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Abstract

Preference relations are an efficient technology to derive the priority vectors for the alternatives in group decision-making. In this
paper, an analysis of the existing research on group decision-making with intuitionistic fuzzy preference relations (IFPRs)
indicates that [FPRs have some desirable properties similar to those in fuzzy situation. Then, generalized intuitionistic fuzzy
preference relations (GIFPRs) and their consistency are proposed to model all those desirable properties. The given consistent
GIFPRs are completely characterized by intuitionistic fuzzy priority vectors (IFPVs). For inconsistent GIFPRs, the novel 4 -
acceptable consistency and consensus are proposed to preserve the original preference information as much as possible and
methods without thresholds seeking to reach the desirable requirements are provided and visualized. Some numerical examples
are given to illustrate the proposed models work; and comparisons with the existing methods are also offered to demonstrate the
validity, applicability and advantages of the proposed method.

Keywords Generalized intuitionistic fuzzy preference relations - consistency - consensus - intuitionistic fuzzy priority vectors -

group decision making

1 Introduction

Group decision-making with preference relations has been
extensively investigated over the past decades. By comparing
alternatives from a set of feasible alternatives, decision-
makers construct preference relations to model the decision
processes and obtain a priority. In the procedure of group
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decision-making with preference relations, consistency and
consensus are indispensable to avoid a misleading priority
structure.

Among these preference relations, multiplicative prefer-
ence relations [25] and fuzzy preference relations (FPRs)
[24, 26] are basic preference relations that can be connected
by a transformation function [5]. To well describe the complex
information in real-world decision problems, various general-
ized preference relations based on these two basic preference
relations have been developed [21-23, 35, 47, 48]. For exam-
ple, to model decision-maker’s pairwise comparisons with
hesitancy, Xu [35] introduced the concept of IFPRs, in which
decision maker’s preferences are characterized by
Atanassov’s intuitionistic fuzzy values [1], and the hesitation
margin of a preference is determined by its intuitionistic fuzzy
index.

The consistency of FPRs includes additive consistency and
multiplicative consistency [26], which have been widely in-
vestigated [2, 6, 14, 15, 28, 37, 45, 46]. Particularly, it was
proven that both consistencies could be characterized by pri-
ority vectors [26, 46]. For IFPRs, the situations seem to be
complex. Different consistency conditions have been pro-
posed to define consistent IFPRs, and several approaches have
been developed to derive priority vectors from IFPRs [9, 12,
16, 29, 30, 32, 33, 36, 43, 44]. Liu et al. citeLiu2020 proposed
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another view on IFPR-based aggregation operators. Liu et al.
[20] investigated the decision making problem based on
IFPRs with additive approximate consistency. Xu et al. [36]
introduced the multiplicative consistency of IFPRs that was
modified to possess some desirable properties by several re-
searchers. Liao and Xu [16] stated that the multiplicative con-
sistency in Ref. [36] can not be reduced to the fuzzy case and
provided a novel multiplicative consistency. Based on the
isomorphism between multiplicatively consistent [IFPRs and
interval-valued FPRs, Wu and Chiclana [32, 33] strengthened
Liao and Xu [16]’s consistency definition. Wang [29] put
forward a novel geometric consistency to ensure that the con-
sistency is robust for permutations of the intuitionistic fuzzy
judgments given by the decision-makers. Wang [30] stated
that none of the existing multiplicative consistencies [16, 29,
32, 36] is actual intuitionistic fuzzy extensions of the multi-
plicative consistency [26], and proposed a novel consistency
using the cross ratio uninorm. To investigate the equivalence
between consistent [FPRs and IFP Vs similar to the fuzzy case,
Yang et al. [43] modified the constraints on Xu et al. [36]’s
consistency, further defined a novel consistency using a class
of representable uninorms [44] and characterized them using
IFPVs.

In practical applications, since the preference relations pro-
vided by decision-makers are not always individually consis-
tent or consensus in a group, they should be modified to reach
a given requirement. Xia et al. [39] proposed algorithms for
improving the consistency or consensus of FPRs by a control
parameter and threshold. Xu and Herrera [38] developed a
graphical method to visualize and rectify different inconsis-
tencies for FPRs. Liu et al. [18] developed a group decision
making method based on DEA cross-efficiency with IFPRs.
Liao [16] and Wan [27] provided a consistency index of
IFPRs for reaching acceptable consistency by modifying the
whole IFPR or a single element of IFPRs with a control pa-
rameter, respectively. Yang et al. [41] investigated the multi-
plicative consistency threshold of IFPRs that varies with the
order of IFPRs. Xu et al. [40] developed a mathematical pro-
gramming method to simultaneously modify the consistency
and consensus in group decision-making with IFPRs. Yang
et al. [42—44] proposed a novel method to simultaneously
visualize and rectify the consistencies or consensus of IFPRs
by local [FPVs.

Based on the review conducted above, some genuine chal-
lenges are identified which are presented below:

1. The existing multiplicative consistencies [16, 29, 30, 32,
36, 44] for IFPRs only partially have properties similar to
those in the fuzzy case which inevitably leads to some
shortcomings (see Section 3.2 and Table 1). Thus, it is a
challenge to provide consistency for IFPRs with all desir-
able properties similar to those in fuzzy cases.

2. In some group decision-making problems, the optimal
alternatives are expected to be derived, but the existing
methods always reach the goal by providing a ranking
of all the alternatives. By preserving the original pref-
erence information as much as possible when rectify-
ing the IFPRs, the original IFPRs could be excessively
modified.

Motivated by these challenges, there are three major contribu-
tions of this research:

1. Novel GIFPRs that can not only express more preference
information of decision-makers than IFPRs but also dem-
onstrate the relationships between the diagonal entries and
consistency, which is necessary to equivalently describe
an IFPV, are proposed.

2. Parameterized consistencies for GIFPRs that not only
possesses properties similar to those in the fuzzy case,
but also help to derive a more suitable IFPV than a con-
stant consistency for a given GIFPR are defined.

3. The § -acceptable consistency and consensus are pro-
posed to directly derive the optimal ¢ alternatives from n
given alternatives for an individual decision-maker or
those in a group. According to the existing method to
derive a ranking of n given alternatives, the proposed
method needs fewer modifications to the original prefer-
ence information, and hence can preserve the original
preference information as much as possible.

To accomplish this, the remainder of this paper is struc-
tured as follows. In Section 2, the FPRs and their multiplica-
tive consistency are briefly reviewed. In Section 3, a compar-
ative analysis of the existing multiplicative consistencies of
the IFPRs is performed. Section 4 provides the notions of
GIFPRs and their consistency and discusses some of their
desirable properties. In particular, it has been proven that a
consistent GIFPR could be completely characterized by an
IFPV. In Sections 5 and 6, methods to check and repair the
consistency and consensus of GIFPRs are investigated.
Specifically, local IFPVs are defined by n—1 independent
preference values, based on which the novel § -acceptable
consistency and consensus are proposed to preserve the orig-
inal preference information as much as possible. Then,
methods to check and repair the § -acceptable consistency
and consensus of the GIFPR are provided, and numerical ex-
amples are given to illustrate the effectiveness of our method.
In Section 7, a discussion and comparison with other similar
methods are provided. Section 8§ gives the conclusions.
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2 Preliminaries

In this section, we review some basic concepts of FPRs and
their multiplicative consistency.

For a decision-making problem, let X' = x,x,, - ,x, bea
finite set of alternatives. For convenience, suppose that w =

(wi,w,* ,wy)" is the normalized crisp vector of priority
weights, where w; reflects the degree of importance of alter-
n
native x;; w;>0,i = 1,2, - ;nand ) w; = 1. In the decision-
j=1
making process, a decision-maker generally needs to provide
preference information for each pair of alternatives, and then
constructs an FPR.

