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Abstract. In the present paper, we find that the Bernstein-Durrmeyer operators, besides
their better applications in approximation theory and some other fields, are good tools
in constructing translation network. With the help of the de la Vallée properties of the
Bernstein-Durrmeyer operators a sequence of translation network operators is constructed
and its degree of approximation is dealt.
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1 Introduction

LetW, g(X) = x*(1—x)B, o, B > —1, be a given Jacobi-weight function on the interval [0,1],
and let L\'})\,aﬁ [0,1],1 < p < +-oo, denote the space of Lebesgue-measurable functions on [0,1] for

which the norm .
[
111 = ([ [10)] W p )

is finite. Let Ng be the set of non-negative integers. Define

Zak f)pnk(9), xe€[0,1], fely, [0,1], VneNo,
where .
f(U) Pk (U)W g (u)du
a? (1) =2
Pk (U)W, g (U)du
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Vn(“’ﬂ)(f?x) is the n—th Bernstein-Durrmeyer polynomial of f with Jacobi-weight W, g(X),
Pnk(X) are the Bernstein basis polynomials, i.e.,

Pnk(X) = <E> ¥(1—x)"* k=0,1,2,---,n, neNp.

We list some interesting properties of \A“’ﬂ )(see [1-2]).

1) Vne No,W*P) - L\’,’Vaﬁ[o,l] — P,(P, is the set of all algebraic polynomials of order
< n),is a positive, linear contraction.

The sequence {Vn(“’ﬂ)}‘;;o forms an approximate identity on L\'?\,aﬁ [0,1],1 < p < oo, and
vk,n € No,Vi*? (R c R

Denoted by Ql((a’ﬁ) the Jacobi polynomial of degree k on the interval [0,1] normalized by
Ql((o"‘B )(0) = 1. The sequence {Ql((“’ﬁ )(x)}k+:°‘(’) forms an orthogonal system on [0,1] with respect
to the inner product (-, -)w, , (see G.Szegd [3,Chapter 1V]).

Let . )
B _ (1 @b iy
_ ( e 0w (x)dx) |

For a given function f L\l,vaﬁ [0,1] its Jacobi series is defined as

Z a&avﬁ)(f)hl((a’ﬁ)Ql((a’ﬂ)(XL x e [0,1],
k=0

/ f(u Wi, 5 (U)du.

(2) V¥n € N, the Jacobi polynomials {qf‘-ﬁ (X) }e_, are the eigenfunctions of Vn(o"ﬁ) and

where

W PQIP 0 = 4P ), xef0,1), k=01, ,n,

where
l(a’ﬁ) B n! I'n+o+pB+2)
kT (n—K!IT(n+k+o+B+2)

In particular,
n
X)=2 llg,?\’mal((a’m(f)hﬁa’B)Ql((a’m(xL xe [0,1].
k=0

Denote by xﬁ”)(a,ﬁ), 1 <k < n, the zeros of Qﬁa’m(x) and its order is arranged as

1>x§ (oaB)>x2 (a,B) > > (ocﬁ)

Let ¢ € L\'j’\,aﬁ [0,1],1 < p < +eo. Then, in [4] a kind of translation operators $**' (¢, x) are
defined as

x) =3P (9,x) = z PP QP (t), xte(0,1].

=0



18 B. H. Sheng et al : An Application of Bernstein-Durrmeyer Operators

Set
AP (x) = {S(g.t): te[0,1}u{l}, xe[0,1],9€ L&, , (0,11,

then Afp"’ﬁ) (x) is a kind of translation networks which is a new kind of function class formed by
S(¢, x).

In the present paper, we shall show that, besides the interesting properties (1)-(2)\A“’B (f ,X)
are also good tools in constructing translation network A¢ . In fact, a kind of translation
operators of the type A(O‘ P )( X) is constructed with the help of the property (2) and its degree of
approximation in the Welghted LP space is investigated.

For L\’,’Vaﬁ [0,1], 1 < p < +eo, we define the subspace

D\?vw 0,1 ={fe L\'?\,w [0,1] : f,f" are local absolutely continuous on  [0,1],

Wiia14pf](x) —0,asx—0,1,and W11 /Wop € I—\Ill)vw [0,1]}.

