)−ψMk−1(−x)Dj(−x).

The next two lemmas are interesting even in themself, because it is not known any general

estimate of the Fejér kernel functions before for unbounded Vilenkin systems.

Lemma 2. If logmn = O(nδ ), then ‖Kn‖1 = O(|n|δ ), for any δ > 0.

Proof. It is known[3], that

nKn =
|n|
∑
s=0

ns−1
∑
j=0

Kn(s+1)+ jms,Ms
.

Let z ∈ It\It+1.

At this point divide the examination into four parts.

1. The case |n| ≥ s > t. Then

Kn(s),Ms
(z) =

⎧⎨⎩ MtMsψn(s) (z)
1

1− rt(z)
, if z− ztet ∈ Is,

0, otherwise.

So we obtain

ns−1
∑
j=1

Kn(s+1)+ jMs,Ms
(z) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ψn(s+1) (z)MtMs

1

1− rt(z)
rnss (z)−1

rs(z)−1
, if z− ztet ∈ Is and zs �= 0,

ψn(s+1) (z)MtMs
ns

1− rt(z)
, if zs = 0,

0, otherwise.
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Using this equality we have

∫
It\It+1

∣∣∣∣∣ns−1∑
j=1

Kn(s+1)+ jMs,Ms
(z)

∣∣∣∣∣dμ(z) = MtMs

mt−1
∑
zt=1

∫
Is(et zt)

1

|1− rt(z)|
∣∣∣∣rnss (z)−1

rs(z)−1

∣∣∣∣dμ(z)

≤MtMsmt logmt
1

Ms
logns = Mt+1 logmt logns.

Let A := |n|. We would like to give an upper estimate for the next expression

1

nAMA

A−1
∑
t=0

∫
It\It+1

∣∣∣∣∣ A

∑
s=t+1

ns−1
∑
j=0

Kn(s+1)+ jMs,Ms
(z)

∣∣∣∣∣dμ(z)

≤ 1

nAMA

A−1
∑
t=0

A

∑
s=t+1

Mt+1 logmt logns

=
1

nAMA

A

∑
s=1

logns
s−1
∑
t=0

Mt+1 logmt :=
1

nAMA

A

∑
s=1

Γs.

Observe the addends of this sum separately. At first let s = A.

1

nAMA
ΓA =

1

nAMA
lognA

A−1
∑
t=0

Mt+1 logmt ≤ c
1

MA

A−1
∑
t=0

Mt+1tδ ≤ Aδ .

Now let s = A−1.

1

nAMA
ΓA−1 ≤ 1

MA
logmA−1

A−2
∑
t=0

Mt+1tδ ≤ Aδ logmA−1
mA−1

≤ Aδ .

If s = A−2, then

1

nAMA
ΓA−2 ≤ 1

MA
logmA−2

A−3
∑
t=0

Mt+1tδ ≤ Aδ logmA−2
mA−1mA−2

≤ 1

2
Aδ ,

and so on
1

nAMA
ΓA−3 ≤ 1

22
Aδ , · · · , 1

nAMA
Γ1 ≤ 1

2A−2
Aδ .

To sum up these we obtain

1

nAMA

A

∑
s=1

Γs ≤ cAδ .

2. The case |n|> s = t. From [3]

nt−1
∑
j=0

Kn(t+1)+ jMt ,Mt
(z) =

Mt(Mt −1)
2

ψn(t+1) (z)
rntt (z)−1

rt(z)−1

+M2
t ψn(t+1) (z)

rntt (z)−1

(rt(z)−1)2
−M2

t ψn(t+1) (z)nt
1

rt(z)−1

=: Θ1(z)+Θ2(z)+Θ3(z).
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Sonsider the integral of the absolute value of these three functions on It\It+1. At first∫
It\It+1

|Θ1(z)|dμ(z) ≤ cM2
t

1

Mt+1

mt−1
∑
zt=1

|sin(πntzt/mt)|
|sin(πzt/mt)|

≤ cMt lognt ≤ cMt+1.