Definition 1 [26] A fuzzy preference relation (FPR) R on Xis a
R = (}",‘j)an with
0<ry<l,rjj+rj=1r;=05,i,j=1,2,-* ,n, where r;;
represents a fuzzy preference degree of the alternative x; over
the alternative x;.

Ifr;; = %, then there is no difference between alternative x;

matrix

and alternative x;. If r;; > %, then alternative x; is preferred to
alternative x;. The larger r;; is, the greater the degree of pref-
erence of alternative x; over x;. If r;; = 1, then alternative x; is
absolutely preferred to alternative x;.

The multiplicative consistency of FPRs was proposed by
Tanino [26] as follows:

Definition 2 [26] An FPR R = (rl- j)lzxn is said to be multipli-
catively consistent, if it satisfies the following multiplicative

transitivity:
il kP ki = VikTkj1jis (1)

fori,j,k=1,2,-+ ,norequivalently, r;; = ry ®c r where
®c 1is the cross ratio uninorm with the additive generator /¢
(t) = In(:£) such that x®cy = h¢' (hc(x) + he ().

The following theorem indicates that there exists a one to
one correspondence between the set of the multiplicatively
consistent FPRs and that of the normalized priority vectors
as follows:

Theorem 1 [46]Let R = (r;;), . be an FPR. Then R is multi-

nx
plicatively consistent if and only if there exists a normalized

priority vector w = (wy,ws, ** ,wn)T such that
Wi
rii =
ij wi + w ) (2)
n
where w;, w;>0,i,7 =1,2,--- ,n, ) w; = 1. In addition, it
j=1
holds that

@ Springer

n .. -1
= (z —) G)
k=17ij

Remark 1 In Theorem 1,

1. the condition r; :% fori=1,2,--+ ,n can be derived
from (2) by taking i = j, fori,j = 1,2, |n.

2. (3) indicates that the main diagonals always add a con-
stant 1 comparing an alternative with themselves to pro-
duce a final ranking of alternatives. In Refs. [4, 10], the

main diagonals are denoted as “-”.

3 Intuitionistic fuzzy sets and intuitionistic
fuzzy preference relations

3.1 Intuitionistic fuzzy sets

Due to hesitancy and uncertainty, it may be difficult for
decision-makers to quantify their preference values using
crisp numbers in decision making problems, but they can be
represented by intuitionistic fuzzy judgments in a pairwise
comparison matrix. In what follows, the concepts of IFSs
and IFPRs are introduced.

Definition 3 [1] Let X be a given universe. An intuitionistic
fuzzy set (IFS) A in X is defined as

A = {x, py(x), va(x)|xeX }

4 (x) ,va(x) €0, 1] indicate the amounts of the guaranteed
membership and non-membership of x in A, respectively and
satisfy g, (x) +va(x) <1.

We recall for an intuitionistic fuzzy set the membership
grade of x in A which is represented as a pair (4 (x) , v4(x))
is called an intuitionistic fuzzy number (IFN) [34]. Here, the
expression m4 (x) = 1=, (x) —v4(x) is called the hesitancy of
x. The IFN « = (u,,, V) has a physical interpretation, for
example, if & = (0.3,0.2), then it can be interpreted as “the
vote for resolution is 3 in favor, 2 against, and 5 abstentions.”
citeGaul993. For an IFN «, a score function s [3], which is
defined as the difference of membership and non-membership
function, can be denoted as s(a) = u,~v,, where s(a)
€[—-1, 1]. The larger the score s(«), the greater the IFN .. To
make the comparison method more discriminatory, an accu-
racy function 4 [11], which is defined as follows Z(a)
= p, + Vo, where h(a) €[0,1]. When the scores are the
same, the larger the accuracy /(«), the greater the IFN a.
However, it is obvious that #(«) 4+, = 1. Furthermore, the
methods for comparing and ranking IFNs are also a focus in
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the research of IFNs, and lots of ways have been proposed for
solving the problem [8, 34, 35, 45]. At present, there is still not
a perfect way for solving it completely. Because this paper
doesn’t focus on the methods of comparing and ranking
IFNs, we only use the common method introduced by Xu
and Yager [34] as follows:

Definition 4 [34] Let «, 8 be two IFNs. Then, we have

1. Ifs(B3) > s(a), then 3 is bigger than «, i.e., F>a.
2. Ifs(a) =s(B),

1. ifh(B) > h(«), then 3 is bigger than « , i.e., B>a;
2. ifh(a) = h(B),ie., a=0.

3.2 IFPRs and the existing consistencies based on
representable uninorms

Definition 5 [35] An intuitionistic fuzzy preference relation
(IFPR) P on X is characterized by an intuitionistic fuzzy
judgment matrix P=(,), , with p;; = (y,;;,vi;), where p;;
is an IFN [34], and p,; is the certainty degree to which
alternative x; is preferred to x;, and v;; is the certainty degree
to which alternative x; is non-preferred to x;, and

01y + vij<L, pyy = vjis vij = pgps jyg = vig = 0.5,0, 7 = 1,2, . n.

Yang et al. [43] stated that an IFPR can equivalently be de-
scribed by its membership degree matrix r, = () - with g
+p;<l and p; = 0.5 for all 4, j = 1,2, -+, n. Thus, in the
following parts, we always denote IFPR P as P,,. Furthermore,

Definition 5 indicates that to provide an IFPR, only @ IFNs
as preference values should be given on its upper triangle.
Then, Xu et al. [36] used the cross ratio uninorm to define
multiplicatively consistent IFPRs as follows:

Definition 6 [36] An IFPR P, is said to be multiplicatively
consistent, if it satisfies the following multiplicative transitivity:

0, i=J
he(py) = {hc(/l,ik) +he(pyy), i<k<j or i>k>j (4)

where /¢ is the additive generator of the cross ratio uninorm
Qcandi,j k=12, ,n.

Wang [29] stated that Xu et al. [36]’s consistency is not
robust to permutations of the original intuitionistic fuzzy judg-
ments provided by the decision-maker. In other words, this
consistency is highly dependent on alternative labels. Yang
et al. [43] overcome this consistency issue by modifying the
constraints for 7, j and & as follows:

Definition 7 [43] An IFPR P, is said to be multiplicatively
consistent, if it satisfies the following multiplicative transitiv-

ity:
{0, i=Jj
”C<“ff>{hc<uik)+hc(uk,~>, i#j 2k, )

where /¢ is the additive generator of the cross ratio uninorm
Qcandi,j k=12, n

They also characterized the nondiagonal entries of consis-
tent IFPRs using IFPVs as follows:

Theorem 2 [43] Let P,, be an IFPR. Then P, is multiplicative-
ly consistent if and only if there exists an IFPV w =
(wi,ws, * ,wy) with the IFN w, = (p,,v;) fort = 1,2, -+ |
n such that
0 i=j
he(p) =4 e 6
00 ={ i)+ e, 27 ©)

where ¢ (11,) = he' (X Mehelug)) andhe(v) = he! (X X
he(ug,) fort = 1,2, ,n, Ael0, 1] and 3 Xy = 1.
k=1

Definition 8 [30] Let P,, be an IFPR. Then P,, is said to be of
consistency, if there exists 6y<[0, 1] such that

otherwise;
i#j#k,
(7)

hc(“”) - {2;(Mik) + he(py;) + he(0),

Theorem 3 [30] Letw = (wy,ws, " ,w,) be an IFPV with the
IFN w; = (u,,v,) for t = 1,2, ,n. Then the IFPR deter-
mined by (6) is consistent.

