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Abstract A newly developed fractal dynamic SGS (FDSGS) combustion model and a scale
self-recognition mixed (SSRM) SGS stress model are evaluated along with other SGS com-
bustion, scalar flux and stress models in a priori and a posteriori manners using DNS data
of a hydrogen-air turbulent plane jet premixed flame. A posteriori tests reveal that the LES
using the FDSGS combustion model can predict the combustion field well in terms of mean
temperature distributions and peak positions in the transverse distributions of filtered reac-
tion progress variable fluctuations. A priori and a posteriori tests of the scalar flux models
show that a model proposed by Clark et al. accurately predicts the counter-gradient trans-
port as well as the gradient diffusion, and introduction of the model of Clark et al. into the
LES yields slightly better predictions of the filtered progress variable fluctuations than that
of a gradient diffusion model. Evaluations of the stress models reveal that the LES with the
SSRMmodel predicts the velocity fluctuations well compared to that with the Smagorinsky
model.
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1 Introduction

Large eddy simulation (LES) of turbulent combustion is a promising tool for development
of practical combustors because of recent increase of computational speed. In LES, physical
quantities are separated into gird scale (GS) and subgrid scale (SGS) quantities by spatial
filtering operation. The GS quantities are directly solved while contributions of SGS to GS
phenomena are taken into account by mathematical models. For simulations of practical
combustors such as gas turbine combustors and internal combustion engines, there are many
modeling challenges such as modeling for flame propagation speed and heat release rate,
reactants mixing, reaction mechanism, heat losses on the wall, local extinction and blow
off, thermo-acoustic instabilities, formulation of pollutants such as NOx and soot, spark
ignition, auto-ignition which induces knocking, liquid fuel vaporization, droplet combus-
tion and radiative heat transfer. Although several attempts have been made to apply LES
on existing gas turbines and engines [17], it is necessary to enhance performance of SGS
models for the development of combustion devices.

Several approaches have been proposed to consider SGS combustion phenomena [19, 36,
46]. Filtered reaction rate and flame propagation speed are major targets for the combus-
tion modeling; alternative approaches include probability density function and conditional
moment closures [24, 43]. G-equation describes the propagation of flame surfaces assumed
as infinitely thin scalar iso-surfaces [23, 33, 35]. To close the filtered G-equation, the tur-
bulent burning velocity ST needs to be predicted by an SGS combustion model. A reaction
progress variable c is used as a representative of reactive scalars such as temperature or
species mass fractions. In the filtered transport equation of the progress variable, a com-
bustion model is required to calculate the flame surface density � = |∇c| [3], where q̄ is
a filtered quantity of q. Here, the flame surface density can be described using a winkling
factor � as � = � × |∇ c̄| [5]. By applying the flamelet assumption [10], ST is expressed
using the ratio of flame surface areas of turbulent and laminar flames AT /AL, and � is also
computed with the flame surface areas [6] as:

ST ∼ AT

AL

SL ∼ �SL, (1)

where SL denotes the laminar burning velocity. Therefore, modeling of the turbulent burning
velocity, the flame surface density and the wrinkling factor has an equivalent meaning.

A number of combustion models have been proposed for the turbulent burning velocity
[12, 35, 37, 48], the flame surface density [3, 25] and the wrinkling factor [5–7, 9, 14]. Pitsch
and Duchamp De Lageneste [37] and Pitsch [35] developed models based on the transport
equations of SGS scalar variance and flame brush thickness, respectively. Flohr and Pitsch
[12] introduced a model based on the dimensional argument. Many models are based on
fractal characteristics [5–7, 14, 25, 48]. In our previous study [20, 48], a fractal dynamic
SGS (FDSGS) combustion model has been developed for the turbulent burning velocity,
which is applicable to planar propagating premixed flames in homogeneous turbulence and
turbulent jet premixed flames.

A scalar flux term, which is described as fi = ũic − ũi c̃ in the transport equation of
the progress variable, also requires a closure. Characteristics of the scalar flux in turbulent
flames have been investigated [3, 11, 28] and many models were proposed [8, 21, 39,
44, 47]. Although a classical gradient diffusion hypothesis is generally employed as a first
choice for modeling, counter-gradient transport phenomena have been observed [3, 15,
34]. Some models were developed to consider the counter-gradient transport [39, 44, 47].
Furthermore, the gradient diffusion model assumes the alignment of the scalar flux and
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the scalar gradient. Huai et al. [21] proposed a model allowing for the anisotropy. A priori
model evaluations have been performed using experimental data of turbulent V-shape flames
by Pfadler et al. [34] and using DNS data of planar flames conducted with a single-step
chemical reaction mechanism by Gao et al. [15].

