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Abstract
Arithmetic Optimization Algorithm (AOA) is a meta-heuristic algorithm. Its main idea is to use the distribution
behavior of the four main mathematical operators of addition(A), subtraction(S), multiplication(M) and division(D).
Chaotic mapping strategy was introduced into the optimization process of AOA. Firstly, ten chaotic maps are
separately embedded into two parameter Arithmetic Optimization Accelerator (MOA) and Arithmetic Optimization
Probability (MOP) that affect the exploration and balance of AOA so as to enhance its ergodicity and non-repeat-
ability, and improve its convergence speed and accuracy. Then a combination test was carried out by embedding ten
chaotic maps into MOA and MOP at the same time, and their advantages and disadvantages were compared with the
chaotic maps embedded separately. 26 benchmark functions in CEC-BC-2017 are used to examine the performance
of the proposed chaotic arithmetic optimization algorithm (CAOA). Finally, four engineering design issues are
optimized, involving three-bar truss design problem, welded beam design problem, pressure vessel design problem
and spring design problem. The experimental results reveal that CAOA can obviously solve the function optimiza-
tion and engineering optimization problems. AOA based on the chaotic interference factors has the merit of
balancing the exploration and exploitation in the optimization process and enhances the convergence accuracy.
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1 Introduction

In recent decades, with the development of society, a
series of problems and challenges have arisen, and peo-
ple’s demand for reliable optimization technology is al-
so increasing [1]. Optimization is the process of finding
the best solution among all available solutions for a
specific problem. Considering the nature of optimization
algorithms [2], these algorithms can be roughly divided
into two kinds, namely definite algorithms and random
intelligent algorithms [3]. In the case of a deterministic
algorithm, if the initial value is the same when solving
the same problem, the same solution will be produced.
These are gradient searching methods, strictly towards
the optimal solution. Contrary to deterministic algo-
rithms, haphazard intelligent algorithms are usually
non-gradient techniques, in which irregular steps are

used to obtain the optimal value. In this case, the
optimization process is repetitive in any situation.
Random intelligent optimization algorithms can be
further divided into heuristic algorithms and meta-
heuristic algorithms [3]. As the name implies, heuristic
algorithm is the course of finding a solution through
trial and error method [4]. Meta-heuristic optimization
algorithms have two vital searching tactics: exploration
and exploitation [5]. Exploration is the ability to probe
the searching room on a global scale. When the algo-
rithm tries to find a promising area in the searching
space as widely as possible, the exploration phase oc-
curs [6]. This capability is related to avoiding partial
optima and solving partial optima. On the contrary, the
development is to explore the vicinity to improve the
local optimization ability [7]. The outstanding perfor-
mance of the algorithm requires an apposite balance
between these two traits [8–11]. All swarm-based intel-
ligent optimization algorithms adopt these traits, but use
unequal operation operators and searching mechanisms.
Many heuristic algorithms are utilized in the field of
o p t im i z a t i o n . F o r i n s t a n c e , t h e B a t Swa rm
Optimization Algorithm (BSO) [5], Hill Climbing [6]
and Simulated Annealing [12]. In short, the idea of
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meta-heuristic algorithm is to use the prior knowledge
of random search to solve the optimization problem
randomly. This is an iterative optimization process,
starting from a random initial solution and then random-
ly exploring and using the searching space with a clear-
ly probability. So far, many meta-heuristic algorithms
have been proposed by scholars such as Particle
Swarm Optimization (PSO) [13], Genetic Algorithm
(GA) [14], Rat Swarm Optimizer (RSO) [15] ,
Archimedes Optimization Algorithm(AOA) [16],
Equilibrium Optimizer (EO) [17], Ant lion optimizer
(ALO) [18, 19], Gravitational Search Algorithm (GSA)
[20], Harmony Search (HS) [21], Covariance Matrix
Adaptive Evolution Strategy (CMA-ES) [22], Butterfly
Optimization Algorithm (BOA) [23], Gray Wolf
Op t im i z a t i o n (GWO) [ 24 ] a nd G r a s s hopp e r
Optimization Algorithm (GOA) [25], and so on.

With the continuous research and development of
nonlinear theory, chaos theory has been widely used to
improve exploration and exploitation [26]. As one of
the characteristics of nonlinear systems, chaos is defined
as randomness generated by simple real systems in the
field of mathematics [27, 28]. So far, chaos theory has
successfully solved the premature convergence problem
of many meta-heuristic algorithms [29, 30]. Some
scholars have added chaos mapping mechanism to dif-
ferent meta-heuristic algorithms to enhance the algo-
rithm’s ability to search for optimal solutions, enhance
random diversification and strengthen the ability to
achieve optimal or sub-optimal solutions in complex
multi-modal situations [31]. In fact, many algorithms
have been improved by using chaotic mapping.
Hassan, B.A integrates the chaotic forms of the sine
cosine algorithm (SCA) and the firefly algorithm (FF),
and proposes the chaotic sine cosine firefly algorithm to
improve the convergence speed and efficiency [17].
Juliano Pierezan et al. proposed an improved COA
(MCOA) method based on the chaotic sequence gener-
ated by Tinkerbell mapping to adjust the scattering and
correlation probability [32]. M.S. Sanaj et al. embedded
chaotic mapping in the squirrel search algorithm, and
proposed four derivative search behaviors, which signif-
icantly improved the convergence speed and accuracy
[33]. In order to enhance the capability of the water
cycle algorithm (WCA), A. A. Heidari proposed a meth-
od of incorporating chaotic patterns in the random pro-
cess of WCA [34]. S. Gupta proposed a chaotic grey
wolf optimizer (GWO) based on opposition (OCS-
GWO), which improves the performance of GWO
[35]. S. Saha et al. proposed a quasi-opposite chaotic
ant colony optimizer (QOCALO) for solving global op-
timization problems [36]. Gandomi et al. introduced
chaos in the variant particle swarm optimization (PSO)