Theorems 2 and 3 show that Yang et al. [43]’s consistency
is always Wang [30]’s consistency. Furthermore, Wang [30]’s
consistency could not be characterized by the provided [FPVs.
In order to further demonstrate the relationship between con-
sistent [IFPRs and IFPVs, Yang et al. [44] proposed the fol-
lowing consistency definition:

Definition 9 [44] Let P,, be an IFPR. Then P,, is said to be of
representable uninorm-based consistency if there exists a Ae
(=1, 4o0) such that

h)\(:u‘ij) = h\(py) + h/\(/u'kj)v (8)

for all

hy(t) = *ln(*logﬂ,\ (m)) ,Ae(=1, +o0).
Taking i=j, we have p;=h,'(0)=0.5 and
s = ! ().

ik, j=1,2,"n, where

@ Springer



H.T. Xie et al.

7

0.2 0.4 0.6 0.8 1

Fig. 1 The hesitancy degree varies 7 with parameter A

Table 1  Characteristics of the existing consistencies of preference
relations

DMC MCC MCD IFNF
Tanino [26]’s consistency Y Y Y Y
Xu et al. [36]’s consistency N - N Y
Yang et al. [43]’s consistency N Y Y Y
Wang [30]’s consistency N N Y Y
Yang et al. [44]’s consistency Y Y Y N
The proposed consistency Y Y Y Y

DMC: diagonal entries could be derived from consistency

MCC: consistency could be characterized by priority vector

MCD: consistency is robust to permutations of the original judgments
IFNF: preference values can be provided without extra contraints

Theorem 4 [44] Let P, be an IFPR. Then P,, is representable
uninorm-based consistent if and only if there exists an [FPV
w = (wy,wy, """ ,wy) such that

h/\(:u’ij) = hA(Mz’) + hy (Vj)7 (9)

for some \e(—1,+),i,j = 1,2,  n, where y, = h;l( >
k=1

MNe Ty (pg)), v :h;l(kz M hy(vg)) with M0, 1] and
=1

S =1
k=1

Although Yang et al. [44]’s consistency possesses more
desirable properties similar to Tanino [26]’s consistency than
the other consistencies [30, 36, 43](see Table 1), we find that
if we define function n(f) = h,'(~h,(t)), then the degree of

@ Springer

hesitancy of the IFNs in a consistent IFPR P, can be given as
follows: my = 1-n(p;)—p4;- Figure 1 demonstrates the vari-
ation of m;; with parameter A from 0 to 50. That is, the degrees
of hesitancy of any IFNs as preference values in a consistent
IFPR P, are approximately no more than 0.12 (A=4 for all 1,
€0, 1] ) which limits the usage of the representable uninorm-
based consistency in practice.

4 Generalized intuitionistic fuzzy preference
relations and their consistencies

In this section, in order to overcome the shortcoming of the
existing consistency [30, 36, 41, 44] and guarantee that con-
sistent [FPRs possess many more properties similar to consis-
tent FPRs, we introduce GIFPRs and their consistencies as
follows:

Definition 10 A generalized intuitionistic fuzzy preference re-
lation (GIFPR) P on X is characterized by an intuitionistic
fuzzy judgment matrix P = (p,) , With p; = (u; ;) such that
(1, vij) = Wiy ), 8,7 = 1,2, n, where p,; is an IFN,
and y;; is the certainty degree to which alternative x; is pre-
ferred to x;, and v;; is the certainty degree to which alternative
x; is non-preferred to x;.
Note the following:

1. When all IFNs in GIFPR P reduced to a fuzzy case, the
GIFPR reduces to an FPR.

2. Regarding the main diagonals of a preference matrix, first,
they are not needed in practice as they do not add anything
useful when comparing an alternative with itself to pro-
duce a final ranking of alternatives. Second, compared to
the IFPRs in Ref. [35], GIFPRs are more logical, because
pi; = pj; (¢ is the natural negation in intuitionistic fuzzy
case), which is similar to that in fuzzy case, i.e., r;j = 1—-
rjforalli,j=1,2,"+ n.

3. Similar to that in Ref. [43], the GIFPRs can be equivalent-
ly described by their degree of membership matrix P,
= ('uij)an with g + ;=<1 for all i,j=1,2,-+ ,n.
Thus, in the following parts, we always denote GIFPR P
as P,.

Using the additive generators of a class of logical operations
similar to the cross ratio uninorm ®¢, we propose a novel
consistency for the GIFPR as follows:

Definition 11 Let P, be a GIFPR. If there exists a Ae(0, 1]
such that

h/\(:uij) = hx(py) + h)\(:ukj)7 (10)
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for i,j,k =1,2,-=- 'n, where hy(t) = ln(%), then P, is
said to be consistent with respect to /.

Different from the case of consistent IFPRs in Ref. [35], for
a consistent GIFPR with respect to /), the following results
indicate that not only the nondiagonal entries but also the
diagonal entries have close ties with the consistency. In spite
of this, comparing an alternative with itself still does not pro-
vide anything useful for producing a final ranking of
alternatives.

Theorem 5 Let P, be a consistent GIFPR with respect to /,.
Then it holds that

1. hy(p;)=0fori=1,2," ,m
2. ha(py) +ha(py) = 0for i, j=1,2, ,m;

Proof It follows immediately from (10) by taking i = j and
i = k, respectively.

Although the main diagonals of a consistent GIFPR are not
0.5, in general, they are always the same and can be derived
from %, (0). Thus, in order to simplify the computation, we
always denote these main diagonals as “-, similar to those in
Refs. [4, 10], in the following part.

Example 1 For a decision-making problem, there are four al-
ternatives x;(i = 1,2, 3,4). The decision-maker provides his/
her preferences over these four alternatives, and gives a
GIFPR as follows:

- 025 0.16 0.16
025 - 0.16 0.16
036 036 — 025
036 036 025 -

P, =

Taking hos5(f) = In (lio%), then we have

ho.s (1)
hos( /J’ij)"‘ hos( :”ji)

2, . S
hO.S(/"ii) = hos(py) + h0_5</1'k/') = ln(g)vl¢k¢]-17}7k =12, ,n

0,i=1,2, " ,n;
0,i#j,i,j=1,2, ,n;

Thus, P, is a consistent GIFPR with respect to /gs.
Furthermore, P, is obviously not an IFPR, because p;; = 0.2
5#20.5 foralli=1,2, n.

We characterize the consistent GIFPR using an IFPV as
follows:

Theorem 6 Let P, be a GIFPR. Then, for a given Ae(0, 1], P,
is consistent with respect to /) if and only if there exists an

IFPV w = (wy,ws, ,wn)T such that

h)\(,uij) = ha(p) + hA(Vj)v (11)

foralli,j=1,2,* ,n, where

= hy! (k; Meha(pi))s ve = by (k; N () (12)
A=A A) with Ael0, 1] and 3 A = 1.
k=1

Proof Since P, is consistent with respect to /4, we have
(i) = ha(pae) + ha(pg ) and hence

h(py) = kgl Ach(pi) + kgl Ach(pu;)- Thus, h(p;) = h(p;)
+h(l/j) where u,:}fl(/él)\;fh(#,k)).,u,:h’l(kél Meh(y,)) With A€
0,1]and 3 A = 1.

k=1

Conversely, since ha(p;) =0 and
ha(pir) = ha(py) + ha(vi), we get ha(p;) + ha(vi) = 0.
Furthermore, we have /1 (y1;;) = ha(p;) + ha(v;), ha(py) =
(1) + ha(vi) and hy(py ;) = (1) + ha(v;), and hence
IinGiae) + (1) = alo) + () + i) + b (v) = () + I (v7) = ()

Thus, P, is consistent with respect to /).

Next, we investigate the properties of the IFPVs derived
from the consistent GIFPRs.

