Flow Turbulence Combust (2013) 90:69-94
DOI 10.1007/s10494-012-9424-x

Development of a Low-Reynolds-number k-» Model
for FENE-P Fluids

P. R. Resende - F. T. Pinho - B. A. Younis -
K. Kim - R. Sureshkumar

Received: 18 October 2011 / Accepted: S November 2012 / Published online: 7 December 2012
© Springer Science+Business Media Dordrecht 2012

Abstract A low-Reynolds-number k-» model for Newtonian fluids has been devel-
oped to predict drag reduction of viscoelastic fluids described by the FENE-P model.
The model is an extension to viscoelastic fluids of the model for Newtonian fluids
developed by Bredberg et al. (Int J Heat Fluid Flow 23:731-743, 2002). The per-
formance of the model was assessed using results from direct numerical simulations
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for fully developed turbulent channel flow of FENE-P fluids. It should only be used
for drag reductions of up to 50 % (low and intermediate drag reductions), because
of the limiting assumption of turbulence isotropy leading to an under-prediction of
k, but compares favourably with results from k-¢ models in the literature based on
turbulence isotropy.

Keywords Drag reduction - Polymer solutions - FENE-P . k-w turbulence model

1 Introduction

Interest in developing turbulence closures for the prediction of flows with drag-
reducing additives has grown over recent years and has fostered a wealth of research
on direct numerical simulation (DNS) of turbulent flows with viscoelastic fluids such
as polymeric dilute solutions and surfactant solutions. In the DNS investigations with
polymer solutions [1-3], the rheology of the fluids has usually been modelled by the
Finitely-Extensible-Nonlinear-Elastic constitutive equation with Peterlin’s approx-
imation (FENE-P), and, occasionally, by the Oldroyd-B [4] and Giesekus models
[5], whereas for the surfactant flow simulations the Giesekus constitutive equation
has been more often preferred [6, 7]. In some cases the DNS results were processed
to provide Reynolds-averaged data [8, 9] leading to improved understanding of the
physical processes involved [10, 11].

First efforts at the development of turbulence closures for drag reduction were
reported in the 1970s and invariably involved ad-hoc modifications of mixing length
models (see review in Pinho et al. [12]). More physically-based closures were
proposed by Malin [13] for purely viscous fluids of variable viscosity, and by Pinho
and co-workers [14-17] who adopted a Generalized Newtonian Fluid constitutive
equation and mimicked some extensional viscosity effects via a dependence on
the third invariant of the rate of deformation tensor. These more physically-based
turbulence closures were still not based on a true viscoelastic constitutive equation
with memory effects. Therefore, it is only natural that the constitutive models which
better describe the rheology of dilute polymer solutions, such as the FENE-P model,
are adopted for the development of turbulence closures, even if there are still some
discrepancies between the calculated (by DNS) and measured intensities of drag
reduction [18].

Previous turbulence closures for FENE-P fluids include the eddy viscosity model
of Li et al. [9]. Pinho et al. [12] extended the Newtonian low-Reynolds-number k-¢
closure of Nagano and Hishida [19] to viscoelastic fluids and incorporated variable
turbulent Prandtl numbers [20] for improved performance. In order to arrive at
a closed form turbulence model for FENE-P fluids, Pinho et al. [12] developed
closures for new terms appearing in the governing equations such as the nonlinear
turbulence distortion term in the evolution equation of the conformation tensor, the
so-called NLTj; term [10], the viscoelastic stress work and the viscoelastic-turbulent
diffusion appearing in the transport equation of turbulent kinetic energy. These
earlier closures were developed on the basis of DNS data, but the models proved
suitable only for low drag reduction.

More recently, the same model was significantly improved by Resende et al. [21]
who also extended it to the intermediate drag reduction regime. This was achieved
by developing a closed form of the exact equation for NLT; and by introducing
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a direct polymer contribution to the eddy viscosity closure. Additionally, in the
transport equation for the rate of dissipation of turbulence by the Newtonian solvent,
a polymer effect was incorporated. In spite of these improvements the new model
still under-predicted the increase of the turbulence kinetic energy (k) with drag
reduction.

Recently, Taccarino et al. [22] developed a k-¢ model for FENE-P fluids based on
the v2- f proposals of Durbin [23]. In the v?- f approach, the eddy viscosity is made
to depend on a scalar turbulent velocity scale that brings into the model the more
intense wall damping of wall-normal turbulence, obviating the need for the eddy
viscosity wall-function, but two extra transport equations for v> and f need to be
solved. Taccarino et al. [22] modelled directly the Reynolds-averaged polymer stress
without solving the evolution equation for the polymer conformation tensor, thereby
reducing the number of coefficients and functions used. The results were generally in
good agreement with DNS data both at low and intermediate drag reductions but this
model showed some weakness in the prediction of the turbulent kinetic energy. At
low drag reduction, the model underpredicted the peak turbulence and matched the
turbulence in the log-law region, whereas at intermediate drag reduction the good
prediction of peak turbulence comes together with a significant over-prediction of k
in the log law region.

Other two-equation turbulence models use the specific rate of turbulence dissi-
pation (w = ¢/k) instead of the rate of dissipation (¢) itself [24]. Near the walls @
is independent of &, hence k-w models are numerically more robust there than k-¢
models, but in contrast they are overly sensitive to free-stream boundary conditions
[25, 26]. An overview of these models can be found in Wilcox [24]. Subsequent
improvements of the original k-w model to obtain the correct asymptotic near-wall
behaviour [27, 28] include the exact treatment of viscous cross-diffusion but damping
functions had to be introduced. Further developments improved the performance
in complex flows with recirculation, as done by Peng et al. [29] and Bredberg et al.
[30], who also eliminated the dependence on a wall-function. Bredberg et al. [30]
compared their model with the k-¢ model of Abe et al. [31], the k-w model of Wilcox
[32], the variant by Lien and Kalitzin [33] of the k-¢-v*- f model of Durbin, DNS data
and experimental data for fully-developed channel flow, backward-facing step flow
and rib-roughened channel flow. They found that all turbulence models performed
similarly well in fully-developed channel flow, but in recirculating flows their model
compared better with DNS and experimental data. In particular, in backward-facing
flow the model of Abe et al. [31] under-predicted the recirculation length, whereas
both the Wilcox and Durbin’s model over-predicted it relative to the DNS and their
k-w model, which was the closest to the DNS data.