After ∫
It\It+1

|Θ2(z)|dμ(z)≤ cM2
t

1

Mt+1

mt−1
∑
zt=1

m2
t

z2t
≤ cMt+1,

and at the end ∫
It\It+1

|Θ3(z)|dμ(z) ≤ M2
t nt

1

Mt+1

mt−1
∑
zt=1

1

|sin(πzt/mt)|
≤ cMtnt logmt ≤ cMt+1 logmt .

From these three inequalities

1

nAMA

A−1
∑
t=0

∫
It\It+1

∣∣∣∣∣nt−1∑
j=0

Kn(t+1)+ jMt ,Mt
(z)

∣∣∣∣∣dμ(z)

≤ 1

nAMA

A−1
∑
t=0

cMt+1 logmt ≤ c
1

MA

A−1
∑
t=0

Mt+1tδ ≤ cAδ .

3. The case |n| ≥ t > s. It is easy to see that if z ∈ It\It+1, then

Dk(z) = ψk(z)

(
t−1
∑
j=0

k jMj +Mt

mt−1
∑

s=mt−kt

rst

)
,

so |Dk(z)| ≤ (kt +1)Mt . It yields∫
It\It+1

|Dk(z)|dμ(z)≤ kt +1≤
{

2mt , if t < A,

2nt , if t = A
=: α(n, t,A).

From this we get ∫
It\It+1

∣∣∣Kn(s+1)+ jMs,Ms
(z)
∣∣∣dμ(z)≤Msα(n, t,A),

and therefore ∫
It\It+1

∣∣∣∣∣ns−1∑
j=0

Kn(s+1)+ jMs,Ms
(z)

∣∣∣∣∣dμ(z)≤Ms+1α(n, t,A).

Using this result we get

1

nAMA

A

∑
t=1

∫
It\It+1

∣∣∣∣∣t−1∑
s=0

ns−1
∑
j=0

Kn(s+1)+ jMs,Ms
(z)

∣∣∣∣∣dμ(z)

≤ 1

nAMA

A−1
∑
t=1

t−1
∑
s=0

2Ms+1mt +
1

nAMA

A−1
∑
s=0

2Ms+1nA ≤ c.
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4. The case |n|= t = s. It is known from [3]: if z ∈ It\It+1, then

Kn(t+1)+ jMt ,Mt
(z) = KjMA,MA(z) =: Θ4(z)+Θ5(z),

where Θ4(z)≤M2
A, so

1

nAMA

∫
IA\IA+1

nA−1
∑
j=0

|Θ4(z)|dμ(z)≤ c.

On the other hand[3]

nA−1
∑
j=0

Θ5(z) = M2
A

rnAA (z)−1

(rA(z)−1)2
+M2

AnA
1

1− rA(z)

=: Θ5,1(z)+Θ5,2(z).

At first observe Θ5,2(z).

1

nAMA

∫
IA\IA+1

|Θ5,2(z)|dμ(z)

= MA

∫
IA\IA+1

1

|1− rA(z)|dμ(z)≤ c logmA ≤ cAδ .

Then

|Θ5,1(z)| ≤ 2M2
A
|sin(πnAzA/mA)|
|sin(πzA/mA)|2 ≤ cM2

A
nAzA
mA

1

sin2(πzA/mA)
,

so

1

nAMA

∫
IA\IA+1

|Θ5,1(z)|dμ(z) ≤ c
1

nAMA

mA−1
∑
zA=1

1

MA+1
M2

AnA
zA
mA

m2
A

z2A

= c
mA−1
∑
zA=1

1

zA
= c logmA ≤ cAδ .

Summarizing the reasons of the last four cases

A

∑
t=0

∫
It\It+1

|Kn(z)|dμ(z)≤ cAδ .

At the end, notting that z ∈ IA+1 implies |Kn(z)| ≤ cn, we get∫
IA+1

|Kn(z)|dμ(z)≤ 1

MA+1
n≤ c.

Consequently

‖Kn(z)‖1 ≤ cAδ = c|n|δ .

From now we use the following notation.

αA :=
1

MA

A−1
∑
t=0

Mt+1 logmt ,
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where MA ≤ n < MA+1 (it means |n|=A).
Lemma 3.

‖Kn‖1 ≤ c
A+1

∑
i=0

αA+1−i

2i
.

Proof. During the proof we use some method and result from the proof of Lemma 2.

Analogously, we have four cases.

