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Abstract A linear eddy model for subgrid mixing and combustion has been coupled
to a large eddy simulation of the turbulent nonpremixed piloted jet flame (Sandia
Flame D). For the combustion reaction, simplified, single-step, irreversible, Arrhe-
nius kinetics are used. The large scale and the subgrid structure of the flow are
compared with experimental observations and, where appropriate, with a flamelet
model of the flame. The main objective of this work is to demonstrate the feasibility
of the LES-LEM approach for determining the structure of the subgrid scalar
dissipation rate and the turbulence-chemistry interactions. The results for the large-
and subgrid-scale structure of the flow show a reasonable agreement with the
experimental observations.

Keywords LES · LEM · Nonpremixed flame · Scalar dissipation · Subgrid modelling

1 Introduction

Despite the progressive increase in computing power, Direct Numerical Simulation
(DNS) of turbulent combustion is a prohibitive task in most practical situations
due to the resolution requirements for solving the wide range of scales involved in
turbulent reacting flows. Large Eddy Simulation (LES) has emerged as alternative
for simulating the complex large-scale flow structures, although small-scale mixing
and combustion processes need to be modelled, frequently by resort to approaches
adapted from widely used models of Reynolds-Averaged models (RANS) [1]. The
Linear Eddy Model (LEM) was originally developed by Kerstein [2, 3] to solve ac-
curately the turbulent mixing, diffusion and chemical reactions in a one-dimensional
domain over the whole range of scales in the scalar field. An approach that combines
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the features of LEM and LES has been proposed in the past [4] and has been used
to study mixing layers [5, 6], premixed [7] and nonpremixed [8] combustion using
mainly fast-chemistry assumptions or single-step chemical kinetics. In this work, a
subgrid LEM model (called hereafter LES-LEM) is developed to be coupled to
the LES solver and predict the evolution of a turbulent nonpremixed flame (Sandia
Flame D). The subgrid structure of the scalars is extracted and compared with those
provided by experimental observations. The nonpremixed piloted flame D is a well-
known benchmark case that has been numerically simulated by many authors, often
in the cooperative framework of the International Workshop on Measurements
and Computation of Turbulent Nonpremixed Flames (TNF) [9]. In the context of
LES, predictions of this flame have been made using CMC (Conditional Moment
closure) [10], flamelet approaches assuming steady [11, 12] and unsteady [13–
15] state, and Probability Density Function (PDF) methods [16–18]. Despite the
abundant literature available for this flame, as far as the authors of this work
know, this is the first LEM modelling of the Sandia Flame D. Experimental data
consisting of scalar dissipation measurements have been made available in Karpetis
and Barlow [19, 20]. These data are an excellent opportunity to validate the LES-
LEM modelling of the scalar dissipation and its subgrid-LEM structure. Practically,
there is no previous analysis of the feasibility to obtain the scalar dissipation by the
LEM model in turbulent flames. Works using LEM as a stand-alone model have
shown its ability to reproduce properly statistical features of the scalar fields such
as scalar dissipation turbulent mixing layers [21]. One of the main objectives of this
work is to demonstrate the feasibility of the LES-LEM approach to determine the
structure of the subgrid scalar dissipation rate of the turbulent flame.

A brief background of the main aspects of the LES-LEM approach is given in the
next sections followed by a short descriptions of the configuration and the numerical
setup of the coupling among models. Then, results are reported and discussed.

2 Mathematical Formulation

The LES-LEM approach follows similar practices as other, more conventional LES:
large scales are explicitly captured by the mesh and numerically computed by the
filtered transport equations, and subgrid models deal with the unresolved scales.
Figure 1 shows schematically the coupling between the transport equations solved
by LES and the corresponding variables involved in the LEM solver.

2.1 LES equations

The filtered equations are continuity, momentum and the subgrid kinetic energy,
which is used to close the subgrid stresses in the momentum equation through an
eddy viscosity model [22]. This set of equations can be written as:

∂ρ̄
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+ ∂ρ̄ũ j
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Fig. 1 Schematic
representation of the
LES-LEM coupling and
variables involved in each
process
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∂ũi

∂x j
− Cε

ρ̄

�

(
ks)3/2 + ∂

∂xi

(
ρ̄

νs

σ s

∂ks

∂xi

)
, (3)

νs = Cν

(
ks)1/2

�. (4)

Here, ũi is the ith (favre filtered) velocity component, ρ̄ is the density, p̄ is
the pressure, ks is the subgrid turbulent kinetic energy, νs is the subgrid eddy
turbulent viscosity and � is the filter size, equal to

(
�x�y�z

)1/3, where �x, etc.,

are the local cell spacing. Also, S̃ij = 1
2

(
∂ũ j

∂xi
+ ∂ũi

∂x j

)
is the strain rate tensor and

τ s
ij = −2ρ̄νs

(
S̃ij − 1

3 S̃kkδij

)
+ 2

3 ρ̄ksδij is the subgrid stress tensor. σ s represents the
subgrid Prandtl number, taken as unity, and Cε and Cν are constants taken as 0.916
and 0.067 respectively [22].