algorithm to enhance the global search capability [37].
Gandomi et al. used chaotic mapping to adjust the grav-
itational coefficient and light absorption coefficient of
the Firefly algorithm (FA) [29]. Arora et al. replaced
the chaotic number to control the switching probability
of the global and local search capabilities, and improved
the performance of the butterfly optimization algorithm
[38]. Han et al. used chaos to generate noisy signals
combined with genetic algorithms and proved its effec-
tiveness in reducing different types of noise [39]. Chen
et al. proposed a WOA based on the quasi-opposite
learning chaos mechanism (OBCWOA). Firstly, the cha-
os mechanism was used to generate the initial value to
improve the convergence speed of the algorithm. Then
the learning method based on opposition was used to
balance the exploration and exploitation capabilities of
the algorithm [27]. Saha et al. simplified the basic sym-
biosis search algorithm (SOS) and incorporated chaos
into the local searching to form a chaotic SOS
(CSOS), which improved the optimization accuracy
and convergence mobility of the SOS algorithm, which
have successfully solved the real-world power system
problems [28]. Yu et al. controlled the steps of chaotic
mapping through thresholds, and used the velocity iner-
tia weights to synchronize the speed of the agents. This
improves the stability and convergence speed of the bat
algorithm. Finally, it was excellently applied to three
engineering optimization problems [31].You et al. used
chaotic sequences to obtain dynamic parameter settings
in DE, and designed a chaotic local search (CLS) oper-
ator to solve DED problem to help DE effectively avoid
premature convergence [40, 41]. Pan et al. proposed a
chaotic local search algorithm with a probabilistic
jumping scheme, and embedded it into the proposed
harmony search (HS) algorithm to enhance its local
search ability [42]. Ewees et al. integrated chaotic be-
havior into the locust optimization algorithm (GOA) to
form the chaotic locust optimization algorithm (CGOA),
which was used as a trainer for learning multi-layer
perceptual neural networks (MLPNN) to improve its
prediction accuracy [43]. Talatahari et al. used different
chaotic operators to improve the movement steps of the
imperialist competition algorithm and proved its superi-
ority [44]. Talatahari et al. introduced chaos into the
charging system to increase its global search mobility
to achieve better global optimization [45]. Alatas used
chaotic mapping to change the Big Bang, Big Crunch
stage of the Big Crunch optimization algorithm, and
achieved good results [28, 46]. In the artificial bee col-
ony (ABC) algorithm, Wu et al. used chaotic searching
behavior on the candidate food positions generated to
improve the convergence characteristics and prevent
ABC from falling into local optimum [47]. Jordehi
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embeds the chaotic map into the artificial immune algo-
rithm to alleviate its premature convergence problem
[48]. Li et al. used chaotic sequences to replace the
random parameters in the catfish particle swarm algo-
rithm, which greatly improved its performance [49].
Saremi adopts chaos operators to define the probability
of biogeographic optimization algorithm selection, emi-
gration and mutation, and the algorithm produces high
performance [50]. Xiao et al. mapped chaos to the grav-
itational constant in the gravity search algorithm (GSA),
avoiding the problem of premature convergence [51].
Niknam et al. improved the shuffled frog-leapfrog algo-
rithm (SFLA) by using chaotic mapping to solve the
multi-objective OPF problem [52]. Dharmbir Prasad
et al. embedded the chaotic map into two parameters
of whale optimization algorithm (WOA) to solve OPF
problem better [53]. Gandomi et al. proposed four dif-
ferent chaotic bat algorithm variants for global optimi-
zation [54]. Mukherjee et al. used the chaotic krill al-
gorithm to solve the optimal reactive power dispatch
(ORPD) problem of the power system [55]. In addition,
the chaos theory has applications in cryptography [56,
57], DNA computing [58], image processing [59], non-
linear circuits [60], etc. All these attempts have proved that
in different fields of engineering application, this newly con-
structed algorithm has better performance and higher benefi-
cial accuracy than its standard algorithm.

Arithmetic Optimization Algorithm (AOA) is a meta-
heuristic algorithm that its main idea is to use the dis-
tribution behavior of the four main mathematical opera-
tors of addition(A), subtraction(S), multiplication(M)
and division(D) [1]. This paper integrates 10 chaotic
maps into AOA so as to extensively study the effective-
ness of chaos lore in improving the exploration and
exploitation. Our main intention is to map the chaotic
sequence into two key parameters of AOA. Various
chaotic mapping operators have been proposed to re-
place linear decreasing or increasing sequences, in this
way to balance the exploration and exploitation of
AOA. It aims to speed up the global convergence speed
and prevent the algorithm from falling into the local
optimum. Firstly, 10 chaotic maps are embedded into
MOA and MOP respectively, and then they are embed-
ded in MOA and MOP at the same time. Then 26 test
functions in CEC-2017 are compared and optimized. At
the same time, some winning algorithms optimized for
CEC2017 are selected for comparison. Finally, four en-
gineering design issues are optimized, involving three-
bar truss design problem, welded beam design problem,
pressure vessel design problem and spring design prob-
lem. The simulation results show that the improved al-
gorithm has obvious advantages compared with the
original algorithm.

