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Abstract

Aiming at the identification problems arising for fractional-order Hammerstein-Wiener system parameter coupling, namely, the
difficulty of estimating the fractional order, low algorithm accuracy and slow convergence, an alternate identification method
based on the principle of multiple innovations is proposed. First, a discrete model of a fractional-order Hammerstein-Wiener
system is constructed. Second, an information matrix composed of fractional-order variables is used as the system input,
combined with the multi-innovation principle, and the multi-innovation recursive gradient descent algorithm and the multi-
innovation Levenberg-Marquardt algorithm are used to alternately estimate the parameters and fractional order of the model. The
algorithms are executed cyclically and alternately presuppose each other. Finally, the convergence of the overall algorithm is
theoretically analyzed, and the fractional-order Hammerstein-Wiener nonlinear system model is used to carry out numerical
simulation experiments to verify the effectiveness of the algorithm. Moreover, we apply the proposed algorithm to an actual
flexible manipulator system and perform fractional-order modeling and identification with high accuracy. Compared with the

methods proposed by other scholars, the method proposed in this paper is more effective.

Keywords Fractional-order nonlinear system - System identification - Convergence analysis - Multi-innovation principle

1 Introduction

Fractional calculus has become ubiquitous in an increasing
number of physical systems and industrial processes, such as
viscous materials [1], fluid mechanics [2], and advanced ma-
terials [3]. Many complex physical and industrial systems are
difficult to explain with traditional integer calculus, but the
introduction of fractional calculus can largely overcome this
difficulty. Therefore, fractional-order systems have absolute
advantages in modeling, identification and control compared
to integer order systems [4-6].

However, a known system model and parameters are pre-
requisites for a system to be accurately controlled. Therefore,
before controlling the system, we first need to obtain the mod-
el structure and parameters of the system by means of system
identification. Modeling and identification are particularly
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important for applications involving practical systems, such
as batteries; hence, many scholars have explored and compre-
hensively summarized various modeling and identification
methods for lithium-ion batteries [7, 8]. Actual systems often
exhibit strong nonlinear characteristics, and block structure
models such as the Hammerstein, Wiener, and
Hammerstein-Wiener models connect the nonlinear dynamic
part and the linear static part of a system to each other, so that
the nonlinear characteristics of the system can be described.
Regarding the modeling and identification of fractional-
order systems, a large number of researchers have addressed
these topics [9—12]. Zhang Qian and other scholars studied the
identification of fractional- order systems with colored noise,
combined the multi-innovation principle with the Levenberg-
Marquardt algorithm, and successfully applied their results to
a fractional-order Hammerstein system [13]. Later, on the ba-
sis of this previous research, these researchers adopted the
fractional-order Hammerstein method of separation identifica-
tion, and used a neuro fuzzy model to fit the nonlinear part of
the Hammerstein model, thus converting the identification of
the nonlinear system into a completely linear problem [14].
Rahmani et al. combined the Lyapunov method with a linear
optimization algorithm and applied it for the modeling and
identification of a fractional-order Hammerstein model [15].

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10489-022-04309-2&domain=pdf
mailto:wq272427yrx@163.com

15712

Z.Qianetal.

At the same time, other scholars have also combined intelli-
gent optimization algorithms with traditional classical identi-
fication algorithms for the identification of fractional-order
systems [16—18]. Hammar et al. applied the particle swarm
optimization algorithm for the parameter identification of the
state space model of a fractional-order Hammerstein system
[19]. Sersour et al. then extended this particle swarm optimi-
zation algorithm to propose an adaptive velocity particle
swarm optimization algorithm, which can successfully identi-
fy fractional-order discrete Wiener systems [20].

Most of the literature has focused on fractional- order
Hammerstein and Wiener systems. Compared with a
Hammerstein-Wiener system, these two types of systems have
simpler structures, and it is more difficult to fully express the
strong nonlinearity of more complex systems. Therefore, it is
very important to explore an identification method suitable for
fractional-order Hammerstein-Wiener systems.

Through a comprehensive analysis of the identification
methods for the transfer functions of fractional-order systems
in the above literature, the main problems encountered in sys-
tem identification are identified as follows: 1) There are many
parameters and variables to be identified, and they are coupled
with each other. 2) The estimation of fractional orders is dif-
ficult. 3) The algorithms converge slowly. 4) The algorithms
may not always successfully converge. Therefore, this paper
proposes a hybrid parameter identification algorithm based on
the multi-innovation principle. Previous scholars [21-24]
have proposed a multi-innovation least-mean-square algo-
rithm based on the principle of multi-innovation identifica-
tion. The basic principle of the multi-innovation identification
method is to expand the scalar innovation into a multi-
innovation vector, and the innovation vector into an innova-
tion matrix, allowing both the current data and past data to be
used. In this paper, it is shown that this multi-innovation series
identification algorithm can achieve improved convergence
and improved accuracy of parameter estimation; therefore,
this paper introduces the multi-innovation principle into the
proposed identification algorithm. The main contributions of
this paper are as follows: 1) A fractional-order discrete
Hammerstein-Wiener system model is constructed. 2) A
multi-innovation recursive gradient descent algorithm is de-
signed to estimate the model parameters with an information
vector composed of fractional-order variables as input, there-
by adapting the Levenberg-Marquardt algorithm to estimate
the fractional order. The modeling efficiency is improved by
using two multi-innovation algorithms interactively. 3) Based
on the convergence theorem, the performance of the proposed
algorithm is analyzed.

