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Abstract. In this paper, the authors establish LP boundedness for several classes of mul-
tiple singular integrals along surfaces of revolution with kernels satisfying rather weak size
condition. The results of the corresponding maximal truncated singular integrals are also
obtained. The main results essentially improve and extend some known results.
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1 Introduction

Let RN(N = mor n), N > 2, be the N-dimensional Euclidean space and -1 be the unit
sphere in RN equipped with normalized Lebesgue measure do = do(-). For a nonzero point
w e RN, we denote w = w/|w|. Form>2 n > 2, let Q be a homogeneous function of degree
zero, integrable on S™1 x S and satisfy

QU V)do(W)= | QU,V)do(V)=0. (1.1)
gn-1 -1

For suitable functions ¢ and y on [0, «), we let T, and A, be the surfaces of revolution given
by Ty = {(x, ¢(|x]); x € R™} and Ay = {(y, w(|y]); y € R"}. Define the associated singular
integral operator T, ,, (initially for G (R™" x R"1)) by

To,w(F)(Xy) =p.v. /Rmen K(u,v) f (X —®(u), y— ¥(v))dudv (1.2)

and the corresponding maximal truncated singular integral operator Ty by

T, o (H) (XY
¢7W( )( y £1>0 £2>0
where K(u,v) = Q(U,V)[ul""v|™", @(u) = (u,¢([u])), ¥(v) = (My(V]), X= (X.Xm+1) €
R™I=RMx R and y= (Y,Yns1) € R =R"xR. If ¢ = y =0, we shall let T = Too and

/|V|>62 /|u>le U V) f(X— D), y— ¥(v))dudv), (1.3)
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LP boundedness of the operators T and T* first were established by R. Fefferman and E. M.
Stein [ 2] provided Q satisfies certain Lipschitz conditions. Subsequently, J. Duoandikoetxed®!
proved T is bounded on LP for 1 < p < e if Q € L9(S™1 x §'1) for g > 1. Later on, the above
results were improved by many authors (see [4-10], among others). In particular, it follows from
[7,8] that T and T* are bounded on LP for 1 < p < e if Q@ € L (log*L)* (S™1 x §"1), which is
nearly optimal in the sense that the exponent 2 in L (log" L)2 can not be replaced by any smaller

number.
The other weaker condition on Q is that for oc > 0,

1 o
oy //‘ Qv OO ,,m ; )dGUdGV<w. 1.4
&9¢56H sﬂ__lxsp_l|( )| 9 9 (U)do (V) (1.4)

Y. Ying 129 proved that if Q satisfies (1.4) for o > 1, then T is bounded on LP for 2ct/(2ct — 1) <
p < 2c.

It is worth pointing out that the condition (1.4) in one-parameter case was originally defined
in Walsh’s paper ' and developed by Grafakos and Stefanov 2! for o: > 1. For the sake of
simplicity, we denote for o > 0,

Gu(S" xS h={Qell(S"1xS1): Q satisfies (1.4)}.

Employing the ideas in [12], ones easily see that L(log"L)?(S™ ! x S"1) and G, (S™! x §1)
for any o > 0 do not contain each other, and Ug., L%(S™ 1'% 91) is a proper subset of

G (S™ 1 x 971) for any o > 0, also, of L(log*L)? (S“ Lx g1,

For the general operators Ty ,, and T w A Al-Salman[13] (resp., A. Al-Qassem[14]) showed
that Ty - and T, are bounded on LP(R™ x R™1) for 1 < p < e if ¢, y are C?, convex in-
creasing and Q € L(log™L)?(S™ 1 x §-1) (resp., Q belongs to certain block spaces). The main
purpose of this paper is to investigate L? bondedness of the general operators T ,, and Toy when
Q € Gy (S™ 1 x 1) for o > 0. Our main results can be formulated as follows.

Theorem 1.1. Let Q be a homogeneous function of degree zero and satisfy (1.1). Suppose
that ¢ € C1([0, =), ¢’ is convex and increasing (or ¢ is a polynomlal) v € C([0, ), ¥ is
convex and increasing (or y isa polynomial). If Q € G,(S™* x §1) for o > 1 and one of the
following conditions holds, then T, is bounded on LP(R™ x R™1) for 20:/(2cc — 1) < p <
20.

(i) m=n=2.