Theorem 7 Let P, be a consistent GIFPR with respect to /,.
Then for the IFPV w in Theorem 6, it holds that /) (y;) + Ay
(vi)=0fori=1,2, ,n.

Proof It follows immediately from Theorems 5 and 6.

For convenience, for a consistent GIFPR P,, with respect to
hy, we set hy(t) = 1, that is,

= (g Fis " Fis D1, 02, 0) (13)
9 By El.n
THi2 0 T Hog

B= : : : : (14)
Ty THaw 0

b= (07/7127"' sﬁl;,aﬁ21a0~/723"' ':H’?.n‘ ~/7:x./,—|~0)r (15)

and 7 denotes transposition. Then (11) can further be rewritten
as follows:

AB =, (16)

where
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00---0100--- 10
00010001

n2x2n

and (12) can be rewritten as

o= <frﬁr> (18)

The following results are obvious but crucial.

Theorem 8 For the matrix A defined by (16), it holds that
rank(A) = 2n—1.

Proof It is trivial, so we omit it.

Theorem 9 Let P, be a GIFPR. Then, for a given A€(0, 1], P,,
is consistent with respective to /4, if and only if (16) is solvable
with one free unknown.

Proof It is trivial, so we omit it.

Example 2 We continue Example 1. Taking A = (1,1,1.)" and
using (18), then &= (in().31n@).~4in).~4n().~31nG).~1in3) 31n). d1n(3)
and w~((0.202,0.303), (0.202, 0.303), (0.303, 0.202), (0.303, 0.202)). Thus

s(wy) = s(wy) =—-0.101 and s(w3) = s(ws) = 0.101. By
Definition 4, we get x3 = x4>x] = Xx3.

Remark 2

1. Although IFPV w varies with the weight vector A, the
ranking is constant from Theorem 8.

2. The contribution of fi; to the transformed IFPV (1;, ;)
fori=1,2,--- ,n is always equal to zero according to
(18). That is, comparing an alternative with itself does
not add anything.

@ Springer

5 Check and reach § -acceptable consistency for
arbitrary GIFPRs

In some practical decision-making problems, GIFPRs are usu-
ally not consistent. That is, the equations in (10) do not hold.
We provide the following model to determine parameter A and
check the consistency for an arbitrary GIFPR P,

n 2
d=min 5 (gt Ty
thzl( ! J (19)
itk

Obviously, d = 0, which implies that GIFPR P,, is consistent;
otherwise, it is not consistent. We introduce the following
acceptable consistency.

Definition 12 Let P, be a GIFPR and /) be determined using
(19).

1. For n—1 non-diagonal entries y; ;" ,p; ,;  ina
GIFPR P, if the general solution of the following group
of equations

ﬁ1+_;1 :/711 =0,

ﬁn + ;’1 = ﬁnn = 07

o (20)
Hiy + 7/./1 = Hiyjp>
/N“i,,q + 17]}.4 = ﬁiu—hjn 1
is of only one free unknown, then 1 ;.= . p;  ; i8

said to be independent;

2. The IFPV (A (), 1y (1)), 5 () (), By (7))
determined using n—1 independent preference values of
P,, with (20) is said to be local.

Theorem 10 Let P, be a GIFPR and /4 be determined using
(19). Then P,, is consistent with respect to /2, if and only all
the local IFPVs are equal up to addition of a real constant.

Proof It is trivial, so we omit it.

Obviously, all the local IFPVs are the same and naturally
determine a single ranking for a consistent GIFPR. However,
when a GIFPR is inconsistent, various rankings could be de-
rived. In spite of this, the following case is acceptable.

Definition 13 Let P, be a GIFPR and § be a positive integer
with <n. If the rankings of the first § alternatives are the same
in the rankings determined by all the local IFPVs, then P,, is
said to be § -acceptable consistent.
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Example 3 For a decision making problem, there are four
alternatives x;(i = 1,2,3,4). The decision maker provides
his/her preferences over these four alternatives, and gives a
GIFPR as follows:

-~ 06 08 09
p _ |03 - 06 08
“~1o1 02 - 06

0.1 01 02 -

Solving (19) by mathematical software Sagemath, we have
A = 0.827. Furthermore, for yt;, = 0.6, p1;; = 0.8 and 114 =
0.9 in P,, using (20), we construct the following group of
equations:

lzl +El :Ell =0,
P+ V2 =y =0,

Py + V3 = fi33 = 0,
g+ V4 = [igq =0,

iy + V2 = fiy; = 0.643,
Tiy + s = iy — 1596,
fiy + 7 = fiyy = 2.396.

It is trivial to verify that the rank of the coefficient matrix is
2n—1, that is, 15, 4,3 and 11,4 are independent in P,,. Solving
the above equations, we have a local IFPV
Wiocar = ((0.9,0.05), (0.824,0.099), (0.639,0.243), (0.433,0.433)).
Using Definition 4, the ranking is x; >x; >x3>x4. Similarly, 115,
= 0.2, ;447 = 0.1 and p143 = 0.2 are independent in p, and the
corresponding local TFPV wpw=
((0.823,0.1), (0.864,0.073), (0.69,0.2), (0.433, 0.433))
with the ranking x,>x;>x3>x4. Thus, the GIFPR P,, is not of
1-acceptable consistency.

An unacceptably consistent GIFPR is usually modified to
satisfy the requirements of consistency in order to avoid an
unreasonable result. We construct a model to derive the opti-
mal IFPV for GIFPR P, as follows:

min Y (1 +’7.i_ﬁij)2
Li=1 (21)
i#j
st p+v;=0i=1,2, ,n.

Then, we provide a consistent GIFPR C, =

(B! () + i (v)) )) ., using (11). Furthermore, in order
to simplify the calculation process, we provide the approxi-
mate solution of (21) by solving the following model:

min Y (5 + 7 7y)°
ij=1 ’ (22)
i#j

N 0 i=j . .
where i,; = ¢ ~’ ., 7" Thus, the approximate solution of
Hij { fijy 0% pp
(21) can be provided by the normal equation of (22) as
follows:

ATAG = ATh. (23)
Then, we establish a method to achieve § -acceptable consis-
tency by the following steps:

Step 0
Step 1
Step 2

Let Pﬁf) = P, and the iteration ¢ = 0.
Determine parameter A") for / o by (19).

Solve all the local IFPVs wgt) of the GIFPR P, using
(20) and record their positions in L. If PL’) isd -
acceptable consistent, then go to Step 6; otherwise,
go Step 3.

Compute the optimal IFPV w*) using (23) and
construct a GIFPR AC!!) = (1} (h Ay + i)
using (11).

Determine the positions where the preference values

Step 3

nxn

Step 4
in Pu“) should be modified using /y = arg max;c;
dis(w, wgt)) (dis is the Chebyshev distance
between two vectors).

According to [y, replace the preference values in

P, with those in GIFPR AC L’). The modified P, "
(t+1
I

Step 5

is denoted as P!, and return to Step 1.

Step 6 Output P,

Note the following:

1. The larger ¢ is, the better the ¢ -acceptable consistecy.

2. The above algorithm converges and can be used to derive
a consistent GIFPR by adding iterations.

3. The process of checking and reaching § -acceptable con-
sistency can be executed and visualized by the local
IFPVs; hence, presetting a threshold is more convenient
and intuitive than the existing methods.

4. The consistency of GIFPR ACS) becomes improves as
iteration increases.

5. The d -acceptable consistency is weaker than the n-accept-
able consistency; hence, when a GIFPR has to be modi-
fied, 0 -acceptable consistency could be reached using less
modification. Thus, the above algorithm with § -accept-
able consistency could preserve the original preference
values as much as possible.

