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Abstract
Combustion simulations involve the modeling of chemical kinetics, and due to the com-
plexity of detailed mechanisms, chemistry reduction techniques are necessary. One model
reduction strategy is the reaction-diffusion manifold (REDIM) method, and to obtain the
REDIM, an evolution equation must be solved till its stationary solution and a gradient
estimation is needed, provided e.g. from flamelet solutions with detailed chemistry. In this
work, the REDIM technique is applied to simulate methane/air turbulent flames based on
a simplified gradient estimation. This strategy uses less information in constructing the
REDIM, increasing computational efficiency while reducing computational costs. Valida-
tion is performed for non-premixed laminar flames. A RANS/transported-PDF framework
for the simulation of turbulent reacting flows is presented and used to validate the proposed
model. Results show that the simplified gradient estimation is enough to simulate turbu-
lent flames at moderate Reynolds number, which demonstrates the suitability of REDIM as
reduced kinetic model in reactive flows.

Keywords Chemical reduction · REDIM · RANS · Turbulent flame · Methane

1 Introduction

The simulation of reactive flows involves a complex modeling of the interaction of ther-
modynamics, chemical kinetics, molecular transport and fluid dynamics. Combustion is a
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process that releases heat and may generate instabilities in the flow due to fluctuations
and gas expansion, which cause a transition to turbulence [1]. In most cases, in practical
devices, combustion occurs under turbulent flow conditions [2], and the understanding of
the underlying processes is crucial for the physical description of the phenomenon. Turbu-
lence models are based on the Navier-Stokes equations and closures hypothesis, which are
based on dimensional arguments and empirical data [3].

Numerical simulation of turbulent flows can be organized in three groups [1]: DNS,
LES and RANS. Direct numerical simulation (DNS) is a technique where the Navier-
Stokes equations are fully resolved without modeling, that is, all relevant scales are solved.
However, its computational cost increases rapidly with increasing Reynolds number, so its
applicability is restricted to low to moderate Reynolds numbers [4, 5]. Large eddy simula-
tion (LES) [4, 6–8] resolves explicitly the large scales of the flow, while the smallest are
modeled by subgrid models. Reynolds averaged Navier-Stokes (RANS) is a technique with
acceptable computational cost in which the balance equations are averaged, and closure
models are used to deal with the turbulence [6].

The interaction between turbulence and chemistry is a well known challenge in numerical
simulations and high order methods with small time steps ought to be used. The modeling
of the chemical source term is a difficult task [9], since they are influenced by turbulent
mixing, molecular transport and chemical kinetics [7]. Infinitely fast chemistry is a simple
assumption to overcome this problem [3], but then complicated reacting flows with ignition,
extinction and pollutant formation cannot be predicted.

The probability density function (PDF) is a model that can overcome the complexity of
solving the reaction source term in turbulent flows. In a transported-PDF equation, chemical
source term is in a closed form, avoiding any modeling [10, 11]. Furthermore, the PDF
of velocity and thermo-kinetics scalars and their averages and statistical moments can be
obtained.

Modeling of combustion is a complex phenomenon, since the fuel oxidation mechanisms
can have thousands of elementary reactions and hundreds or thousands of chemical species.
Turbulence can also enhance the complexity and dimension of the system. Therefore, using
detailed kinetic mechanisms is in most cases computationally prohibitive, and techniques
for chemical reduction are necessary in order to develop reduced models with less variables
and moderate stiffness [12], while maintaining the accuracy and comprehensiveness of the
detailed model.

There are two main categories of reduction techniques for kinetic mechanisms: time
scale analysis and the generation of skeletal mechanisms [13]. The latter consists in iden-
tifying the important and necessary species and in generating the mechanism only with
those. Some examples are the directed relation graph (DRG) [14] and directed relation graph
with error propagation (DRGEP) [15] and sensitivity analysis based on Jacobian analysis
[12]. Time scale analysis is used primarily to identify a gap between fast and slow time
scales in species trajectory on the composition state space and use this to describe the sys-
tem dynamics. Examples are the Quasi-Steady-State Assumption (QSSA) [16] and Partial
Equilibrium (PE), Intrinsic Low-Dimensional Manifolds (ILDM) [17], Flame Prologation
of ILDM (FPI) [18], Computational Singular Perturbation (CSP) [19], Flamelet approach
[20] and its developments, as Flamelet with Progress Variable [21] and Flamelet Generated
Manifolds (FGM) [22]. A complete review of reduction methods can be found in [23–26].