1. The case |n| ≥ s > t. With the notations of Lemma 2. For the case s = A

ΓA

nAMA
=

1

nAMA
lognA

A−1
∑
t=0

Mt+1 logmt ≤ cαA.

Similarly, for s = A−1, s = A−2

ΓA−1
nAMA

≤ 1

MA
logmA−1

A−2
∑
t=0

Mt+1 logmt ≤ αA−1,

ΓA−2
nAMA

≤ αA−22−1,
ΓA−3
nAMA

≤ αA−32−2,

and so on. In this way we obtain

1

nAMA

A

∑
i=1

Γi ≤ c
A

∑
i=1

αA−i

2i
.

2. The case |n|> s = t. We use the same estimation as the 2nd case for the proof of Lemma

2.

1

nAMA

A−1
∑
t=0

∫
It\It+1

∣∣∣∣∣nt−1∑
j=0

Kn(t+1)+ jMt ,Mt
(z)

∣∣∣∣∣dμ(z)

≤ 1

nAMA

A−1
∑
t=0

cMt+1 logmt ≤ cαA.

3. The case |n| ≥ t > s. As in the 3rd case for the proof of Lemma 2,

1

nAMA

A

∑
t=1

∫
It\It+1

∣∣∣∣∣t−1∑
s=0

ns−1
∑
j=0

Kn(s+1)+ jMs,Ms
(z)

∣∣∣∣∣dμ(z)≤ c.

4. The case |n|= t = s. Lemma 2 yields that∫
IA+1

|Kn| ≤ c.

If we summarize the results of the last four cases we get

‖Kn‖1 ≤ c
A

∑
i=0

αA−i

2i
+ c+ cαA+1 ≤ c

A+1

∑
i=0

αA+1−i

2i
,
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where |n|= A.

Lemma 4.

‖FMn‖1 ≤ c

n−1
∑
j=0

log2mj

logMn
.

Proof. From Lemma 1 we get

Mn−1
∑
k=1

Dk(x)
Mn− k

=
Mn−1
∑
k=1

1

k

(
DMn(x)−ψMn−1(−x)Dk(−x)

)
= DMn(x)lMn−ψMn−1(−x)

Mn−1
∑
k=1

1

k
Dk(−x) =: Λ1−Λ2.

Observe the case Λ2. Since

‖Λ2‖1 =

∥∥∥∥∥ψMn−1(−x)
Mn−1
∑
k=1

1

k
Dk(−x)

∥∥∥∥∥
1

=

∥∥∥∥∥Mn−1
∑
k=1

1

k
Dk(x)

∥∥∥∥∥
1

,

we consider this expression instead of the origial one.

Using Abel transfomation we obtain∣∣∣∣∣Mn−1
∑
k=1

1

k
Dk

∣∣∣∣∣ =

∣∣∣∣∣Mn−2
∑
k=1

(
1

k
− 1

k+1

) k

∑
j=1

Dj +
1

Mn−1

Mn−1
∑
j=1

Dj

∣∣∣∣∣
≤

Mn−2
∑
k=1

|Kk+1|
k

+ c|KMn |=: Λ3 +Λ4.

Start with Λ3.

‖Λ3‖1 ≤ c
Mn−1
∑
k=1

1

k
‖Kk‖1

≤ c
n−1
∑
j=0

mj−1
∑
a=1

(a+1)Mj−1
∑

s=aMj

1

aMj
(α j+1 +α j2

−1 + · · ·+α02
− j−1)

≤ c
n−1
∑
j=0

logmj(α j+1 +α j2
−1 + · · ·+α02

− j−1).

It is easy to see that

logmA ≤ αA+1 ≤ logmA +2−1 logmA−1 + · · ·+2−A logm0.