2 Basic principles of arithmetic optimization
algorithm (AOA)

The swarm-based algorithm starts its optimization pro-
cess from a set of randomly generated candidate solu-
tions. This set of generated solutions is incrementally
improved via some optimization rules, and iteratively
evaluated through a specific objective function. Since
the swarm-based algorithm seeks to find the optimal so-
lution to the optimization problem randomly, it cannot
guarantee that one solution will be obtained in one run.
However, for a given problem, through a sufficient num-
ber of random solutions and optimization iterations, the
probability of obtaining the global optimal solution in-
creases [23]. The arithmetic optimization algorithm
(AOA) is proposed through the arithmetic operators in
mathematical operations, namely addition (+), subtraction
(−), multiplication (x) and division (/). AOA is a swarm-
based meta-heuristic algorithm that can solve optimiza-
tion problems without calculating its derivatives.
Arithmetic is not only a basic part of number theory,
but also the cornerstone of modern mathematics, similar
to algebra, geometry, analysis. Arithmetic operators (ad-
dition, subtraction, multiplication, and division) are usu-
ally used to study numbers and are a traditional and
classic calculation method [27]. We use these simple
operators as mathematical optimization ideas to deter-
mine the best elements that meet certain criteria from a
set of candidate solutions The use of arithmetic operators
in arithmetic problems is the main inspiration proposed
by AOA. In the following subsections, we will discuss
the specific influence of the arithmetic operators (addi-
tion, subtraction, multiplication and division) in the ar-
ithmetic optimization algorithm (AOA) on the algorithm.
Figure 2 shows the search strategy and hierarchical struc-
ture of arithmetic operators from outside to inside.

(1) Initialization phase

The optimization process of the arithmetic optimization
algorithm (AOA) starts with a set of randomly generated can-
didate solutions, which is shown in Eq. (1). In the optimization
process, an optimal candidate solution is obtained in each
iteration, and the optimal solution is regarded as obtained
optimal solution or the solution close to the optimal solution
so far.

X ¼
x1;1 … x1;n
⋮ ⋱ ⋮
xN ;1 ⋯ xN ;n

0
@

1
A ð1Þ

Before AOA starts to work, it first enters the searching
phase, that is to say the exploration or exploitation phase.
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Therefore, the mathematical optimization accelerator (MOA)
determines its searching phase through calculation. The cal-
culation formula is described as follows.

MOA C Iterð Þ ¼ Minþ C Iter � Max−Min
M Iter

� �
ð2Þ

where, MOA(C _ Iter) denotes the function value at the lth
iteration; C _ Iter represents the current iteration, which is
between 1 and the maximum number of iterations M _ Iter.
Min and Max denote the minimum and maximum values of
the accelerated function, respectively. At the same time, the
mathematical optimizer probability (MOP) coefficient shown
in Eq. (3) is introduced as follows:

MOP C Iterð Þ ¼ 1−
C Iter

1=∂

M Iter
1=∂

ð3Þ

where, MOP(C _ Iter) denotes the function value at the lth
iteration, ∂ a is a sensitive parameter, which defines the accu-
racy of iterative development. Then a random number r1 is
set, whose range is between (0, 1). When r1 > MOA, the
algorithm is under the exploratory stage and when r1 <
MOA, the algorithm is under the exploration stage.

(2) Exploration Stage

In this searching stage, according to the arithmetic opera-
tors, the division (D) operator and the multiplication (M) op-
erator are adopted to explore the searching mechanism. At the
same time, the random number is set to determine whether it is
updated by multiplication or division. Its location is updated
by the following strategy.

X i; j C Iter þ 1ð Þ ¼ best x j
� �� MOP þ ϵð Þ � μþ LBj; r2 < 0:5

best x j
� ��MOP � UBj−LBj

� �� μþ LBj
� �

; otherwise

�

ð4Þ
where,r2is a random number between (0,1), which is used to
switch multiplication and division operators; Xi, j(C _ Iter)
indicates the j-th position of the i-th solution in the operating
iteration; best(xj) represents the j-th position in the best solu-
tion so far; ∈ is a smaller integer number; UBj and LBj denote
to the upper bound and lower bound values of the j-th position
respectively; μ is a control parameter to adjust the searching
process, which is fixed equal to 0.5.

(3) Exploitation Stage

In this development stage, according to the arithmetic
operators, when using subtraction or addition, the result
of the operation is relatively dense. Unlike other opera-
tors, addition operators and subtraction operators have
the characteristics of low dispersion, which determines

that they can more easily approach the search target.
Using search operators (S and A) often tries to avoid
falling into the local search area. This process helps to
explore the searching strategy to find the optimal solu-
tion and maintain the diversity of candidate solutions.
Random values are generated in each iteration, whether
it is the first iteration or the last iteration, it keeps
exploring. This can avoid falling into a local optimal
stagnation, especially in the final iteration. Its location
is updated according to Eq. (5).

X i; j C Iter þ 1ð Þ ¼ best x j
� �

−MOP � UBj−LBj
� �� μþ LBj
� �

; r3 < 0:5
best x j

� �þMOP � UBj−LBj
� �� μþ LBj
� �

; otherwise

�

ð5Þ
where, r3 represents a random number between (0,1),
which is used to switch addition and subtraction search;
Xi, j(C _ Iter + 1) indicates the j-th position of the i-th
solution in the next iteration; best(xj) represents the j-th
position in the best solution so far; LBj and UBj denote
the lower bound and upper bound values of the j-th
position respectively; μ is a control parameter to adjust
the searching process, which is fixed equal to 0.5.

In a nutshell, the optimization process of AOA starts
by generating a set of random candidate solutions. In
the iterative process, A S, D, and M estimate the feasi-
ble position close to the optimal solution, and each so-
lution updates its position from the optimal solution. In
order to better distinguish between exploration and de-
velopment, the parameter MOA is linearly increased
from 0.2 to 0.9. When r1 > MOA, the candidate solu-
tion seeks to deviate from the near-optimal solution.
When r1 < MOA, the candidate solution seeks to con-
verge to a near-optimal solution. In the end, AOA stops
due to the end-point criterion being met. The searching
strategy of AOA is shown in Fig. 1.