This difference in time scales in chemical systems yields the existence of low-
dimensional manifolds imbedded in the state space that can be used to describe the full
dynamics of the model [17]. These manifolds have the property of attracting the trajectories
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of species concentrations and maintain close to it for all times [17]. The reaction-diffusion
manifold (REDIM) [27] has the advantage of taking into account physical transport
processes when generating the manifold.

To obtain the REDIM, an evolution equation must be solved till its stationary solution
and a gradient estimation is needed. This estimation is based on numerical simulations with
detailed mechanisms. One strategy is to take flamelets with different strain rates, to cover
the domain from stable flames until the extinction limit. As explained by Bykov et al. [28],
the flamelet approach used for the initial guess represents a stationary solution set of detailed
systems that are theoretically close to the REDIM for specific estimates of the gradient. To
cover the domain where the flamelets do not exist, non-stationary flamelets (extinguishing)
flames are chosen. The lower boundary will be a mixture line, i.e., a linear trajectory that
describes pure mixing in the state space. An algorithm for solving the REDIM equations is
presented in [29].

The REDIM method has already been used extensively in literature for different combus-
tion scenarios simulations. Fischer et al. [30] used PDF simulations to analyse the ignition
of free turbulent jets of propane, ethylene and hydrogen, while in the works of Wang et al.
[31, 32], large eddy simulation with filtered density functions were used with REDIM to
simulate turbulent flames. Recently, flame-wall interactions that perturb the system states
by heat loss and catalytic reactions was analysed in the context of REDIM [33]. Multi-
directional molecular diffusion was also studied in terms of the REDIM [34]. A coupled
strategy between REDIM and the Progress Variable Method was developed by Benzinger
et al. [35], based on a new variable: the normalized strength of molecular transport. In [28],
the instationary behaviour of counterflow non-premixed flames with REDIM is studied and
the ability of REDIM to describe transient processes of extinction and re-ignition.

The purpose of the present work is to show that a simplified gradient estimation used to
generate the REDIM is sufficient to obtain accurate results in the simulations. The advan-
tage of this framework is that allows to use less information about the full model and to
decrease computational costs. The model is validated in a methane/air non-premixed coun-
terflow laminar flame and used for simulation of two piloted turbulent jet flames, with low
and moderate degree of local extinction, using a hybrid RANS/transported-PDF model.

2 Reduction of Chemical Kinetics: REDIM

The thermochemical state in a reactive system with nsp species can be described by the

n = nsp + 2 dimension vector � = (
h, p, φ1, . . . , φnsp

)T , where h is the specific enthalpy,
p the pressure and φi is the specific mole fraction of species i, defined as φi = xi/Mmean (xi

is the molar fraction and Mmean the mean molar mass). The thermochemical state changes
due to chemical and transport processes according to the partial differential equation system
[27]

∂�

∂t
= F(�) − u · grad(�) − 1

ρ
div

[
D · grad(�)

] = �(�) (1)

Here, u is the velocity, D is the n × n−dimension transport matrix, F is the n-dimensional
source term that accounts for the chemical reactions and ρ the density.

The difference of fast and slow time scales in chemical systems yields the existence
of low-dimensional manifolds imbedded in the state space that can be used to describe
the full dynamics of the model [17]. After the fast time scales are exhausted, the system
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dynamics is governed by the ms slowest modes (ms � n), i.e., the system solution is within
a ms-dimensional manifold in the state space. This manifold M is defined as

M = {
� : � = �(θ),� : Rms → Rn

}
, (2)

where θ is the vector of local coordinates, i.e., the ms-dimensional vector that parametrizes
the manifold.

To obtain the manifold, an invariance condition is applied. This condition implies that,
after the states approached the manifold (fast time scales vanish), they will evolve within
or close to this surface, for all times. As a consequence, for all � ∈ M, it holds that
�(�) ∈ T�M, i.e., the vector field � (the right-hand-side of Eq. 1) applied to the vectors
of the manifold belongs to the tangent space of M.