To illustrate the proposed method, we provide the following
numerical examples:

Example 4 We continue the GIFPR in Example 3 and have the
following steps:
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Step I Using (19), the parameter A0 = 0.827 for & O

Step 2 Using (20), all the local IFPVs {w\” |/ = 1,2, ,1

28 and the corresponding rankings are provided in
Table 2 and Fig. 2 with = 0. PLO) is not 1-
acceptable consistent, because all the IFPVs deter-

mine a ranking x| >x,>x3>x4 except the 126th IFPV,

which provides a ranking x,>x;>x3>x4.

Step 3 Using (23) and (11), we have the optimal IFPV

w® = (0.894,0.801,0.601,0.446, 0.064, 0.106, 0.232, 0.433)
and the GIFPR constructed using w(®) as follows:

Table 2 Local IFPVs and Rankings in Example 4

—  0.601 078 0.894
ac0 _ | 0294 = 0626 0801
" 0.126 0.197 -  0.601
0.068 0.112 0242 -

Step 4 By computing, we have 104 = arg max;

dis (w(’) , w@) ,

that is, pt,3, 43, and M& should be modified.
Step 5 a3, M3 and piyy in P, 9) are replaced with the

corresponding entries in ACL°>. Then, P, is
modified as

- 06 08 09
s _| 03 - 062 08
2 0.126 02 - 06

0.068 0.1 0.2 -

Step 6 Using (19), the parameter AN = 0.814 for hyo

Local IFPV (i, iy, i3, fhas V1, V2, V3, V4 ) Ranking is acquired.
Step 7 Using (20), all the local IFPVs
1 0.9, 0.824, 0.639, 0.433, 0.05, 0.099, 0.243,0.433 x| >x>X3>X4 P lg (20)
2 0.885,0.8,0.6,0.433,0.059, 0.116, 0.276, 0.433  x1>x2>x3>X4 {w§ )\l =1,2,, 128} and the corresponding
SR : rankings with # = 1 are indicated in Fig. 2. It is
104 0.823,0.6,0.433,0.433, 0.1, 0.276, 0.433, 0.433  x1>=x2>=X3>X4 obvious that pil) is 4-acceptable consistent with the
: : : ranking x| >x>x3>X4.
125 0.823,0.823,0.619, 0.433, 0.1, 0.1, 0.26, 0.433  x1>x2>X3>X4
126 0.823, 0.864, 0.69, 0.433, 0.1, 0.073, 0.2, 0.433  xp>x1>X3>X4
1270.823,0.823, 0.6, 0433, 0.1, 0.1, 0.276, 0433 xy>-x0-x3-x4 Example 5 For a decision-making problem, there are four al-
128 0.823, 0.823, 0.69, 0.433, 0.1, 0.1, 0.2, 0.433 X1 X2 >X3>X4 ternatives xi(i =1,2,3, 4)' The decision-maker provides his/
her preferences over these four alternatives, and gives a
GIFPR as follows:
- 06 0.7 07
P _ 03 — 06 06
£ 102 03 - 06
0.1 02 03 -
The rankings of the local priority vectors of iterations t=0 The rankings of the local priority vectors of iterations t=1
14 14
(- sh e --------‘ l l ‘! --—-—--( . :;
0.8 H,‘, ‘ '\—”‘ l "\,‘Iv\\,' ,‘:;‘m “—‘1.‘,"";“1“1,“ '| ,ﬂlﬂ :‘,;u'" ey 0.8 «L’—\\"\- ’\rL’Y 'V Y “ \’ Y --\“."h vi ..Awh . sy
; \ 1] swey
i AL T oih bt [t b :‘xr':f‘wn alk’ 2N rw‘y i et
I it s |\ Y l!. \;
o.ﬁ-‘._l.I L\,' .}'H:l: Hi lil ; U ‘\‘ 2'“":{ :I: 0.6 Y y!
3.5 i iyt 1 s
.1,1111'! tﬂquOvI!’I\ivlytﬂln"‘yl” sidrgn 1 { L
s RRERET RRLARRRL AR AATA b I AR ;‘x:tﬁn,'\, R pR Y
AL LR T AT
T I N it e ! L
2l "“” AR 2]
i il i i li by i
| ' ‘ B , ‘ ‘ , ' _
20 40 60 80 100 120 20 40 60 80 100 120

Fig. 2 The rankings vary with iterations in Example 4
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We investigate the acceptable consistency using the following ~ Step 5 /412, fp3 and i34 in Pu(o) are replaced with the
steps: corresponding entries in AC'. Then, P, is
modified as
Step 1 i 0) — :
p Usmtfvr ((119), the parameter A 0.79 for ) is 0560 0.7 07
acquired. , p_ [ 03— 0566 06
Step2  Using (20), all the 1.0cal IFPVS {w§.)|l =1,2,-,128} = 1o2 03 — 0534
and the corresponding rankings with 1 = 0 01 02 0.3 _
are provided in Fig. 3, which indicates that PLO)
is not of 1-acceptable consistent. Step 6 Using (19), the parameter A\ = 0.755 for /1) is
Step3  Using (23) and (11), we have the optimal IFPV acquired.
() = (0.749, 0. .534,0.38,0.13,0.226,0.341,0.41 .
(0749,0.639,0334,0.35,0.13,0.226,0.341,0-410) Step 7 Using (20), all the local IFPV's {uf 1 = 1,2, , 128}
and the GIFPR constructed using w(®) as follows: . . )
and the corresponding rankings with t = 1 are
- 0.562 0.688 0.749 indicated in Fig. 3, which indicates that PLI)
ACO) — 028 - 0.566 0.639 is 2-acceptable consistent, but is not 3-acceptable
K 0.199 0.324 - 0.534 consistent.
0.112 0.199 0.308 N Step 8  Using (23) and (11), we have the optimal IFPV
=
Step4 By computing, we have 12 = argmax, {dls‘(w ! )>}, W = (0.731,0619,0.505, 0'36970‘12.970‘21?1;)‘333’0'399)
that is, 115, 113 and 134 should be modified. and the GIFPR constructed using w'"/ as follows:
The rankings of the local priority vectors of iterations t=0 The rankings of the local priority vectors of iterations t=1
11 14
0.8 0.8 1 ,
p U‘ L-v k L ! 2 N
LY (Wall ' N N ,\“ \‘1 . !\g, yfu”\- Lol fut B
wof L1 w:’ Vo oof LIV M
looes ! ? et I_.J*_..H y 1! ‘ '
i 'L’i 1 ”, “ '.v_ T "'j ,“,; hA "\1" i {1 Ui 4‘ 11.1‘ i
IY I ’l 4 \l || 0.4 i® i 1 h \ \\M \ 6-'! W \‘l Iv..\‘..
0'4-""" 11 ‘!!"v e "|7_‘«‘1 u ' 1 r H
”1".,l ’lr i i l,'“I‘ ' v}fKTM'\Em‘ﬂﬂ ity Hi’\ - " i ' e tI i ‘l
ol || Y i . ‘u ‘ |."h ',L‘ I,M"li_‘ ;!.. " ,:h: s 0.2_,;‘1! fl‘ 54 y\“' 1 ul'h’w‘a;"’ A !.'u,’.,"s'h \.‘ ,l‘! ,1,\‘ \ry'u
< i i! 1: Y 1y ! hi'y vlr \ ij { \ {
".155' '.:{‘ el g TCE L U L
[T | () kol | E - :
!I" 20 40 60 80 100 120 20 40 60 80 100 120
0.2 ' 0.2
The rankings of the local priority vectors of iterations t=2
1 <
0.8 1
o.e-lun pl‘-frw' i‘" S ﬁ T‘I ."A’ V\:"‘IH'W’-
et H
[ 'V\ " "lh o fe ll‘ N\\’V 111 ™,
0.4_';1!1 } i ﬂ,?x‘ f" ) '\»..‘w‘i l ‘x. x...«Fr
Y
0'2_';’,1 MAN iy, l;',“,;,vaﬁ ,,, r.-.ﬂ‘z. x/ U ,\1 ,,.v’x’\ 7
! L{. ‘.l '.'u yutu iy o
2'0 4'0 6'0 8'0 11')0 150
-0.2