Since

α j+1 +α j2
−1 + · · ·+α02

− j−1 =
j+1

∑
b=0

2b− j−1αb

≤
j+1

∑
b=0

2b− j−1(logmb−1 +2−1 logmb−2 + · · ·+2−b+1 logm0)
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=
j+1

∑
b=0

2b− j−1
b−1
∑
u=0

2−b+u+1 logmu = 2− j
j+1

∑
b=0

b−1
∑
u=0

2u logmu

= 2
j

∑
u=0

j+1−u
2 j+1−u logmu = 2

j+1

∑
u=1

u
2u

logmj+1−u,

so, using
∞

∑
u=1

u
2u

< ∞

‖Λ3‖1 ≤ c
n−1
∑
j=0

logmj

j+1

∑
u=1

u
2u

logmj+1−u = c
n−1
∑
j=0

j+1

∑
u=1

u
2u

logmj logmj+1−u

≤ c
n−1
∑
j=0

(
j+1

∑
u=1

u
2u

log2mj +
j+1

∑
u=1

u
2u

log2mj+1−u

)

≤ c
n−1
∑
j=0

log2mj + c
n−1
∑
j=0

j+1

∑
u=1

u
2u

log2mj+1−u

= c
n−1
∑
j=0

log2mj + c
n−1
∑
j=0

log2mj

n− j

∑
u=1

u
2u

≤ c
n−1
∑
j=0

log2mj.

Proceed to Λ4.

‖Λ4‖1 ≤
∥∥∥∥∥ 1

Mn−1

Mn−2
∑
j=0

Dj

∥∥∥∥∥
1

+
1

Mn−1
‖DMn−1‖1.

It is known that ‖DMn−1‖1 ≤ c. On the other hand,∥∥∥∥∥ 1

Mn−1

Mn−2
∑
j=0

Dj

∥∥∥∥∥
1

= ‖KMn−1‖1 ≤ αn +2−1αn−1 + · · ·+2−nα0

≤ (logmn−1 +2−1 logmn−2 + · · ·+2−n+1 logm0)

+(2−1 logmn−2 +2−2 logmn−3 + · · ·+2−n+1 logm0)

+ · · ·+(2−n+2 logm1 +2−n+1 logm0)+(2−n+1 logm0)

=
n−1
∑
j=0

n− j
2n−1− j logmj ≤

n−1
∑
j=0

logmj

= logMn.

Originally, we started with

‖FMn‖1 =
1

lMn

∥∥∥∥∥Mn−1
∑
k=1

Dk

Mn− k

∥∥∥∥∥
1

≤ ‖Λ1‖1 + c∑n−1
j=0 log

2mj + c+ logMn

logMn

≤ c
∑n−1

j=0 log
2mj

logMn
.



12 I. Blahota et al : Norm Summability of Nörlund Logarithmic Means

Theorem 1. If f ∈ Lp (1≤ p < ∞) and

limsup
n∈N

n−1
∑
k=0

log2mk

logMn
< ∞,

then
‖tMn f − f‖p→ 0.

In the case f ∈C the convergence holds in the supremum norm.
Proof. Using Fubini’s theorem and Lemma 4 we obtain

‖tMn f‖1 =
∫
Gm

|tMn f (y)|dμ(y)

=
∫
Gm

∣∣∣∣∫Gm

f (x)FMn(y− x)dμ(x)
∣∣∣∣dμ(y)

≤
∫
Gm

∫
Gm

| f (x)||FMn(y− x)|dμ(y)dμ(x)

≤
∫
Gm

| f (x)|‖FMn‖1dμ(x)≤ c‖ f‖1,

that is, the operator tMn is of type (1,1), uniformly in n. Similarly,

‖tMn f‖∞ = sup
y∈Gm

|tMn f (y)|

= sup
y∈Gm

∣∣∣∣∫Gm

f (x)FMn(y− x)dμ(x)
∣∣∣∣

≤ sup
y∈Gm

∫
Gm

| f (x)||FMn(y− x)|dμ(y)

≤ sup
y∈Gm

∫
Gm

‖ f (x)‖1‖|FMn(y− x)|dμ(x)≤ ‖ f‖∞‖FMn‖1 ≤ c‖ f‖∞,

that is, the operator tMn is of type (∞,∞) (uniformly in n).
The Marcinkiewicz interpolation theorem implies that the operator tMn is of type (p, p) (1≤

p≤ ∞). From this we prove of the theorem in the usual way.

Lemma 5. Let pA = M2A +M2A−2 + · · ·+M0. If logmn = O(nδ ) for some 0 < δ < 1/2,

then
‖FpA‖1 ≥ cβA

β

for every 0 < β < 1−δ .