The aim of the work reported herein was to develop a k-o turbulence model
for FENE-P fluids valid for both low and intermediate drag reductions. The new
model, which incorporates the cross-diffusion term and includes terms associated
with fluid elasticity, is calibrated using DNS data for fully-developed channel flow
for low and intermediate drag reductions (DR < 30 % and 30 % < DR < 50 %,
respectively). It is important at this stage to clarify that the developed k- model
is an extension to viscoelastic fluids of the Newtonian model of Bredberg et al.
[30], presented in Appendix, which has also been slightly changed for improved
predictions of Newtonian turbulent channel flow, as explained in Section 2.

The remainder of this paper is organised as follows: the governing equations
for the k-w turbulence model for fluids represented by the FENE-P rheological
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constitutive equation are presented in Section 2. Section 3 presents the various
closure assumptions proposed. The complete turbulence model is summarized in
Section 4, and model assessment against DNS and k-¢ model results for fully-
developed channel flow is presented in Section 5. The paper closes with the summary
of the main conclusions.

2 Governing Equations and Model Development

In the Reynolds-averaged Navier-Stokes framework, the continuity and momentum
equations for an incompressible FENE-P fluid take the form [34]:

U
—0 1
ox, (1)
AU, U, op 2U, 9 0T
U - 0P _ % (o Wik 2
ot T PYR e T Ton T Maxeane oy PO T 0 @)

where 7, is the viscosity coefficient of the Newtonian solvent, T , is the Reynolds-
averaged polymer stress, U; is the velocity vector, p is the mean pressure, p is the
fluid density and — pu;uy is the Reynolds stress tensor.

An expression for 7;;, can be obtained by Reynolds-averaging the rheological
FENE-P constitutive equation and is given by [35]:

T = L[ (Cu0) G = F (L8] + LT Ca T e ey 3)

where A is the relaxation time of the polymer, 7, is its viscosity coefficient and C;; is
the mean conformation tensor. In the FENE-P constitutive equation a dilute polymer
solution is modelled as a collection of non-interacting dumbbells, each representing
an ultra simplified linear polymer molecule, in a sea of solvent. A dumbbell is
represented by two mass-less spheres connected by a nonlinear elastic spring which
accounts for the internal entropic force of the molecule. The use of a single dumbbell
does not allow the representation of the large number of internal degrees of freedom
of the molecule, but nevertheless the modelled molecule can stretch and change
orientation. The force balance on each dumbbell relates the viscous drag on the
spheres, the Brownian forces due to thermal fluctuations and the internal restoring
force on the spring. The constitutive equation results from an averaging process over
the configurational space of the local collection of dumbbells due to the force balance
on each dumbbell. Then, to arrive at a closed form expression for the polymer stress a
closure model is required for the non-linear spring force (the Peterlin approximation
of the FENE model [35], where the higher order correlations between the end-to-
end vectors are cast in terms of second order correlations). The conformation tensor
is simply the average second moment of the end-to-end vector of the dumbbell
normalised by its equilibrium length squared so that at rest the conformation tensor
relaxes to the unit tensor.

Pinho et al. [12] have shown that the impact of the double correlations (the last
term in Eq. 3) to be small at low and intermediate drag reductions and thus 7;; , will
be modelled in this work as:

Tijp ¥ ZTP [f (Cuo) Cij = [ (L) 8] @
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The functions that appear in this equation have the form [34]:

Cix) = Lr-3 dfLy=1 5
f( kk)—man f)= )

where L? denotes the maximum extensibility of the dumbbell model.
The mean conformation tensor (C;;) which appears in Eq. 3 is determined by
Reynolds averaging its instantaneous evolution equation to obtain [35]:

8Cij BC, 8Ul 3U] 30,']' au,- 31/!]' ?ijp
U=t — (Cp=t + Cu L (et el ) =
TR T Fame T %o ) | T % an T\ %Yax, T %o

——
M;; CTy

NLT;
(6)

The terms NLT;; and CTj; in Eq. 6 represent viscoelastic cross correlations that are
unknown and require closure. The CT;; term is negligible at low and intermediate
DR and is therefore neglected. In this study, we adopt the proposal of Resende et al.
[21] for NLT;;:
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i = ki X + Ca 0Xy £ ( 25 +
C,’jX f(Cmm) 0.74 BU, 8U] A
0 TR Wbl | Cit |+ —2—
X 3 F2Yer kj 9% + Cik axs + 7 Comm)
25 0.72
C
x |: o <Wet0>
anaUm Uiy, I 8Ui8Um Ul +3Uk 3Um
009Xk v0y/2SpgSpg | 0%n 0k Voy/2SpgSpg | OXn 0k

< | C; _ Hiltm +C _ Wittm
" 0032854 S5 " V0y/28 545 pq

N 25 \07
X fr1 x Cpy X ( >

a F(Com) Wero
aUy aU; Uy aU; oU; oU; oU; oU;
X Cfnikfl e 4 Cpy L L 4 Gt =
0x,, 00X 0X,, 0X 0X,, 0Xy 0X,, 0Xy

A C,. 4 Cr x k x o™
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where We,, is the Weissenberg number, defined as We, = ru? /v, k is the
turbulent kinetic energy and S; is the rate of deformation tensor, ;=
(dU;/3x;+ dU;/dx;) /2. The Weissenberg number relies on the friction velocity (u.)
and v, is the sum of the kinematic viscosities of the solvent and polymer, vy = vy + v,,.
Itis important to realize that even though Eq. 7 looks complex, this closure for NLTj;
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is in fact an explicit algebraic equation with a negligible computational cost. It allows
the computation of C;; and 7;; , through Eqgs. 4-6, the equations also valid for laminar
flow, while maintaining a closure level for NLT;; compatible with the closure level
for the Reynolds stress presented below. This is a middle ground modelling option
between the use of a full transport equation for NLT;; and the modelling of the
polymer stress at a lower level as for the Reynolds stress tensor, but below that used
for laminar flow, as done by Iaccarino et al. [22]. In addition, for the specific case of
fully-developed turbulent channel flow there is an exact solution of the differential
evolution equation for C;; provided in the appendix of Pinho et al. [12], which is
used here.

