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Abstract. The (Norlund) logarithmic means of the Fourier series is:

lnfl Skf nfll
thf=— here [, = ) —.
nf lnk;n—k’ where [, ];k

In general, the Fejér (C, 1) means have better properties than the logarithmic ones. We
compare them and show that in the case of some unbounded Vilenkin systems the situation
changes.
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1 Introduction

Introduce the necessary notations and definitions.

Let P = N\{0}, and let m := (mo,m,,---) denote a sequence of positive integers not less
than 2. Denote by Z,,, := {0,1,--- ,my — 1} the additive group of integers modulo .

Define the set G, as the complete direct product of the sets Z,,;, with the product of the
discrete topologies of Z,;’s.

The direct product u of the measures

me({J})

1 .
=, ]Gkaa
my

is the Haar measure on G,, with u(G,,) = 1.
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If the sequence m is bounded, then G,, is called a bounded Vilenkin group, else its name is an
unbounded one. The elements of G,, can be represented by sequences x := (xq,x1,- -+ ,xj,--) (x; €
Zn;). Itis easy to give a base for the neighborhoods of G, :

Ip(x) := Gy,
In(X) = {y € Gm’yo = X0, 3 Yn—1 :xnfl}

for x € G, n € N. Define I,, := I,,(0) for n € P.
If we define the so-called generalized number system based on m in the following way:
My := 1,Myy := myM;(k € N), then every n € N can be uniquely expressed as n = Z niM;,

j=0
where n; € Gy, (j € P) and only a finite number of n;’s differ from zero. We use the following

notations. Let (for n > 0) |n| := max{k € N : n; # 0} (that is, M, <n < M, 1), nk) = Z niM;
=k

and ngy :=n— n),

Denote by L”(G,,) the usual (one dimensional) Lebesgue spaces (||.||, the corresponding
norms) (1 < p <oo).

Next we introduce on G, an orthonormal system which is called Vilenkin system. At first
define the complex valued functions ri(x) : G,, — C, the Generalized Rademacher functions in

this way
2mi
ri(x) :==exp ml:k, B?:=—1,x€ Gy, keN.

Now define the Vilenkin system y := (y, : n € N) on G, as follows.
W, (x) ::Hrzk(x), neN.
k=0

Specially, we call this system the Walsh-Paley one if m = 2.

The Vilenkin system is orthonormal and complete in L*(G,,) 1o,

Now, introduce the usual definitions from Fourier-analysis. If f € L'(G,,) we can define the
following definitions in the usual way.

Fourier coefficients:

fw= [ rwan.  ken,

partial sums:

n—1
Sof =Y, f(k)yx, neP,
k=0
Sof =0,
Fejér means:

1n71
Ouf ==Y Suf, ncp,
=0
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Dirichlet kernels: |
—
D, = 2: Vi, neb,
k=0

Fejér kernels:
1 n—1

Ky :==) Dy, nekP.
=0

We use a further notation:
a+b—1

K.p:= 2: Dj, a,beN.
j=a

2 Approximation in Norm

Review some approximation results with respect to the Vilenkin system. It is well-known
that the partial sums converge to the function in norm. That is,

1Snf = fllp =0

for all f € L?, where 1 < p < ool®. This is not the case if p = 1 or p = oo,
Moreover, if we use the partial sequence M, it is also well-known ([1]) the convergence in
the supremum norm for continuous functions, and in the Lebesgue norm L' for functions f € L!

1S, f = 1 = 0.
The properties of the convergence are better using the Fejér means on bounded Vilenkin
system”)
lonf =fllp =0, Vfell, 1<p<e
and in the supremum norm for continuous functions. On arbitrary Vilenkin system (it is a trivial
consequence of the convergence of the partial sums)

lonf—fll, =0, Vfel?, 1 <p<oo.

On the other hand, in the case of unbounded Vilenkin systems and p = 1 the theorem above
does not hold. We have the same situation in the case of the supremum norm and continuous
functions.