Explora�on

Exploita�on

IF r1>MOA

A
r3>0.5

D
r2<0.5

S
r3<0.5

M
r2>0.5

Explora�on

Fig. 1 Searching strategy of arithmetic optimization algorithm
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3 Chaotic arithmetic optimization algorithm

3.1 Chaotic mapping

Generally speaking, chaos is a deterministic and
random-like method that exists in non-linear, dynamic,
aperiodic, non-convergent and bounded systems. From a
mathematical point of view, chaos is a deterministic
dynamic system of randomness, and chaotic systems
can be considered as the source of randomness. [29].
The nature of chaos is obviously random and unpredict-
able, but it also contains certain laws in randomness.
Chaos is based on chaotic variables, not random vari-
ables [38]. Therefore, it can perform a thorough search
at a higher speed than a random search that mainly
relies on probability [35]. Even for very long sequences,
only a few functions (chaotic mapping) and a few pa-
rameters (initial conditions) are needed [61]. In addition,
once the initial conditions are changed, many different
sequences are generated. The characteristics of these se-
quences are reproducible and deterministic. It can be
seen that it is very sensitive to parameters and initial
conditions [62]. On the basis of chaos theory, various
chaotic maps have been derived in the field of optimi-
zation [38, 63]. In the current research work, there are
10 chaotic maps that are widely used by scholars [64].
The visualization graphs of these ten chaotic maps are
given below, as shown in Fig. 2, and their mathematical
expressions are described as follows.

(1) Chebyshev map (CH)

The chaotic map expression is as follows:

xkþ1 ¼ cos kcos−1 xkð Þ� � ð6Þ

(2) Circle map (CI)

The chaotic map expression is as follows:

xkþ1 ¼ xk þ b−
a
2π

� �
sin 2πxkð Þ

� �
mod 1ð Þ ð7Þ

where, a = 0.5, b = 0.2.

(3) Gauss map (GA)

The chaotic map expression is as follows:

xkþ1 ¼
0 xk¼0
1

xkmod 1ð Þ otherwise

8<
:
1

xkmod 1ð Þ ¼
1

xk
−

1

xk

	 
 ð8Þ

(4) Iterative map (IT)

The chaotic map expression is as follows:

xkþ1 ¼ sin
aπ
xk

� �
ð9Þ

where, a ∈ (0, 1).

(5) Logistic map (LO)

The chaotic map expression is as follows:

xkþ1 ¼ axk 1−xkð Þ ð10Þ
where, xk is the k − thchaotic number, k is the number of
iterations, x ∈ (0, 1), x0 ∉ (0, 0.25, 0.5, 0.75, 1), a is a real
number, a = 4.

 i  i  i  i  i

 i  i  i  i  i

Fig. 2 Visualization graphs of ten chaotic mapping strategies
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(6) Piecewise map (PI)

The chaotic map expression is as follows:

xkþ1 ¼

xk
p

0≤xk < p

xk−p
0:5−p

p≤xk <
1

2
1−p−xk
0:5−p

1

2
≤xk < 1−p

1−xk
p

1−p≤xk < 1

8>>>>>>>>><
>>>>>>>>>:

ð11Þ

where, p ∈ (0, 1) is the control parameter, x ∈ (0, 1).

(7) Sine map (SI)

The chaotic map expression is as follows:

xkþ1 ¼ a
4
sin πxkð Þ ð12Þ

where, a ∈ (0, 4].

(8) Singer map (SG)

The chaotic map expression is as follows:

xkþ1 ¼ μ 7:86xk−23:31xk2 þ 28:75x3k−13:302875x
4
k

� � ð13Þ

where, μ ∈ (0.9, 1.08).

(9) Sinusoidal map (SO)

The chaotic map expression is as follows:

xkþ1 ¼ ax2ksin πxkð Þ ð14Þ

where, a=2.3.

(10) Tent map (TE)

The chaotic map expression is as follows:

X kþ1

xk
α

xk < α

1−xkð Þ
1−α

xk ≥α

8><
>: ð15Þ

where, α ∈ (0, 1).

3.2 Chaotic arithmetic optimization algorithm

3.2.1 MOA and MOP based on chaotic interference factors

Through the analysis of the original arithmetic optimi-
zation algorithm, two parameters (MOA and MOP) play

an important role in the optimization process, and di-
rectly determine whether the algorithm is in the stage of
exploration or exploitation. MOA determines which
searching strategy the algorithm chooses, and MOP af-
fects its location update. Figure 3 shows the changing
trend of these two parameters. At the same time, the
images of using chaotic factors to influence two param-
eters (MOA and MOP) respectively, which are shown in
Figs. 4 and 5, respectively.

3.2.2 Flowchart of chaotic arithmetic optimization algorithm

In order to increase the randomness of searching oper-
ators, the chaotic interference factors are added in MOA
so as to expand the possibility of searching for promis-
ing areas. At the same time, the chaotic interference
factor is added to affect the mathematical optimizer
probability (MOP) in order to affect its position update,
so that it has a certain volatility. This article takes
Logistic map chaotic mapping as an example and em-
beds it in the parameters to update the position, the
proposed chaotic interference factor are calculated by
Eq. (16)–(20).

MOA ¼ xtþ1 � Value1 ð16Þ
MOP ¼ xtþ1 � Value2 ð17Þ
xtþ1 ¼ axt 1−xtð Þ ð18Þ

Value1 ¼ C Iter
M Iter

� �1
6

ð19Þ

Value2 ¼ 1−
C Iter
M Iter

� �1
2

ð20Þ

where t is the current iteration number, a = 4, x ∈ (0, 1), x0 ∉ (0,
0.25, 0.5, 0.75, 1).

This paper adopts chaotic interference factors to im-
prove AOA so as to designs three different chaotic
AOA. Firstly, the chaotic interference factors are alone
used to interfere with MOA. The second is to use cha-
otic interference factors alone to interfere with MOP.
Finally, a combination test is performed, that is to say
that the chaotic interference factors are used to interfere
with MOA and MOP at the same time. The AOA flow-
chart is shown in Fig. 6. Let’s take the last idea as an
example and give the pseudo code of the improved
AOA.