An SGS stress model is also necessary to close the filtered momentum conservation
equation. Although the Smagorinsky model is typically used, many models have been devel-
oped to adequately consider GS-SGS transfer of kinetic energy and complex flow geometry
such as wall turbulence or free shear turbulent flows [1, 13, 16, 26, 32]. In a previous study
[13], a scale self-recognition mixed (SSRM) SGS stress model has been proposed. A pri-
ori and a posteriori tests show that the model has superiority for the accuracy against the
Smagorinsky model in non-reactive homogeneous isotropic turbulence [13].

The SGS combustion, scalar flux and stress models interact with each other and affect
overall predictability of the LES. For the development of the highly accurate models, it is
necessary to clarify the accuracy and interactions of the complete set of the models in the
LES of turbulent premixed flames. Therefore, in the present study, the FDSGS combustion
model, scalar flux models and the SSRM stress model are evaluated. This work focuses on
a reaction progress variable approach. A priori tests of several flux models are performed
with DNS data of a hydrogen-air turbulent jet premixed flame considering a detailed kinetic
mechanism and temperature dependence of the thermal and transport properties [41]. Then,
the LES of the turbulent jet flame is performed using the FDSGS combustion model, the
flux models and the SSRM model for a posteriori model evaluations. The present paper
first describes the mathematical background of the FDSGS combustion model in Section 2
and the SSRM stress model in Section 3. Then, the methodology and conditions of the DNS
are explained in Section 4. The a priori tests of the flux models are discussed in Section 5.
Finally, the a posteriori tests of the SGS combustion, scalar flux and stress models are
discussed in Section 6.

2 Fractal Dynamic SGS Combustion Model

In this section, the FDSGS combustion model, used to predict �, is explained briefly. The
detailed derivations are found in a literature [20, 48]. The model consists of two parts that
represent effects of turbulence motion and dilatation of fluid due to heat release:

ST

SL

∼ AT

AL

∼ AT

Δ2
= Aturb

Δ2
+ Adila

Δ2
, (2)

where Aturb and Adila denote the contributions of the turbulence and dilatation effects on the
flame surface area, respectively. Δ is the filter width of LES. The turbulence contribution
Aturb is modeled based on the fractal characteristics of flame surfaces and a scale separation
assumption in high Reynolds number turbulence as:

Aturb

Δ2
=

(

α4ν3

2
√
2C2

s Δ
6

)(2−D3)/4
{

S̃ij S̃ij − div (ũ)2
}−3(2−D3)/8

, (3)

where ν, Cs and Sij represent the kinematic viscosity, the Smagorinsky coefficient and the
strain rate tensor, and q̃ is a Farvre filtered quantity of any quantities q. D3 denotes the
fractal dimension of flame surfaces and is dynamically computed using a fractal dynamic
SGS (FDSGS) model [20, 31]. The FDSGS model performs a box-counting method on the
LES flame surfaces at a grid scale Δ and on test-filtered flame surfaces at a test-filter scale
Δ̂ (= 2Δ) in control volumes (CVs). In this study, CVs of two different sizes, 4Δ and 8Δ
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are employed. α is a scaling factor determined from a correlating equation for inner cutoff
εin of flame surfaces [40] as:

α = εin

η
≈ 8 exp

(

6.0
δF

D

)

, (4)

where η, δF and D are the Kolmogorov length scale, Zel’dovich flame thickness computed
as ν/SL and the most expected diameter of coherent fine scale eddies (D ≈ 8η) [40, 42].
The Kolmogorov length scale is estimated using:

η ≈
(

ν3

2
√
2(CsΔ)2(S̃ij S̃ij − div (ũ)2)3/2

)1/4

. (5)

The dilatation contribution Adila is a correction term to reproduce the laminar burning
velocity and modeled based on the flamelet concept as:

Adila

Δ2
= δΔ

δth

div (ũ)

(div (u)L)
∣

∣

F0

, (6)

where δth is the thermal flame thickness and the subscript F0 denotes a value which is used
to identify flame surface defined based on G or c. δΔ represents a pseudo flame thickness
of a filtered laminar flame expressed as:

δΔ =
∫ Δ/2

−Δ/2
div (ũ)L dx/ (div (ũ)L)

∣

∣

F̃=F0
. (7)