The main structure of this paper is as follows: Section 2
introduces background knowledge on fractional calculus and
describes the fractional-order Hammerstein-Wiener system
model. Section 3 introduces the multi-innovation gradient de-
scent algorithm used to estimate the parameters of fractional-
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order nonlinear models. Section 4 proposes the multi-
innovation Levenberg-Marquardt algorithm to estimate the
fractional orders of nonlinear systems. Section 5 applies the
convergence theorem to analyze the performance of the pro-
posed algorithm. Section 6 presents a simulation case study.
Finally, a summary of this research and an outlook on future
research are given.

2 Problem formulation and preliminary
2.1 Fractional calculus

From different perspectives, researchers have obtained several
common forms of fractional calculus operators, including the
Griinwald-Letnikov (GL) fractional operators [25], the
Riemann-Liouville (RL) fractional operators [26] and the
Caputo fractional operators [27]. The GL-type fractional op-
erator for a discrete system that is used in this paper is defined
as follows:

ATx(kh) = - 3 (1) (‘j%)x((kj)h) (1)

= J=0

where 0 < @ < 1 is the fractional order; £ and / represent the
number of sampling times and the sampling time, respective-

ly; and (?) is defined as follows:

()"

This can be written in recursive form as:

p0) =1

1 forj=0
a(a1) - (av+1) )

i forj >0

i—a—1 3
ﬁ(j)2501)<jj—) forj=1,....k G)

where 3(j) = (—1) (?) To facilitate simulation and con-

cise expression, Eq. (1) can be written as follows according to
Egs. (2) and (3):

Ax(kh) =1 3 B()x((k—)h) (4)

ha Jj=0

Under the assumption that the system sampling time is 7 =
1, Eq. (4) can be organized into the following equation:

k

A%x(k) = Y. B(j)x(k—)) (5)

J=0
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In this paper, the fractional calculus operator expressed in
Eq. (5) will be used.

2.2 Fractional-order linear model

For fractional-order systems, there are different linear model
descriptions. This paper considers the following linear discrete
transfer function model:

y(k) = G(2Ju(k) = == u(k) (6)

where u(k) and y(k) are the system input and output, respec-
tively. A(z) and B(z) are the denominator and numerator poly-
nomials of the transfer function, A(z) = a1z ' + axz ** + -+
+a, 2™ and B(z) =biz " + b4 4 byz e,
where c;and v; (0 = 1, 2, ..., n, j = 1, 2, ..., np) are the
fractional orders of the corresponding polynomials, satisfying
«; € R"andy; € R", and z ! is the backshift operator, that is,
z k) = yk = 1).
Model (6) can be written in the following form:

Na np

Taz (k) = Th u(k) (7)

When the fractional orders of the denominator and numer-
ator polynomials in (7) are completely different, the fractional-
order model is called a nonhomogeneous system; when the
fractional order of each polynomial is of the form «; = i—@,
vi=ja(i=1,2...,n.j=1,2...;np) (@ is the order fac-
tor), the model is a same-dimensional system. The
fractional-order same-dimensional case is considered in this
paper.

The regression equation for Eq. (7) can be written as:

Na

np
Yaiz Ty(k) = Lbiz T u(k) (8)
i=1 i=1

By introducing the fractional backward operator z * * “x(?)
= A%(¢ — i), Eq. (7) can be written in the following form by
means of the discrete fractional operator A:

Na np

Y aiAy(k—i) = ¥ bAu(k—i) (9)
i=1 i=1

We will use Eq. (9) to describe the linear part of the
fractional-order Hammerstein-Wiener model.

2.3 Problem description

In a block-structure nonlinear model, the dynamic linear and
static nonlinear blocks are connected in series, in parallel or in
a feedback structure. Such a model can well describe the

nonlinear system of an actual process. The general structure
of a Hammerstein-Wiener system is shown in Fig. 1, where a
linear dynamic module is surrounded by two static nonlinear
modules at its input and output.

Specifically, the input-output relationship of the
Hammerstein-Wiener system can be expressed as:

y(k) = A(2)g(v(k)) + B(2)/ (u(k)) + v(k) (10)

In this equation, u(k) and y(k) are the input and output of the
system, respectively, and v(k) is the external noise of the sys-
tem. The nonlinear links can be represented by two static
nonlinear functions f{-) and g(:). The linear elements are rep-
resented by the polynomials A(z) and B(z) containing the
backshift operator 7 1 ie,

g
AQ) = a1 + @z @ 4+ anz = Yaz ™

i=1

m (11)
B(Z) — blz”‘/l + sz’W’z 4+ 4 bnhzfﬁ’nh — 'Zbl_z’%‘

i=1

The two static nonlinear functions f{-) and g(-) are nonlinear
functions composed of several known basis functions, as
follows:

S (u(k)) =pfy (k) + pof(u(k)) + -+ + p, [, (u(k))
— T (b))
(12)
g(k)) = q18,(0(k)) + g2, (v(k)) + =~ + q,, g, (v(k))
- T4z ) -

where f(-), ..., f,, () are n, known basis functions and g, (-)
s +++»&p, () are ny known basis functions.