Initialize the Arithmetic Optimization Algorithm parame-
ters α, μ.

Initialize the solutions’ positions randomly. (Solutions: i =
1, ..., N.)
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for (i=1 to Solutions) do
for (j=1 to Positions) do

Generate a random values between [0, 1] (r1, r2, and r3)

if r1 >MOA then

Exploration phase
if r2 >0.5 then

(1) Apply the Division math operator (D “ ÷ ”).

Update the ith solutions’ positions using the first rule in Eq. (3).

else
(2) Apply the Multiplication math operator (M “ × ”).

Update the ith solutions’ positions using the second rule in Eq. (3).

end if 
else

Exploitation phase
if r3 >0.5 then

(1) Apply the Subtraction math operator (S “ − ”).

Update the ith solutions’ positions using the first rule in Eq. (5).

else
(2) Apply the Addition math operator (A “ + ”).

Update the ith solutions’ positions using the second rule in Eq. (5).

end if
end if

end for
end for
C_Iter=C_Iter+1

end while
Return the best solution (x).

3.2.3 Computational complexity of chaos arithmetic
optimization algorithm

This section analyzes the complexity of the Chaos Arithmetic
Optimization Algorithm (CAOA) proposed in this paper. Its
computational complexity is mainly composed of three as-
pects, namely the dimension D of the problem, the population
size N and the maximum number T of iterations [65].
According to the optimization process of CAOA, the number
of operations at each step will be calculated. First, in the ini-
tialization phase, the time complexity of initializing N search
agents in the D-dimensional search space is O(2ND).

Secondly, the function fitness value of N individual agents
needs to be calculated, and the time complexity of the fitness
function is O(ND). When selecting the best fitness value, a
quick sort algorithm is adopted, and its computational complex-
ity is O(NlogN) and O(N2) in the best and worst cases respec-
tively. The computational complexity of MOA and MOP are
O((N − 1)2). In the exploration phase of CAOA, the time com-
plexity of all individual location updates and boundary control
strategies is O(2ND). In the development phase of CAOA, the
time complexity of all individual location updates and bound-
ary control strategies is O(2ND). The simplified definition of
overall complexity is described as follows.
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O 2NDð Þ þ O NDð Þ þ O N2ð Þ þ O TlogNð Þ

þ O T N−1ð Þ2
� �

þ O 2TNDð Þ

þ O 2TNDð Þ≈O T* N2þ 4NDð Þð Þ ð21Þ

4 Simulation experiments and result analysis

4.1 Function optimization

This paper selects 26 test functions in CEC-BC-2017 to test
the performance of chaotic arithmetic optimization algo-
rithms. These test functions are divided into four categories:
unimodal function, multimodal function, mixed function and
composite function. Through the optimization results of these
four testing functions, the superiority of the chaotic AOA is
fully proved. In order to ensure the fairness and reliability of
the test experiment, the population size of the arithmetic opti-
mization algorithm and the arithmetic optimization algorithm
based on chaotic mapping is unified to 30, and the maximum
number of iterations is unified to 1000. The specific parameter
settings of each algorithm are shown in Table 1.

4.1.1 CEC2017 testing functions

This paper uses 26 functions listed in the CEC-BC-2017
[66–68]. The dimension of these testing functions is 10.
Table 2 lists the expression of the function. Range means the
range of the function is [−100,100], fmin means the optimal
solution of the function. These functions are divided into four
categories: unimodal functions f1-f3, multimodal functions f4-

f10, mixed functions f11, f14-f20, and composite functions f21-
f23, f25-f28.

4.1.2 Chaotic arithmetic optimization algorithm to optimize
CEC-BC-2017 testing functions

For the selected 26 CEC-BC-2017 test functions, simulation
experiments are carried out by adopting three proposed im-
proved AOA. The dimension of all functions is 10, each al-
gorithm is run 10 times and the optimal solution among ten
times is recorded. This paper performs mathematical statistics
on the experimental results to facilitate the comparison of the
performance of the arithmetic optimization algorithm and the
chaotic arithmetic optimization algorithm proposed in this pa-
per. In order to analyze the experimental results more intui-
tively, this article chooses the average and variance for statis-
tics. The obtained variance, optimal, average values are listed
in Table 3, 4 and 5. The convergence curves of the experi-
mental simulation are shown in Figs. 7, 8 and 9 respectively. It
can be seen from figures and tables that the chaotic AOA has
better convergence effect on most function optimizations than
the standard AOA.

(1) MOA with Chaos Factors

Figure 7 shows the the convergence curves obtained by
using AOA with MOA to optimize test functions. Table 3 is
the experimental results obtained by simulation. From the re-
sults in Table 3, we can get the following conclusions. In
terms of mean and minimum,the average values of GAAOA
on function f3 and f4 are the closest to the optimal value. At the
same time, the optimal and average values of function f1, f2, f3,
f4, f7, f8, f14, f23 and f28 obtained by GAAOA are the best. The

(a) MOA (b) MOP

Fig. 3 MOA and MOP operators
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(a) CHMOA                         (b) CIMOA                           (c) GAMOA   

(d) ITMOA                          (e) LOMOA                           (f) PIMOA 

(g) SIMOA                          (h) SGMOA                          (i) SOMOA 

(j) TEMOA 

Fig. 4 MOA with chaotic factors
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(a) CHMOP                         (b) CIMOP                           (c) GAMOP 

(d) ITMOP                          (e) LOMOP                           (f) PIMOP 

(g) SIMOP                          (h) SGMOP                          (i) SOMOP 

(j) TEMOP 

Fig. 5 MOP with chaotic factors
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optimal and average value of function f10 and f11 obtained by
SIAOA are the smallest. The optimal and average values

obtained by ITAOA to optimize the function f6 and f25 are
the smallest. In terms of average value, CHAOA to optimize
function f5, PIAOA to optimize function f9, LOAOA to opti-
mize function f15 and SIAOA to optimize function f16 obtain
the smallest average value. TEAOA only has a minimum val-
ue on function f18. In terms of the minimum and optimal
values on function f15 and f26, CHAOA obtains the smallest
among the improved algorithms. For function f9 and f16,
ITAOA has the best minimum value. TEAOA to opti-
mize function f22, SGAOA to optimize function f5 and
CIAOA to optimize function f18 all achieve the mini-
mum value. GAAOA only shows slight superiority on
f6, f9 and f26. At the same time, this paper has made a
ranking of the optimization performance of each test
function. When considering embedding the chaotic
map into the parameter MOA separately, comparing
their average rankings, we can intuitively see that
GAAOA has the best optimization performance and
ranks the first. On the other hand, SIAOA and
CHAOA rank the second and third, respectively.