3 Scale Self-Recognition Mixed SGS Stress Model

This section describes the SSRM stress model. Details of the model derivations are found
in a literature [13]. The SSRM model is a mixed stress model which applies the Bardina
model [1] for the cross term and a Smagorinsky-type model for the Reynolds term. The
model describes the SGS stress tensor τij as:

τij = (

ūi ūj − ūi ūj

) + ( ¯̄ui

(

ūj − ¯̄uj

) + ¯̄uj

(

ūi − ¯̄ui

)) −
(

2 (CSSRMΔ)2 |S̄|S̄ij

)

. (8)

The model coefficient CSSRM is dynamically determined using a correlating equation [13]
with the ratio of the grid width to the Kolmogorov length scale Δ/η as:

CSSRM = C∞
{

1 − a1 exp

(

−a2
Δ

η

)}

, (9)

where C∞, a1 and a2 are model constants of C∞ = 0.15, a1 = 1.155 and a2 = 0.04274.
The ratio of the grid width to the Kolmogorov length scale Δ/η is calculated with a
relationship [13]:

Δ

η
= b1

(

2Δ6|S̄|S̄ij S̄ij

ν3

)b2

(10)

Here, the model constants, b1 and b2 are 0.3328 and 0.2651, respectively. The SSRMmodel
was originally proposed for non-reactive incompressible turbulence. It is confirmed for the
high Reynolds number homogeneous isotropic turbulence that the model coefficient CSSRM
is a function of Δ/η and it can be expressed by the grid scale strain rate tensor [13]. The
model constants are determined with DNS data of the homogeneous isotropic turbulence.
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In this study, the model is extended to compressible turbulent combustion by replacing the
filter operation q̄ with Favre filter operation q̃ in Eqs. 8 and 10.

4 Direct Numerical Simulation of a Turbulent Jet Premixed Flame

A priori and a posteriori tests of the models are performed using the DNS data
of a hydrogen-air turbulent plane jet premixed flame. In this section, the methodol-
ogy and conditions of the DNS are summarized [41]. Fully-compressible governing
equations for mass, momentum, energy and mass fractions of chemical species are
solved. Soret effect, Dufour effect, pressure gradient diffusion, bulk viscosity and radia-
tive heat transfer are assumed to be negligible. The hydorgen-air chemical reaction
is considered using a detailed kinetic mechanism consisting of 12 reactive species
(H2,O2,H2O,O,H,OH,HO2,H2O2N2,N,NO2 and NO) and 27 elementary reactions
[18]. The temperature dependence of the viscosity, the thermal conductivity and the mass
diffusion coefficients is taken into account. The governing equations are spatially dis-
cretized with a fourth order central finite difference scheme. To eliminate numerical
oscillations in the higher frequency than spatial resolution of the finite difference scheme,
a fourth order compact finite difference filter [27] is applied. Time integration is performed
usinzg a third-order Runge-Kutta scheme. A point implicit method with VODE solver [4]
is employed for chemical source terms since the use of the detailed chemistry causes a stiff
problem.

Figure 1 shows the DNS configuration. A jet flow of unburned mixture and surrounding
co-flow streams of burnt gas are issued at an inflow boundary. The inflow and non-reflecting
outflow boundary conditions are applied in x and y directions based on Navier-Stokes
characteristic boundary conditions (NSCBC) [2, 38], and a periodic boundary condition is

Fig. 1 DNS configuration and
simulated jet flame. Temperature
distribution visualized by the
volume rendering method and
contour surfaces of the second
invariant of velocity gradient
tensor Q/Qmax = 0.018
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employed in z direction. The computational domain size is Lx ×Ly ×Lz = 20×16×8mm3

and the number of grid points is Nx ×Ny ×Nz = 1281×1025×513, which ensures 30 grid
points within the thermal flame thickness δth. The mean inflow velocity distribution U(y) is
given by combining two hyperbolic tangent velocity profiles with the the vorticity thickness
δω,0 = (

ujet − ucof

)

/ (∂U/∂y)max of 0.5mm, where ujet and ucof are the mean inflow
velocities of the unburned mixture (ujet = 350m/s) and the burnt gas (ucof = 20m/s),
respectively. The jet width is set to 5.0mm and the mosts unstable wave length of the veloc-
ity distribution isΛ = 7.066δω,0 [30]. Mean flow-through time of the present configuration,
which is calculated as mean jet convection time from the inflow to outflow boundaries, is
τf t = 57μs. The simulation was run for 1.2τf t from a initial condition until initial tran-
sients left. Then, the computation was continued for additional 0.9τf t and 6 snapshots are
collected for the analysis.