Substituting the above two equations into Eq. (10), we
obtain:

ng

Y6 = Taz g0 + Tha )+ (14

Substituting Eqgs. (12) and (13) into Eq. (14) yields the
following expression for the description of the entire system:

yh) = Taz™ X q,0k) + Th ™ Ep,f (k)
i= Jj= i= j=
+v(k) (15)

In this paper, the fractional-order discrete system is consid-
ered to be a symmetric system, that is, o = i@, y; = j—@,
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Fig. 1 Hammerstein-Wiener . ‘s ) .
nonlinear system structure input signal | “Nonlinear Linear Fractional Nonlinear | ©utput signal
diagram Module 1 Order Module Module 2
with A representing the differential operator. Thus, Eq. (15)
can be written as:

ny ng o np n, _

yk) = Xai _Zf]_,AO‘g,-(y(k—i)) + Xb Z{ojﬂo‘f‘,-(u(k—i)) +v(k)
=l j= i=1 j=
=0 Xa A% (ki) + -+ + g, YaiAg,, (v(k-i)) (16)
np _ b _
+p ;blﬂo‘f 1(u(k=i)) + - +p, ;biﬂo‘f n, (u(k=1)) +v(k)
The parameter vectors are defined as: Yk, @) = [Aagi(y(k_l))’ - Aagi(y(k—na))} T

a= [‘”eR”",b = [b'ER””,

(17)

p= |:.l71€R”p7q — [‘IIGR"q

To obtain unique model parameters, the parameters of the
model are normalized. For this purpose, the first coefficients
of the two nonlinear modules are fixed; that is, the first ele-
ments in the parameter vectors p and q take values of 1, p; = 1
and ¢, = 1. On this basis, Eq. (16) can be rewritten as:

¥k = Ta A%, (/(k4)) + 45 Tai A% g (v (k=) +
Ny np

g, Sad%g, (ki) + YhAYf (u(k-i))+
i=1 i=1

=

P2 TO A fo(ulhi)) + -+ py, SHACS,, (ulko)) +v(k)
(18)

According to the definition of each parameter vector in Eq.
(17), Eq. (18) can be written in linear regression form as fol-
lows:

y(k) = @7 (k, a) 0 + v(k) (19)
where @7 (k, @) is the information vector, which is

Pk
o (k, a) — C((k;;

where where b (k, @) = [ (k, @), 3 (k, @), -, b, (k,@)]

T Ny XMy .
€R"a* e

€R",n =ny X ng, +n, x np (20)
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i=1,2,...,n4

k@) = [ (@), k@), ¢ (k)| TeRw
and

Cj(k,@) = | A k1), AT (ulkny))|
Tji=1,2, ey Ty

Ois the unknown parameter vector, which is

T
0= |:aa 9a, ", qnqa? b7p2b7 “'7pnpb:|
= [q®a, p&b]'eR",

where ® is the Kronecker product or direct product, defined as
follows: given A = [a;] € R “ "and B = [b;] e R” “ ¢, A
® B = [a;B] € R™ * 7,

In the following sections, an identification method is de-
signed in accordance with Eq. (19) to estimate the unknown
parameter vectors a, b, p, q and the fractional order @ in a
fractional-order model.

3 Model parameter identification based
on the multi-innovation identification
principle

To enable the estimation of the parameters of Model (19), an
objective function is first given:

J(0) = [y(k)—qﬂ (k,a) er (21)
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According to the minimum value of the objective function
(21), it is necessary to take the extreme value of the estimated
parameter, and the following stochastic gradient descent algo-
rithm can be obtained:

0(k) = 0(k-1)
+ u(k)cp(k, a) [y(k)—(pT (k, a) ) (k—1>] (22)

where é(k) is the estimated parameter vector at the kth in-
stance of sampling. Notably, the fractional order @ in (22) is
unknown, and the information vector ¢ (k,@) cannot be ob-
tained, meaning that algorithm (22) cannot be used. To over-
come this problem, the real fractional order @ is replaced with

the fractional order estimate 5; then, by taking u(k) = 1/r(k),
with r(k) = r(k—1) +H ) (k7 &) H 2, the gradient descent al-

gorithm can be written as:

B0k) = 8(k-1) + @ [y(k)—(T)T @ %)@(k—l)} (23)

o)

In this equation, @ (k, 5) is the kth estimated information

r(k) = r(k=1) + ,r(0) =1 (24)

vector, which is:

z(k,a) - [zf(k,a),zl(k,a),---,sz (k,a)} T. and

J(6.3) = A% ath ) A G|
2

[a(@a, ﬁ@ﬂ TeRn,

For the gradient descent algorithm of Eq. (23), its main
disadvantage is its slow convergence rate. To improve its per-
formance, the information length is introduced, and the multi-
innovation identification principle is adopted to improve the
identification performance. The principle of multi-innovation
identification is to enhance single-innovation correction tech-
nology by proposing a multi-innovation correction technique

in order to establish an identification method with multi-
innovation correction, which can significantly improve the
convergence speed of the identification algorithm. For identi-

fication, the single innovation e(k) = y(k)—@" (k, 5)6
(k—1) is expanded to a P-dimensional multi-innovation,