The parameters and damping functions are unchanged from the original reference
and are listed in Table 1. The extra Cy coefficient appears due to the definition of »™,
by adapting the Newtonian dissipation, ¢V, in the k-w context, ¥ = Ci x k x o™,

The Reynolds stress tensor appearing in Eq. 2 is modelled by Boussinesq's linear
stress-strain relationship:

o 2
—puiuj = 2,01)7‘5,']' - gpk&j, (8)

where k is the turbulent kinetic energy and vy is the eddy viscosity.
In their model for FENE-P fluids, Resende et al. [21] took the eddy viscosity vy
to be the sum of a Newtonian (v}') and a polymeric (v¥) contribution, thus:
vr =y — vy ©)

In this work, we model the Newtonian contribution as a function of the specific rate
of dissipation along the lines of the k- model [24], thus:

k
vp = Cux fux =5, (10)

The model coefficient and damping function are those of Bredberg et al. [30] except
that the original coefficient value of 25 in the damping function f,, was changed to 28
for improved predictions of velocity in Newtonian turbulent channel flow:

C, =1.0and
1 R\
fu =0.09+ (0.91 + R?) I —expq— (ﬁ) with
k
R = oV v (11)

Resende et al. [21] modelled the polymeric contribution to the eddy viscosity v as a
function of the trace of the conformation tensor and introduced a damping function

Table'l Pararpeters and Cr1 Cra Crs Crs Cor Ci
damping functions of the
NLT;; model 1.0 0.0105 0.046 1.05 2 0.09
) A4
= (0sen ()] = (1-en(-%)
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depending on the Weissenberg number and distance from the wall f(We,, y™).
Their model, which is adopted here unchanged, reads as:

Cmm k
vi = f(Weq, y*) x Nieke Cu X fux =5 (12)
0.12
where f (Weq,, y*) = CF x 7 x for with CT' = 0.0135 [szro] :

4
f;f = [1 +2.55 x exp (—Z:)] and fpr = [1 — exp (— ‘;V;;())] . (13)

The eddy viscosity model is capable of predicting the correct evolution shown
by the DNS data in both low (LDR) and intermediate drag reductions (IDR),
namely a decrease in vy as DR increases with the Weissenberg number, as shown
in Fig. 1. As can also be observed the discrepancies at large y* are inherent to the
original Newtonian model and not a consequence of viscoelastic modelling. These
discrepancies have a negligible impact on both momentum and turbulent kinetic
energy predictions in the centreline region because there the eddy viscosity multiplies
a vanishingly small rate of deformation. To close the eddy viscosity model, transport
equations are solved for k and ", discussed latter. The Reynolds-average polymer
stress is provided by the Reynolds-average constitutive equation, discussed next.

The transport equation for k is obtained by taking half the trace of the Reynolds
stress transport equation [8]:

Dk N U, ok  dpu; 3%k u; ou;
— uiu = —pUp— — — = s —
Ppp T PHitk dxk pHk dxk ax; s dx; s dxx dxy
] ou;
+ @ (r/f}(ui) - (t/iaxli> (14)

Fig. 1 Comparison between
predictions by the k-w and k-¢
[21] models (/ines with close
symbols) of normalized eddy
viscosity with DNS data (open
symbols), for turbulent
channel flow at Re;o = 395,
L? =900 and

B = 0.9: O Newtonian

(Weqy, =0),ADR=18%
(Wey, =25) and O

DR =37 % (Wey, = 100)

1 10 100 y* 1000
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By introducing the definition of instantaneous polymer stress we obtain:

Dk aU; ok N dpiu; 3%k u; ou;
= Ul —m — Up — o
P Dt pHittk 8xk Pl 8xk 8xi s 3)62 s 8xk 8xk
— ——
PP 0Ok pDY pe
Mp 0
+ = [Cikf(cmm + Cm) Wi + Cit [ (Coum + Cum) ”i]
A axk
pQv
Np aui 3141'
- Cikf(cmm + Cmm) — + Cikf(Cmm + Cmm) A (15)
A axk 3xk

pe¥

where Py, represents the rate of production of k; Oy the turbulent transport of k
by velocity and pressure fluctuations; D the molecular diffusion of k associated
with the Newtonian solvent; ¢V the direct viscous dissipation of k by the Newtonian
solvent; Q" the viscoelastic turbulent transport and &" the viscoelastic stress work.
In this work, Qy and ¥ are modelled along the lines suggested by the previous
low-Reynolds-number k-¢ models for FENE-P fluids of references [12, 21], namely

d vr ok
_ i 16
Ox ax; (ak 8x,~> (16)

and

1 du; We.o1"! NLT,,
eV =~/ U137 x | 280w fpr X 22 F (Co) (17)
25 PA

p HPdx, 2
where the drag reduction function fpg corrects the behaviour for the effect of the
Weissenberg number (cf. [21]).

For the viscoelastic turbulent transport (Q"), the present closure is also based on
the proposals of Pinho et al. [12] and Resende et al. [21] with modifications related
to the rate of dissipation by the Newtonian solvent (¢V). In these works ¢V was split
into a pseudo-dissipation (") and a wall correction (D) according to ¢V = D + V.
In Pinho et al. [12] D is proportional to the Newtonian solvent viscosity, but here
this was found to be inadequate especially at low Weissenberg numbers, leading to
predictions of drag increase rather than drag reduction (or to no change in relation
to the Newtonian flow). Actually, this deficiency is not as severe as one might think;
the Weissenberg number is usually decreased by reducing the relaxation time, but for
FENE-P fluids the relaxation time and the polymer viscosity coefficient are related
by np, — nkgTAL*/(L*+ 5) in the limit of small Weissenberg numbers, i.e., at small
We both parameters must be reduced and when this is done simultaneously the model
deficiency is reduced. However, the exact equation relating A and 7, is unknown so
there is a real problem at small We as We is reduced without the concomitant change
in Re, which Resende et al. [21] solved by making D proportional to the local shear
viscosity of the fluid (u = 1 + 7-,, where 1., = 7,/ V).