Equivalence ratio, temperature and pressure of the unburned mixture are set to be
1.0, 700K and 0.1MPa, respectively. Fully developed homogeneous isotropic turbulence
obtained by a preliminary incompressible DNS is superimposed on the mean inflow velocity
of the unburnt mixture as velocity fluctuations. Table 1 presents the inflow turbulence char-
acteristics. Reλ and Rel represent the Reynolds numbers based on the Taylor micro-scale λ

and the integral length scale l. ηin, u′, Da and Ka denote the Kolmogorov length scale, tur-
bulent intensity, the Damköhler number Da = (l/δF ) /

(

u′/SL

)

and the Karlovitz number

Ka = (

u′/SL

)3/2
(l/δF )−1/2, respectively. The inflow turbulence condition locates near

the boundary between the corrugated flamelets regime and the thin reaction zones regime
in the turbulent combustion diagram of Peters [33] as shown in Fig. 2 with a red symbol. In
Fig. 2, local turbulent characteristics along the streamwise direction in the unburned region
are also plotted with blue symbols. The unburned region is defined based on temperature as
the region with T < THRR , where THRR (= 1282K in the present condition) is the temper-
ature at which heat release rate shows the maximum in an unstrained laminar flame with the
same unburned mixture as the DNS. In the upstream region, l increases in the streamwise
direction, while the value obtained from the average of limited samples fluctuate because
of the large scale roller structures driven by the Kelvin-Helmholtz (KH) instability in the
downstream region.

The simulated flame is shown in Fig. 1 to clarify general flame features. The gray
surfaces represent the contour surfaces of the second invariant of velocity gradient ten-
sor, Q/Qmax = 0.018 and temperature distribution is visualized by the volume rendering
method. The large scale roller structures driven by the KH instability significantly wrinkle the
flame, while vortices in the inflow turbulence and eddy structures generated by the turbulent
transition in the shear flow generate fine scale flame wrinkling toward downstream.

5 A Priori Tests of the SGS Scalar Flux Models

In this section, the SGS scalar flux models are evaluated by a priori tests using the DNS
data of the jet flame. For the analysis, the velocity and progress variable fields of the DNS

Table 1 Turbulent characteristics of the inflow unburned mixture

Reλ Rel u′[m/s] l[mm] λ[mm] ηin[μm] u′/SL l/δF Da Ka

97.1 516 40.0 1.17 0.161 11.5 3.87 133 34.6 0.655
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Fig. 2 Present DNS condition
on a turbulent combustion
diagram proposed by Peters [33].
Red symbol denotes the inflow
turbulence characteristics. Blue
symbol represents the local
turbulent characteristics along
the streamwise direction in the
unburned region

data are filtered with the Gaussian filter in the density-weighted manner. The progress vari-
able is defined based on temperature as c = (T − Tu) / (Tb − Tu), where Tu and Tb denote
temperature of the unburned mixture and burnt gas in the corresponding laminar flame. The
filter width is taken to be Δ = 21.7ηin or Δ = 43.3ηin. To reveal general characteris-
tics of the scalar flux, contour surfaces of ρ̄fini of an instantaneous field obtained from
the filtered DNS data for Δ = 21.7ηin are shown in Fig. 3, where fi is the scalar flux
fi = ũic−ũi c̃ and ni is a unit normal vector to progress variable iso-surfaces ni = ∇ c̃/|∇ c̃|.
The blue and green surfaces represent the iso-surfaces with ρ̄fini/ρuSL = −0.065 and
0.065 respectively, where ρu is the unburned mixture density. Flame surfaces defined as
temperature contour surfaces of T = THRR and the contour surfaces of the second invariant
of velocity gradient tensor Q/Qmax = 0.025 are also visualized as red and gray surfaces,