Since �(�) belongs to the tangent space of the manifold, it is orthogonal to the normal
space of M,

(�⊥
θ (θ))T · �(�) = 0, (3)

for all θ , where �⊥
θ represents the normal space of M. Therefore, the projection of � in

the normal space of M is also orthogonal to the field. We define the projection operator as

P(TM)⊥ [�(�)] =
(
�⊥

θ (θ) · �+
θ (θ)

)
· �(�) (4)

where �+
θ is the Moore-Penrose pseudo-inverse matrix. This matrix always exists, provided

that the columns of �θ are linearly independent. Nevertheless, this condition can always be
obtained through a suitable choice of the local coordinates θ . Since

P(TM)⊥ [�(�)] · �(�) = (
I − �θ (θ) · �+

θ (θ)
) · � (�(θ)) , (5)

we can conclude that

(
I − �θ�

+
θ

) · �(�) = 0 (6)

where �θ is the Jacobian of � with respect to θ . To integrate Eq. 6, the strategy is to rewrite
the equation as a system of parabolic partial differential equations [27], given by

∂�(θ)

∂t
= (

I − �θ (θ) · �+
θ (θ)

) ·
{
F(�(θ)) − 1

ρ

[
(D�θ · χ(θ))θ · χ(θ)

]}
. (7)

where χ(θ) = grad(θ) is a gradient estimation. Then, an invariant ms− dimensional slow
manifold, referred to as Reaction Diffusion Manifold (REDIM), can be obtained through
the stationary solution �(θ,∞) of Eq. 7. To integrate this equation until it converges, it is
necessary to define the gradient χ(θ) for the starting manifold.

To obtain the gradient estimation, one strategy would be to take the flamelets based
on detailed chemistry with different strain rates (a, unity: 1/s). As explained in [28], this
would represent a stationary solution set of detailed systems that are theoretically close to
the REDIM for specific estimates of the gradient. To cover the domain where stationary
flamelets do not exist, unsteady flamelets (extinguishing) flames are chosen.

In the present work, the gradient estimation consists of a stable flamelet solution with
low strain rate and a pure mixing line as boundaries, and one flamelet solution with an
intermediate strain rate as initial condition. More details will be shown in Section 5.1.
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3 Hybrid RANS/Transported-PDFModel

In the RANS model, the favre-averaged conservation equations for mass and momentum
are solved [4]. The conservation equations for energy needs not to be solved, since the favre
averaged temperature T̃ is determined in the PDF part from the thermo-kinetic state of the
fluid. Consequently, the averaged ideal gal law (p = ρR̃gT ) together with conservation
equations, are solved simultaneously to obtain the mean velocities. The unclosed term of
Reynolds stresses ρu′′

i u
′′
j is obtained from the PDF part [36].

A joint PDF (JPDF) of velocity, composition and turbulent frequency
fωU�(Θ,V,�; x, t) is employed [37]. This is a one-point, one-time joint PDF which has
the main advantage to treat chemical reaction exact without any modeling assumptions.

A transported-PDF equation is solved to obtain the PDF of velocity [36], which over-
comes the problem that generally the PDF of a flow is a priori unknown [10, 11]. The
transported-PDF equation for fωU�(Θ,V, �; x, t) is given by [4]

ρ(�)
∂f

∂t
+ ρ(�)Vi

∂f

∂xi

− ∂p

∂xi

∂f

∂Vi

+ ∂ρ(�)Sα(�)

∂Ψα

= − ∂

∂Vi

(
∂τ ′

ij

∂xj

− ∂p′
∂xl

∣∣
∣∣
Θ,V,�

)

· f + ∂

∂Ψα

(
∂J ′

α,l

∂xl

∣
∣∣∣
∣
Θ,V,�

)

· f

− ∂

∂θ

(
Dω

Dt

∣
∣∣∣
Θ,V,�

)

· f, (8)

where x is the spatial position and t the time, p′ is the pressure fluctuation, Θ , V and �

are the sample space variables of the turbulent frequency ω, velocity U and composition �,
respectively. Sα(�) denotes the chemical source term, D/Dt denotes the material deriva-
tive, τ ij the mean viscous stress, p the mean pressure, ρ the density and Jα the diffusion
flux.