E (P, k, %) - [y(k)—aT <k, %) Blk-1)(k-1)- (k—1,§) 8(k-1), ...,

T ~
y(k=P + 1)~ <k—P + 1,@) 0(k-1]"eRr"

The input-output innovation matrix o (P, k, 3) and the
stacked output vectorY(P, k) are defined as:

@(p,k,%)
- [(T) (k%) (T)(k*hg), a(ka—s— 1,5)}@"*”
(26a)

Y(P,k) = [p(k),y(k-1), ..., y(k—P + 1)]"eR" (26b)

The P-dimensional multi-innovation error vector E

(P, k, 5) is expressed as:
~ K ~
E <P, k, E) =Y(P, k)P (P, k, 6) 0(k-1) (27)

‘When the multi-innovation satisfies P = 1, because > (1 Sk, 5)

- (T)(k, a) and E(l,k, 5) = (k)" (k,a)é(k—l),
Eq. (23) can be equivalently expressed as:

0(k) = 0(k-1) +mE(l,k,%) (28)

By replacing the 1-dimensional information vectors o
(1,k7 5) and E(l, k, a) with a P-dimensional information
matrix and multi-innovation vector and taking r(k) = r(k—1) +
|&(p..3)]
by means of the multi-innovation Levenberg-Marquardt algo-
rithm discussed in Section 4. At this time, the multi-innovation

recursive gradient descent algorithm (MIGD) is expressed as
follows:

2 the fractional order estimate & can be obtained

0(k) = 0(k-1) + &,(ZISE)E (P, k, 5) (29)
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E(P, k, é) =Y(P, k)—«iT (P,k,%)@(k—l) (30)
r(k):r(k—1)+H<i)<p,k,§> 2,40):1 (31)

o (P,k,a)

~ ~

_ {@(k,%),@(k—l,a),...,(T)(k—P+ 1,5)}&"*”
(32)
Y(P.k) = [y(k),p(k-1), ..., y(k=P + 1)]"eR" (33)
o). [
) (k,@) = X |eR",n
(o3
=ny X ng+n, X m (34)
N ~ T ~N\ T ~ T ~\ 17
(1) - [71(17). 9267, 5 (17)]
(35)
R ~ -~ T
J)i(k,a) = | AT, k1), o, AT (k) | i
=1,2,...,n4 (36)

A T/ N\ T/ O T ~\1T
(63)- {06 -] o

A (u(k=1)), -+, Ay (ulk=np)) |

~

=1,2

2, ..,mp (38)
For the initial values of the parameters to be identified, )
(0) = 1,,/p, is taken, where 1, is a column vector consisting

entirely of 1 s.

Once the estimated parameter vector 0 has been obtained,
the first n, elements in 0 are estimates of the vector a, and the
(nghg + D)th element to (n,n, + np)th elements in 0 are

estimates of the vector b. In the parameter vector 0, there
are n, estimates of g; and n,, estimates of p;. The final esti-
mates are calculated by averaging:

o~

1 'lugna i—1)+i
g, =— -1

= , J=23,..,14

Ng i=1 a;

~

np
1 ananqu(j*l)anri
p; =

b;

= , J=2,3,...
np i=1

y Hp
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4 An estimation method for the fractional order
« based on the multi-innovation principle

For the identification of a fractional-order system, the main
parameters to be identified are the fractional order & and the
model parameters {a;, b;, p;, q;}. Fractional order estimation
and model parameter identification are two stages in the sys-
tem identification process. The identification results provide
the initial conditions for another phase of the algorithm to
proceed. For the model parameter identification algorithm,
the estimation of the fractional order provides the conditions
for identification; for the fractional order estimation algorithm,
the identification of the model parameters provides the initial
premise for estimation. Figure 2 shows a description of the
interactive identification process of the two multi-innovation
identification methods.

On this basis, the design of the fractional order estimation
algorithm is the key step for the success of the whole algo-
rithm. According to the objective function of Eq. (21), the
entire identification objective function is:

where y(k) = o' (k,@)é and N is the total number of

samples.

The purpose is to find a suitable @ for the parameters )
estimated via the multi-innovation parameter identification
algorithm such that J is as small as possible. The Levenberg-
Marquardt algorithm iterates as follows:

~(m+1)
a

~(m)

=

—{ [J” + Mr J }A o (42)

a=a

The update of the fractional order @ is based on the calcu-
lation of the gradient J and the Hessian matrix .J' correspond-
ing to each @, and X is an adjustment parameter. J and J are
calculated as follows:

T T/ T\~
' (ra)o

oa
(43)
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Fig. 2 The interactive
identification process of two
multi-innovation identification

Multi- vatio
methods ulti-Innovation

Parameter Identification I

Total Identification Model

Multi-Innovation

y(k) =g (k,a)0 +v(k)

Fractional Order

Identification

—

0(k)=0(k -1)

L 2Pk a)

E(P.k,a)  |ag"" =a"™ +multiple innovation

a estimated value

estimated value of @

where o7(k) /a = 2 s the sensitivity function with respect
oa

to @, and its calculation process is:

Uﬂk)/gj(k,% )5 (k.a) »

~

oo

where da is the variation of @.