(i) m>3,n=2and ¢'(0) =0

(iii) m=2,n>3and y/'(0) =

(iv) m>3,n>3and¢'(0) = y'(0) =0.

Moreover, the bounds are independent of the coefficients of ¢, w when ¢, y are polynomials.

Theorem 1.2. Let ¢, v begivenasin Theorem1. Let Q isa homogeneous function of degree
zero and satisfies (1.1). Suppose that Q € G, (S™ ! x §1) for o > 3/2. Then under the same
conditions of Theorem1, T, isbounded on LP(R™"* x R™*) for 1+1/(20c —2) < p< 20— 1.
Moreover, the bounds are mdependent of the coefficients of ¢, v when ¢, v are polynomials.

This paper is organized as follows. In Section 2 we shall introduce some notations and give
some technical lemmas. The proof of Theorem 1 will be given in Section 3. Finally, we shall
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prove Theorem 2 in Section 4. We remark that some ideas in the proofs of our main results are
taken from [3, 6, 15, 16], but our methods and techniques are more delicate and complex than
that of [3, 6, 15, 16].

Throughout this paper, we always use the letter C to denote positive constants that may vary
at each occurrence but are independent of the essential variables.

2 Main Lemmas
Let ¢, w, Q be as in Theorem 1 or 2. For j, k € Z we denote
Bjk= {(U, V) € RMxR": 2/ <« ‘U‘ < 2]+1’ ok ~ ‘V| < 2k+1} )

Define the measures oj x and A;x on R™" x R" by letting their Fourier transforms be

~ e — QU V) e ,
GLk(é,n)://B \u(m\v|n)e i€ ut-Em 16 (Jul)+1 v+ 1w (VD] gudy (2.1)
IS
and )
AnEm=[ /B ||§5|ﬂ|vn| 116U Em10 )+ v 1w (VD gy 22)
ik

where & = (€, Eni1) €e RMx Rand 17 = (1, Mny1) € R™ x R. Then we have

Tow(HXY) = X o+ F(RY). (2.3)

It is easy to see that ||} k|| <C, Hij_,ka < Cuniformly for j, k € Z.
Also, we define the maximal operator * by

o*(f)(%,y) = sup |Ajxx F(X,Y)].
J,KEZ

Lemma2.1. For 1 < p < e, o* isbounded on LP(R™ x R"™1) and the bound isindepen-
dent of the coefficients of ¢, v when ¢, v are polynomials.

Proof. By using spherical coordinate, we have
o (F)(%y) < sup / / // QU V)|s it
jkGZ 2] 2K gn-1x 91

X |f(X—sU  Xmi1— 0(S); Y —tV,Yni1 — w(t))|do(U)do (V)dsdt
S// o QU My v () (R, 9)do (W) do (V),
gn-1xg-1

21+1 2k+1

where

Myv (F)(%,¥) = sup h// I (X— SU X1 — 0(S);y —tV, Vst — w(t))|dsct.
rh>o
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By LP-boundedness results in [17, Corollary 5] (or [18, Proposition 1, p.477]), using iterated
integration, it is easy to see that

My v (F)l[p <Cl[f]lp,

where C is independent of (U, V') and the coefficients of ¢, y when ¢, y are polynomials. Thus

o (Dl < [ [, 100 IMey (D]l ()do(v) < C

which completes the proof of Lemma 2.1.
Lemma 2.2. For arbitrary functions {gj x}, 1 < pg < ee,

1/2 1/2
l( > \O"j,k*gj,k\z> < > |gj,k|2>
j.kez jkez

where C isindependent of the coefficients of ¢, y when ¢, y are polynomials.

Applying Lemma 2.1, the proof of Lemma 2.2 follows by using the similar arguments as the
proof of Lemma in [17, p.544]. Here we omit the details.

<C

Po Po

Lemma2.317, Let¢: [0, ) — R beafunctioninC! suchthat ¢’ is convex, increasing
and satisfies ¢'(0) = 0. Then there exists C > 0 such that

/ ® gliarpo(@in)] g
1

< C|2)a|7Y/?

holdsfor allb>1,a p € R,and j € Z.
Lemma 2419, Let u(y) = ¥ 5<qbgy? wherebg € R. Then

0,1

~1/d
ei#(y)dY‘SCd.,n< > !bﬁ!> :

0<|B|<d

Moreover, Cy 1 < Cd for an absolute constant C.