2.2 LEM solver

The LEM solver models both subgrid- and large-scale processes. The velocity field
is split into a filtered LES-resolved part ũi and a fluctuation component u′

i which can
be in turn composed of an LES-resolved fluctuation u′

i|r and an unresolved subgrid
fluctuation u′

i|s. This general decomposition of the instantaneous velocity field can
be written as ui = ũi + u′

i|r + u′
i|s [23, 24].

2.2.1 Subgrid-LEM processes

The physical processes occurring below the LES grid scale such as subgrid turbu-
lent convection, molecular diffusion and chemical reaction are modeled in a one-
dimensional domain immersed in each LES cell according to the the conventional
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LEM approach in the manner first proposed by Kerstein [2, 3]. A diffusion-reaction
equation is used to describe the evolution of any scalar φi:

ρ
∂φk

i

∂ts
= − ∂

∂s

(
ρDi

∂φk
i

∂s

)
+ Fk + ρω̇k

i , (5)

where the superscript k represents each of the NLEM elements that discretize the
subgrid field along the one-dimensional s-coordinate having a total length equal
to the LES filter size. Also, ρ is the mixture density, Di is the scalar diffusivity
and ω̇k is the mass reaction rate. The number of elements is estimated in such a
way that the smallest scale in flow (usually the Kolmogorov scale η) is resolved.
Fk stands for the subgrid-scale (turbulent) convection and is modelled by triplet-
map stochastic processes [25]. A similar equation can be deduced for the subgrid
temperature (Tk) [26]:
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where Cp is the specific heat capacity, Ns represents the total number of chemical
species, κ is the mixture averaged thermal conductivity, and hi is the enthalpy of the
ith species. Both Eqs. 5 and 6 are time integrated using a time step δts imposed by
the local subgrid diffusion (or chemistry) scales and determined in this work as [4]:

δts = Cdif
(δs)2

max (νs, Di)
, (7)

where Cdif is a constant, taken, for numerical stability purposes, as 0.25; and δs is
the size of the LEM cell. The effect of the subgrid turbulent convection, symbol-
ically represented by the term Fk, is modelled as in the original LEM model by
stochastic triplet map events. These events are characterised by three parameters:
the frequency of the event per unit length, given by [27],

λ = Cν

54
5

νs Res

�3

(�/η)5/3 − 1
1 − (η/�)4/3 ; (8)

a probability density function for the size l of subgrid turbulent eddies,

f (l) = 5
3

l−8/3

η−5/3 − �−5/3 η < l < � ; (9)

and the random position of the event inside the LEM domain. In the above
equations, Res = u′�/ν is the subgrid Reynolds number, where u′ = √

(2/3)ks. From
the frequency λ, the time step among triplet-map events can be determined as:

δtF = 1
λ�

. (10)

For the reaction rate ω̇, the single-step Arrhenius kinetics scheme recently pro-
posed by Fernández-Tarrazo et al. [28] is used. The scheme adjusts the total heat
of reaction q and the activation temperature Ta with the equivalence ratio � to
describe the effect of partial fuel oxidation on the amount of heat release, and to
mimic changes in the underlying chemistry in fuel-rich and very lean combustion.
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The kinetics considers a single irreversible reaction between a generic hydrocarbon
and oxygen:

Cn Hm +
(

n + m
4

)
O2 −→ nCO2 + m

2
H2 O + q(�), (11)

with a global rate of the form:

ω = Be−Ta(�)/TCCn Hm CO2 . (12)

where CCn Hm and CO2 are the concentrations of hydrocarbon and oxygen respec-
tively; for methane, m = 1 and n = 4, and the pre-exponential factor is B = 6.9 ×
1014 cm3/(mol s). The piecewise function for the activation temperature Ta(�) is:

� ≤ 0.64 : Ta(�)/Ta0 = 1 + 8.250 (� − 0.64)2 ;
0.64 ≤ � ≤ 1.07 : Ta(�)/Ta0 = 1;