What is the situation regarding the Fejér means in the case of special subsequence M,,? It is
interesting, that every unbounded sequence m there is f € L' such thatl”!

llom,.f = fllt 7+ 0,
but for every Vilenkin system
ou,f— f ae Vfell,

see [2]. Moreover, there exists a continuous function such that oy, f does not converge to f in

the supremum norm!”..
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3 Norlund Logarithmic Means

Define the Norlund means in general. If g, > 0 (k € N),

n—1
0 an Sif,  where Q=) g
k=1

Moéricz discussed in [6] the norm convergence for Walsh-Paley system with respect to some

1
sequence g. The case g = — is excluded in this paper. Among others, that is why this case, the
so-called Norlund logarithmic means is also interesting to be discussed. The concept of Norlund

logarithmic means is as follows

1=ls —1 ]
tof = lnkZ’ ifk where ln.—l;f
It is evident that
thf = fxFy,

where

1 -
For further information with respect to Norlund logarithmic means for Walsh-Paley system see
[5].

In their paper [4] Gét, G. and Goginava, U. proved (for Walsh-Paley system) that there is
f € L! such that

[tnf = fll1 7> 0.

On the other hand, the main aim of this paper is to prove that the Norlund logarithmic means have
better apprioximation properties on some unbounded Vilenkin groups, than the Fejér means.

4 New Results on Vilenkin Systems
Lemmal. Letl<j<M;—1.Then
Dy, j(x) = Dy (x) = Wy, (—x)Dj(—x).

Proof.  Using the well known equalities Wyqm = Vn Wi, Vnom = Ya/ Wi, Yn(x) =¥, (—x)
and y, ¥, = 1 as well as the simple fact (M —1)ov=M;—1—vforv=0,1,--- M;—1 we
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can get
M—1
Dy—j(x) = Du,(x)— Y, (¥
V=M;—j
M—1
= DMk(x)_WMkfl(_x) Z WMkfl(_x)Wv(_x)
v=M;—j
M;—1
= DM,\,(X)—WM,(_I(—X) Z ka—l(_x)/‘l/V(_x)
V=M—j
M;—1
= DMk(x)—VMk—l(—x) Z W(Mkfl)@v<_x)
v=M;—j
Mi—1
= DMk(x)_WMkfl(_x) Z WMkflfv(_x)
V=My—j

j—1
= Dy (x) =Wy, (—x) ;)V’V(_x)

= D (x) =Wy 1 (—x)Dj(—x).

The next two lemmas are interesting even in themself, because it is not known any general
estimate of the Fejér kernel functions before for unbounded Vilenkin systems.

Lemma 2. Iflogm, = O(n®), then |K,||1 = O(|n|®), for any & > 0.

Proof. 1Itis known[3], that

|n‘ "sil

nk, = Z Z Kn(f+1)+jmj,Ms’
s=0 j=0

Letz e It\IH-] .
At this point divide the examination into four parts.

1. The case |n| > s >t. Then

M M; WYyis) (Z)

ifz—ze € I,

Koo, (2) = 1—-r(2)’
0, otherwise.
So we obtain
1 (-1 .
s (2) MM, £ , ifz—ze €1 and zg # 0,
- W (2) My Sl—nrz(Z) (D) -1 rer € Ig s 7
Kooy, (2) =9y (2)MM—— ifz,=0,
=1 1-r(2)

0, otherwise.
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Using this equality we have

Z n+D 4 M M (2)

J=

my—1
du(z) = MM, )| /
15 €tZt

Z/l

/Ir\ItH

1
< M;M,m, logm,ﬁ logng = M, 41 logm, logn.
S

Let A := |n|. We would like to give an upper estimate for the next expression

A

Z Koo oo, (2)] At (2)

1 A 1/
naMy = i |5 j=

A-1 A

Y. M ilogm,logn;
t+1

<

nAMA t=0 s=

s—1 A

1
= 1 M1 = I.
nAMA Z 081 Z 1+1108Mm; -= My 3; 5

Observe the addends of this sum separately. At first let s = A.

1 1 A—1 1 A—1 5 5
I'y= logny M, 1logm, < c— M, 11° < A°.
A naM, g tg,) 1411087 M, zg(') +

Now lets = A — 1.