(2) MOP with Chaos Factors

Figure 8 shows the convergence curves obtained by using
AOAwith the chaoticMOP to optimize test functions. Table 4
is the experimental results obtained by simulation. From the
results in Table 4, we can get the following conclusions. In
terms of mean and minimum, the average values of CHAOA
on function f6, ITAOA on functionf8 and SIAOA on function
f11 are the closest to the optimal value. Among them, the
average, optimal and standard deviation values obtained by
PIAOA on functionf2 are the smallest. The optimal and aver-
age value of function f6 and f7 obtained by CHAOA are the
best. At the same time, the average and optimal values of
SIAOA on function f11, SOAOA on function f3, PIAOA on
function f24 and GAAOA on function f27 are the smallest.
Seen from the mean and standard deviation values together,
the average and standard deviation values of CHAOA on

START

Initilize the AOA 

parameters

Initilize the AOA 

parameters and 

candidate solutions

While 

C_Iter<M_Iter

Calculate the 

Ffitness Values 

and determine the 

best solution

Update 

MOA,MOP

IF 

r1>MOA

IF r2>0.5

Apply the 

Division 

operater(D)

Apply the 

Multiplication 

operater(M)

Apply the 

Subtraction 

operater(S)

Apply the 

Addition 

operater(A)

IF r3>0.5

C_Iter=C_Iter+

1

Return the 

best solution

End

Fig. 6 Flowchart of AOA

Table 1 Parameter settings of all
algorithms Algorithm Main parameters Settings

AOA population size: N=30, Maximum iterations: T=1000, α=5, μ=0.499,MOPmax=1,MOPmin=0.2

CHAOA population size: N=30, Maximum iterations: T=1000, α=5, μ=0.499,MOPmax=1,MOPmin=0.2

CIAOA population size: N=30, Maximum iterations: T=1000, α=5, μ=0.499,MOPmax=1,MOPmin=0.2

GAAOA population size: N=30, Maximum iterations: T=1000, α=5, μ=0.499,MOPmax=1,MOPmin=0.2

ITAOA population size: N=30, Maximum iterations: T=1000, α=5, μ=0.499,MOPmax=1,MOPmin=0.2

LOAOA population size: N=30, Maximum iterations: T=1000, α=5, μ=0.499,MOPmax=1,MOPmin=0.2

PIAOA population size: N=30, Maximum iterations: T=1000, α=5, μ=0.499,MOPmax=1,MOPmin=0.2

SIAOA population size: N=30, Maximum iterations: T=1000, α=5, μ=0.499,MOPmax=1,MOPmin=0.2

SGAOA population size: N=30, Maximum iterations: T=1000, α=5, μ=0.499,MOPmax=1,MOPmin=0.2

SOAOA population size: N=30, Maximum iterations: T=1000, α=5, μ=0.499,MOPmax=1,MOPmin=0.2

TEAOA population size: N=30, Maximum iterations: T=1000, α=5, μ=0.499,MOPmax=1,MOPmin=0.2
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function f28, GAAOA on function f14, LOAOA on function f9
and f17 are the best. It means they are more stable. SOAOA
only has a minimum value on function f5, f9 and f23. From the
average point of view, GAAOA is not as effective as the
original algorithm on function f1, f2 and f3. SOAOA only
shows slight superiority on f9, f17 and f20. At the same time,
this paper has made a ranking of the performance of each
algorithm optimization test functions. When considering em-
bedding the chaotic map into the parameter MOP separately,
comparing their average rankings, we can intuitively see that
SIAOA has the best optimization performance and ranks the
first. LOAOA and CHAOA rank the second and third,
respectively.

(3) MOA and MOP with Chaos Factors

Figure 9 shows the convergence curves obtained by using
chaotic factors to interfere with the MOA and MOP at the
same time to optimize testing functions. Table 5 is the

experimental results obtained by simulation. From the results
in Table 5, we can get the following conclusions. In terms of
mean and minimum, the average values of ITAOA on
f3,LOAOA on f16,SIAOA on f5 are the closest to the optimal
value. It is worth mentioning that the average, optimal and
standard deviation values obtained by ITAOA to optimize
function f1, and f2 are the smallest. CHAOA optimizing
functionf3 and f14also gets the smallest average value, optimal
value and standard deviation. At the same time, the optimal
and average values of function f11 obtained by TEAOA are the
best. Looking at the mean and standard deviation values to-
gether, the average and standard deviation of CHAOA on
function f4,f9, f15,f17,f20and f26, TEAOA on function
f11,ITAOA on function f27are the smallest. It shows that they
are more stable. GAAOA only has a minimum value on func-
tion f4. Meanwhile, from the average point of view, GAAOA
only shows slight superiority on f2, f11, f15 and f23. At the same
time, this article has made a ranking of the performance of

Table 2 CEC-BC-2017 test functions (Dim = 10)