Proof. Introduce the following notation

Gn :=
n−1
∑
k=1

Dn−k

k
.
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We use this decomposition of GpA

GpA =
M2A−2+···+M0−1

∑
k=1

1

k
DpA−k +

pA−1
∑

k=M2A−2+···+M0

1

k
DpA−k =: B1 +B2.

Start with B2. Let k′ := k− (M2A−2 + · · ·+M0). In this case 0≤ k′ ≤M2A−1. Consequently we

can use Lemma 1

DpA−k(x) = DM2A−k′(x) = DM2A(x)−ψM2A−1(−x)Dk′(−x).

So,

B2(x) =
pA−1
∑

k=M2A−2+···+M0

1

k
(DM2A(x)−ψM2A−1(−x)Dk′(−x))

=
M2A−1
∑
k′=0

1

k
(DM2A(x)−ψM2A−1(−x)Dk′(−x))

=
M2A−1
∑
k′=0

1

M2A−2 + · · ·+M0 + k′
(DM2A(x)−ψM2A−1(−x)Dk′(−x))

= DM2A(x)c2(A)−ψM2A−1(−x)
M2A−1
∑
k′=0

1

M2A−2 + · · ·+M0 + k′
Dk′(−x)

=: B2,1(x)+B2,2(x).

Investigate c2(A)

0 < c2(A) =
M2A−1
∑
k′=0

1

M2A−2 + · · ·+M0 + k′
< log

(
M2A

M2A−2

)
= log(m2A−1m2A−2)≤ cAδ .

Consequently c2(A)/A→ 0 if A→ ∞, that is c2(A) = o(A). This gives

‖B2,1‖1 =
∫
Gm

|DM2A |o(A) = o(A).

Using Abel transform and bringing Fejér kernels into B2,2, we have

|B2,2(x)| ≤
M2A−2
∑
k′=0

(
1

M2A−2 + · · ·+M0 + k′
− 1

M2A−2 + · · ·+M0 + k′+1

)
·(k′+1)|Kk′+1(−x)|+ 1

M2A + · · ·+M0
(M2A)|KM2A(−x)|.

So using Lemma 2 we can obtain

‖B2,2‖1 ≤
M2A−2
∑
k′=0

1

(M2A−2 + · · ·+M0 + k′)2
(k′+1)‖Kk+1‖1 +‖KM2A‖1

≤
M2A−2
∑
k′=0

1

M2A−2 + · · ·+M0 + k′
‖Kk+1‖1 +‖KM2A‖1

≤ cAδ log

(
M2A

M2A−2

)
= cAδ log(m2A−1m2A−2)≤ cA2δ .
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This gives

‖B2,2‖1 = o(A),

consequently we have

‖B2‖1 = o(A).

Focus on B1. Easy to see that in case of 0≤ j < Mn,

DMn+ j = DMn +
Mn+ j−1

∑
k=Mn

ψk = DMn +
j−1
∑
l=0

ψl+Mn

= DMn +
j−1
∑
l=0

ψl⊕Mn = DMn +ψMn

j−1
∑
l=0

ψl = DMn + rnDj

holds. Thus,

B1 =
M2A−2+···+M0−1

∑
k=1

1

k
DpA−k

=
M2A−2+···+M0−1

∑
k=1

1

k

(
DM2A + r2ADM2A−2+···+M0−k

)
= DM2A(log(pA−1)+o(A))+ r2A

M2A−2+···+M0−1
∑
k=1

1

k
DM2A−2+···+M0−k

= DM2A(log(pA−1)+o(A))+ r2AGM2A−2+···+M0
.

From B1 and B2 we get

‖GM2A+···+M0
‖1 ≥ ‖DM2A log(pA−1)+ r2AGM2A−2+···+M0

‖1−o(A).

Let us devide this norm of the sum into two pieces: ‖.‖1 =
∫
I2A
|.|+

∫
I\I2A

|.|. First
∫
I2A
|DM2A log(pA−1)+ r2AGM2A−2+···+M0

| ≥ log(pA−1)− 1

M2A
GM2A−2+···+M0

(0).