1 1 = 5 _ j5logma_1 _ 5
a1 < —logmy 1 ¥ My 18 < A8 28TAZL 48
naMy My & I;O " ma—1

If s=A—2, then

1

1 0 1
Taa < y-logmy 2ZM,Ht o fogmas 15

naMy =0 mA—1ma—2 2
and so on ] 1 ] !
Th3< A% - r A%,
naMy A=3 = 22777 7I’lA]WA b= 2A-2
To sum up these we obtain
1 A
T, < cA®
—h ; s <
2. The case |n| > s =t. From [3]
n—1
: M, (M; —1) ri(z)—1
K ; )= ——— VY1) (2)—~—F
j;o n Jr1>-§-]/"]t~,Mt( ) 2 Y1 ( ) r,(z) 1
ri'(z) =1 2 1

MY (Z)m =M Y0 () r(z)—1
=:01(z) +0Oz(z) + O3(z2).
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Sonsider the integral of the absolute value of these three functions on I\, . At first

1 msl |sin(7n,z, /my)|
Oi(z)|du(z) < ¢ -
/lz\Im’ 1( )’ “( ) tMt-H gl |sm(n’zt/m,)\

2t
< cMlogn, < cMyyy.

A
S,

After
m
/[@mwmqw—fz < cMysr,
t+1

and at the end
J 1
M1 Z,Z:ﬁ |sin(7z, /m)|

[ 1es@lan) < M,
AV

CMtnt logmt S CMtJrl logmt.

IN

From these three inequalities

n—1

1 A l/
Ko+ du(z
I’lAMA t;() JAV AN ]Z My, Mr( ) ( )
A—1 A—1
< Z cM;yqlogm, < cL Z M,+1t6 < cAS.
naMy = My =

3. The case |n| >t > s. It is easy to see that if z € [;\/,+1, then

t—1 my—1
Dy(z) = wi(2) (Z kiMj+M; Y rf) :

j=0 s=my;—k;

s0 |D(z)| < (k+1)M;. Tt yields

2my, ift<A

/ [Di(2)[dp(z) <k +1< { T o= a(n,t,A).
I[\Il+1

2n;, ift=A
/Iz\lr+1

ng—1
/]t\IH—]

Z Ky MM ()
Using this result we get

From this we get
Koot s, ()] At (2) < Myax(n,1,4),

and therefore

d[l(Z) < MY-H a(n,t,A).

J=

t—1ng—1

1 A/
K, du(z
nAMA,:Z1 . ZOJZO +imu (2) | AR(E)

1 A—11-1 A—-1

1
2Mg i ymy + ——— 2My1na < c.

<

naMy
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4. The case |n| =t = s. It is known from [3]: if z € [;\/;+, then
Koo 1 i, m, (2) = Ky m, (2) =2 O4(2) + Os(2),

where 04(z) < Mi, SO

ng—1

0O4(z)|d
nAMA IAV/S ; 1©4(2) du(z
On the other hand!®!
£ i (2) 1
Q) = MzAi Mens——
; 5(2) A( ( )_1) + AnAl_rA(Z)

=: 0O5(z) +0O52(2).

At first observe ©s »(z).

W,
@52 Z d Z
i 10520)1u ()
1 s
:MA/ ————du(z) < clogmy < cA°.
Ia\Iat1 |1 (Z)‘
Then sin y ’ .
sin(7mtnaza /m NAZA
©5.1(2)] < 2M3 S <M
A |sin(mza /ma)| my sin®(7zy /my)’
SO
1 / 1omst o zamd
Os51(z)|du(z) < ¢ Ming——2
Ty G TG R W eet e
nmp— 1
= c Z — =clogmy < cAS.
=1 %A

Summarizing the reasons of the last four cases

A
Y [ Kol dute) < ca’
1=0 " I\l

At the end, notting that z € I4 1 implies |K,(z)| < cn, we get

| Ka@)ldu) <

Iyt1 A+l

n<c.

Consequently
1Ka(2) 1 < eA® = c|n]®.
From now we use the following notation.
| A=l

(04 — ) M1
A M Z 1411081,
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where My < n < My (it means |n|=A).
Lemma 3.