Lemma25. Let j, ke Z, and ¢, y beasin Theorem 1. If Q € G, (S™* x 1) for o0 > 1
and satisfies (1.1). Then for & = (&, &ni1) € RMx R, T = (N, Mnt1) € R" X R, there exists
C > 0 such that

() [Gik(&, M| <C[21g||2*n|, forall§ € R™ n e R

(i) [6)x(&,M)| <Cl21E|(log|2n|)~=, forall & € R™, [2*n| > 2%

(i) [6x(E,M)| <C(log|21&])~*[2%n], forall n € R™, |21 > 2%,

(iv) [6j«(&, 1) <C(log|21§[)~*(log[2n|)~“, forall [21&] > 2%, [2n| > 2%,

Proof. (i) is obvious by (1.1). In what follows, we will prove (ii)—(iv) in the following four
cases.

Casel ¢,y cCl([0,)), ¢', ¢ is convex and increasing.
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To prove (ii), we write

Gik(E, M // Q(U,V) / o ISEIE U+ (219)Emer] I
Js gn- l><3’1 1 S
X/ a2’V +y(24) nn+1](: do(U)do (V)

_ / / QU V) / (efi[st\é|5'~u'+¢<zis>ém+ﬂ_efm(ms)émﬂ)d_s
grlyg-i ’ 1 s

y [ / 2 211y (O 1)+ (2~ ()20 m0.0) O }dg( H)do (V).
1 t

It is easy to see that the integral in the first brackets is bounded by C|2£|. By Lemma 2.3, the
integral in the secondary brackets is bounded by

,1/
C(2nl[n'-V+ v/ O *nna )

Let & = min{|y’(0)Nn.1||n |71, 2}sgn(v/(0)nn+1). By combining the preceding inequality
with the trivial estimate

/2 e—i[2kt|n|71"\/+14/(2kt)71n+1]%‘ <1,
1

we have

_1N\ 172
/Ze_i[zktrln/'\/+ll/(2kt)nn+l]g SCm"] 1’ —Za‘n/\/+5‘ .
1 t |2%n]|

Since t/log®t is increasing in (22, +oo) for any a > 0, we can deduce that for o > 0,

2 / dt log®(2%|n’ -V +8|71) .
2440 v+ w(2)mn 1] A | <100 f |2%n] > 2% 2.4
/16 t‘_ log#[2kn| i@

Therefore, when n > 3, by the additional assumption y/(0) =0, i.e. 6 =0, we get

GuE Ml <Cl2ig| (logi2knl) “ [ [ >|<|og| , V,|) do(U)do(v)
< Cl2i¢| (log|2¢n]) . it [2n] > 2%,

When n = 2, by the similar arguments as those in [15, pp. 167-168], we may assume that 6 > 0
and set &' = min{8,1}. Let 6 = arcsin(d’), and let e., e_ denote the vectors obtained by
rotating n’ by angles 6 and — 6, respectively. Then there is a constant g € (0, 1) such that

'V 48] = comin{le; V2, e -V}

for vV € St Thus
~ - __ J k —o
165(E.7)| < Cl2i¢| (1og 20} )

also holds when n =2 and |2n| > 2% (without the additional assumption /(0) = 0). This
completes the proof of Lemma (ii).
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Similar to (2.4), we can conclude (iii) (without the additional assumption ¢/(0) = 0 when
m=2).
It remains to prove (iv). We write

£ 2 i) 1y j
oik(6, M) = / /Sﬂ_lxy_lg(u',v) /1 e il2'siE s 'u+¢<215>a;m+11d_ss

2 . / dt
—i[2n 0"V 4y (2 ] /
x/l e . do(U)do (V)

_ / / Q) { / ? 2SI T/ (O) G2 ]+ (6(219)~¢'(0)21) i) ds}
g1y gl ’ 1 s

y [ / Zei[an(n/'\/er/(O)nmn‘l)+(w(2"t)—W(O)Zkt)nn+1]%] do(U)do(V).
1

Similar to (2.4), we have

clog*(@¥|E v +p|” b
- log*[21&]|

where p = min{|¢’(0)Emsa|/|€], 2}sgn(¢’(0)Emy1)- By (2.4)—(2.5) and the similar arguments
as those in proving (ii), we get

L if [20¢E] > 27, (2.5)

/2 e—i[215\§|Zj/~u/+14/(2j5)§m+1] ds
1 S

|0ix(E, )| < Clog|2/&[)~*(log|2*n|)~, if [2/&| > 2% and |2*n]| > 27,
without the additional assumption ¢/(0) =0 or 1//( )= 0 when m=2 or n = 2. (iv) is proved.
Case2. ¢, y are polynomials. Precisely, ¢ z aus, y(t z bytV.