The equation for calculating the second derivative J~ is:
«

a N oa oo (45)

-2 (w5t0/a) ' (e3t6)/a)

Thus, J /: and Jg are calculated as follows:

Jo= —% [ay(k) /%] ' {y(k)—(T)T (k,%) 6} (46)
= 2 (aﬂk)/;)T(aﬂk)/;) (46b)

For the Levenberg-Marquardt algorithm of Eq. (42), its
essence is to use the single-innovation y(k)—@ " (k, a> 0 esti-

mation algorithm. The following will introduce the multi-
innovation Levenberg-Marquardt algorithm, the basic idea
of which is to expand the scalar innovation into an innovation

vector or matrix using both current and historical data. Many
research results show that multi-innovation identification can
effectively improve algorithm convergence and the accuracy
of parameter estimation.

The stacked sensitivity function vector E(P7 k, &) is de-

fined as:

~

= (P, k%) = {oﬁ(k) /5, k-1)/a,...,09(k—P + 1) /%]TeRP

(47)

Based on the definitions of ® (P7 k, E) and Y(P, k), the

multi-innovation Levenberg-Marquardt algorithm can be
expressed as follows:

~(m+1) ~(m) 2 ) ~ ~ -1
@ —a +N{ [NET<P,k,a>E<P,k,a> + )\I]

- T
=T P,k,a) {Y(P,k)—@ (P, k,a)@ }A i)

In this research, the multi-innovation gradient descent
method is used to identify the parameters of the fractional-
order nonlinear system, and the multi-innovation Levenberg-
Marquardt identification algorithm is used to estimate the
fractional order of the system. In accordance with interactive
estimation theory and the hierarchical identification princi-
ple, two algorithms alternately perform parameter identifica-
tion and fractional order estimation. In each iteration, the
parameter estimates rely on previous fractional order
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estimates, while fractional order estimation is performed based
on the parameter estimation of the previous iteration, and the
two steps form a complete hierarchical interactive calculation
process. The whole algorithm can be summarized as follows:

Step 1: Let m =1 and k=1 and set the initial parameters 6°, &°,pand o6& .

Step 2: Collect input/output data {u(k), y(k)}, k=1,2,..,N .

Step 3: Construct the innovation matrix &(P,k,a) , stack the output vector Y (P,k), and calculate

the fractional order sensitivity function o(k)/a according to Eq. (44).

Step 4: Build a vector of stacked sensitivity functions, Z(P,k,&).

Step 5: Use Egs. (46a) and (46b) to calculate J ‘é and J;,and use Eq. (48) to obtain the estimated

value @ of the fractional order.

Step 6: Use Eqgs. (29)-(38) to identify the parameters 6 (k), and use Eqs. (39) and (40) to calculate

p; and ¢, (j=2,3,...,m).

Step 7: Let k=k+1.1f k<N, go to Step 6; otherwise, go to Step 8.

Step 8: Use Eq. (41) to calculate the objective function.
|J(é(»1+l)) _J(é(m))
/@)

Step 9: If <&, then =0,

m=m+1 and return to Step 3.

To help readers understand the logic and innovation of this
paper more clearly, we summarize the proposed algorithm in
the form of pseudocode, as shown in Table 1.

5 Performance analysis

To better illustrate the performance of the algorithm, some
mathematical notation is first introduced. The symbols
Amax[X] and An,in[X] represent the largest and smallest eigen-
values, respectively, of the matrix X. For g(k) > 0, flk) =
O(g(k)) or flk) ~ O(g(k)) represents that there exists a constant
0 > 0 such that fik) < dg(k). In addition, the following lemma
is given.

Lemma 1 Suppose that {x(k)}, {a;} and {b;} are sequences of
nonnegative random variables and satisfy the following rela-
tion:

x(k)<(1=ay)x(k) + by, k>0,

@ Springer

a=a™, and J(@)=J(O™); otherwise, set

wherea, € [0, 1) and x(0) < oo; then, it holds that

b
Jlim x(k)< lim —.
k—o0 k—o0 ak

Lemma 2 For system (19) and the single-innovation gradient
descent algorithm given by Eqs. (23) and (24), there is a con-

stant 0 < @ < (3 < oo, and the fractional order estimate a
causes the input fractional order information vector @ (k, 3)

of the system to satisfy the following continuous excitation
conditions:

~ N-1 ~ ~
ADaL<L Yy (T)(kJri,a)(T)T(kJri,a)Sﬂln,a.s.k
i=0
>0

Then, 7(k) in Eq. (24) satisfies the following inequality:
na(k—N + 1) +1<r(k)<nB(k + N-1) +1, as. k > 0.
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Table 1 Pseudocode of the Algorithm 1
algorithm in this paper 1: Input: Input and output {u,y} , multiple innovations L, nonlinear terms g(+) and f(s)

2: Output: System parameter estimates 0 , fractional order &

3: Initializ m<«1, k<1, r(0)«1, A<«1, da<«0.001,and 67, & ;
4: N «length(y);

while k<N

6: Collect {u(k), y(k)};

7: Initialize y(k,a™) <[] and &(k,a™)<«[];