By using " instead of ¢/ this wall correction D term naturally disappears and
the problem of predicting a drag increase at low We reappears. The solution of
this problem is a modification of the original closures for the viscoelastic turbulent
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diffusion of k and ™ in a way that impacts only the wall region, as was the case
with term D in the k-¢ model. This modification specifically consists of the direct
incorporation of an extra molecular diffusion associated with the local shear polymer
viscosity in the transport equations of k and of ", the former being denoted QY.
Consequently, the closure for Q¥ becomes now

ath Ui 0 CiuFU; + CU; 9%k
vV lkp NMp ik i iik
= ——~ —— Com)| ————— =5 18
pQ . % I [f( )( 5 )]J”“axi (18)
N
p QY pQ}

where QY is the former QY (as in [21]). O}, together with the molecular diffusion by
the Newtonian solvent 1,02k /dx;0x;) results in a molecular diffusion by the whole
solution, since ng + Mz, is the local shear viscosity of the FENE-P fluid. Incidentally,
the k- v2- f viscoelastic turbulence model of Iaccarino et al. [22] also has a molecular
diffusion term proportional to the fluid viscosity, n; + n.,. The closures for CUy; and
CiFU; are given by Egs. 19 and 20, respectively,

25 A 3Cy Weyo\ %
CUjx = —Cg .| TR -C +2/u2Cy | (19
* N Wero £ (Crm) ( it 8xm) 57( ) [ k} (19)

Cru [Wewo . ity
CyFU; = —LU |20 o Untt (20)
2 V25 ax;

with coefficients Cg; = 0.6, Cg, = 0.05 and Cry = 1, i.e., they are identical to those
used in the context of the k-¢ model [21]. It is important to refer that in addition
to solving the problem of drag increase at very low We, this closure of Q" provides
an onset of drag reduction at We,, ~ 5.5, which is close to the value of We,, ~ 6.25
obtained by DNS.

The final form of the transport equation of turbulent kinetic energy is

opk n 8,0Uk aU; L0 B n n ok
_— u;u V.
a1 ax, . PHMR e T |\ T PV p o,

— pCrok + QY — pe¥ (21)

and the required values of the turbulent Prandtl number and of the Newtonian
coefficient are those of the model of Bredberg et al. [30], i.e. oy = 1.0 and Cj, = 0.09,
respectively.

For a FENE-P fluid, the modelled transport equation for " takes the form [12]:

apeN  apUEN BN 22U\
= p _ oY
ot ax; fice et nsvr (1= fi) XX
pP.N
9 pfivr\ 98 v
) EY, 22
+axi |:<ns O¢ ) 3xtj| 1o P k e ( )
—_————
P(D?’N-O-QSN) PRN
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where for compactness we denote P.v as the rate of production of ¢V, Q,~ as the
turbulent transport of " by velocity and pressure fluctuations, D?’N as the molecular
diffusion of " by the Newtonian solvent and ®,~ as the destruction of ¢V EY, is the
viscoelastic term, which is here assumed as a destruction term since the DNS data has
shown that ¢V decreases with the viscoelasticity (measured through the Weissenberg
number) and drag reduction.

Following Bredberg et al. [30], the derivative of o™ gives

D _ D () _ 1 DY oY Dk
Crk _Ckk Dt k Dt

Dt~ Dt

(23)

By substituting the transport equations of k and " into this expression, and after
some lengthy manipulation [36], the final form of the transport equation of w® is
obtained as:

DoV 1 N 1 N N 3%k
A e O Oy I (L A A
Dt Cik k Crk k oNn o) k axiz

d N 19k 9
+ 2 Vr ow Lok 9 vr _ Vl a)N
3)6,‘ OgN ax,- k 8x,— 8x,» OgN Ok

2w 1 vy vr) dwV 8k 2v, 00" 0k
— |+ = - — 4 == — +EY 24
* |:U“ ax? ]+ k ( ) ax; 0x; % dx; Ox; o 24)

ON O

cross diffusion term

In the k-w model of Bredberg et al. [30], the viscous and turbulent cross-diffusion
term in Eq. 24 is retained to obtain a better description of the asymptotic near-
wall behaviour of k and  (viz. k ~ y?> and w ~ y~') without the need for a specific
damping function.

The solvent contribution to Eq. 24 is modelled as in Bredberg et al. [30], and so
the modelled transport equation becomes

oo™ dpUN 9 vr\ o o™ 2
+ = o (v o + Cuy = P = Conp (V)

ot ax;  ox; ) Ox; "k
Ca) ns ak 8a)N v

=2 (= — EY,. 25

+p X (,0 +v,P+vT) ox ox +poL N (25)

cross diffusion term

Term EXN introduced earlier in Eq. 24 has a slightly different implementation, i.e., we
use Eq. 26 due to the viscoelastic turbulent diffusion contribution to the k equation.

b
Cik

QV is given as Q¥ = Q¥ + O} in Eq. 18 and the closure for Q} (diffusion of k by
the local polymer viscosity v;,) was put together with the solvent molecular diffusion
and eddy diffusion of k, so it now appears in the cross-diffusion term of the ™ Eq. 25
as a consequence of Eq. 23. Remember that the incorporation of Q7 in the transport
equation of k was part of the solution to avoid drag increase at low Weissenberg
number flows, but the solution to this problem also involved adding to the transport
equation of w" a similar molecular diffusion of w” by the local polymer viscosity.

w w
Ejv= 7Bl — 707+ ¢ (26)
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Still regarding Eq. 26, the viscoelastic closures for ¢¥ and QY are those given by
Egs. 17 and 18, respectively. The E;/N term is a viscoelastic destruction of ¢, exactly
given by Eq. 27 and requiring a closure.

EVy =2y

np du; 0 d =\, o~

3 (L2 = 3) 3 dxk {axm [f (Cun) £ (Cor) quc”‘]} @7
In principle, we could use for EZN the exact closure developed by Resende et al.
[21], written in Eq. 28, but a modification to the numerical values of the coefficients
C,,, and C,,, was required to correct and improve the predictions of the Newtonian
dissipation quantity, ¢V (so that the k-w model predicts &V as well as the k- model).
More details on the development of the closure of E;/N can be found in [21].

(1-peV
EVy ~ — h—
€ ﬁ x fDR x WET() k
WeTO 072 SV 25 16 (Cmm X f(Cmm))2
& N & 28
X|:CF1( 23 > 8N+CF2<W€T()> (L2—3) (28)

The two viscolastic damping functions of E;/N remain unchanged as fs =[1 —
exp(—yT/50)] and fpg, but the coefficients are C.p; = 400 and C,p, = 1.

The capacity of the closure for E;/N to predict well in both the k-¢ and k-w
turbulence models, with minor adjustments to the numerical values of coefficients,
suggests the fairness of the assumptions invoked to develop the closure for E:/N by
Resende et al. [21].