We need only to prove (iv) since the proofs of (||) (|||) are S|m|Iar or even simpler. By
spherical coordinate, we write

Gix(&. T // Q(Uu,V) / e 12 (818" U +ardme1)sta0bmi1+3) pauEmii2tist] U8
a gn- l><S1 1 S
/ '[Zk(lﬂm Vb ng1)s+boNn1+E,_p by g1 2¥4tY ]citd (u’)dc(\/)
= [ Lo QNI E Gt a1,V o (W) do (V)
By Lemma 2.4, _
15(&, Emer, W) < CJ2V(JEIE" U + @y&men) |9, (2.6)
(M, Mns1,V)| < CRX(m 0’V + oy )72 (2.7)

Let 6, = min{|ai&my1|/|€], 2}, 62 = min{|byinny1|/[0|, 2}. By (2.6), (2.7) and the trivial
estimates

|Ij(€7§m+l7ul)|§1; “k(n,nn+1,\/)|§1’
we obtain

log(2%/|8"-U' + &1)
log(215)

||,-<é,ém+1,u’>|sc< ) s 2, (28)
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log(2%/In’ -V + &|)
log(2X[n])

By the similar arguments as those in Case 1, we can obtain the desirable estimates.

Case3. ¢ €CY([0,)), ¢ is convex, increasing and  is a polynomial.

By (2.5) and (2.9), using the similar arguments as those in Case 1, we can get (ii)-(iv). The
details are omitted.

Case4. ¢ isa polynomial, y € C}([0, «)), ¥ is convex and increasing:

By (2.8) and (2.4), using the similar arguments as those in Case 1, we can obtain the desirable
conclusions.

This completes the proof of Lemma 2.5.

o
|Ik(n,nn+1,\/)|§C( ) . if |2¢n| > 2% (2.9)

Remark 1. In the proof of Lemma 2.5, we do not use the condition ¢/(0) = 0 when m= 2
and the condition y/(0) = 0 when n= 2. In these case, (1.4) implies that for o > 1,

1 1 @
QUu.V | | d Ndo (V o,
aesnsl‘.‘iw/snlxsw' (v )'<°9|£"u/+6| °g|n/'v'+p|> o(u)do(v) <

d,peR

However, this is no longer true when m> 3 or n > 3. For example (see [15,p.168]), letm=n=3
and define w on & by

X1/2,v3/2)(23)
(z3—1/2)[log(1/(z —1/2))]*’

whenz; >0,and 0(z,2,23) = —w(z1,2, —23) when zz < 0. For U = (U, Wy, U5), V = (V},V5,V5) €
&, let Q(U,V) = o(u}, Uy, U)o (V, V5, V4). Then for a > 1

é’nesz//szxsz (V) (IOg\g ‘IOQW W)“ o(U)do(V) <eo

(D(Z]_, 2, 23) =

and

/Lot <'°g| 11/2| "N 11/2|>ad"(“/)d"(‘/)‘°°'

3 Proof of Theorem 1.1

In this section, we will prove Theorem 1.1. By duality, we may assume p € [2, 2).
Take two radial Schwartz functions y4 € . (R™), y, € .(R") such that

() 0<yi<li=12

(ii) supp(yr) C{xeR™: 1/4< x| <4}, supp(yz) C{yeR": 1/4<y| <4};
(i) Y [y1(299)2 = Y [y (2'1))? =1, forall s> 0,t > 0.

dez leZ
For d, | € Z, define the multiplier operator S in R™1 x R py

Su(NEM = wi@ED v @) FE M,
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where & = (&, &mi1) € R™L =R™x R, T = (1, Nny1) € R™ =R x R. Then by checking
the Fourier transforms, it is easy to see that for any test function f,

fxy) =Y > S (Hxy).

dezZlez
Consequently, by (2.3) we can write
Tow(DEY) = 3 X Sak1(0jk*S-arar (1))®Y) = X Ta(HEY). (3.1
j,kezZd,lez dleZ

By Plancherel’s theorem we have
Y. Si—dk-1(Ojk* S—dax-1 () (X,Y)

T.| f 2 ://
T ( )HLZ(R“"“XR”“) RMIxRML |4y

scf [ o 2 Lk, @ mPIRE mEdsandtn o

dxdy

where
Bj_dk1 = {(é,n) ERMx R": 27149-2) < |g| < 2714d42) p-kt=2) <) < 2—k+|+2)}.