IKolh <Y, e
i=0
Proof.  During the proof we use some method and result from the proof of Lemma 2.
Analogously, we have four cases.
1. The case |n| > s > t. With the notations of Lemma 2. For the case s = A
I, 1 A-1

= logn M, 1logm, < coy.
maMy  naMy gAtg(,) r+110gm; < cOxp

Similarly, fors=A—-1, s=A-2

1—* A-2

< —Ilogm M; 1 logm; < oy,
nAMAMgAltX;')’Hg’ A—1
| )

4
<ou27!, A <oy 5272
naMy naMy

and so on. In this way we obtain

A

D

2. The case |n| > s =t. We use the same estimation as the 2nd case for the proof of Lemma

naMy

=

n—1

Z K (D)4 My M, (Z)
J=

du(z)

1 A 1/
nAMA =0 It\It+1

A—1
< M1 logm; < coy.
naMy t;)

3. The case |n| >t > s. As in the 3rd case for the proof of Lemma 2,

t—1ns—1

Z Z K nG+D 4 M, M( )

s=0 j=0

du(z) <c

1 A
naMy t; /Iz\It+1

4. The case |n| =t = 5. Lemma 2 yields that

/ IK,| < c.
Ias1

If we summarize the results of the last four cases we get

A i & (XA+1 i
HK ||1<CZ +C+C(XA+1<C2 ,
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where [n| =A
Lemma 4.

Zlog m;

F c—
1, 1 < log
Proof. From Lemma 1 we get
—1 _
Dk(x) 1
= - ~ W, 1 (—x)Di(—x))
= My, —k ; k

n_l

= Dy, (X)lm, =Wy, (— Z Dk —x) =1 A1 — Ao

Observe the case A,. Since

Mfl 1
—Dy(x)
k=1 k

[A2ll1 = |[Way,—1 (= Z —Dy(—x)

)

1
we consider this expression instead of the origial one.
Using Abel transfomation we obtain

—11 M,—2 1 1 k 1 M,—1
Z. (k k+1>.21 J+Mn—1 J; !
K
< Z | kk“’+ Ky, | = As + As.
Start with Aj.
71711
A3l < ¢ Z *HKkHl

nflmjfl(‘H’l) M;—1 .
XY Y (e a2
J

Jj=0 a=1  s=aM;

IN

n—1
< ¢ Z logm;(atjy1+ ocj2‘1 4t %2—1—1)'
j=0
It is easy to see that

logma < oy <logmy +27110gmA_1 +. 4274 logmy.
Since
. Jtl .
Qjy1 —|—OCJ'2_1 + .. —|—Ot02_]_1 = Z 2b_]_10£b
J+1

<Y 2" logmy_1 +2 Mogmy 5+ -+ +27"" logmy)
b=0
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Jjt+1 J+1b—1

= Zzh - 122 et logm, =2- JZ Z2“10gmu

1

jt+1—u AR

=2 Z()Wlogmu =2) s loemiiw
u= U=

. o u
so, using ) 2 <

J+1 n— lj+1
Azl < chogm]Z —logm; - L,—CZZ —logm;logm;i
Jj=0u= 1
J+1
< CZ Z log? mj—i-z log® Mmji1—y
n— 1J+1
< chog m]‘i'CZZ log? Mmjil—y
Jj=0u=
= chog m]—i-chog m]leu
u
< chogzmj.
j=0
Proceed to A4.
sl e ([Dag
1 < M,,—l M,—1]]1-

It is known that ||Dy, 1|1 < c. On the other hand,

| M2 B B
HMn—l ‘ZE)Dj = ||IKm,—1l1 <o, +2 Yo+ 42"
J= 1
< (logm,—1+ 27 Yogmy_o+--- 4271 logmy)
—i—(2_1 logmy,_» +2 *logmy, 34 ---+27"*! logmy)
4 (27" 2 logmy + 27" logmg) + (27" logmg)
n—1 : n—1
n—j
j=0 j=0
= logM,.
Originally, we started with
Ell = oD | 1ALl +c X "glog® mj +c +logM,
Malll = In, || & Mn—k 1_ logM,,

Z?;(l) log”m;
logM,
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Theorem 1. Iffe L’ (1 <p<oo)and

Z log? my.

lim sup ——— < oo,
neN logMn
then
s, f = fllp — 0.