Furthermore, we define the linear operator U on L\‘,’Va [0 1] viaUf =W g1 /Wy p.
U is a closed operator for all f in its dense domain q‘}v

For f € Dp [0 1] we equip with the seminorms HU( )Hp,Wa,,; and define the Peetre K-
modulus K(f,t; '—wa D ) 1< p< +eo, by

K(1 Ly, D) = Inf (If = dllpws +IU@lpuy), t>0
Waﬁ

LetN,ne Nowith N> n. Let f €Ly, [0,1],and ¢ € L, [0,1] satisfies a™* (9) 0, k=
1,2,---. Define

Vn(,apr)(f?X) _ lé?]’ﬁ)aéa’m(f)h(a’ﬂ)Q(a’ﬂ)(X)
N+n n Lo
a
2 (X
(k 1 )Lk7n’ﬁ)ai(<a’ﬁ)(¢

then,VrfN’g)(f X) € A( P(x).
Theorem 1. Let N neNowithN>n>1 anda,f>—1.1f f L\'})\,aﬁ[o,l], and ¢ €

L, ,10,1] satisfies 3P/ (9) # 0,k = 1,2, Then, for 1 < p < += there holds

1
IVar3 ()= Fllow,, < C[K(f,—=iLf, ,.DG,.,)

n+1’
0°|llpw, ; K(9, giLiy, DB, ,)
9n ’
L (@B) (@B) __ 1
where gn = 0, Aen 8 (01 0= g oy
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2 SomelLemmas

Lemmal. Leta,f>-—1 andletfe L\'j’vaﬁ[o,l],l < p < +eo. Thenthere exists a positive
constant depending only on ¢, B, and p such that for all ne Ny

1
VAP () — flpw, s < constK <f,m;L\§’vw, D\’,’Vaﬁ> , 1< p< too.

Proof. See [1,2].
Lemma 2. We have the following Gauss integral formula and Marcinkiewicz-Zygmund
inequality

1 n
|| 09w 000k = 3, p4” (e YA (@ B), peRn
k=1

where llf”) (a, B) arethe Cotes numbers about Qﬁo"ﬁ ) (x), and moreover, there exists a constant
C depending on p, «, B, such that for 1 < p < oo,

> [0 (0. )| 1@ B) <€ [ [pt)] Wepwdu,  per,
k=1

Proof. See [3,5].
Lemma3. LetN,neNowithN>n>1.1If f e L\F,’Vaﬁ[o,l], and ¢ € L\F,)Vaﬁ[o,l] satisfies

a ™) (9) #£0, k=1,2,--- . Then

VP (£ = ,léa,ﬁ)aéa,m(f)h( ﬁ)Q( o.p)

st(v,gavm(¢),><,<N+“>(a, B) AN, B),  xe[0,1).

Proof. Obviously,

1
| 8000 00w, stk =AM (90 1), k=12,

which implies fork=1,2,--- ,N,

[ SO 6).001 oW,y = v (9)) QP )

or
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k
< [ S P (9).) QP (W p(dt,  xe[0,1].

since Q" (-) e R S (VP (9), ) € Ay, we know § (VP (9), QP () € P C Pz
It follows by Lemma 2

N+n
[ SO 000 W s =3 S04 0), 4 )
< QP mN*“ (o, BYA™N (e, B).

Lemma 3 is thus proved.
Lemma4. Let¢ e L\‘,)Vaﬁ[o,l],l < p < +oo. Then

S(q)ax):S(((Pvt)v X, te [071]’

and there exists a constant C > 0 independent of t and ¢ such that

1S(®)llpw, s < CllOlpw, -
Proof. See [4].

3 TheProof of Theorem 1

Obviously,
VAB (8 ,%) — £00] < VB (£, =P (£, + VP (F,%) — £ ()]
)

Nen 0 @) Vn(aﬂ) I )
e (S CA )
1k=1

Po)
xSi(|9 — vN“ﬂ< )|><|N+")( BN (0, B) + VRSP (£,%) — £ (x)|

Ni i atgaﬁ)(Vrgam(f))hﬁ ﬂ)“QI(( ﬁ)(XI(N+n (.B))]
= )
XSnen g <|¢ vN““<¢>|,x> ™ (o B)+ A (.0 — £(], - x € [0,1)
Therefore
N+n . n (o0,B) s (e, B) (o)
(.,B) (e.B) a " (Vn T (F)hy (a0B) ( (N+1)
Vs (0= (Dllow,, < 3 [ 3 AN 1P 4™ (@, B)]

1 p 1
L[5 0|0 =P (0] 00 Weip 0 0¢) "4 (@1 B) + NP () = Pl .
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By Lemma 4 we have

e A M ) ) )
Zi [k—l A(asﬁ)af(a,ﬁ)(q)) "Qk (XI (OC,B))’}

([ 3 10— (0110t s 010%) P2 )
N+n n o

10 —Va"” (9) o » Z Z

% |QP (" (@, wN*” (e, B)
‘”(vn(“ SO |
“Pral*P ()

(0C ﬁ)(vn(a B)(f))hl(( B) ‘
“PalP (9)

IN

IN

19—V (o 0w,

[ 10 W p (e

IN

16 =P )Wy & | (@) (@) eapsh)
. Y [ P (1)he |

X (/01 QP (U)W, 5 () du) : (/Olwaﬁ(u)du>%

Cllo —V“ " (O)llpwiy &1 (ap) ) (@p))}
s P an f h 2
. X [a P 0a P o) %

IN

Since {(hl((“’ﬁ ))%QI((O"‘B )(x)};:""o forms an orthonormal basis, we have by the Parseval formula