8: for i«<1Iton,

9: do ik, a@™) [k, @™ ),[A% g, (v(k=1), - A%, (y(k—n, )15
10: end

11: for i<1lton,

12: do {(k,a™) —[Ek,@™),[A f,(ulk =), A° £,k =n, )]
13: end

~ A ~ ~ T

14 Build an information vector @k, &™) < [nf/(k, a™y; {(k,&"")):| ;
15: Construct multi-innovation vectors @(L,k, &™) « [é)(k, a™), ¢k =1,a"), ... ¢k —L+1, é‘”’))] ,
16: Y(L,k) < [y(k), y(k =),y = L+1)]",

17: E(L.k,a) < Y(L,k)—®"(L,k,a)0" ,

18: r() < r(k =1+ |b(L k&) 5

19: Update system parameters 6™ « 6" +(ﬁ>(L,k,ai)/ r(k))E(L, k,a);
20: for /< 0toL-1

21 do j(k—1,a" +06&) < §" (k—1.&"™ +0562)0";

22: Pk =1,a") " (k=1,a")0";

23: oPk=D/a™ « pk—1,a"™ +da) - pk—1,a") /s ;

24: end

25: E(L k&)« [chk) a,chk-N)/a,...,opk—L+1)/&]";

P . . -1
26: & (705&(”"+% {NET(LJ"O_’)E(LJC,&)*&[} . :
ET(L k@)Y (LK)~ D" (L.k,2)0]) ;..
N n n
27: T YN Lk = 9" (ka0 T ;
k=1

28: if [0 ") -s@0")|/|7@)| <&
29: then output 0« 6™, @« a™ and J(0)« J™;

30: else m«—m+1;

31: end

32: k<«k+1;

33: end
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Prove By tracing both sides of condition (A1), we can obtain:
nNa< 1 NZ_I H(T) (k +1i, a) H 2<nNB, as. k > 0.
Let [x] belt:hoe largest integer sum n/N( = §; no greater than
x; it holds that H(]S (k +1i, &) H 2<4y,a.s., and for Eq. (24),
continuous iterative calculation is performed:

2
+r(0)

(49)

> Z nNa + r(0) (50)

>na(k—N +1) +1

The proof of the lemma is complete.

Theorem For system (19) and the multi-innovation gradient
descent algorithm given by Eqgs. (29)—(38), the fractional order

estimate & causes the input fractional order information vector
) (k, 5) of the system to satisfy the continuous excitation

condition (A1), under the assumption that the noise signal
{v(k)} is an independent random signal that satisfies.

(A2) E[v(k)] = 0, E[v(kv(d)] = 0, k # i, E[(v(k)] = o2

v

where E(+) is the mathematical expectation. Then, the param-
eter estimation error vector 0 (k)=0(k)—0 satisfies:

NBoAnB(k=N + 1) + 1]
&[na(k*N 4]

1imEM6(k)m < lim

k—o0 k—o0

@ Springer

Proof To simplify the calculation, let the innovation length be
P = N, and define the noise vector as:

V(P,k) = [v(k),v(k—1), -, v(k—P + 1)]"€R",

By subtracting 6 from both sides of Eq. (29) and using Egs.
(30), (32), (33) and (19), we obtain:

A(k) = 0(k-1) + M {—Ef (P, k, %)b’(k—l) +V(P, k)}

r(k)
- 5<P’k7%2(§ (P’k’g) Ak-1) + w
(51)

Taking the norm on both sides of the above equation
yields:

L NST( 2
B 0 )

(k) + ...

~ T\ AT -~ ~ -
T @(P,k,a)@ (P,k,a) @(Rk,a) V(P,k)
20 (k-1)|1-

v r(@
Sl
o [ A
0 0 L D
et |
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Using Lemma 1 and condition (A1), we can obtain:

~ T\ AT -
P (P, k, a> P <P, k, a) Na
I- <|1-

(k) =T HB-N 1)+ 1
H@(P,k,g>V(P,k) ’
SE{)\max [35 (P,k,;)EST <P,k7;)] HV(P, k) Hz}

<LBE||V(P,K)|I*| <P*B0? = N30

E

(53)

Taking mathematical expectations on both sides of Eq. (52)
at the same time, and noting that V(P, k)and 5(k*1),

N R @ (P,kE) > (P,k,g)
8 (pad) ) (27)

G are not linearly correlated,

using conditions (A1) and (A2), we have

e [0 )< -

N ~\ LT N7 - ~
2E4 O(k-1) Idj(Rk’azi) (P’k’a) ¢<P’k;?]?)v(P’k)

E{H@(H)Hz} + o

N?ja?

! [na(k—N-l— 1)+ 1]2

Na ~ 2 N?jo?
- = O(k— v
S{l BN +1) +1 E{H Ll } ! [na(k—N+1)+1]2
(54)
Using Lemma 1, we obtain:
lim E{Hé(k)Hz}Sgim NBos[nB(k=N + 1) + 1] (55)

_[na(k—N+ 1)+ 1}2

The theorem is proven.

The meaning of the above theorem is that since the two
multi-innovation algorithms are interactive, if the fractional
order estimate can ensure that the input vector of the system
is continuously excited, then the parameter identification error
of the system can be bounded.