Thus, by Lemma 2.5 (iv) we get that for d, | > o + 20,

. —20
Tt (D o oms <c// // log[2/&[) 2 (log|2¥
ITos (DM, <Cf [ 5 [ [ (loai2e) ™ (logizn]

x| f\(g M)[*dEdndEm 1dnn1
< C( ) 2(1” f HLZ RMLxRMHLY)

which implies
||Td,|(f)||L2(Rm+l><Rn+1) S C(dl )7OCH f ||L2(Rm+l><Rn+1). (32)

On the other hand, by the Littlewood-Paley theory and Lemma 2.2 we obtain that for any p €
(1, 00),

1/2
[ Tat (F)llLpo (vt snsry < C <Z IGJ,k*de,kl(f)\2>

J:keZ LPo(RMH1x RN+1)
1/2 (3.3)
<C (Z ISJd,kl(f)|2>
j.keZ LPO (R xRN+

< Cf| flLpo (mm+1 1) -

Noting that 2 < p < 2a, by interpolating between (3.2) and (3.3), we can obtain a 6 > 1 such
that
[ Tas (F)llpgmet ety < CAD) O fllLo@metugnny  d 1> a+2 (3.4)

Similarly, by using Lemma 2.5 (i), we can get € > 0 such that

”Td7|(f)|||_p(Rm+l><Rn+1) S C2 d+| H f |||_p Rm+lXR”+l) d, I S o + 2 (35)
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By using Lemma 2.5 (ii) and (iii), it is easy to deduce that

T (F)lLp(rmetcrniny < C2%€170) || p@meagniny,  d<a+2,1>a+2, (3.6)
and

[Ta) (F)l[Lp@metxgnir) < Cd 92" ||f [[Lp(Rm+1 Ry, d>o+2,1 <o+2, (3.7)

where 6 > 1 and € > 0 are the same as that in (3.4) and (3.5), respectively.
Therefore, it follows from (3.1) and (3.4)-(3.7)

To.w (F)lleo@metsgesty < D [ Tar(F)llp@metxmos)
dleZ
C{ Z 2(d+|)£+ Z 2d£|79_’_ Z d792|8_’_ Z (dl)e}
d.1<0 d<0,1>0 d>0,1<0 d,1>0

x| f HLP(leanﬂ)
< C|[ fllLommeaxrrery,s

which completes the proof of Theorem 1.1.

4  Proof of Theorem 1.2

In this section, we will prove Theorem 1.2 by employing the techniques developed in [6]. Let
us begin by introducing some notations. Let .75°(R™1 x R"1) be the subspace of G (R™! x
R™1) generated by functions of the form f; ® f,, where f; € C3(R™1) and f, € C3(R™?).
Let {ojk}jkez be as before. Define 7j and 7, by

Tik(F)(Xy) :zz og, * F(X,y)

and

T.(F)(Xy) = sup |75 (F)(X,Y)[-
j.kez

To prove Theorem 1.2, we first establish the following two lemmas.

Lemma4.1. Let Q beasin Theorem 1, {oj«};« as before. Then for o > 1 and 20/ (2 —
1) < p<2a,
[SL(F)[[Lometwmnety < Cl[FllLommetwrneny
and
1S (F)llLo@mitxrnity < CllflLp@meaxgnisy,
where

oo

z Gd.,l * f()_(,)_/) ;

|=—oc0

oo

Z Gd7|*f()_(, )‘
de—oo

Si(F)(%y) = sup

deZ

S(f)(%y) = sup

lez
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Proof. First, we consider the case: f € Z5°(R™?! x R"1). In this case, it is easy to verify
that

m/‘ m“”%@—¢@y—wmmmV

|
/2d§u<2d“£2—>0 VI>er |U|"‘|V\n

I- )f e (4.1)
_ —d(u),y—Y¥
SZILnO/V>82 /d<|u<2d+1 ‘U’m‘V|n ( (U)vy (V)) uayv,
and OV
/ Iim/ . )f(x—q’(U)yy—‘P(V))dUdV
2<vj<2+t e1—=0Jjuj>g |u’m|v|n (4.2)