In Eq. 8 the mean viscous stress τ ij and the mean diffusion flux Jα are neglected because
both terms are of little importance for flows with high Reynolds numbers [4]. It can be
observed that all terms on the left-hand side are in closed form, including the chemical
source term. However, all the conditional terms on the right-hand side are unclosed and
must be modelled [10, 11, 38].

The numerical integration of the transported-PDF equation is solved using a particle
method [36]. The particle location is evolved according to the particle velocity (superscript
∗ indicates particle quantity) through dx∗

i = Udt , where U is the total velocity, given by
the sum of the averaged velocity ũ and a fluctuation u∗. In our hybrid approach, the aver-
aged velocity is obtained via the RANS method and the fluctuation by the transported-PDF
equation (see Fig. 1).

The velocity fluctuation is represented by stochastic particle u∗
i , which is modeled by the

simplified Langevin model (SLM) [4], given by

du∗
i

dt
= 1

〈ρ〉
∂〈ρ〉˜u∗

i u
∗
j

∂xj

− u∗
j

∂ũi

∂xj

−
(

1

2
+ 3

4
C0

)
Ωu∗

i + (C0Ωk)1/2 (9)

where Ω is the conditional turbulence frequency, related to the model constant CΩ through
[38]

Ω = CΩ

〈ρ∗ω∗|ω∗ ≥ ω̃〉
〈ρ〉 (10)
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Fig. 1 Overview of the algorithm coupling the RANS/transported-PDF to the REDIM reduction method

in which ω̃ is the averaged turbulent frequency, k is the turbulent kinetic energy (k =
ũiui/2) and 〈ρ〉 the averaged density.

The particle turbulence frequency ω∗ is modeled based on the gamma-distribuition model
[4], and reads

dω∗

dt
= −C3(ω

∗ − ω̃)Ω − Ωω∗
[
Cω2 − Cω1

kΩ

(
−ũiuj

∂ũi

∂xj

)]
+ (2C3C4ω̃Ωω∗)1/2. (11)

Coefficients CΩ , Cω1, Cω2, C0, C3 and C4 in Eqs. 9 and 11 will be given in Table 1.
The evolution of the composition vector can be calculated as

d�∗,i

dt
= S(�∗,i ) + M, i = 1, 2, . . . , Np, (12)

in which Np is the number of particles per cell. S(�∗,i ) is the source term and M is the
effect of molecular mixing process [10, 11]. The source term, as already mentioned, appears
in exact form in the PDF framework, but the mixing process is modeled by a mixing model.
We choose to model the mixing process using the modified Curl’s model (MCM) [39]. In
MCM, pairs of particles within the same cell are randomly selected and mixed with some
intensity [40] and the rate of mixing is determined by the coefficient Cφ .

Table 1 Parameters used in the
simulation of the turbulent flame Turbulence frequency model

CΩ 0.6893

Cω1 0.7

Cω2 0.9

C3 1.0

C4 1.25

Simplified langevin model

C0 2.1

Mixing model

Cφ 3.6
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Based on Eqs. 9, 11 and 12, the transported-PDF equation for the joint PDF fωU� is
given by [10, 37]

∂〈ρ〉f
∂t

+ ∂〈ρ〉f (ũj + u′′
j )

∂xj

− ∂ũi

∂xj

∂(〈ρ〉f )u′′
j

∂u′′
i

+ 1

〈ρ〉
∂〈ρ〉˜u′′

i u
′′
j

∂xj

∂〈ρ〉f
∂u′′

i

=
(

1

2
+ 3

4
C0

)
Ω

∂〈ρ〉f u′′
i

∂u′′
i

+ 1

2
(C0ε)

∂2〈ρ〉f
∂(u′′

i )
2

+ ∂〈ρ〉f ΩC3(θ − ω̃)

∂θ
+ ∂

∂θ

(

〈ρ〉f
[

Cω2 − Cω1

kΩ

(

−˜u′′
i u

′′
j

∂Ũi

∂xj

)]

Ωθ

)

+ C3C4ω̃Ω
∂2θ〈ρ〉f

∂θ2
− ∂

∂Ψα

[〈ρ〉f (Sα(�) + Mα)] . (13)

The hybrid RANS/Transported-PDF method provides the advantage of using fewer par-
ticles per cell compared to traditional particle methods, decreasing computational time [38].
To improve efficiency, particle number control strategy is applied, and a constant number
of particles per grid cell, whether it is large or small cells, is desired. The maximum number
of particles within one grid cell is 1.2 × Np, whereas the minimum number is 0.8 × Np. If
the particle number is less than the minimum number, the particles are cloned until a target
value (here 0.8 × Np particles/cell) is reached. The particles will be eliminated through the
statistical elimination algorithm: the two lightest particles in a cell are considered, and one
of them is deleted, using a probability based on particles weights [41].