� ≥ 1.07 : Ta(�)/Ta0 = 1 + 1.443 (� − 1.07)2 ; (13)

where Ta0 = 15,900 K. For the heat released, the proposed function is:

� ≤ 1 : q(�)/q0 = 1,

� ≥ 1 : q(�)/q0 = 1 − α(� − 1), (14)

where α is a constant that changes by a small amount for different hydrocarbons,
being α = 0.21 for methane. q0 is the total heat released per mole of fuel consumed
(q0 = 802.4 kJ/mol for methane). Assuming a unity Lewis number, the local equiva-
lence ratio � is related to the mixture fraction ξ by the equation:

� = 32
(
n + m

4

)

12n + m
YCn Hm,F

YO2,A

ξ

1 − ξ
, (15)

where YCn Hm,F and YO2,A denote the values of the fuel and oxygen mass fractions in
their feed streams.

The subgrid scalar dissipation is calculated on each kth LEM element according
to its usual definition as projected onto the subgrid one-dimensional LEM domain
as [25]

χk = 2D
(

∂ξ

∂s

)2

. (16)

At the end of the subgrid-LEM processes, the filtered value of the scalars is
obtained by Favre averaging over the one-dimensional domain.

2.2.2 Large-scale LEM processes

The three-dimensional, LES-resolved convection of the scalar is implemented by a
transfer of subgrid fluid elements representing the mass fluxes crossing the LES-cell
faces. This method, originally called splicing [5], is the algorithm that couples subgrid
mixing to large-scale transport. In splicing events, portions of the LEM domains are
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transferred to neighbouring grid LES cells. The amount of information transferred
across cell faces is calculated as:

Nsplice = �tLES

[
ρ

(̃
ui + u′

i|r
)

Sm,i

mLES

]
NLEM, (17)

where the convective velocity
(̃
ui + u′

i|r
)

is determined at each cell-face m, Sm,i is the
area vector of the face, NLEM is the total number of subgrid-LEM elements and mLES

is the mass of the LES cell. The LES-resolved fluctuation is assumed to be locally
isotropic and may be written as a function of the subgrid turbulent kinetic energy
as u′

i|r = √
(2ks/3). The location of the LEM elements to be transported is chosen

randomly as originally proposed in [5], but taking special precautions so that a newly
convected element is not overwritten or convected across more than one cell in the
same time step. The thermal expansion of the LEM domain is taken into account at
every splicing event by weighting the convected LEM elements with the amount of
local mass.

3 Configuration and Numerical Setup

Sandia Flame D has been chosen as a test case to validate the LES-LEM approach.
The burner consists of a long fuel pipe that delivers a fuel mixture (methane/air, 1:3
vol.) with a stoichiometric mixture fraction of ξst = 0.351 and a Reynolds number
of Re = 22,400 (Ujet = 49.6 m/s, Djet = 7.2 mm). The pilot stream (Upil = 11.4 m/s,
Dpil = 18.2 mm) consists of a coaxial flow with a fully-burned mixture with ξpil =
0.27. A laminar coflow stream of air surrounds the burner with a speed of 0.9 m/s.
More detailed information may be obtained from the TNF website [9].

The governing equations were discretized on a staggered cylindrical grid with
32 × 60 × 310 grid nodes in, respectively, the x, y and z directions. The domain size
has a length of 45Djet and a diameter of 20Djet. The jet and pilot areas have a finer
resolution and the grid is uniform in the y-direction in these regions (jet: 10 nodes,
pilot: 12 nodes). After these zones and for the rest of the z-direction, the grid lines
are smoothly expanded with a expansion ratio close to unity. Grid independence
was tested by using finer meshes (up to 560 axial, 90 radial and 64 azimuthal cells)
with no significant changes. The final number of LES-grid cells used (≈0.6 M) is
smaller than in other reported LES simulations of this flame (see e.g. [11] using
flamelets or [17] with PDF-based methods). However, the length of our domain is
reduced in axial direction (but it is still long enough to encompass the three locations
where scalar dissipation was experimentally monitored, viz 7.5, 15, and 30Djet). Thus
the grid density is similar to (or even finer than) other LES studies of this flame.
Figure 2 shows and estimate of the resolved fraction of the turbulence kinetic energy
estimated using Pope’s criterion [29] for the turbulence resolution by the grid. This
criterion proposes that a grid-adaptive LES should resolve approximately 80% of the
kinetic energy. Although the meaning and value of this kind of analysis is a matter
of controversy, and its results must be therefore treated with some caution [10], this
estimate is commonly presented in the literature (see e.g. [10, 11])). As it can be seen,
there are small regions where the resolved fraction is slightly lower (≈75%) than this
criterion suggests, and the vast majority of the domain is in the ≥80% interval.
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Fig. 2 Resolved part of the
turbulent kinetic energy for
simulations of Sandia Flame D