- Iim/ / QN ¢ o ),y — (v))dudv.
e1-0 /ju[>g J2!<|v| <2+ \uym]v\” ( (u),y—¥(v))

Thus, by (4.1) we have

oo Qu,Vv), _ B
s()(xY) —322 Lo a P s Tue R (09— ()

2d+1 d
C s [ Tl x=sf 1= 6(9).)) 5 | do(L).
where QW)
o u, B
Tou (@) =pv. [ a9 ¥()dv
Hence,
S(F)(xy) < My w (Tyw (F)(,Y))(X)do (U),
Sm—l
where
2d+1 , dS
My v (h)(X) = sup IN(X— U, Xm1 — 0 ()| —-
dez /24 S

Then by Minkowski’s inequality, Theorem 1 in [20] and Theorems 1-2 in [15] together with [17,
p.558,Corollary 5.3] and [18, p.477, Proposition 1], we get that for o > 1 and 2/ (20 — 1) <
p<2a,

1SL(F)llLprmetxrnery < Cllflliometsgney, € F57 (R X RMY),
Note that 75 (R™ x R™1) is dense in LP(R™! x R™*1), we obtain

I1SL(F)llLp(metxmnety < ClIf[[Lp@meaxmney, € LPR™E x R™).
Similarly, by (4.2) we have

1S2(F)llp@maxmnisy < ClIf[[Lo@miaggney, € LPR™E x RM),

which completes the proof of Lemma 4.1.

Lemma4.2. Let ¢, y and Q beasin Theorem2. Thenfor oo > 3/2 and 1+ 1/(2a —2) <
p<2a-—1,
(17 (F)[lLo@meaxrnery < Cl[F|Lp@mer cgniny.-
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By Lemma 2.5, Lemma 4.1 and the similar arguments as those in proving Theorem 22 of
[6], we can easily prove Lemma 4.2. Here we omit the details.

Proof of Theorem 1.2. Forany & > 0, &, > 0, there exist j, k € Z such that 2} < g; < 211,
2K < g5 < 2kt Then we have

T, (DEY) = sup // K (U, V) f (X — ®(U),y — ¥(v)dudv
’ £,8>0 |u|>e1,|v|>&

QUL V)] o
< su ¥ (v))|dudv
JkepZ/21<U<2‘+l/2k<V<2k“ u[™v|" [fx= o).y =¥ W)l
1 Qu,Vv), _
su — f(Xx—®(u),y—¥(v))du
+J'-,kepz/2k<V<2k+1 V" '/|u>zj+1 ufm =)y -

1 Q(U,v)
+su/ —/ ~—f(X—D(u),y— F(v))dv
SO0 o T Jysper T P FW)

dv

du

where ®(u) = (u,¢(|u])), (V) = (M (V). X= (X Xmr1), ¥ = (¥, Ynr1)-
Thus, by Lemma 2.2 and Lemma 4.2, we need only to estimate || T.(f)||p and || T2(f)||p.
Notice that

dv

ey s [ sl S e ey )

2k<|v<2k+t |v|n u|m

<C [ M(T(Nx)F)do).

where
- Qu,v)
T X) =su / - X —®(u))du,
v @®) =sup| [ S R ()
and
2k+l dt
My v (h)(Y) = sup Ih(y =tV ynr1 — w(t))| .
keZ J 2 t

Then, by Minkowski’s inequality, it follows from Theorem 2 in [20] and Theorem 3 in [15]
together with [17, p.558, Corollary 5.3] and [18, p.477, Proposition 1] that for > 3/2 and
pe(1+1/2a—2),200—1),

[T (F)l[Lpmmeaxrnity < C|lFl|Lp@mmetgnes).
Similarly, for o >3/2and 1+1/(200 —2) < p < 2o — 1, we have
I T2(F) lLommer xmnery < Cl Fllommer x gy

This completes the proof of Theorem 1.2.
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