The coupling between the RANS/transported-PDF model and the REDIM is shown
in Fig. 1. Equation 12 is solved using the reduced chemical kinetics of particles φ∗ and
the source terms S(�∗,i ) are calculated from a lookup table generated based on REDIM
method. The Reynolds stresses ρu′′

i u
′′
j and the favre-averaged temperature ˜RgT are calcu-

lated through the particle method, and then used to solve the favre-averaged conservation
equations of mass and momentum. The RANS provides the hydrodynamic properties, such
as the mean velocity, which is used in the particle method to obtain the particle position,
velocity and turbulent frequency.

By solving only the fluctuations of the velocities in the PDF part we avoid the drawback
of duplicate scalar fields [38, 42], where some quantities are calculated both by the RANS
and the PDF approach. To obtain convergence of the simulation, one needs consistent values
i.e., this twice determined scalars should yields similar results. The level of consistency
depends mainly on the equivalence of the turbulence models used in both methods [42].
Nevertheless, in our numerical algorithm, we do not have duplicate scalar fields.

4 Numerical Configuration

The methane/air piloted turbulent jet Sandia flame [43, 44] is used as experimental test-
case to simulate the turbulent flame. We consider Flames D and E, since the first shows a
small and the latter a moderate degree of local extinction, which allows a useful comparison
for the reduced model presented in this work. Both flames consist of a main fuel jet with
D = 7.2mm diameter, with a mixture composition of 25% methane and 75% dry air by
volume. The initial temperature is 294K.
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The coaxial pilot has an inner diameter of 7.7mm and an outer diameter of 18.2mm, with
a mixture of C2H2, air, CO2 and N2, and is operated at lean condition (φ = 0.77), with
the same nominal enthalpy and equilibrium composition as methane/air at this equivalence
ratio. The energy release of the pilot is approximately 6% of the main jet for each flame.
The piloted burner is fixed with the jet exit approximately 15cm above the wind tunnel exit,
which has a dimension of 30cm ×30cm. Figure 2 presents a sketch of the flame confiuration
used in the simulations.

For the Sandia flame D, the Reynolds number of the jet is 22400, which represents a jet
velocity of 49.6m/s, and for the Sandia flame E, the Reynolds number of the jet is 33600,
yielding a jet velocity of 74.4m/s. The experimental data are measured with spontaneous
Ramanand Rayleigh scattering for major species and temperature, and LIF is used for the
concentrations of OH and NO. The uncertainties of the measurements are estimated to be
within ±2% for mass fractions of N2, O2, CH4, CO2, H2O, H2 and temperature, ±5% for
OH and CO, and ±10% for NO [44].

4.1 Simulation of the turbulent flame

The CFD code SPARC [45] is used for the simulation of the flow field. It is based on a finite
volume method that solves the RANS equations on block structured domains. A cylindrical
system is employed, with x denoting the downstream and r the radial coordinates.

The transported-PDF equation is solved by using a Monte-Carlo particle method [36],
where a set of stochastic differential equations is solved to the evolution of particles. As
already mentioned, the evolution of velocity is modeled by the simplified Langevin model
(SLM) [4], the turbulent frequency is based on the gamma-distribuition model [4] and the
mixing model is modeled by the modified Curl’s model (MCM) [39]. We adopt Cφ = 3.6,
which is required to obtain the burning index, consistent with the range of 3.3−3.8 proposed
by Cao et al. [40] for Sandia flames D and E.

The simulation is performed for a 120D×40D domain discretized by 51×42 cells (total
of 2142 cells), and the initial number of particle per cell is Np = 50. In this work, radiation
is not considered. Table 1 lists the parameters and their respective values for each model
used in the simulation.