The remaining coefficients are those used for the Newtonian model, C, = 1.0,
C,, =049, C,, =0.072 and o, = 1.8, with a correction in the coefficient C,, for
which we use 1.0 rather than 1.1. Note that this change in C, is in line with the
correction of the coefficient in the damping function f,, from a numerical value of
25 to a value of 28, which was aimed at improving the Newtonian predictions for
channel flow.

To summarize, this low-Reynolds number k- model is an extension of Bredberg
et al.’s [30] model to account for viscoelastic FENE-P fluids. Only the eddy viscosity
and NLTj; closures are mathematically transformed from the corresponding closures
developed in the context of the k-¢ model of Resende et al. [21], whereas the closures
for the cross-diffusion term, the destruction of ™ and the viscoelastic turbulent
diffusion contain specific developments.

3 Results and Discussion

The turbulence model was tested against DNS data for FENE-P fluids in a vis-
coelastic turbulent channel flow. The simulations were performed at DR = 18 %
and 37 % (We.o = 25 and We,o = 100, respectively, with We;, = Au? /vy) and with
Reynolds number Re.o = 395 (Re,, = u.h / v based on the friction velocity (u.), the
channel half-height (%) and the zero shear-rate kinematic viscosity of the solution,
which is the sum of the kinematic viscosities of the solvent and polymer vy = vs + v),),
maximum extension of the conformation tensor 1> = 900 and the viscosity ratio 8 =

09(B= vs/vo).
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Throughout this paper the definition of drag reduction used is that introduced
by the literature on DNS of viscoelastic fluids [37], namely the ratio of the wall shear
stress reduction in viscoelastic flow relative to the wall shear stress for the Newtonian
flow at the same mass flow rate, as in Eq. 29.

DR=1— Tw, Viscoelastic —1— (”r,Viscoelastic)2 (29)
Tw,Newtonian Uz, Newtonian

Using this definition the DR intensity reported as DR is that of the DNS data,
whereas the DR obtained using exclusively the simulations by the turbulence models
is denoted DR*. To compute DR for the DNS data, and according to the literature
[37], the friction velocity for the drag-reduced flow, 1 viscoelastic, 1S Obtained from the
definition of the Reynolds number Re,, and the friction velocity for the correspond-
ing Newtonian flow (meaning at the same flow rate of the viscoelastic flow) can be
calculated (or approximated) using Dean’s correlation,

1
0.073 _ Y, s
Uz Newtonian = (T Re, 4U31> (30)

where the mean flow Reynolds number Re,, = 2hU,,/v,, is based on the bulk mean
velocity U,, and the solution viscosity at the wall (v,,). To compute DR* the friction
velocity for the viscoelastic fluid is obtained also from the Reynolds number, whereas
the friction velocity for the corresponding Newtonian flow is that given by the specific
turbulence model at the same mass flow rate as the viscoelastic flow.

The governing equations were solved using a finite-volume code specifically
developed for boundary layer flows. The original code is described in Younis
[38] and was modified for FENE-P fluids. The finite-volume code uses staggered
meshes to ensure pressure-velocity-polymer stress coupling in the solution of the
governing equations for one- or two-dimensional turbulent boundary layers. In
the present implementation for fully-developed channel flow and in order to deal
with the FENE-P fluid model, the viscoelastic stress divergence term was added
to the momentum equation, volume-integrated and the corresponding stress flux
discretized by central differences and added to the source term. The evolution
equation of the conformation tensor in fully-developed channel flow was analytically
solved by Pinho et al. [12] (cf. its Appendix A) and provides the ensuing algebraic
equations for the conformation tensor provided the closure for NLT;; is known. For
the transport equations of k and w the additional terms associated with the FENE-
P model were incorporated and discretized also with central differences. No-slip
boundary conditions were applied at the wall with U = k = 0. The specific rate
of dissipation o follows a well defined asymptotic behaviour described by Wilcox
[24]. Since the FENE-P polymer solution has a viscosity given by the sum of the
solvent and polymer viscosities, Wilcox’s asymptotic expression for Newtonian fluids
was modified to incorporate the local total shear viscosity by the inclusion of the
corresponding kinematic polymeric contribution (vr P):

N 2 (US + VTP)

31
Ty (D

Grid-independent solutions were obtained using a computational mesh with 99 cells
non-uniformly distributed across the channel width. The expansion factor of the
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Fig. 2 Comparison between 30 +
predictions of the mean N . . /
velocity by this model (solid s WS G -1 —
lines), Resende et al.’s model 25 /

[21] (dashed lines) and DNS
data (symbols), for turbulent
channel flow at Re;o = 395,
L?>=900and 8 =0.9: A DR =
18 % (Wey, = 25) and

O DR =37 % (Wey, = 100)

20

104

1 10 100 y* 1000

mesh was 1.13 (ratio of widths of consecutive control volumes), the smallest cell size
near the wall had a dimensionless width Ay/H = 0.00033, where H is the channel
half-width, so that each viscous sublayer was resolved by around 10 computational
cells.

In Fig. 2 the predicted mean velocity profiles are compared with DNS data for
DR = 18 % and 37 % and with the predictions of Resende et al. [21] obtained
with a k-e model. The k-w predictions coincide with those of the previous k-¢ model
and show good agreement with the DNS data. The monotonic shift of the log-law
region with DR is well captured, as is the correct evolution in the buffer-layer. We
also compare in Table 2 the values of DR* for the predictions by the k-w and k-
& models with the values of DR pertaining to the DNS simulations. Although the
velocity profiles in Fig. 2 coincide for both turbulence models, the values of DR*
are slightly over-predicted, especially for the k-¢ model at We,, = 25, because of
the different Newtonian predictions of the base Newtonian turbulence models. This
further emphasizes the relevance of choosing a Newtonian turbulence model with
a good performance as a basis for the development of the viscoelastic closures and
suggests that the k-w model of Bredberg et al. [30] used here is a better candidate
than the model of Nagano and Hishida [19] used by Resende et al. [21].