Fig. 3 The rankings in Example 3 vary with iterations
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Before deriving the finial IFPV, consistency and consensus of
B 0.548 0.676 0.731 these GIFPRs should be checked to avoid the unreasonable
1 _ | 0.28 - 0.553 0.619
ACT=1 0191 0304 - 0505 results.
0'114 0.196 0305 - Although it is perfect that all the GIFPRs P,
. ' ' (/=1,2,--,s) provided by a group of decision makers sat-
Step9 By computing, we have 103 = arg max; isfy the following conditions:
. (t) .
dis (w(’>,wl )’ that s, 125, p131 and gy should'be p 'y ¢acp P, is consistent;
modified. (P, ) all P, reach consensus, that is, they derive a common
Step 10 o3, 31 and iy in P#(l) are replaced with the IFPV,
corresponding entries in AC(!). Then, P,,(!) is
modified as thatis, P,,; = P,» = -** = P, and they are all consistent, in
_ 0562 0.7 0.7 practical situations, these GIFPRs P,; (/ = 1,2,*** ,s ) can
@ 0.3 - 0.553 0.6 not determine a completely identical IFPV in general, that is,
P = 0.191 03 - 0.534 for an IFPV w, there exist 11,711, + v for some i#j. Thus, we
0.114 02 0.3 - construct the following optimal model:
s n 2
Step 11 Using (19), the parameter A2 =0.771 for hye is mnY Y p (/71' 4 fl7j*l~$,-ﬂ)
acquired. =il (25)
Step 12 Using (20), all the local IFPVs st tvi=0i=1,2,n,

{w§1)|l =1,2,, 128} and the corresponding
rankings with ¢ = 2 are indicated in Fig. 3, which
indicates that Pﬁf) is 4-acceptable consistent with
the ranking x; >x,>x3>x4.

6 Group decision-making with GIFPRs

In this section, we propose a method to derive an IFPV from
the GIFPRs in group decision-making problem which can be
described as follows:

Let X = {x1,x2, """ ,x,} and E = {ej, e, """ , e} be the
set of alternatives under consideration and the set of s
decision-makers who are invited to evaluate the alternatives,
respectively. In many cases, since the problem is very com-
plicated or the decision-makers are not familiar with the prob-
lem and thus they can not give explicit preferences over the
alternatives, it is suitable to use the IFNs, which express the
preference information from three aspects: “preferred”, “not
preferred”, and “indeterminate”, to represent their opinions.
Suppose that the decision maker e; provides his/her preference

values for the alternative x; against the alternative x; as ( Wi ,) in

which 11,7 < j denotes the degree to which the object x; is
preferred to the object x;, p, ;4,7 > j indicates the degree to
which the object x; is not preferred to the object x; with
Wi + p<l, for i,j=1,2,-=- ;nand [ =1,2,--- ;5. The
GIFPR for the /th decision-maker can also be written as follows:

= (o)., =

@ Springer

where p = (py, py, ", p,) is the weight vector of the decision
makers determined as follows:

T(P#k)

Pi ="
£ rew)

(26)

T(Pﬂ,k) = > Sup (Pl,,k,P/,,) and Sup(Pl,,k,P“,) are the sup-
ports for P,l,f from P,;, with the conditions:

(1) Sup (P, P ) €[0, 1];

2 Sup(PuhPut) = Sup(P;LhPuk);

(3) Sup (P, Pyt ) 2Sup (P, Py if
d(Puk,Pu) < d(Pyu, Ppy), where d is the distance measure
defined as follows:

1 n
d(Puk; Pp) = —F— 2 |,ui"_:u""1
( / /t) n(n—l) i jk - Fijt (27)
i#j
For convenience, we always assume that

Sup (Puk,P,,,) = l—d(P#k,P#,). Furthermore, the parameter
A; for each GIFPR P;, [ = 1,2, - |5 is determined by (19).

In order to simplify the calculation process of (25), we
provide the approximate solution of (25) by solving the fol-
lowing model:

s n 2
mn) > p (Ni + Vj_ﬂtjl) (28)
=1 i#jij=1
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N 0, i=}, . .
where 1, = {/71 ll. #j] Then the optimal solution of
Lyl °

(25) can be approximately obtained by the solution of the
equation

N ~
ATAG = AT Y pby. (29)
I=1
We have the following result:

Theorem 11 The solution of (29) always exists with one free
unknown.

Proof It is trivial, so we omit it.
We also propose an acceptable consensus as follows:

Definition 14 Let P, P2, - ,Pus be GIFPRs and 6 be a
positive integer such that d<n. If the rankings of the first §
alternatives are the same in the rankings determined by all
the local IFPVs of P, Pya, ="+, Py, then Py, Py, Py
are said to reach a J -acceptable consensus.

Theorem 12 Let P, Py, *** , Py be GIFPRs. If they are of &
-acceptable consensus, then each of them is of § -acceptable
consistency.

Proof It follows immediately from Definitions 12 and 14.

While the § -acceptable consensus is being reached, the
above theorem guarantees that each individual GIFPR is § -
acceptable consistent. Then, a procedure for checking these
given GIFPRs Py, P,, "+ , P, to achieve a J -acceptable con-
sensus can be established by the following steps:

Step 0 Assume Pffl) = Pfg) for/ =1,2, " ,s and the

iteration ¢ = 0.
Determine the parameter \; of 4, using (19).

Solve all the local IFPV's w,(’,Z forl=1,2,--- ,sand

Step 1
Step 2

record their positions in K. If P§t> for/l=1,2,,s
achieves a § -acceptable consensus by Definition 14,
then go to Step 5; otherwise, record the set of the
subscripts of these GIFPRs as M and go to the next
step.

Using & in (29), we construct a GIFPR ACL’I) =

(hX,' (M (uf-’)) +hy, (u_ﬁf’) )) using (11) for
each leM.

For each /eM, compute k,%) = arg maxjeg
{d (&“ ) by, (wﬂ)) } (d is the Chebyshev distance

measure between two vectors), and replace the

Step 3

Step 4

preference values in PE;} with those in ACL’,)

determined by k;o(t ). The modified PE;,) is denoted as

P/(f;rl) and return to Step 1.

Step 5 Output the ranking.

Note the following

1. The above algorithm converges and can be used to derive
consistent GIFPRs by adding iterations.

2. The process of checking and achieving a ¢ -acceptable
consensus can be executed and visualized by the local
IFPVs; hence, presetting a threshold is more convenient
and intuitive than the existing methods.

3. The ¢ -acceptable consensus is weaker than the n-accept-
able consensus; hence, when some GIFPRs have to be
modified, § -acceptable consistency could be achieved
using fewer modifications. Thus, the above algorithm
with a § -acceptable consensus could preserve the original
preference values as much as possible.

Example 6 Three decision-makers provide their GIFPRs P,
P,, and P, on a set of four alternatives X' = x1,x2,x3,x4 as
follows:

0.6 0.8
04 0.7
- 07,
0.1 -

- 06
02 -
P,= |02 03

0.1 02

- 06 07 08
02 — 04 07
P,= |02 04 - 07],
0.1 02 02 -

- 06 06 07
02 - 04 07
0.1 03 - 06
0.1 02 01 -

Py =

To select the optimal alternative, we investigate the 1-
acceptable consensus using the following procedure:

Step 0 Assume PL’,) = PL(? for / = 1,2, 3 and the iteration
t=0.