Fig. 2 Schematic Sandia flame configuration
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5 Results and Discussion

5.1 Implementation of chemistry reduction with REDIM

To validate the REDIM method for the relevant mixture compositions, simulations of a
counterflow non-premixed flame are performed. This configuration of flame consists in two
opposed ducts, where the laminar flow of fuel leaves one duct and stagnates against the
laminar flow of oxidant emerging from the other side [5]. The composition of both streams
are the same as Sandia flame [43, 44], that is, 25% methane and 75% air at the fuel side,
with initial temperature of 294K , while the oxidant size is pure air (79% N2 and 21% O2),
with initial temperature of 291K . The distance of the ducts is 8cm and the calculations are
performed for 1atm.

The initial guess consists of a manifold estimation and the boundary conditions of the
REDIM. In this work, we consider a simplified configuration of the initial guess, formed
by one stable flamelet solution with high stretch rate and a pure mixing line (extinguished
flame) as boundaries, and one flamelet solution with a low stretch rate. The initial guess is
allowed to evolve according to (7), until the REDIM is obtained as the steady-state solution.
For the estimation of the gradient χ(θ) in (7), we have used only one single flamelet solu-
tion, namely, the one for low stretch rate (see Fig. 3). All these profiles were calculated using
the code INSFLA [46] and GRI 3.0 as the detailed mechanism [47]. For simplification, a
unity Lewis number is considered. Figure 3 shows the initial guess (a) and the projection of
REDIM onto the N2 - CO2 - OH composition space (b).

The progress variables used are the specific mole fractions of CO2 (φCO2 ) and N2 (φN2 ),
where the first represents the reaction and the second the mixing. In the REDIM, all the
thermo-chemical quantities such as enthalpy, mixture fraction and mass fractions of species
are functions of φCO2 and φN2 .

Fig. 3 Initial profile (a) and (b) the projection of REDIM onto the N2 - CO2 - OH composition space. Red
lines represent stable stationary flamelets solution and blue line represent a pure mixing profile
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Fig. 4 Comparison of temperature and specific mole fractions φ of O2, OH and CO over the specific mole
fraction of N2 for the counterflow non-premixed laminar flame (φi = wi/Wi , where wi is the mass fraction
and Wi the molar mass of species i). Circles: detailed chemistry; line: reduced chemistry

5.2 Laminar case

Validation of the 2D REDIM reduced model is performed using a numerical simulation of
a laminar counter-flow non-premixed flame, where the results are compared with detailed
chemistry. Figure 4 shows the temperature and the specific mole fractions of O2, OH and
CO, plotted against the specific mole fraction of N2. It can be observed that, even using
a simplified gradient guess, the results from constructed REDIM agree very well with the
simulation based on detailed chemistry for all four quantities.

The deviations between reduced and detailed model are quantified in Fig. 5 where the
error deviations are calculated with

Δrel = 100 ×
∣∣
∣∣
fdetailed − freduced

fdetailed

∣∣
∣∣ (14)

where f is the variable of interest. The profiles are calculated in the reaction zone of the
flame and shows that the global maximum error is less than 8%, while errors for temperature
and mass fractions of O2 and OH are close to 1%.

Figure 6 shows the specific mole fraction of NO and NO2 over N2 for the laminar
counter-flow non-premixed flame (circle is detailed chemistry and red line the REDIM pre-
dictions). Both values show good agreement and NO profiles errors are below 4% (see
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Fig. 5 Relative error predictions for laminar counter-flow non-premixed flame. Results are plotted only for
the reaction zone of the flame

Fig. 6 Comparison of specific mole fractions φ of NO and NO2 over the specific mole fraction of N2 for the
counterflow non-premixed laminar flame. Circles: detailed chemistry (GRI 3.0); red line: reduced chemistry;
blue dashed line: detailed chemistry (GRI 2.11)
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Fig. 7 Favre-averaged profiles of temperature, wO2 , wOH and wCO for the turbulent flame Sandia D along
the center line of the main jet. Details show the discrepancies between models. Circles: experiment [43]; red
lines: simulation with simplified REDIM; blue dashed lines: simulation with detailed REDIM
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Fig. 5), while the peak values for NO2 in both lean and rich regions of the flame are under-
predicted by the REDIM. Nevertheless, to show that this error is reasonable, we also show
in Fig. 6 the results from a detailed simulation using GRI 2.11 mechanism [48] (blue dashed
line), which shows that, for the detailed chemistry comparison, there are larger discrepancies
between both full models, and the REDIM solution is in between this deviation.