The impact of the Weissenberg number variation on the prediction of the velocity
profile and the limits of the model can be observed in Fig. 3, where the k- turbulence
model is able to reach DR =~ 47 %, corresponding to a maximum Weissenberg

Table 2 Comparison between the drag reductions predicted by the viscoelastic turbulence models
and the DNS simulation for L? = 900, Re,, = 395 and g = 0.9

DR* (%) DR ( %)
k-w model k- model [21] DNS
Wer, =25 18 19.6 18
We,, = 100 39 39 37
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Fig. 3 Comparison between 30 1
predictions of the mean . N . !
velocity (lines with symbols) S w =17 () - 17 \,/
with DNS data (open symbols: 251 /

A DR =18 % (Wey, = 25)
and O DR=37 %

(Wey, = 100)) for turbulent
channel flow at Re;o = 395, 207
L? =900, 8 = 0.9 and
different Weissenberg
numbers 154

T
1 10 100 y 1000

number We, = 153, with a maximum deviation of 10 % relative to the correlation of
Liet al. [9] presented below. This is well within the intermediate range of DR. Above
these values the predictions by both models show large discrepancies relative to the
DNS data, with an over-prediction of the drag reduction intensity and an under-
prediction of k, as discussed next.

Li et al. [9] used extensive DNS data sets to develop a correlation for the drag
reduction intensity DR as a function of We; , Re; and the maximum molecular
extensibility of the dumbbell (L). The correlation is of the form:

DR =380[1—exp(—0.0275L)]

Re —0.225
x 11 —exp|—0.025 (Wer, — Weg, ) (Re 1) ) (32)
To,r

where We,, . = 6.25 and Re,,, = 125.

In Table 3 the drag reduction predicted by the k- model is compared with that of
Eq. 32 and with the DNS data for several values of the Weissenberg number. While
there is a fairly good agreement for large We,,, at low We,, (such as at We,, = 25)
there is a large difference in DR* relative to the correlation but this is largely due
to the under-prediction of the drag reduction by Li et al.’s [9] expression at LDR, as
explained in [9].

Table 3 Comparison between the drag reduction predicted by the turbulence models (DR*), the
DNS simulation (DR) with Li et al.’s [9] equation for L> = 900, Re,, = 395 and g = 0.9

We., 14 25 44 100 153
Present model (DR*) 10 18 25.8 39 46.8
k- model [21] (DR*) 9 19.6 276 39 437
Li et al. [9] equation (DR) 6.2 13.6 23.3 37.6 43
DNS data - 18 - 37 -
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For L? = 900 the k-¢ model of Resende et al. [21] behaves similarly to the present
model as shown in Tables 2 and 3, but upon increasing L? and We,, the k — ¢ model
predictions deviate significantly from the equation of Li et al. [9]. The predictions
of the present k-w model also deviate from Li’s equation, but to a much smaller
extent. For instance, with L? = 3600, Re,, =270, B = 0.9 and We,, = 30, the present
k-o model predicted DR* = 23 % against DR = 25.4 % by Li et al.’s [9] equation,
whereas the k-¢ model predicted DR* = 17 %. In order to assess the effect of the
Reynolds number on the model predictions, a set of simulations was undertaken with
the present model at Re,, = 500 with L? = 900. For We,, = 25 DR* increased from
18 % at Re;, =395 to 20 % at Re,, = 500 while for We,, = 100 the corresponding
increase in DR* was from 39 % to 43 %. The equation of Li et al. [9], which has been
developed on the basis of DNS data for 125 < Re,, < 395, predicts values of DR at
Re,, = 500 similar to those predicted at Re,, = 395.

The turbulent kinetic energy predictions are plotted in Fig. 4. The predicted peak
values decrease with DR, in contrast with the DNS data, and this represents a
deficiency of the model. The model of Resende et al. [21] shows the same deficiency.
The evolution of the predictions of k with We,, is shown in Fig. 5 where we observe a
continuous decrease in k, a defect of the present model also present in the k-¢ model
of Resende et al. [21]. This deficiency limits the application of the present model up
to drag reduction rates of about 50 %.

The reduction of k is related to the inherent incompatibility between the eddy
viscosity closure used and the physics of the drag reducing fluids. Experiments and
DNS on drag reduction flows show that with increased Weissenberg number, the
Reynolds shear stress decreases, but the turbulent kinetic energy increases. Since
the eddy viscosity closure models the Reynolds shear stress in proportion to &2,
a reduction in the Reynolds shear stress requires a reduction in this turbulent
velocity scale, when it actually increases. In an attempt to resolve this problem Pinho
et al. [12] incorporated the viscoelastic stress work in the turbulence length scale,

Fig. 4 Comparison between 7

predictions of the turbulent N We
kinetic energy by this model = o
(lines with symbols), by the k-¢ 61 o — k-0, 0
model of Resende et al. [21] °© 5% —— k-, 25
and DNS data (open symbols), © Oo —*— k-, 100
for turbulent channel flow at 51 0, A o) — = k-¢£,0
Re;o = 395, L? = 900 and A 0 o .25
B = 0.9: O Newtonian g Oo — 100

(Wey, = 0). A DR =18 %
(Wer, =25) and O DR =
37 % (Wez, = 100)

+ 1000
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Fig. 5 Comparison between 7

the predictipns .of the o We., DR'[%]
turbulent kinetic energy (lines 0

with symbols) with DNS data 61 10
(open symbols): O Newtonian s 18
(Weq, =0), A DR=18 % ) . ons
(Wer, =25) and O DR = 100 39

37 % (Wey, = 100) and effect 153 46.8

of Weissenberg number for 4
turbulent channel flow at

Rero = 395, L? = 900 and
B =09 3

1 10 100 + 1000

whereas Resende et al. [21] and the present model consider instead a polymeric
contribution to the eddy viscosity subtracting the standard Newtonian eddy viscosity,
but both approaches were not effective enough to solve this issue. Incidentally, a
fairly successful alternative is that of Durbin [23], also implemented by Iaccarino et
al. [22] for FENE-P fluids, who relate the turbulent velocity scale to the transverse
normal Reynolds stress. However, this approach is more expensive since it requires
the additional numerical solution of two differential equations, and introduces other
difficulties in geometries with more than one wall. The solution of this problem is
certainly a major motivation for future work with this type of models.

The profiles of the predicted dissipation rate are presented in Fig. 6, normalized
by the friction velocity and the zero shear rate kinematic viscosity, including the
DNS data and the predictions of [21]. In the buffer and log layers the predictions by
both the k- model and k-¢ model of [21] are similar and agree with the DNS data.
Elsewhere there are significant differences, which are also present for Newtonian
fluids. These differences require a correction in the coefficient values of the E;/N
closure, which has a direct impact on the predictions of ¢V. The behaviour of the
rate of dissipation of k£ with We, is well captured by the model in the log law, and
the buffer layers, as shown in Fig. 7, but very close to the wall there exist differences
between the predictions and the DNS, a consequence of the k-w Newtonian model.
The saturation of ¢é¥* observed to occur at large We,, is also well captured: we see
that at large Weissenberg numbers (We,, = 100 and 153) the profiles of ¢V are
essentially the same.