Step 1 The parameters A\” = 0.653, A\ = 0.741 and
)\go) = 0.569 are acquired according (19).

Step2 Solve all the local IFPVs w\!) for / = 1,2,3 and

record their positions in K. Figure 4 with t = 0 in-
dicates that Pff? for/ = 1,2,3 do not achieve a 1-
acceptable consensus according to Definition 14.

Concretely, PLO]) and Pig) are not l-acceptable con-

sistent and PLO; is 1-acceptable consistent.
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The: mnkings;oflocal priority vectors of kerations t=0 for the IFPR £ The rankings of local priority vectors of iterations t=0 for the IFPR /" The rankings of local priority vectors of iterations t=0 for the IFPR 7"
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Fig. 4 The local priority vectors in Example 6

Step 3 Construct GIFPRs ACLOR and ACLO; using (29) and in P and P<03) are replaced by those in ACY and

nl I pl
(11) as follows: AC S?, respectively. The modified PLOI) and Pig) are

denoted as PLII) and PL? , respectively, as follows:

- 0.582 0.581 0.8
0.211 - 0.39 0.659 - 0.582 0.6 0.8
pl 0.182 0.353 - 0.623 |’ 0.2 - 0.39 0.7
0.072 0.169 0.168 - 0.2 0.3 - 07
- 0.538 0.536 0.774 0.072 02 01 -
0.167 - 0.34 0.619 - 0.538 0.6 0.7
0.142  0.302 - 0.581 |’ 0.2 - 0.34 0.7
0.049 0.13 0.129 - 0.1 0.3 - 06
0.049 02 01 -

Step 4 For each [eM = 1, 3 y Compute k(o) = arg
~ 3 v Step 5 The parameters A" = 0.725, A" = 0.813 and
maxjex {d (w(0> hy, (w(0)>) } We have k) = ! 2
ST 0 A" = 0.63 are determined using (19).

0 . . 0
kéo) = 13 (that is, 115, /13 and jiy; in both P Ll) and  Step 6 Solve all the local IFPVs w}lk) for/ =1,2,3 and

Pfg) need to be modified). These preference values record their positions in K. Figure 4 with ¢ = 1

@ Springer



Novel consistency and consensus of generalized intuitionistic fuzzy preference relations

16845

The rankings of local priority vectors of iterations t=0 for the IFPR 7"
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Fig. 5 The local priority vectors in Example 6

indicates that Pflll)

Definition 14. Concretely, P/(4

061"

and P<13) are not 1-

for/ = 1,2, 3 still does not
achieve a 1-acceptable consensus according to

AcY

pl =

I

acceptable consistent and Ple) is 1-acceptable con-

sistent.
Step 7

(11) as follows:

Construct GIFPRs AC&) and ACEB using (29) and

1
Acty

- 0.588 0.586
0.207 - 0.397
0.183 0.364 -
0.068 0.166

- 0.542
0.163 -
0.141 0.313
0.045 0.126

0.809
0.67
0.64 |’
0.165 -
0.541 0.783
0.345 0.631
- 0.598
0.126 -
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Step 8 For each leM = 1,3, compute k%) = arg maxyex and then construct some preference relations to express their
(0 5 ) We have £ — 95 &) — preferences. Since the experts do not have precise information
{ (w A (wl‘k )) } ¢ have i 7730 of'the global suppliers, it is reasonable for them to use the IFSs
90 (that is, fiy,, 13, and ji3 in pf}l) and j1,,, jt3; and O des.cribe their assessments, and then three GIFPRs can be
gy 1N PLIS) need to be modified). Then, these values established:
in PLII) and PS}) are replaced by those in AC 5111) and 072 0;5 8; 8;
ACI%), respectively. The modified PLII) and P;(}s) are Py = 0:1 0.2 _ 0:3 )
denoted as PLZI) and Pf}), respectively, as follows: 03 06 06 -
- 0.6 08 0.6
- 0582 06 038 P — 0.1 - 05 03
p@_ 0.207 - 039 0.7 Kz ™ 02 01 - 04Y)
p 02 0364 - 07} 03 07 0.6 -
0.072 02 0.165 - - 06 08 0.7
- 0538 06 0.7 P _ 02 - 06 02
PO _ 0.163 - 034 07 = 0.1 01 - 02
"3 0.141 0.3 - 0.6 02 07 03 -
0.049 0.126 0.1 -
Sten 9 @ @ 2 To select the optimal supplier from these four candidates, it is
p The parameters A, = 0.753, ;" = 0.79 and A reasonable to only investigate the 1-acceptable consensus by
= 0.611 are calculated using (19). the following procedure:
Step 10 Solve all the local IFPVs wfk) for/=1,2,3 and Step 0 B ) o
record their positions in K. Figure 4 with ¢ = 2 in- P Assume P, = P, for [ =1,2,3 and the iteration
dicates that PS[) for/ =1,2,3 achieves a 1- Step 1 ! B 0- ) (0)
acceptable consensus according to Definition 14 P Using (19), we have A" = 0.633, A;" = 0.632
with the optimal alternative x;. and )\go) = 0.561.
Step2  Solve all the local IFPVs wﬁ{) for/=1,2,3 and
record their positions in K. Figure 5 with = 0 in-
7 Numerical example and comparative dicates that P\ for I = 1,2,3 do not achieve a 1-
analysis acceptable consensus according to Definition 14.
Concretely, all of them are not 1-acceptable con-
This section offers a numerical example to show the applica- sistent according to Definition 13.
ionothene sl Fbemors compaion s i 623 ot GIER ACS, ACY nd AC by (1
and (29) as follows:
7.1 A numerical example - 0.619 0.738 0.584
. o AC) 0.184 - 0.509 0.33
Example 7 [17] The current globalized market trend identifies pl 0.111 0249 0.38 022 |’
the necessity of the establishment of long term business rela- 0.281 0.49 0.628 -
tionship with competitive global suppliers spread around the - 0.609 0.73 0.574
world. This can lower the total cost of supply chain; lower the AC — 0.174 - 0.498 0.319
inventory of enterprises; enhance information sharing of en- H2 0.103 0.238 = 0.209 [’
terprises; improve the interaction of enterprises and obtain 027 0479 0.619 -
more competitive advantages for enterprises. Thus, how to 0.351 0.572 0.702 0.535
select different unfamiliar international suppliers according AC — 0.14 - 0.455 0.275
to the broad evaluation is very critical and has a direct impact " 0.077 0.198 - 0.171
on the performance of an organization. Suppose a company 0.228 0.436 0.582 -
invites three experts e; , e, and e; from different field to Step4  For each JeM — 1,2, 3, compute k;g) — arg