Type No. Functions Range fmin

Unimodal Function f1 Shifted and Rotated Bent Cigar function [−100,100] 100

f2 Shifted and Rotated sum of Differential Power Function [−100,100] 200

f3 Shifted and Rotated Zakharov Function [−100,100] 300

Multimodal
Functions

f4 Shifted and Rotated Rosenbrock’s Function [−100,100] 400

f5 Shifted and Rotated Rastrigin’s Function [−100,100] 500

f6 Shifted and Rotated Expanded Scaffer’s Function [−100,100] 600

f7 Shifted and Rotated Lunacek Bi_Rastrigin Function [−100,100] 700

f8 Shifted and Rotated Non-Continuous Rastrigin’s Function [−100,100] 800

f9 Shifted and Rotated Levy Function [−100,100] 900

f10 Shifted and Rotated Schwefel’s Function [−100,100] 1000

Hybrid Functions f11 Hybrid Function of Zakharov, Rosenbrock and Rastrigin’s [−100,100] 1100

f14 Hybrid Function of Bent Ciagr, Rosenbrock and Lunache Bi-Rastrigin [−100,100] 1400

f15 Hybrid Function of Eliptic, Ackley, Schaffer and Rastrigin [−100,100] 1500

f16 Hybrid Function of Bent Cigar, HGBat, Rastrigin and Rosenbrock [−100,100] 1600

f17 Hybrid Function of Expanded Schaffer, HGBat, Rosenbrock and Modified Schwefel [−100,100] 1700

f18 Hybrid Function of Katsuura, Ackley, Expanded Griewank plus Rosenbrock, Modifed Schwefel and
Rastrigin

[−100,100] 1800

f19 Hybrid Function of Bent Cigar, Rastrigin, Expanded Grienwank plus Rosenbrock,
Weierstrass and expanded Schaffer

[−100,100] 1900

f20 Hybrid Function of Happycat, Katsuura, Ackley, Rastrigin, Modified Schwefel and
Schaffer

[−100,100] 2000

Composition
Functions

f21 Composition Function of Rosenbrock, High Conditioned Elliptic and Rastrigin [−100,100] 2100

f22 Composition Function of Rastrigin’s, Griewank’s and Modifed Schwefel’s [−100,100] 2200

f23 Composition Function of Rosenbrock, Ackley, Modified Schwefel and Rastrigin [−100,100] 2300

f24 Composition Function of Rastrigin, Happycat, Ackley, Discus and Rosenbrock [−100,100] 2400

f25 Composition Function of Expanded Scaffer, Modified Schwefel, Griewank,
Rosenbrock and Rastrigin

[−100,100] 2500

f26 Composition Function of HGBat, Rastrigin, Modified Schwefel, Bent-Cigar, High
Conditioned Elliptic and Expanded Scaffer

[−100,100] 2600

f27 Composition Function of Ackley, Griewank, Discus, Rosenbrock, HappyCat, Expanded Scaffer [−100,100] 2700

f28 Composition Function of shifted and rotated Rastrigin, Expanded Scaffer and Lunacek Bi_Rastrigin [−100,100] 2800
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   (1) 1f                               (2) 2f                               (3) 5f

(4) 7f                              (5) 11f                               (6) 16f

             (7) 19f                              (8) 21f                               (9) 23f

(10) 25f                             (11) 27f                              (12) 28f
Fig. 7 AOA with chaotic MOA to optimize testing functions
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Fig. 8 AOA with Chaotic MOP to optimize testing functions
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Fig. 9 AOA with Chaotic MOA and MOP to optimize testing functions
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each algorithm optimization test function. When considering
embedding the chaotic map into the parameters MOA and
MOP at the same time, comparing their average rankings,
we can intuitively see that CHAOA has the best optimization
performance and ranks the first. ITAOA and TEAOA rank the
second and third, respectively.

Based on the above figures and tables, it is not difficult to
see that the use of chaotic interference factors to dynamically
adjust the parameters on AOA has achieved better results. By
further comparing the average values of three improved
schemes, for most of the testing functions, the performance
of AOA with chaotic interference factor alone to affect MOP
is not as effective as AOA with chaotic interference factor
alone to affect MOA. When using chaotic interference factors
to affect MOA and MOP at the same time, the effect is better
than using chaotic interference factors to affect MOA alone.
By further comparing the average ranking of the optimization
performance of each algorithm, it can be found that CHAOA
ranks the first in these three improved schemes. Especially in
the last winning scheme, CHAOA’s optimization

performance leads the other algorithms, ranked first.
Therefore, we have reason to believe that CHAOA is the best
optimization performance in these algorithm variants.

In the above simulation experiments, this article runs
the optimization process of each function independently
for ten times, and determines its performance based on
the minimum, average, and variance of the three indica-
tors, but it is still impossible to determine the authen-
ticity of each experimental result. In order to show the
significance of each optimization result more fully and
intuitively, a non-parametric test was performed on the
results. The Wilcoxon rank sum test is used in this
article. Table 6 describes the p value of the Wilcoxon
rank sum test. In Table 6, based on the arithmetic op-
timization algorithm, the improved AOA based on the
chaotic interference factor is tested.It can be found that,
except for GAAOA, all p-values are less than 0.05. It
shows that the improved AOA is significantly different
from the original AOA.