After∫
I\I2A

|DM2A log(M2A)+ r2AGM2A−2+···+M0
| =

∫
I\I2A

|GM2A−2+···+M0
|

= ‖GM2A−2+···+M0
‖1−

∫
I2A
|GM2A−2+···+M0

|

= ‖GM2A−2+···+M0
‖1− 1

M2A
GM2A−2+···+M0

(0).

These inequalities yield

‖GM2A+···+M0
‖1 ≥ log(pA−1)+‖GM2A−2+···+M0

‖1−2
1

M2A
GM2A−2+···+M0

(0)−o(A).
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We will use the estimation

Gn(0) =
n

∑
k=1

n− k
k

= n
n

∑
k=1

1

k
−n+1 = n log(n)+O(n).

By simple calculation we get

M2A < pA = M2A + · · ·+M0 < M2A +M2A−1 ≤ 3

2
M2A.

Since

2
1

M2A
GM2A−2+···+M0

(0) = 2
1

M2A
(M2A−2 + · · ·+M0) log(M2A−2 + · · ·+M0)+ c

≤ 2
1

M2A

3

2
M2A−2 log(pA−1)+ c

=
3log(pA−1)
m2A−2m2A−1

+ c≤ 3log(pA−1)
4

+ c,

we have

‖GM2A+···+M0
‖1 ≥ ‖GM2A−2+···+M0

‖1 + log(pA−1)− 3log(pA−1)
4

− c

= ‖GM2A−2+···+M0
‖1 +

log(pA−1)
4

− c.

This yields

‖GM2A+···+M0
‖1 ≥ 1

4
· 3
2

A−1
∑
k=0

log(M2k)−O(A).

Easy to see that

K

∑
k=1

logM2A−2k =
K

∑
k=1

(
logM2A−2− log

(
k−1
∏
h=1

m2A−2h−1m2A−2h−2

))
≥ K logM2A−K log(m2A−1m2A−2)

−
K

∑
k=1

k−1
∑
h=1

(logm2A−2h−1 + logm2A−2h−2)

≥ K logM2A− cAδK2,

if K ∈ {1, · · · ,A}. Since ‖FpA‖1 ≥ c
‖GpA‖1
log pA

, we have

A−1
∑
k=0

logM2k

log pA
≥

2
K

∑
k=1

logM2A−2k

3logM2A
≥ 2

3
K− 2cAδK2

3A log4

≥ c
(
K− K2

A1−δ

)
.
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Finally, let us choose 0 < β < 1− δ and Aβ − 1 ≤ K < Aβ . In this case lim
A→∞

K = ∞ and

K− K2

A1−δ = O(Aβ ), so

‖FpA‖1 ≥ cβA
β .

Theorem 2. If logmn = O(nδ ) for some 0 < δ < 1/2, then there exists f ∈ L1 such that

‖tn f − f‖1 �→ 0.

Proof. The proof of this theorem is based on Lemma 5 and some standard method. See

for instance [7].

Some conditions in our theorems can be a bit strange, which we could demonstrate by a

simple example.

Example. Let

mk =

⎧⎨⎩
[
exp(k

1
4 )
]
, if k = j2 for any j ∈ N

+,

2, otherwise.

In this case it is true that

a) limsup
k∈N

mk = ∞,

b) logmk = O(k
1
4 ),

c) limsup
n∈N

∑n−1
k=0 log

2mk

logMn
< ∞. (It implies ‖FMn‖1 ≤ c).

Proof. It is easy to see that a) and b) hold. Investigate the case c). Since

n−1
∑
k=0

log2mk ≤ ∑
k �= j2

log2 2+ ∑
k= j2

k
1
2 ≤ (n− [

√
n]) log2 2+

[
√
n]

∑
j=1

j ≤ n

and logMn ≥ n log2, we obtain
n−1
∑
k=0

log2mk

logMn
<

3

2
.

Remark. We formerly thought, that the Fejér means have "better properties", than the log-

arithmic ones. Although, what is the situation in case of unbounded Vilenkin system? For every

m unbounded sequence there is f ∈ L1 such that

‖σMn f − f‖1 �→ 0,

(it was known before [7]), but we realized: there is m unbounded sequence, such that for every

f ∈ L1

‖tMn f − f‖1→ 0.

We have the same situation with respect to the space of continuous functions and the supremum

norm.
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