Fig. 3 Contour surfaces of the inner product of the SGS scalar flux and the unit normal vector to progress
variable iso-surfaces (blue surfaces: ρ̄fini/ρuSL = −0.065, green surfaces: ρ̄fini/ρuSL = 0.065), contour
surfaces of the second invariant of velocity gradient tensorQ/Qmax = 0.025 (gray surfaces) and temperature
contour surfaces of T = 1282K (red surfaces) for the filter width of Δ = 21.7ηin for the entire flame and at
a near field region with the counter-gradient transport (in-set figure)
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respectively. fini < 0 and fini > 0 represent the gradient diffusion and counter-gradient
transport, respectively. The intensive scalar transport is observed near the flame surfaces and
the shear layer especially close to the large scale roller structures. A near field region with
the counter-gradient transport is also visualized in Fig. 3. Between the flame surface and
a long streamwise eddy, a region with the counter-gradient transport exists along with the
eddy structure. A previous study showed that the occurrence of the counter-gradient trans-
port is characterized with the normalized turbulence intensity u′/SL in the RANS context
[45]. The counter-gradient transport is observed for the present jet flame with the inflow
turbulence intensity of u′/SL = 3.87. Previous studies also reported the counter-gradient
transport in planar flames in homogeneous turbulence for u′/SL = 7.5 [15] and 4.0 [3]
and in V-shape flames for u′/SL = 0.37 and 2.0 [34] and for 1.25 ≤ u′/SL ≤ 3.75
[11].

For a priori model evaluations, the flux is calculated by the models using the
filtered DNS data. The model predictions are compared with the values directly calculated
from the DNS data. The samples are taken from the whole computational domain of an
instantaneous field at the time instant in Fig. 3. Several models summarized in the Table 2
are tested. In a previous study by Gao et al. [15], the models proposed by Clark et al. [8]
and Huai et al. [21] showed superiority for the accuracy than other several conventional
models. Eddy viscosity νt needed in the gradient diffusion model and the model of Huai
et al. [21] is calculated with the Smagorinsky model. The Smagorinsky coefficient Cs ,
turbulent Schmidt number Sct and a model constant Dan in the model of Huai et al. [21]
are set to be Cs = 0.16, Sct = 0.7 and Dan = 0.14, respectively. Figure 4 shows joint
probability density functions of ρ̄fini predicted by the models (ρ̄fi:modelni) and obtained
from the DNS data (ρ̄fi:DNSni). The gradient diffusion model predicts the gradient trans-
port only, and the magnitude of the gradient transport tends to be larger than the DNS data.
The model of Huai et al. [21] consists of the gradient diffusion term and an additional term
to represent the anisotropy. The anisotropic term can predict the counter-gradient transport
while the model overestimates the magnitude of the gradient transport under the present
conditions. This is because the gradient transport is considered by both the gradient diffu-
sion and anisotropic terms (not shown). Pfadler et al. [34] also discussed that the use of only
the anisotropic term improves the model accuracy. The model of Clark et al. [8] predicts
the counter-gradient transport as well as the gradient transport, and shows good correlations
with the DNS data. Figure 5 shows a JPDF of ρ̄fi:DNSni and angle � between ρ̄fi:DNS
and ni for the filter width of Δ = 21.7ηin. The SGS scalar flux is not aligned with the
gradient of the progress variable in the most computational domain. This causes worsened
predictions by the gradient diffusion model. The model of Clark et al. [8] orients the scalar
flux by taking account of velocity gradient, which is one of the reasons for the good
predictability of the counter-gradient transport.

Table 2 SGS scalar flux models
considered in the a priori and a
posteriori tests

Expressions for the SGS scalar flux

Gradient diffusion model fi = − νt

Sct

∂c̃

∂xi

Clark et al. [8] fi = Δ2

12

∂ũi

∂xk

∂c̃

∂xk

Huai et al. [21] fi = − νt

Sct

∂c̃

∂xi

+ DanΔ
2S̃ik

∂c̃

∂xk
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(a) (b)

(c) (d)

(e) (f)

Fig. 4 JPDFs of ρ̄fini predicted by the gradient diffusion model (a, b) and the models of Huai et al. [21]
(c, d) and Clark et al. [8] (e, f), and obtained from the DNS data for the filter width of Δ = 21.7ηin (a, c, e)
and Δ = 43.3ηin (b, d, f). Black line indicates the perfect agreement

6 A Posteriori Tests of SGS Combustion, Scalar Flux and Stress Models

6.1 LES of the turbulent jet premixed flame

LES of the jet flame in the identical configuration and condition to the DNS is performed
for a posteriori assessments of the FDSGS combustion model, the scalar flux models and
the SSRM stress model. The LES solves following filtered conservation equations for mass:

∂ρ̄

∂t
+ ∂ (ρ̄ũi )

∂xi

= 0, (11)

and momentum:

∂ (ρ̄ũi )

∂t
+ ∂

(

ρ̄ũi ũj

)

∂xj

= − ∂p̄

∂xi

+ ∂

∂xj

(

−2

3
μ

∂ũk

∂xk

δij + μ

(

∂ũi

∂xj

+ ∂ũj

∂xi

))