At the inflow plane, boundary conditions are generated from the experimental
inlet mean profile interpolated onto the grid and by imposing artificial correlated
fluctuations. This artificial turbulence satisfies the experimental Reynolds stresses
and a length scale according to the method of Klein et al. [30], further refined by
Kempf et al. [31]. A simplified mixing-length-scale hypothesis was used to set the
length scale as l = Cl�r, where Cl is a constant value of 2/3 [11] and �r is the distance
from the nearest wall.

The LES transport equations are solved by a finite-volume code [32] using an
energy-conserving second-order discretization (CDS) scheme for convective terms
in LES momentum equations. A Total Variation Diminishing (SMART [33]) was
applied for LES scalar transport. Such a flux reconstruction strategy is a common
practice in LES of reactive flows [10, 11, 17, 34, 35]. A low-Mach-number formulation
is used, whereby the density is updated by the external LEM solver at each time step.

Fig. 3 Schematic flow chart of
the LES-LEM time integration
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Table 1 Typical CPU time for
the LES-FML and LES-LEM
simulations

Simulation Total time Time step Relative

LES-FML 33 h 23 min 1 min 3 s 1.00
LES-LEM 103 h 5 min 3 min 20 s 3.18

The dependence of the CFL number is maintained only in the axial direction so that
the time step is not drastically reduced. This gives a time step of the order of 10−5 s.
A fully-implicit third-order Adams-Moulton scheme is used to perform the LES time
integration.

After each LES step, the LES solver calls the LEM solver and the splicing
algorithm evolves the LEM particles in physical space using filtered velocity and
turbulence fields from the LES solver; after this, each subgrid process acts according
its time scale (see Fig. 3). A total of 108 subgrid-LEM elements (NLEM) has been
used within each LES cell, which resolves the Kolgomorov scale in regions with
the highest subgrid turbulence intensity. The filtered-equivalent value of the LEM
scalars is obtained by Favre-averaging the subgrid fields when the LEM processes
end.

The LES-LEM fields are initialised from the corresponding filtered values ob-
tained from a conventional LES using a steady-state flamelet model (LES-FML) so
that the initial transient instabilities are avoided in the computationally expensive
LES-LEM simulation. The flamelet libraries are generated using a reduced chemical
mechanism for methane-air combustion of 16 species and 35 reactions [36]. In these
simulations, the flamelet thermochemical state is a function of the filtered mixture
fraction, its subgrid variance and dissipation (ξ̃ , ξ 2

v , χ̃). In this case, both ξ 2
v and χ̃ are

calculated from a local equilibrium gradient-type model [34] although other options
using transport equations were tested with no significant changes [37].

In all cases, statistical results are obtained by collecting data during approximately
six residence times (based on the mean inlet velocity at the jet centerline), and once
the flow becomes statistically stationary. The required CPU time for the averaging
process on a Beowulf cluster using 20 processors (Intel Xeon L5240 3.0GHz Dual-
Core) is shown in Table 1. For comparison purposes, the CPU time for LES-FML is
also included.

4 Results and Discussion

Time averaged quantities obtained from the LES-LEM approach for Sandia Flame
D are compared with experimental data and a steady-state flamelet model below.
In Fig. 4, radial profiles of mean and rms axial velocity, mixture fraction and
temperature are presented at three axial locations (z/Djet = 7.5, 15 and 30). Both the
mean and the rms of these variables are reasonably accurately predicted, sometimes
better than with the flamelet model. This be seen also in Fig. 5, especially in the case
of the mixture fraction and temperature, where LES-LEM predictions are closer to
the experiments than the flamelet ones.

A similar performance can be seen for the mean mass fractions of chemical species
CH4, O2, H2 O and CO2 on Fig. 6. In general, these species are well predicted and
are in better agreement with the experiments than the ones from flamelet model. At
the last location (z/Djet = 30) there are slight discrepancies with an under-prediction
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Fig. 4 Radial profiles of
averaged (mean and rms) axial
velocity, mixture fraction and
temperature at several
downstream locations
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of the consumption of reactants and generation of products that is also presented
in flamelets but is more pronounced in LES-LEM. Radial profiles of Reynolds-
averaged variance (ξ 2

v ) and scalar dissipation (χ) are shown in Fig. 7. In LES-FML, a
local equilibrium hypothesis with a gradient-type model was used [34]. Both variance
and scalar dissipation exhibit similar trends and values with slightly larger differences
in the case of the variance. This indicates that although the LEM modelling of the
large-scale convection can potentially result in an unphysical contribution to the
scalar dissipation by generating spurious discontinuities in the scalar field, as pointed
out by [4, 5], the subgrid events, which have a higher frequency, dampen the role of
these discontinuities.