6 Experimental study
6.1 Academic example

To verify the effectiveness of the proposed algorithm, the
following fractional-order nonlinear system is considered:

I, as.

y(k) = A(2)g(v(k)) + B(2)f (u(k)) + v(k) (56)
where A(z) = a1z + @z *, B(z) =bi7 “+ bz 2, f
(u(k)) = jilpjfj(”(k))’ and g(u(k)) = jil q; g;v(k)).

The entire output of the system is:

y(k) = i q; é ai A% (y(k=i)) + ...

T (57)
+ X0, ; b AN f i (u(k—i)) + v(k)

J

where fi(u(k — i) = ulk — i), fo(ulk = i) = w’(k — i), @1k
=) = ylk = i), gk — i) = y*(k — i), and g3(u(k — i) =
V(k = i).

When the fractional order is taken to be @ = 0.6, the entire
output of the system is:

(k) = ar A" y(k=1) + a A"y (k=2) + gyar A"V (k=1)+
0,0 A" (k=2) + q3a1 Ay (k=1)+
q3a2 A"y (k=2) + by A%Su(k—1) + by A*Su(k-2)
+ pob1 A% (k=1) + pyby A™Cu* (k=2) + v(k)

The parameter vector is:

a=[a a] =101 02]"b = [b b]" = [04 -
0.21%p = [p1 p2l" = [1 051 = [gq1 g2 ¢5]" =
[1 0.7 035]"

0=lar @ q,a1 a2 G301 a2 by by p,by pyba]"
= [0.1 0.2 0.07 0.14 0.035 0.07 -04 -0.2
—0.2-0.1]"

During the simulation, the input signal is a random signal
with zero mean and unit variance, and sampling is performed
10,000 times. The noise signal is an independent random sig-
nal with zero mean and a variance of 0* = 0.01. In this study,
multi-innovation lengths of P = 1, 3, 5 are selected. To verify
the effectiveness of the proposed method, the relative param-

eter estimation error 6:=H6(k)—9 H /110l is used as the evalu-

ation indicator for verification. The parameter identification
results are given in Table 2 and Table 2 (continued).
Figure 3 shows the parameter estimation error curves with
different multi-innovations; Fig. 4 shows the estimation re-
sults for the fractional order with different multi-innovations.
From the analysis and comparison of these results, it is obvi-
ous that as the multi-innovation length increases, the conver-
gence speed of identification becomes faster and the identifi-
cation accuracy becomes higher. Figure 5 compares the output
of the identification model with the actual output when the
multi-innovation length is P = 5.

To illustrate the superiority of the proposed method, the
method proposed in this paper is compared with the single-
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Table 2 Partial parameter identification results of fractional-order nonlinear systems (P = 1, 3, 5)

P k a @ by by a

1 2000 0.1259 0.2212 —0.4203 -0.1725 0.4576
5000 0.1138 0.1705 —04121 —0.1842 0.4585
10,000 0.1045 0.2070 —-0.4102 -0.1901 0.4587

3 2000 0.0744 0.2145 —0.4155 -0.1767 0.5170
5000 0.1250 0.2103 —0.4100 —0.1973 0.5179
10,000 0.1035 0.2057 —0.3929 —0.2046 0.5187

5 2000 0.1010 0.1810 —0.4096 —0.1886 0.5987
5000 0.0882 0.1892 —0.3825 —0.1915 0.6031
10,000 0.0982 0.1959 -0.3977 —0.1986 0.6026

True values 0.1 0.2 04 -0.2 0.6

P k 3 a 3 @ 3 a 3, a 2 P> by

1 2000 0.0729 0.1298 0.3422 0.6835 —0.1871 —0.0933
5000 0.0722 0.1345 0.3454 0.6937 —0.1896 —0.0941
10,000 0.0715 0.1355 0.0358 0.0697 -0.2013 —0.1018

3 2000 0.0657 0.1298 0.0372 0.7311 —0.1884 —0.1819
5000 0.0661 0.1311 0.0367 0.0726 -0.1939 -0.0727
10,000 0.0668 0.1367 0.0361 0.0714 —0.1966 —0.1012

5 2000 0.6672 0.1537 0.0371 0.0751 —0.1834 —0.1046
5000 0.06933 0.1524 0.0363 0.0745 —0.1953 —0.0985
10,000 0.072 0.1432 0.0358 0.072 —0.1969 —0.0991

True values 0.07 0.14 0.035 0.07 —0.2 —0.1

innovation Levenberg-Marquardt algorithm and the single-
innovation gradient descent method proposed in references
[28, 29], etc. Figure 6 shows the results for the method in this
paper (P = 5) in terms of the relative error curves with respect
to the methods of [28, 29]. From a comparative analysis, it is
obvious that the method in this paper offers a better identifi-
cation convergence speed and higher identification accuracy.