In the case f € C the convergence holds in the supremum norm.
Proof.  Using Fubini’s theorem and Lemma 4 we obtain

Iafle = [l FO)lau)

-/ /f B, (v — x)dia(x)| du(y)
L 1l - ) ldu)an ()
L 17@IFwldio < el 71,

m

IN

IN

that is, the operator #y, is of type (1, 1), uniformly in n. Similarly,

e, SNl = sup |1, ()]

YEGH

= sup | [ f(x)Fy, (y—x)du(x)
yeGy Gp

< sup | [f()[[Fw, (v —x)|dp(y)
yEGm Gm

< sup | (Sl (v =) ldp(x) < N flleoll Ba, M1 < €] f |,
y€G,, /G

that is, the operator #y, is of type (co,c0) (uniformly in n).
The Marcinkiewicz interpolation theorem implies that the operator #y, is of type (p, p) (1 <
p < o). From this we prove of the theorem in the usual way.
Lemma 5. Let pgx = Mos +Mos—o+ -+ My. If logm,, = O(na)for some 0 < 6 < 1/2,
then
1Epulli > cpAP

forevery0 < <1-34.
Proof.  Introduce the following notation

nle B
=2
k=1
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We use this decomposition of G,
Moa—+-+Mo—1 pa—l 1
Gy, = ) —Dp,—k+ ) -D,, 1 =:Bi+B,.

k=1 k k=Mop_>+---+My k

Start with By. Let k' :=k — (Maa—» + -+ My). In this case 0 < k' < M>4 — 1. Consequently we

can use Lemma 1

DPA*k(x) = DMZA—/(’ (x) =Dm,, (x) _WMZA—I (_X)Dk’(_x)'

So,
pa—l 1 o
By(x) = Yy 7 (Pzs (%) = Wpgy, 1 (=) Dy (=)
k=Mps—2++My
Mys—1 ¢
= Y (D ()~ Ty (0D ()
k=0
Moy—1 1
Mog—1 1
= D A)—vy — Dy (—
b (22(4) Wiy () Y D)
= By (x)+ B2 ().
Investigate cp(A)
Ml 1 M>a
0 < ()= <lo = log(mos_1mas—») < cA®.
2( ) kgo Moo+ +My+ K g(MQA_2> g( 2A-1TA 2)_

Consequently ¢2(A)/A — 0if A — oo, thatis c2(A) = 0(A). This gives
IBaalli = [ 1Duslof) = of4).

Using Abel transform and bringing Fejér kernels into B >, we have

Mo 2 1 1
Bro(x < _
B22(x)] - = k§0 (MZA_2+-~+M0+1<' M2A_2+"‘+M0+k/+1>

1
(K 4+ 1)Ky 1 (—x)| + ——————— (M2a) | Kpgy,, (—) .
(K 4 11K (9| + g (M) K ()
So using Lemma 2 we can obtain
Mp—2 1 ,
B < K+ 1| K +||K]
[1B2all1 < kgo (MZA_ZJF._.JFMOJF/{,)Q( K11+ 1Kty 1
Mys—2 1

[ Kir 111+ [ Knay |1

S T SRS
=0 2A-2 0

IN

M
cA® log <MZA> = cASIOg(mqumzAfz) < cA%S.
24-2
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This gives
[B2.2]|1 = 0(A),

consequently we have
1B2l[1 = o(A).

Focus on B;. Easy to see that in case of 0 < j < M,,,

My+j—1 j—1
Dy,+j = Du,+ Y, W=Dy, +) Viu,
k=M, =0

j—1 j—1
= DM” + Z l'l[l@lwn = DMn + l///Wn Z llll = DMn + rnDj
=0 =0
holds. Thus,
Mop—2+-+Mp—1 1
B = Z ;Dmﬁk
k=1
Moy _o+-+My—1 1

= % (DMZA + rZADMzA_2+'“+M07k)
k=1

Mosat-+Mo—1 4
= Dip(log(pai)+o(A)+ra Y TDusy stk
k=1
= D, (log(pa—1) +0(A)) + 124Gy ot tMy-

From B; and B; we get
Grtost4Mo 11 = || Datny 108(Pa—1) + 124Gty otbtg |1 — 0(A).