The Reynolds-averaged conditional scalar dissipation rate of the subgrid-LEM
mixture fraction is shown in Fig. 8 and is compared with both 1D and 3D measures
from Karpetis and Barlow [20]. The computational results are in qualitative agree-
ment with the experimental data although the double-peak structure around the
value of stoichiometric mixture fraction (ξst = 0.351) shown in the experimental data
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Fig. 5 Profiles of averaged
(mean and rms) axial velocity,
mixture fraction and
temperature along the
centerline
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Fig. 6 Radial profiles of mean
mass fractions of the chemical
species CH4, O2, H2 O and
CO2
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is not captured by the simulations. This effect is attributed to differential diffusion
[20], a phenomenon not considered in this work. Similar agreement is observed in
simulations from other groups (see e.g. [10] using a CMC model and [15] with a
flamelet-type model).

The Probability Density Functions (PDFs) of the conditional stoichiometric scalar
dissipation are shown in Fig. 9. They were formed by restricting the mixture fraction
to the interval 0.33 < ξ < 0.37 and plotted in logarithmic abscissas since the value
of χ is broadly distributed in turbulent flames. The experimental shape of the PDF

Fig. 10 Scatter plots of experimental and subgrid-LEM distribution of chemical scalars in Flame D
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of χ is markedly lognormal. The LES-LEM results show a better agreement with
measurements at z/Djet = 15 and 30. The tails at the small values are also present in
predictions, although there is a larger bias towards these values for z/Djet = 7.5 and
30. The discrepancies at z/D = 7.5 can be attributed to the intense mixing of the three
streams at this early axial station, and its capturing in the scalar, LEM domain. In the
paper detailing the experimental work [20], the authors indicate a bias towards low
values of scalar dissipation where the gradients of mixture fraction are not accurately
captured.

One of the main advantages of the LEM model is its ability to directly in-
corporate the chemical-reaction term without any modelling assumption since all
subgrid scales are resolved by the LEM solver. Scatter plots of subgrid temperature
and chemical species versus mixture fraction are shown in Fig. 10. This includes
both the experimental and the subgrid-LEM data. The scattering amplitude and,
chiefly, the depressed temperature values indicating localized extinction around the
stoichiometric value of mixture fraction (ξst = 0.351) are a qualitative indication of
the capturing of the turbulence-chemistry interactions at the subgrid level.

As suggested by Karpetis and Barlow [19, 20], the effect of the scalar dissipation
on the chemical reaction can be evaluated through doubly conditioned statistics
around the stoichiometric values of mixture fraction and scalar dissipation (ξst and
χst). In Fig. 11, the averaged doubly conditional mass fraction of chemical species
are presented. The behaviour shown is consistent with the flamelet theory. The
curves are mainly flat for low values of scalar dissipation and change monotoni-
cally, increasing or decreasing for reactants or products respectively, as dissipation
increases towards eventual extinction. As is noted by Karpetis and Barlow [19],
this effect translates to a decrease in the local mixing time (1/χst) and, therefore,
in the Damköler number that leads to the observed behaviour of chemical species.

Fig. 11 Average species mass
fractions doubly conditioned
at the stoichiometric condition
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This indicates that although the combustion reaction is represented by a single-step
chemical mechanism, the essential nature of the turbulence-chemistry interactions is
captured.

5 Conclusions

A subgrid linear eddy mixing and combustion model has been used in the context
of LES for modelling a turbulent nonpremixed piloted jet flame (Sandia Flame
D). Overall good agreement with measurements was achieved in the prediction
of the flame, considering that a simplified one-step chemical mechanism has been
employed. The mean and the rms of major flow variables and species have been also
compared with conventional flamelet simulations. Although with some discrepan-
cies, the subgrid structure of scalar dissipation rate are in a qualitative agreement
with experimental data with reasonably-predicted shapes of the scalar dissipation
PDFs. The results show that turbulence-chemistry interactions are represented in the
LES-LEM approach, thus highlighting its potential as a prediction tool for turbulent
combustion.
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