Thus, not only the fast but the slow processes represented by those pollutants can be
described with the simplified gradient estimation for the REDIM methodology.

5.3 Turbulent cases

The numerical simulation of the turbulent flame using the hybrid strategy RANS/transported-
PDF is compared with the experimental data available for the Sandia flame D [43]. The
mixture fraction is obtained using the Bilger expression, the same way it was done for the
experiments. A numerical simulation performed using a REDIM constructed with a more
complex gradient guess, consisting of several flamelets with different strain rates, is also
used for comparison. In what follows, this configuration will be referred as detailed REDIM.

Fig. 8 Mean radial profiles for mixture fraction at four different locations of the flame, compared with
experimental data, for Sandia flame D. Circles: experiment [43]; red lines: simulation with simplified REDIM
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Figure 7 shows the profiles of temperature and mass fractions of O2, OH and CO along
the center line of the jet (r = 0), compared with the experimental data [43] and detailed
REDIM. The simulation results shows that the simplified approach for the REDIM has the
same global behaviour as the experiments. There is a very good accuracy from the burner
exit until approximately x/D = 60 while for x/D > 60, the temperature and the mass frac-
tions of OH and O2 show larger deviations from the experimental results, which are also
observed for the detailed REDIM results (see zoom details in Fig. 7). Although consider-
able, the discrepancies are related to the mixing model used in the simulations, since it was
already shown that using a different mixing model with optimal parameters can correct this

Fig. 9 Mean radial profiles for rms of mixture fraction at four different locations of the flame, compared
with experimental data, for Sandia flame D. Circles: experiment [43]; red lines: simulation with simplified
REDIM
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difference [40]. However, this would lead to an increase in the computational cost and, as
this work aims to investigate the abbility of the REDIM simplified configuration, we choose
to use the MCM method.

Figures 8 and 9 present the radial profile for the mean and root mean square (rms) of
mixture fraction for four different locations of the flame along the mixture fraction space,
compared with the experimental data. The simulation results agree well with the experiment
data for all locations. Some deviation is seen for the rms of mixture fraction at x/D = 15
and x/D = 30, where a under-prediction is observed. This deviation is also associated with
the mixing model [40].

Figures 10, 11 and 12 display the conditional means of temperature and mass fractions
of CO and OH over the mixture fraction at four different locations of the flame, compared
with experimental data. The calculated temperature profiles (Fig. 10) reproduce very well
the experiment, with almost no deviation from the experimental data at the four locations of
the flame.

The conditional mass fraction of CO (Fig. 11) shows some deviations far from the burner
nozzle, in the positions x/D = 30 and x/D = 45, while the mass fractions of OH (Fig. 12)

Fig. 10 Conditional of temperature over the mixture fraction at four different locations of the flame, com-
pared with experimental data, for Sandia flame D. Circles: experiment [43]; red lines: simulation with
simplified REDIM
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Fig. 11 Conditional mass fraction of CO over the mixture fraction at four different locations of the flame,
compared with experimental data, for Sandia flame D. Circles: experiment [43]; red lines: simulation with
simplified REDIM

are over-predicted for x/D = 15, x/D = 30 and x/D = 45. These small differences
between the experiment and the numerical simulation are not large, and are possibly asso-
ciated with the used gradient assumption. Another possibility for these deviations are due
to the turbulence model, and better results could be achieved with a more accurate model,
such as large eddy simulation (LES) [49].