T T
0.8
0.7
Multi-Innovation =]
L Multi-Innovation p=3
s 0.6 Multi-Innovation =3
3]
g r
Z 05
e
-4
S 04
g
Z
= 03
5]
32
£ 02
(-9
0.1
s L L L L s L L s
0
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Number of samples (t/s)

Fig. 3 Parameter estimation error curves for different multi-innovation
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6.2 Actual system

To further illustrate the applicability of this method in a prac-
tical system, we model and identify a flexible manipulator
system from the Manufacturing and Automation Laboratory
of Katolik University Leuven. In this system, a robotic arm is
mounted on a motor; the obtained system input is the reaction

. r
Partial enlarg alpha

Estimated results when
multi-innovation P=5

o
o

Estimated results when

multi-innovation P=3 Estimated results when

multi-innovation P=1

o

Fractional order estimation
i
1
i
i
1
i
i
i
I
i
i
1
i
i
I
I
i
)
i
i
1
i
i
i
i
I
i
1
I
i

real parameters

-05

N L L . L L L .
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Number of samples

Fig. 4 Estimation results of fractional order of different multi-innovation
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Fig. 5 Comparison of the output of the identification model (P = 5) with the actual output

torque of the structure, and the output is the acceleration of the
flexible arm [30]. To model this system using the method
proposed in this paper, the structure of the system needs to
be determined first. Reference [28] has carried out
Hammerstein-Wiener modeling for this system; therefore,
we adopt the system structure determined in the literature [2,
3] to directly apply the method proposed in this paper. Unlike
in the academic example of the previous subsection, where the
real parameters of the system are known and the modeling
effect can be evaluated simply by comparing the accuracy of
the parameters, in an actual system, we do not know the real
system parameters and so we need to compare the estimated
output of the system with the actual output fitting effect.

First, on the premise that the system structure is determined,
we use the method proposed in this paper to model the robotic
arm system and obtain the objective function values under dif-
ferent innovation numbers. Figure 7 shows the objective func-
tions for innovation numbers of P = 1, 3, 5. It can be seen from
Fig. 7 that with an increase in the number of iterations, the
objective function gradually converges. By zooming in on the
relevant part of the figure, it becomes obvious that the greater
the number of innovations is, the higher the estimation accuracy
and the smaller the objective function. When the number of
innovations is P = 5, the objective function is the smallest.

Therefore, an innovation number of P = 5 is selected to
model the robotic arm system. Figure 8 shows the output

Fig. 6 Relative error curve of 12
parameter estimation between the
method in this paper (P = 5) and
the method in the literature ’ 3 — — — -Mecthod [28] 7
o VE e Method [29]
£ 1 The method of this paper
o] 1 4
£ 08
53}
_t’)
s S -
- A
£ 06 1 ~_
g N, T mm——
204 || TR,
& \ ........................................................
g \
£ 02 | “S—
a ————— o
0

0 1000 2000

3000

4000 5000 6000

Number of samples
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Fig. 7 Objective function ./ under 0.35
different multi-innovation

T T |

—— Multi-Innovation P=1
—— Multi-Innovation P=3
Multi-Innovation P=5H

Table3  Comparison of the error range of the robot arm estimation with
the literature (P = 5)

Method [28] [14] The method of this paper
Errorrange  [-0.2,02]  [-0.15,0.15]  [-0.1,0.1]

fitting diagram when the innovation number is 5. The actual
output and the estimated output are basically in agreement.
Figure 9 shows the system estimation error. It can be clearly
seen that this error is small and the modeling accuracy is high.
To further verify the superiority of the method in this paper,
we have added comparisons with other methods from the
literature. References [14, 28] proposed different methods
for the modeling and identification of this manipulator system
and presented corresponding output error figures. We com-
pare the error with the results of these studies as shown in

T
—Actual output
|—Estimated output

0.6 4

0.2 1

output
o

0.2F ‘ B

-0.6 1

I I I I I I I I I I
0 100 200 300 400 500 600 700 800 900 1000
K

Fig. 8 System actual output and estimated output (P = 5)
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40 50 60 70 80 90 100
number of iterations

Table 3. It can be clearly seen that the error of the method
proposed in this paper is smaller and its modeling accuracy is
higher.

7 Conclusion

To overcome the difficulties in identifying fractional-order
nonlinear systems, a hybrid parameter identification algorithm
based on the principle of multiple innovations is proposed. A
multi-innovation recursive gradient descent algorithm and a
multi-innovation Levenberg-Marquardt algorithm are de-
signed based on the principle of multi-innovation

0.5

03 1

02 ]

0.1

output estimation error
o

041 1

05 | | | | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000

K
Fig. 9 System estimated output error (P = 5)
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identification to estimate the model parameters and the frac-
tional order of the system. As seen through simulation and
verification based on an academic example, proper use of
the multi-innovation principle can increase the convergence
speed of the proposed identification algorithm and improve
the identification accuracy. In addition, the proposed algo-
rithm is applied to an actual flexible manipulator system to
verify the applicability of the multi-innovation principle in
solving practical problems and confirm the practicability of
the algorithm. In this paper, the proposed algorithm is verified
in both academic and practical applications, and the model
identification results are compared with those of algorithms
proposed by other scholars. The method proposed in this pa-
per has higher modeling accuracy and lower error.

From our simulation study, we obtain the following
conclusions:

1) With an appropriate increase in the number of innova-
tions, the convergence speed of the system identification
algorithm and the identification accuracy can be
improved.

2) By introducing the multi-innovation principle, a multi-
innovation gradient descent algorithm and a multi-
innovation L-M algorithm are designed. The two algo-
rithms take turns estimating the model parameters and
fractional order, and the overall algorithm is simple and
convenient.

The modeling of MIMO fractional-order nonlinear systems
is still a challenging topic, and this is also a future direction of
study for researchers.
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