− ∂
(

ρ̄τij

)

∂xj

,

(12)
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Fig. 5 JPDF of ρ̄fini and angle
� between the SGS scalar flux
ρ̄fi and the unit normal vector to
progress variable iso-surfaces ni

which are obtained from the
DNS data for the filter width of
Δ = 21.7ηin

and a transport equation of the reaction progress variable based on temperature:

ρ̄
∂c̃

∂t
+ ρ̄ũi

∂c̃

∂xi

= ρu�SL|∇ c̃| − ∂ (ρ̄fi)

∂xi

. (13)

The pressure is calculated using the equation of state for ideal gas. Mass fractions of chem-
ical species are binarized as Ỹi = Yi,u(c̃ < c0) and Yi,b(c̃ ≥ c0), where c0 is a value of c

corresponding to the temperature T = THRR and the subscripts u and b denote quantities
in unburned and burnt gas of the corresponding unstrained laminar flame, respectively. The
equations are spatially discretized using a fourth-order central finite difference scheme. For
the discretization of the convection term in the transport equation of c, a fifth-order weighted
essentially non-oscillatory (WENO) scheme [22, 29] is applied. To eliminate numerical
oscillations in higher frequency than spatial resolution of the finite difference scheme, a
fourth-order compact finite difference filter [27] is used. Time integration is performed with
a third-order Runge-Kutta scheme.

For the inflow turbulence, the same homogeneous isotropic turbulence as that in the
DNS is filtered with the Gaussian and cutoff filters, and superimposed on the mean inflow
velocity. In the streamwise (x) and transverse (y) directions, a convective outflow boundary
condition is applied for the transport equation of c, and the inflow and outflow boundary
conditions using the NSCBC formulation [2, 38] are employed for the other equations.
A periodic boundary condition is set in the spanwise (z) direction. The grid sizes Δ, the
computational domain sizes Lx × Ly × Lz and the number of grid points Nx × Ny × Nz of
the DNS and the LES are summarized in Table 3. The LES computation was conducted for
0.9τf t -3.2τf t after initial flow field transients left and 130-300 snapshots are collected for
averaging in the following model evaluations.

Table 3 Configuration parameters of the LES and the DNS

Δ/ηin Lx [mm] × Ly [mm] × Lz[mm] Nx × Ny × Nz

DNS 1.36 20 × 16 × 8 1281 × 1025 × 513

LES11 10.8 321 × 385 × 65

LES22 21.7 40 × 48 × 8 161 × 193 × 33

LES43 43.3 81 × 97 × 17
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Table 4 SGS combustion models considered in a posteriori tests

Expressions for the wrinkling factor

Pitsch and Duchamp De Lageneste [37] � = 1 + u′
Δb3

SL

[

(

DaΔ

ScΔ

)

/

(

1 + b23DaΔ

b21ScΔ

)]1/2

,

b1 = 2.0, b3 = 1.0

Chatakonda et al. [7] � =
(

1 + Δ

εin

)β

,

β = 1/3 + 1/3 (ηoc/b)x /
(

(LG/a)x + (ηoc/b)x
)

,

εin = (

(LG/a)x + (ηoc/b)x
)1/x ,

a = 2.0, b = 0.145, x = 4.0

The SSRM stress model and the Smagorinsky model are used to compute the SGS stress
tensor τij . The Smagorinsky coefficient is set to Cs = 0.16. The models in Table 2 are
employed for the SGS scalar flux model. The turbulent Schmidt number Sct and a model
constant Dan in the model of Huai et al. [21] are set to be Sct = 0.7 and Dan = 0.14,
respectively. The FDSGS combustion model and two conventional combustion models sum-
marized in Table 4 are applied to obtain the flame wrinkling factor �. A Smagorinsky-type
model [12] is used to estimate the SGS turbulent velocity fluctuation in the conventional
models [7, 37] as u′

Δ = CsΔ|S̃ij |.
Figure 6 shows the instantaneous flame surfaces defined as temperature contour surfaces

of T = THRR and temperature distributions on an x-y plane obtained from the LES using
the FDSGS combustion model with the CV of size 4Δ, the gradient diffusion model and the
Smagorinsky model. For comparison, a distribution at the same time instant in the DNS is
also visualized. It is found that small scale wrinkling of the flame surfaces is not resolved in
the LES. As for the flame shape at large scale such as the flame wrinkling due to the large
scale roller structures, the LES result agrees qualitatively well with the DNS data.