Figure 8a—e compare the predictions of NLT}; for both the k-w and k-e models
for DR = 18 % and 37 %. NLT;; is defined as NLTjh/u,. For each component
the predictions by the two models are similar, with the former model showing better
predictions than the latter for NLT7, and the trace NLTj}, and the other way for
the other components. The main features of these predictions are the increase of
the peak value of NLT;; with DR and its shift away from the wall, which becomes
more intense in the log-law region. For all normal components of NLT;; there is an
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Fig. 6 Comparison between 0.25
predictions of the Newtonian

kinetic energy dissipation by 2%
this model (lines with

symbols), by the k- model of 0.2

Resende et al. [21] and DNS
data (open symbols), for
turbulent channel flow at A
Rero = 395, L* = 900 and 0.15-
B = 0.9: 0 Newtonian

(Weq, =0), ADR=18 %

(Weq, =25) and O DR =

37 % (Wey, = 100) 014

0.054

underprediction of the peak value for DR = 37 %, whereas for the shear component
there is an overprediction.

NLT3, (or NLT;,) and its variation with Wey, is shown in Fig. 9a. For compactness
this component of the NLT}; tensor is the only one presented there because of the
high impact in the calculation of the conformation tensor, except on Cs;3 component
(the behaviour of the predictions with We,, variation are similar in the other
components). There is a rapid increase at values of DR less than 30 %, after which
the maximum value of NLT;, decreases slowly to stabilize at intermediate DR, as at
DR = 37 %. The behaviour of the invariant NLTj, is plotted in Fig. 9b and shows
also a rapid increase with We,, at the low DR regime, followed by a slow increase
and saturation at intermediate DR. Since the streamwise normal component is the

Fig. 7 Comparison between 0.25

t}}e pyedictions Qf t.he splvent . We., DR'[%]
kinetic energy dissipation 2% ] o

(lines with symbols) with DNS O —— 1 10

data (open symbols): 0.2 O

O Newtonian (Wey, = 0), o x 18

A DR =18 % (Wes, = 25) O ol
and O DR =37 % (Weg, = A o —— 153 4638

100) and effect of Weissenberg 01570
number for turbulent channel
flow at Re.o = 395, L? = 900
and 8§ =0.9

0.14

0.05+
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Fig. 8 Comparison between predictions of NLT;*]. by this model (lines with symbols), by the k-
¢ model of Resende et al. [21] and DNS data (A DR =18 % (Wey, =25) and O DR=37 %
(Wey, = 100)), for turbulent channel flow at Re;o = 395, L? = 900 and g = 0.9: a NLT}; b NLT5,;
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Fig. 9 Comparison between . 900
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main contribution to NLTj,, NLT}, has a similar behaviour, but is not shown here
for compactness.

The predictions of the viscoelastic stress work in Fig. 10 show higher values for
the k- model than for the k-e. Specifically, there is a slight overprediction of ¢V for
DR =37 %, whereas at low DR both turbulence models under-predict the DNS data.
The variation of the viscoelastic stress work with We,, is shown in Fig. 11 and exhibits
a rapid increase in ¢V at low drag reduction, reaching a maximum at We,, = 25,
(corresponding to DR = 18 %), followed by a decrease with the peak value moving
away from the wall, whereas the DNS data shows "+ always increases with We,,. It is
also possible to visualize a saturation effect, the reduction of the peak value variation
as we increase DR above 37 %, which shows an asymptotic variation towards the
maximum drag reduction.
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Fig. 10 Comparison between 0.03

predictions of the viscoelastic i(o We
dissipation by this model (/ines 0.025 1 %
with symbols), by the k-¢ ' - k-0, 25
model of Resende et al. [21] - 100
and DNS data (open symbols), 0.02- -0,

for turbulent channel flow at > f-g, 25

Rezo = 395, L? = 900 and
B=09:ADR=18%
(Wey, = 25) and

O DR =37 % (Wey, = 100) 0.011

— k-¢, 100

The predictions of NLT%; and of ¢ are all related and as general comment on these
sets of data we can say that in spite of a general improvement over the predictions of
k- model of Resende et al. [21] at the intermediate DR regime (i.e., for DR ~ 37 %),
these were not enough to eliminate the main deficiency, the under-prediction of k,
as in the the k-¢ model. This is ultimately rooted on the turbulence isotropy concept.
In all our attempts to improve the prediction of k using both models, the prediction
of the other quantities have deteriorated. Certainly we could match the predicted
k with DNS but only at the cost of an over-prediction of ¢V. Since the closures for
NLT;; and " also depend on a deficient prediction of k, the adoption of a model

Fig. 11 Comparison between 0.03

the predictions of the We DR*[%]
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and effect of Weissenberg

number for turbulent channel

flow at Re;o = 395, L2 = 900

and 8 = 0.9 0.01 1

39

-0.01

0.1 1000

@ Springer



Flow Turbulence Combust (2013) 90:69-94

89

CZZ

800 120
@] ", ©
700 4
100 4 - k-0, 25
600 10 = k-0, 100
> k-¢g, 25
80 4
500 - — k-¢, 100
400 4 60 -
300 {*
40 4
200
20 4
1001 e g 25
—+ k-¢, 100 a)
0 . . 0
0.1 1 10 100 + 1000 1
90 80
y - (d)
80 4 % © 70 e,
- k-0, 25 - k-0, 25
70 4 == k-, 100 60 1 —— -, 100
=< k-g, 25 > k-¢, 25
60 1 50 ’
—+ k-¢, 100 — k—-¢, 100
50 40 4
40 30 4
30 20
20 1 10 1
10 0
0 oo oot T 10 . . .
1 10 100 1000 0.1 1 10 100 + 1000
7
¥ We, (e)
g 0
= 64 - f-w, 25
== k-0, 100
5] o« k-g25
=+ k—¢, 100