Let us devide this norm of the sum into two pieces: ||.||; = / .|+ / |.|. First
ba I\ba
1
/ ’DMZA log(PA—l) + r2AGM2A—2+"‘+MO‘ > log(pA—l) T Moa Mop—o+--+Mo (0)
o 2A
After

/ |DM2A log(MZA) + r2AGM2A—2+"'+MO| = / |GM2A—2+"'+M0|
1\12,4 I\IZA

= HGM2A72+'“+M()||1_/ ‘GM2A72+"'+M0|
Da

1

- ||GM2A—2+"'+MO Hl - @GMZA—Z‘F'“JFMO (0)

These inequalities yield

1
HGMZA"F'"‘FMO Hl > 1Og<pA—1) =+ HGMZA—2+"'+M() Hl - 2]\47214(;1‘/12A72-§-~~'+1V10 (0) - 0<A)'
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We will use the estimation

" n—k |
Gn(O):an :nz%—n—l—lznlog(n)—l—O(n).
k=1 k=1

By simple calculation we get

3
Moy < pa =M+ +My < Mpg+Mrs_1 < EMzA.

Since
1 1
2@GMM,2+---+M0(0) = 2M72A(M2A72+"'+MO)10g(M2A72+"'+MO)+C
1 3
< 2——=Mps o1 _
S 2pi M og(pa—1)+c
31 _ 31 _
_ 3loglpay) | 3loglpay) ,
MoA—_2M2A— | 4
we have
3log(pa-1
Griboll = NGutyvosan i +log(pa 1)~ 2L
log(pa—1
= Gt sl + B
This yields

1 3A71
Gty m 11 = 17 Y log(My) — O(A).
k=0

Easy to see that

K K k=1
Y logMoy o = ), <1OgM2A2 —log (HmZA—Zh—lmZA—Zh—2>>

k=1 k=1 h=1
> KlogMys — Klog(maa—1mas—2)
K k—1
— Z Z (logmzA,th +10gm2A72h72)
k=1h=1

> KlogMsy — cA%K?,

G
if K e {1,---,A}. Since ||F),, || > cH p"Hl, we have
log pa
A1 K
lo M2k 2 lo M2A—2k
;)g g%g 2 2¢A%K?
= s el Sk
log pa - 3logMya -3 3Alog4

[V
o
N
>
|

b

i
& [\e)
N——
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Finally, let us choose 0 < B < 1— 8 and AP —1 <K< AP In this case lim K = o and

A—so0
K2
e 0(AP), so

[Fp, |1 > cpAP.

Theorem 2. [flogm, = O(ns)for some 0 < & < 1/2, then there exists f € L' such that

[tnf = Fllt 7> 0.

Proof.  The proof of this theorem is based on Lemma 5 and some standard method. See
for instance [7].

Some conditions in our theorems can be a bit strange, which we could demonstrate by a
simple example.

Example. Let
[exp(k%)} , ifk=j>forany j € N*,
mj =

2, otherwise.

In this case it is true that

a) limsupmy = oo,

keN
1
b) logmy = (kz)
. ):k 0 og . .
1 e = <o, (It 1 F <o).
c) imsup = W, £ < oo (It implies || Fig, |1 < )
Proof. It is easy to see that a) and b) hold. Investigate the case c). Since
. (V7]
Zlog my < Zlog 2+Zk7 (n—[v/n])log? 2+Z]<n
k# j? Jj=1
and logM,, > nlog2, we obtain
n—1
Y log*my
k=0 - 3
logM,, 2

Remark. We formerly thought, that the Fejér means have "better properties", than the log-
arithmic ones. Although, what is the situation in case of unbounded Vilenkin system? For every

m unbounded sequence there is f € L' such that

o, f = flli 70,
(it was known before [7]), but we realized: there is m unbounded sequence, such that for every
fel!

[tm, f = fllv — 0.
We have the same situation with respect to the space of continuous functions and the supremum

norm.
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