(a) (b)

Fig. 6 Instantaneous flame surfaces and temperature distributions on an x-y plane for the DNS (a) and for
LES11 (b) using the FDSGS combustion model with the CV of size 4Δ, the gradient diffusion model and
the Smagorinsky model
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6.2 Evaluations of the SGS combustion models

To evaluate influences of the SGS combustion models, the stress and scalar flux models are
fixed to the Smagorinsky model and the gradient diffusion model in this section. Figure 7
shows transverse distributions of mean temperature at x/Λ = 2.0 and 4.0 for the LES and
for the DNS data filtered with the Gaussian and cutoff filters. Results based on the FDSGS
combustion model and the models in Table 4 are shown. The temperature distributions of the
LES using the FDSGS combustion model show reasonable agreement with the DNS data
almost being independent of the grid width and the streamwise position although the LES
with the CV of size 8Δ gives slightly higher values than the DNS. The results with the model
of Chatakonda et al. [7] also give relatively good predictions, but they slightly overestimate
the temperature in the upstream region as the grid width increases. The LES using the model
of Pitsch et al. [37] predicts higher values than the DNS under the present conditions. As
discussed in our previous study [20], the Smagorinsky-type model [12] overestimates the

(a) (b)

(c) (d)

(e) (f)

Fig. 7 Transverse distributions of mean temperature for the filtered DNS data and for LES11 (a, b), LES22
(c, d) and LES43 (e, f) at x/Λ = 2.0 (a, c, e) and 4.0 (b, d, f)
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SGS turbulent velocity fluctuation, which may cause the overpredictions of the turbulent
burning velocity and therefore, result in the higher temperature.

In Fig. 8, the transverse distributions for root-mean-square (RMS) fluctuation c′′ of the
filtered progress variable from the average values are shown. Compared with the mean
temperature distributions in Fig. 7, the LES predictions of c′′ show large deviations from the
DNS data especially in LES11 and LES43 for all model cases. However, the LES using the
FDSGS combustion model and the model of Chatakonda et al. [7] predicts peak positions of
the c′′ distributions and gives reasonable performance. The results with the model of Pitsch
et al. [37] tend to show higher values than the DNS toward the downstream as the grid
width decreases. From the results in Figs. 7 and 8, it is found that the FDSGS combustion
model and the model of Chatakonda et al. [7] gives good predictions under the conditions
of the present study. The good applicability of the FDSGS combustion model holds when it
is used with the SSRM stress model and other scalar flux models. The performance of such
combination is demonstrated in the later section.

(a) (b)

(c) (d)

(e) (f)

Fig. 8 Transverse distributions of c′′ for the filtered DNS data and for LES11 (a, b), LES22 (c, d) and
LES43 (e, f) at x/Λ = 2.0 (a, c, e) and 4.0 (b, d, f)
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Fig. 9 Transverse distributions
of mean temperature for the
filtered DNS data and for LES22
at x/Λ = 4.0

6.3 Evaluations of the SGS scalar flux models

The effects of the SGS scalar flux models are evaluated in this section. Figure 9 shows the
mean temperature distributions at x/Λ = 4.0 for the LES22 with the flux models sum-
marized in Table 2 and for the filtered DNS data. The FDSGS combustion model with the
CV of size 4Δ and the Smagorinsky model are applied for the combustion and stress mod-
els, respectively. It is found that the differences in the mean temperature distributions for
different scalar flux models are not significant.

The c′′ distributions of LES22 and LES43 are shown in Fig. 10. The LES with the model
of Clark et al. [8] predicts slightly higher values and gives better predictions than that with
the gradient diffusion model, while that with the model of Huai et al. [21] predicts slightly
lower values under the present conditions. This trend of good predictability for the model of
Clark et al. [8] is also seen when the combustion model of Chatakonda et al. [7] is employed
(not shown). However, the LES results are more sensitive to the SGS combustion model
rather than the scalar flux model. Boger et al. [3] also discussed that the contributions of the
SGS scalar flux on the whole LES predictivity are not significant.