evaluate four candidate suppliers x| , xz, x3 and x4. Global
supplier development is a complex problem which includes
much qualitative information. In such a case, it is straightfor-
ward for the experts to compare the different suppliers in pairs
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maXyex d(&w), hy, (wﬂ))) . We have kg%) =104,
KO =118 and £\ = 40 (that is, 1%}, 47 and
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0 - (0) (0) (0) 0 - (0)
Py inboth Py, 315, pi3; and iy, inboth P, _ 0599 0734 0.595
and 1%}, 1573 and ps in both P need to be e — 0174 = 0495 0335
1 — _ 9
modified). These preference values in Pfg) are " 0.114 0.244 0.241
0 0.238 0.427 0.584 -
replaced by those in AC'Y) for / = 1,2,3, ~ 0615 0745 0.61
respectively. The modified P is denoted as P')) AcY — 0.189 = 0512 0.353
for | — 1.2.3 as follows: a 1 2 0.127 0.262 - 0.259 |’
ori=hys, 2 as fotows: 0256 0446 0.6 -
_ 05 07 05 - 0.544 0.692 0.539
0.2 - 0509 03 Ac) — 0.125 - 0.433 0.272
Pu(11> _ 0.111 02 — 0.3 |, 3 0.076  0.187 - 0.184
03 049 0.6 - 0.182 0.364 0.528 -
- 06 08 06 Step 8 For each leM = 1,2, 3, compute k%) = arg
Piy = 001.(1)3 0.238 " 8'431 ) max e {d (B, (uf})) ) - We have k1) =2
03 0479 06 — 0, k(zlo) =92 and kg:)) = 72 (that is, y(llz)l, ugll)l and
_ . 1 1 . 1
0.6 0702 0.7 Ng4)1 n Pfu)» /‘21)27 :“gz)z and Mg4)2 m Pftz) and :“(14)37
13 01 01 — 02 #3153 and p3p3 in P 5 need to be modified). Then,
02 0436 03 - these values in P/(jz) are replaced by those in ACLIZ)
Step 5 ; m _ () _
T Ue (9 wehave A =072 0= 0.7 and for/ = 1,2,3. The modified P'!) is denoted as P>
A3 = 0.606, respectively. for/ = 1,2, 3 as follows:
Step 6 Solve all the local IFPVs wg‘lk) for/ =1,2,3 and
record their positions in K. Figure 5 with = 1 in-
dicates that PE}) for I = 1, 2,3 does not achieves a
1-acceptable consensus according to Definition 14.
Concretely, all of them are not 1-acceptable con-
sistent according to Definition 13 6.
Step 7 Construct GIFPRs ACftll), ACL‘; and ACE}; using
(29) and (11) as follows:
The rankings of local priority vectors of iterations t=0 The rankings of local priority vectors of iterations t=118
’ 2‘0 4‘0 éO 8‘0 1(')0 12’0 1‘;0
..... - o
0.5 4 . - e
- @ oo owees s o @ o seem 8 seee w  cseeee csesee 0r e oo coreen -0.2
2’0 4I0 6‘0 Sb 160 12’0 1‘;0 03
-0.4
-0.5 r - o
r - - - - -0.5
’ -0.6

Fig. 6 The local priority vectors vary with iterations
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Step 9

Step 10

Step 11

Step 12

Step 13
Step 14

- 0.599 0.7 0.5

PO _ 02 - 0509 03
MOTO10114 020 - 0241
03 049 06 -
- 06 08 06
po_ [0189 - 05 03
" 0.103 0262 - 0259 |°
03 0479 06 -
- 06 0702 0.539
po_ [014 - 06 02
"3 0076 0.187 — 02

02 0436 03 -

Using (19), we have A\ = 0.714, \Y = 0.763
and A\ = 0.599.

Solve all the local IFPVs wfk) for/ =1,2,3 and
record their positions in K. Figure 5 with ¢ = 2 in-
dicates that Pﬁf,) for / = 1,2, 3 do still not achieve a

1-acceptable consensus by Definition 14.

Concretely, P, <12) and P;Lf) achieve the 1-acceptable

consistency, and P, §2> does not achieve 1-acceptable
consistency according to Definition 13.

Construct GIFPR ACE? by (29) and (11) as follows:

~ 0559 0.686 0.497
ac® | 0137 - 0445 0253
3 0075 0195 -  0.153
0.186 0384 0525 -

For each / = 3, compute £ = arg maxccx
{a(@ . (wf)) }- We have k{g) = 15 ahatis,

,u(é;, u(223)3 and ,uféé in Pié) need to be modified).

2)
13

AC%). The modified Pf; is denoted as PS; as
follows:

Then, these values in P are replaced by those in

- 0559 0.702 0.539
pOo_ | 014 - 0445 02
mo= 10076 0187 - 02

02 043 0525 -

Using (19), we have A = 0.626.

Solve all the local IFPV's wfk) for/=1,2,3 and
record their positions in K. F igure 5 with # = 3 in-
dicates that Pf[
acceptable consensus with the optimal alternative x,
according to Definitions 14.

) for I = 1,2, 3 achieves a 1-

7.2 Comparison with Yang et al. [44]'s method

Yang et al. investigated the consistency and consensus of
IFPRs in group decision-making based on a class of

@ Springer

representable uninorms. We make comparison with it from
the following aspects:

1.

As stated in Section 3, although some good properties can
be derived from Yang et al. [44]’s consistency and the
consensus of [FPRs, that method is stricter than the pro-
posed method, because we could have to make many
more modifications using Yang et al.’s consistency when
some degrees of hesitancy of given preference values are
larger than 0.12. However, this does not occur for the
proposed consistency and consensus of GIFPRs. For ex-
ample, for the GIFPR in Example 1, it is a consistent
GIFPR with respect to /s with a ranking x3 = x4>x;
= x; (see Example 2). Assume we modify the GIFPR as
the following IFPR:

0.5 025 0.16 0.16
025 05 0.16 0.16
71036 036 05 025
036 036 025 0.5

Using the method in Ref. [44], after 118 iterations, the
iteration stops; then A8 — 38996, and the ranking is
X4>X3>X] = X3.

0.5 0.5 0401 0.16
plis _ | 05 05 0401 0.16
n =058 058 05 025

0.753 0.753 0.696 0.5

Yang et al. [44] also proposed acceptable consistency and
consensus with local IFPVs, which can be considered #-
acceptable consistency and consensus, respectively. First,
as stated in Section 6, the proposed § -acceptable consis-
tency and consensus are weaker than the n-acceptable con-
sistency and consensus; hence, when some preference
values have to be modified, the proposed values could be
reached using fewer modifications. Thus, the original pref-
erence values could be preserved as much as possible.
Second, ¢ -acceptable consistency and consensus accord
with some concrete practical situations. In some cases, we
hope to derive the first § (< ) optimal alternatives from n
alternatives. At this time, J -acceptable consistency and
consensus could be reached with fewer modifications to
preference values than n-acceptable consistency and con-
sensus. This also agrees with the modification principle,
that is, the preference values should be preserved as much
as possible. For example, we compare the results in
Example 7 using the proposed method with those using
Yang et al. [44]’s method with ¢ -acceptable consistency
and consensus. The results in Table 3 indicate that although
both methods can obtain the same ranking, the proposed
method could reach the goal with fewer iterations.
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Table 3 Comparison with Yang

et al. [44] method 0=1 0=2 6=3 d=4
[441t = 5 5 7 7
[44]ranking X1 X1 X1>X4>X2>X3 X1>X4>X2>X3
t= 3 5 5 5
ranking X1 X1 >X4>X2>X3 X1 >X4>X2>X3 X1 >X4>X2>X3

8 Conclusions

The present paper proposed a novel decision framework for
group decision-making with GIFPRs. Consistent GIFPRs are
completely characterized by IFPVs. An inconsistent IFPR or
those in the group are checked and repaired to achieve ¢ -
acceptable consistency or ¢ -acceptable consensus. The ad-
vantages of the proposed method are realized by comparison
with other methods under both theoretical and numerical per-
spectives as follows:

1. The proposed consistency for GIFPRs not only could be
suitable for various GIFPRs with different parameters, but
also possesses all the desirable properties similar to those
of the multiplicative consistency for FPRs more than the
existing method (see Table 1).

2. The process of achieving § -acceptable consistency and ¢ -
acceptable consensus could not only be visualized and
without the aid of parameters, but also preserve the orig-
inal preference information as much as possible.

The proposed methods are based on optimization models and
could automatically achieve § -acceptable consistency and § -
acceptable consensus. However, although the modified
GIFPRs have high degree of consistency and consensus, they
can not always agree with experts’ actual opinions. Inspired
by Refs. [13, 31], we will establish an interactive model by
integrating the revisions based on both the proposed optimi-
zation models and experts’ opinions in the future.
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