Fig. 12 Comparison between the predictions of the conformation tensor (lines with symbols) with
DNS data (open symbols: A DR = 18 % (Wey, = 25) and O DR = 37 % (We,, = 100)) for turbulent
channel flow at Re;o = 395, L? =900, 8 = 0.9 and different Weissenberg numbers: a Cyp; b Cap;
¢C3;dCpand e f(Cp)
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not based on turbulence isotropy will allow the correct prediction of k, ¢V and, by
recalibration, of NLTj; and "

The predictions of the NLT;; tensor have a direct impact on the prediction of
the conformation tensor, according to Eq. 6, as can be observed by comparing the
predictions of NLT}; in Fig. 8 and those of the conformation tensor in Fig. 12a-d.
The predictions of all components of C;; are fair except for Cs3, where a large deficit
relative to the DNS data is seen as a consequence of a deficit in the prediction of

Fig. 13 Comparison between
the predictions (lines) and
DNS data (open symbols) for
normalized shear stresses (t},
o+, —urma ') in turbulent
cﬁannel flow with Re;o = 395,
L2 =900and 8 = 0.9. (A and
line) T}, (O and line) T,

(O and line) —uruz*; (x and
dashed line) sum of stresses:
aDR =18 % (We,, = 25);

b DR =37 % (We, = 100)
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NLTs3. Again, we suspect this to be essentially a consequence of invoking turbulence
isotropy to develop several closures within the model. An overprediction is observed
for C;;, next to the wall, at DR = 18 %, which decreases when DR increases
to DR = 37 %. For the C), component there are also large discrepancies, with
an overprediction next to the wall and a underprediction away from wall, which
becomes stronger at large DR. The predictions of C,, are fair due to the correct
prediction of NLT,,, but deficiencies observed with NLT,, are carried over to Cy;,
for example the underprediction of the maximum value of NLT», is also detected
in Cy,. The behavior in terms of the trace Cyx can be assessed indirectly through
function f(Cxx) plotted in Fig. 3; there is an overprediction of the maximum value of
f(Crx) at both DR = 18 % and 37 %.

The transverse distributions of the three shear stresses for DR = 18 % and 37 %
are compared in Fig. 13 with the corresponding DNS data. The solvent stress is
always well predicted and this is a consequence of the correct prediction of the
velocity profile. The reduction of the Reynolds stress with DR and the simultaneous
presence of a polymer stress is clear, but close to the wall there is an under-
prediction of —puv and an over-prediction of /), whereas away from the wall the
opposite occurs. The polymer shear stress is calculated from the shear component
of the conformation tensor and these differences are due to the corresponding
predictions of Cy,. Since the total shear stress must follow the straight line imposed
by the pressure gradient for fully-developed channel flow, the discrepancies in the
prediction of the Reynolds shear stress must compensate the deficiencies in polymer
shear stress.

Ultimately, the evolution of the conformation and polymer stress tensors are
based on the model used for NLT;;. Since the closure used for this tensor in this
k-o model is the same as in the k-¢ model of Resende et al. [21], it is no surprise that
the stress distributions are essentially identical.

4 Conclusions

A k-0 turbulence model was developed for viscoelastic fluids described by the
FENE-P rheological constitutive equation. It is based on the low-Reynolds number
k-w model of Bredberg et al. [30] for Newtonian fluids, which was extended as
follows: the eddy viscosity and NLTj; closures are mathematically transformed from
the corresponding closures developed in the context of the k-¢ model of Resende
et al. [21]; the closures for the cross-diffusion term, the destruction of w" and the
viscoelastic turbulent diffusion contain specific developments, even though they get
inspiration from those of Resende et al. [21].

The performance of the model was assessed first through comparisons with DNS
data for Re;o = 395, L> =900 and 8 = 0.9 at We,o =25 (DR = 18 %) and We,o =
100 (DR =37 %) and also with the predictions of the k-¢ model of Resende et al. [21]
for the same flow conditions and with the expression of Li et al. [9] for the variation
of DR with Weissenberg number obtained from a large set of DNS data.

The k-o model predictions of the mean velocity were nearly identical to those of
the k-¢ model of Resende et al. [21] but as we increase flow elasticity to the inter-
mediate DR regime the k- model behaves better, especially when increasing the
maximum molecular extensibility. For the other quantities (k, ¢",NLT}j) generally
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speaking there was an improvement relative to those of Resende et al. [21] especially
for the intermediate DR region, and most notoriously for the prediction of k, which
was closer to the DNS data, but still not enough to eliminate the under-prediction
of k. The under-prediction of k limits the application of this turbulence model to
drag reductions below about 47 %, a value at which the deviation in relation to the
correlation of Li et al. [9] reaches 10 %, as is also the case with the k — ¢ model
of Resende et al. [21]. We believe this is a limitation of two-equation turbulence
models associated with the assumption of turbulence isotropy, because there is an
incompatibility between the variations of eddy viscosity and k with drag reduction:
k increases and the eddy viscosity decreases at low DR, whereas this type of closure
implies vy o k. The solution of this deficiency requires closures that do not directly
couple the eddy viscosity with the turbulent kinetic energy. This can be achieved in
a number of ways: through adopting a Reynolds stress model where the direct link
between the Reynolds stress and k is not imposed (using a Reynolds stress model
developed from a simple toy rheological constitutive equation Resende et al. [39]
were able to achieve the high drag reduction regime) or also as in k-e-v2- f models
where the eddy viscosity depends on two different turbulent velocity scales. Future
work involves the extension of the turbulence model to all regimes of turbulent drag
reduction and the substitution of the friction velocity by a local velocity scale in the
closures to allow the extension of the model to other scenarios, such as free stream
flows.

Appendix: Equations of the k- turbulence model of Bredberg et al. [30]
for Newtonian fluids

The eddyviscosity required to calculate the Reynolds stress in Eq. 8 is given by
Eq.33

k
vr =C, X fu X > (33)

where k and w are to be computed by the transport Eqgs. 34 and 35, respectively using
the damping function of Eq. 36.

Dk d vr\ 0k
X Py — Crok + vr) o 34
Dt k ke + 0x; |:<1) + Uk) 3xi] ( )

Dw 0 v\ dw w ,  Co ok dw
=== )+, =Pc—C, = =2 35
Dt 8x,— [(U + O‘w) 8x,—] + ! k k 2 + k (U + VT) Bx,- 8x,— ( )

1 R[ 2.75 ) k
fu=0.09+ 091+ 25 ) |1 —exp = (5 with R = —— (36)
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