6.4 Evaluations of the SGS stress models

The assessment of the SSRM stress model is performed in this section. Figure 11 shows
the transverse distributions of mean streamwise velocity U and mean transverse velocity
V at x/Λ = 4.0 of the LES22 and the filtered DNS data. The FDSGS combustion model
with the CV of size 4Δ, the model of Clark et al. [8] and the SSRM stress model or the

(a) (b)

Fig. 10 Transverse distributions of c′′ for the filtered DNS data and for LES22 (a) and LES43 (b) at x/Λ =
4.0
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(a) (b)

Fig. 11 Transverse distributions of U (a) and V (b) for the filtered DNS data and for LES22 at x/Λ = 4.0

Smagorinsky model are used as the combustion, scalar flux and stress models, respectively.
Differences in the LES predictivities with the SSRMmodel and the Smagorinsky model are
not significant.

(a) (b)

(c) (d)

(e) (f)

Fig. 12 Transverse distributions of u′′ (a, b), v′′ (c, d) and w′′ (e, f) for the filtered DNS data and for LES22
(a, c, e) and LES43 (b, d, f) at x/Λ = 4.0.
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(a) (b)

Fig. 13 Transverse distributions of mean temperature (a) and c′′ (b) for the filtered DNS data and for LES22
at x/Λ = 4.0

In Fig. 12, the RMS fluctuations of the streamwise u′′, transverse v′′ and spanwise w′′
velocities for LES22 and LES43 are shown. The LES22 using the FDSGS combustion
model predicts the peak positions of the u′′, v′′ and w′′ distributions and gives relatively
good predictions of u′′ although the LES43 significantly underestimates v′′ and w′′. The
introduction of the SSRMmodel gives higher values of u′′, v′′ andw′′ and therefore, slightly
better predictions than that with the Smagorinsky model. This is because the SSRM model
considers the backward scatter of the kinetic energy and adequatly determines the eddy
viscosity.

The distributions of the mean temperature and c′′ for LES22 are shown in Fig. 13. The
change of the stress model does not much influence the mean temperature and c′′ distribu-
tions. From these results in Figs. 11, 12 and 13, it is found that the LES with the SSRM
model seems to be reasonable for the velocity fluctuations although the LES shows almost
same predictions for the distributions of mean velocity, mean temperature and the progress
variable fluctuations.

7 Conclusion

In this study, the FDSGS combustion model, the scalar flux models and the SSRM stress
model are evaluated by conducting a priori and a posteriori tests with DNS data of the
hydrogen-air turbulent jet premixed flame. A priori tests of the several scalar flux models
reveal that the model proposed by Clark et al. [8] accurately predicts the counter-gradient
transport as well as the gradient transport. From a posteriori tests of the combustion mod-
els, it is found that the LES using the FDSGS combustion model adequately predicts the
mean temperature distributions and the peak positions of the transverse distributions of the
filtered progress variable fluctuations. The model proposed by Chatakonda et al. [7] also
shows good performances under the conditions of the present study. A posteriori tests of
the scalar flux models show that the model of Clark et al. [8] gives better predictions for
the filtered progress variable fluctuations than the gradient diffusion model although the
changes of the results for the different scalar flux models are not as significant as those for
the different combustion models. The evaluations of the stress models reveal that the LES
with the SSRM model predicts the velocity fluctuations slightly better than that with the
Smagorinsky model.
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45. Veynante, D., Trouvé, A., Bray, K.N.C., Mantel, T.: Gradient and counter-gradient scalar transport in

turbulent premixed flames. J. Fluid Mech. 332, 263–293 (1997)
46. Veynante, D., Vervisch, L.: Turbulent combustion modeling. Prog. Energy Combust. Sci. 28, 193–266

(2002)
47. Weller, H.G., Tabor, G., Gosman, A.D., Fureby, C.: Application of a flame-wrinkling LES combustion

model to a turbulent mixing layer. Proc. Combust. Inst. 27, 899–907 (1998)
48. Yoshikawa, I., Shim, Y.S., Nada, Y., Tanahashi, M., Miyauchi, T.: A dynamic SGS combustion model

based on fractal characteristics of turbulent premixed flames. Proc. Combust. Inst. 34, 1373–1381 (2013)


	Evaluations of SGS Combustion, Scalar Flux and Stress Models
	Abstract
	Introduction
	Fractal Dynamic SGS Combustion Model
	Scale Self-Recognition Mixed SGS Stress Model
	Direct Numerical Simulation of a Turbulent Jet Premixed Flame
	A Priori Tests of the SGS Scalar Flux Models
	A Posteriori Tests of SGS Combustion, Scalar Flux and Stress Models
	LES of the turbulent jet premixed flame
	Evaluations of the SGS combustion models
	Evaluations of the SGS scalar flux models
	Evaluations of the SGS stress models

	Conclusion
	Acknowledgements
	References