1

1
2

(é\aﬁa’m(vn(“’ﬁ)(f))(zhﬁ“ﬁ )’ /(v“ﬁ f.)| W g (0x)*

Therefore, by the Nikolskii inequality (see [6])

e

(3

1
1Plpwe, <CN' T 2 pllow,,, 1< P, P <+, peP,

(here (a)+ = max(a,0)) we have
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_ (avﬁ) n
S CH(P VN (¢)Hp~WaB 2 ‘al((a,ﬁ)(vrga,ﬁ)(f))‘(hl((a[)’))%
On k=0
cnillo —V P () llpw,, ¢ 12 2 :
< W, (o,B) 2
e T v
C (o} _V(a7ﬂ)
e N
on e
< Cn0‘|¢_vl\(]a’ﬁ)(¢)||pswa.[3 % ”fH W
= ¢n P, o.p
_ Ol lw, K (9 gL, 0 DR,

On
4 TheApplications

Obviously, for oo = B = 0 we obtain the Durrmeyer’s operators

n

Mn(f,X) = (n+1) z pn’k(x)/1 f(u)pnk(u)du, xe€[0,1], f e L1([0,1]),
k=0 0

QS,?’O) (x) reduce to the Legendre polynomials of degree m i.e.,

2m+1 dm N
Qm(X) = TM[X“—@] , m>1,

1, m=20.

P e
| fllpw, , reduces to || f[[p = (/ ‘f(x)‘ dx) , A4 7 reduce to
’ 0

n! (n+1)!
(n—Kk)! (n+k+ 1)1

M=

2k+1

and hl((“’ﬂ) reduces to k=0,1,---,n.
W. Chen, Z. Ditzian and K. lvanov showed(see [7])

IMa() = fllp ~K(f,n)p,  feLP[0,1],

where

Ko(f,n = inf (||f— n—||P(D , 1< p< +eoo,
2( ) gec2[o,1](” gllp+n~*IP(D)gllp) <p<+

and
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Let ><|(”), | =1,2,---,n, be the zeros of Q,(x). Then, the Cotes numbers )1(”), |=1,2,---,n,
are

The translation operators é“’ﬂ )(q),x) for a given t therefore reduces to (see [8])

1
S(6,%) = /0¢[(2x—1)(2t—1)+4(2u—1) X(L— (L]

x[u(l —u)]” [/Ol[y(l —y)]‘%dy} Tdu, xteo1].

Nl

Set ay( f /f )Qk(u)du, thenvaﬁ)(f)reduceto

S A1) (0K D12k D)
Vono (f.%) = ao<f>+|_21(k§ ad) ani(n+1)!

Q™) [ o @™ -1
+a2u—1)y/x(@— ™ (1 — ™ (1 - )]
. B (N+ 1— (N+n)
X [/ol[y(l—y)]‘?dy] dux \/XI o ), x € [0,1].

In this case, Theorem 1 reduces to the following Theorem 2.
Theorem2. LetN,neNowithN>n>1.If f €LP[0,1], and ¢ € LP[0,1] satisfiesax(¢) #
0,k=1,2,---. Then, for 1 < p < +oo there holds

n°| fllpK(9.N")p
On

Vano() = fllp < CK(f.m o+
1 (cB)
Ifoc:[i:—i,thenvn P/(f,x) reduce to

(-3) et [T Pnk(u)f(u)
Vi F(10 = 3G J U, xe 01

where

- |

Ql((""[3 (x) therefore reduce to T(x) = coskarccos(2x— 1),x € [0,1], klf “P) reduce to

D (n!)?
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4 1
and h P) reduce to =. The Cotes number 7Lk o, 3) reduce to o
The correspondlng translation operators thus reduce to(see [8])

SV = ;(q;[(zx 1) +4W}
+¢[(2x 1)( —4/XT Xt —t]) x,t € [0,1].

Set ¢y ( dx, then V( ’ﬂ)(f,x) reduce to

0=, Vs

o1 B 200 B 1N g7 (f)
Vg (Fx) = += 2<21W

x (o[ 2x-1)24""" - 1)

X1 — AN (- AN
+9|(@x-1)(23"" - 1)
—axa—fMa-g)]) e,

1 2k—1
where zf(") =5 cos% +1),k=1,2,---,n, are the zeros of Ty(x).

In this case, Theorem 1 reduces to the following Theorem 3.
Theorem 3. LetN,neNowithN>n>1.If f e L, [0,1], and ¢ € LY, [0,1] satisfies
2 2

ck(¢) #0,k=1,2,---. Thenfor 1 < p < +eo there holds

1
.Lp Dp
‘n+1 Wy Wf%)
1 low K9 gLy, Df )

2

¢n ’

_1
IIVn(,N?J(U—pr,w_% < C[K(f

_l’_
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