We also present here the ability of the simplified configuration for the REDIM to repro-
duce the Sandia flame E, which presents a moderate degree of local extinction. Figures 13,
14 and 15 show the conditional means of temperature, and mass fractions of CO and OH
over the mixture fraction at four different locations of the flames. The temperature pro-
file for x/D = 15 shows an over-prediction, which can be justified by the mixing model
that is used. Conditional means mass fractions of CO and OH (Figs. 14 and 15) presents
over-prediction for almost all locations of the flame, except for the mass fraction of CO at
x/D = 45. The same behaviour can be seen when a detailed REDIM configuration for the
gradient estimation (consisting of several flamelets with different strain rates) is used, as
show in [50–52], and thus, is believed that the over/under-prediction for CO and OH can be
related either to the detailed mechanism or the mixing model.
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Fig. 12 Conditional mass fraction of OH over the mixture fraction at four different locations of the flame,
compared with experimental data, for Sandia flame D. Circles: experiment [43]; red lines: simulation with
simplified REDIM

5.4 Computational performance

We show in Fig. 16 the CPU costs for laminar flame simulations using the simplified
REDIM compared with a full detailed mechanism simulation. The values of Fig. 16 are
normalized by the value of full mechanism. One can see that the CPU cost is considerably
decreased in the flames simulations and, contrasted with using the full kinetic mechanism,
simulation with simplified REDIM yields a reduction in computational time of 91%. This
substantial decrease is associated with the fact that the REDIM is stored within an orthog-
onal and equidistant mesh, which is optimized for an adequate linear interpolation, and a
point-by-point search is not required [27].

For the turbulent flame simulations, we do not have a comparison with simulations using
the detailed mechanism, because these are computationally expensive. Nevertheless, if we
compare the CPU cost of our simplified REDIM with the detailed REDIM (i.e., the gra-
dient guess is obtained from several flamelets with different strain rates), the decrease of
the computational time is in the order of 25% for Sandia flame D and 21% for Sandia E.
Moreover, simplified configuration has the computational advantage of only needing three
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Fig. 13 Conditional of temperature over the mixture fraction at four different locations of the flame, com-
pared with experimental data, for Sandia flame E. Circles: experiment [43]; red lines: simulation with
simplified REDIM

detailed flamelets simulations to construct the initial profile for integration of Eq. 7, which
not only reduces CPU cost but also the size of the lookup table that will be used in the search
and retrieve algorithm.

The results presented above may be subject to the influence of different values chosen
for the strain rate a considered in the flamelet solution with low stretch rate in the simplified
configuration. As the REDIM equation depends on the gradient of the local coordinates,
and since the strain rate depends on the velocity gradients, the higher the value of a, more
the flame is perturbed by the transport processes [30], which can lead to, e.g., earlier/later
extinction. In the present work, we choose a = 200 1/s, since for this value the flame is
considered stable and far from any critical point.

In this section, we showed that even a simplified configuration of the initial guess to
construct REDIM is able to describe chemistry in a turbulent flame that has a small and a
moderate degree of local extinction. Since the gradients are obtained from detailed numer-
ical simulation of flamelets with different stretch rates, the obtainment of a initial profile
can be computationally demanding. Thus, the simplified configuration is a good strategy to
overcome this problem.
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Fig. 14 Conditional mass fraction of CO over the mixture fraction at four different locations of the flame,
compared with experimental data, for Sandia flame E. Circles: experiment [43]; red lines: simulation with
simplified REDIM

6 Conclusions

The use of REDIM is an efficient tool to solve the complex chemistry modeling but, depend-
ing on the size of the full model, the computational cost can still be high to generate the
gradient estimation and initial profile, as well as to solve the REDIM-equation. Therefore,
the strategy developed in this work enables to have a simplified generation of the initial pro-
file (with less information about the full model) which leads to a faster integration of the
REDIM equation and also a reduction of the size of the data files that will be used when the
method is coupled with CFD simulation.

We showed that the simple gradient estimation used for the REDIM model reduction
technique can be used to simulate a methane/air turbulent piloted flame, with a small and
moderate degree of local extinction. Validation of the proposed strategy is performed for
laminar counter-flow non-premixed flames by comparison of detailed and reduced models
and computational results for a turbulent flame are compared to experimental results. It is
shown that the simplified gradient estimation can predict with accuracy the thermodynamic
parameters and species profiles, which shows the efficiency of the proposed strategy of the
REDIM in modeling reactive flows.
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Fig. 15 Conditional mass fraction of OH over the mixture fraction at four different locations of the flame,
compared with experimental data, for Sandia flame E. Circles: experiment [43]; red lines: simulation with
simplified REDIM

Fig. 16 CPU cost for laminar flame simulation, normalized by the detailed mechanism simulation time
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