Table 6 Results of Wilcoxon test (p ≥ 0.05)

Function CHAOA CIAOA GAAOA ITAOA LOAOA PIAOA SIAOA SGAOA SOAOA TEAOA

F1 1.8267e-04 1.8267e-04 0.00640 1.8267e-04 1.8267e-04 1.8267e-04 1.8267e-04 4.3964e-04 1.8267e-04 1.8267e-04

F2 1.8267e-04 1.8267e-04 0.0539 1.8267e-04 1.8267e-04 1.8267e-04 1.8267e-04 3.2984e-04 1.8267e-04 1.8267e-04

F3 1.8267e-04 1.8267e-04 0.0211 1.8267e-04 1.8267e-04 1.8267e-04 1.8267e-04 7.6854e-04 1.7962e-04 1.8267e-04

F4 2.4349e-04 5.7729e-04 0.0537 3.2643e-04 1.8063e-04 4.3528e-04 2.4349e-04 9.9915e-04 3.2643e-04 3.2643e-04

F5 0.0073 0.0121 0.0173 0.0113 0.0312 0.0257 0.0439 0.0376 0.0376 0.0257

F6 0.0058 0.0058 0.1405 0.0010 0.0073 0.0017 0.0058 0.0376 0.0452 0.0014

F7 0.0058 0.0064 0.2413 0.0017 0.0058 0.0013 0.0140 0.0058 1.8267e-04 0.0017

F8 0.0046 2.4673e-04 0.00257 0.00257 0.0028 0.0046 0.0046 0.0017 0.0046 0.0028

F9 7.6854e-04 0.0340 0.0640 0.0091 0.0073 0.0022 0.0017 0.0028 0.0028 0.0211

F10 0.0091 0.0340 0.2413 0.0046 0.0091 0.0257 0.0017 0.0357 0.0452 0.0058

F11 1.8267e-04 1.8267e-04 0.0036 0.0048 1.8267e-04 1.8267e-04 1.8267e-04 5.8284e-04 1.8267e-04 1.8267e-04

F14 2.4349e-04 1.8267e-04 0.0173 1.7962e-04 1.7962e-04 1.8267e-04 0.0091 1.8267e-04 1.7962e-04 1.8267e-04

F15 0.0211 0.0113 0.0640 0.0028 4.3964e-04 0.0113 0.0073 0.0028 0.0021 0.0340

F16 0.0058 0.0140 0.0376 0.0211 0.0376 0.0046 0.0028 0.0028 0.0390 0.0022

F17 0.0012 0.0376 0.1620 0.0273 0.0013 0.0257 0.0340 0.0640 0.0173 0.0067

F18 0.00257 0.0013 0.5708 0.0092 0.0018 0.0211 0.047 0.0021 0.0062 0.0140

F19 4.3964e-04 7.6854e-04 0.0140 3.2984e-04 2.4613e-04 4.3964e-04 0.0017 0.0113 4.3964e-04 0.0036

F20 0.0028 0.0312 0.0757 0.0452 0.0140 0.0113 0.0091 0.0257 0.0113 7.6854e-04

F21 0.0113 0.0340 0.9608 0.0375 1.8063e-04 0.0375 0.0287 0.0024 0.0211 0.0034

F22 1.8267e-04 0.0017 0.0640 7.6854e-04 1.8267e-04 0.0017 5.8284e-04 0.0013 1.8267e-04 1.8267e-04

F23 0.0312 0.5708 0.0173 4.3964e-04 0.0140 0.0067 0.0376 0.0113 0.0073 0.0057

F24 0.0052 0.0173 0.1859 0.0073 0.0012 0.0018 0.0012 0.0018 0.0073 0.0312

F25 1.8267e-04 5.8284e-04 0.0640 3.2984e-04 1.8267e-04 2.4613e-04 1.8267e-04 2.4613e-04 2.4613e-04 2.4613e-04

F26 0.1209 0.0034 0.6774 5.7729e-04 0.0034 0.0173 0.0450 0.012 0.00537 0.0375

F27 0.0073 0.0113 0.5705 0.0139 0.0438 0.0210 0.0091 0.0140 0.0036 0.0012

F28 5.8284e-04 7.6854e-04 0.3847 3.2984e-04 7.6854e-04 3.2984e-04 5.8284e-04 0.0010 1.8267e-04 3.2984e-04
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Table 7 Results of CEC - 2017 test suite

Function CHAOA HHO EO WHO PSO WOA MPA L-
SHADE

LSHADE-
EpSin

f1 Ave 1707.05 3.64E+05 2465.3 100.04 3959.6 2.38E+06 100 100.00 100

Std 1350.94 1.53E+06 2206.2 1.71E-01 4456.6 4.20E+06 4.79E-06 0.00 0.00

f3 Ave 300.00 301.00 300.00 300.00 300.00 1339.5 300.00 300.00 300.00

Std 2.2E-06 1.01 2.4E-08 7.08E-14 1.91E-10 879.78 9.92E-11 0.00 0.00

f4 Ave 401.17 409.96 404.48 401.68 405.95 442.54 400.03 400.00 400.00

Std 2.06 16.826 0.7911 0.627 3.283 50.96 0.057 0.00 0.00

f5 Ave 507.85 546.51 510.73 508.66 513.07 554.43 510.12 503.77 502.34

Std 6.48 8.409 3.6707 3.58 6.543 0.87 3.955 1.006 0.875

f6 Ave 603.62 628.56 600.00 600.03 600.24 631.16 600.00 600.00 600.00

Std 3.81 14.09 1.5E-04 0.109 0.98 12.32 6.16E-04 2.65E-07 2.59E-07

f7 Ave 718.63 786.43 720.93 719.14 718.98 782.05 723.32 723.91 712.23

Std 8.60 21.53 5.7425 3.81 5.10 25.67 3.910 1.235 0.605

f8 Ave 809.38 829.08 809.51 816.91 811.40 839.78 809.42 809.81 802.14

Std 3.10 9.195 2.9176 3.38 5.475 14.79 3.122 1.278 1.031

f9 Ave 913.019 1399.5 900.00 900.24 900.00 1357.7 900.00 900.00 900.00

Std 26.32 247.32 0.0227 0.562 5.9E-14 313.48 1.63E-02 0.00 0.00

f10 Ave 1339.11 1985.9 1418.7 1475.62 1473.35 2062.1 1437.42 1193.56 1070.03

Std 228.84 275.46 261.63 179.37 214.97 274.61 141.08 84.67 56.56

f11 Ave 1104.68 1153.1 1105.2 1109.00 1110.5 1183.0 1102.93 1105.83 1100.02

Std 3.97 44.93 5.0218 15.88 6.28 47.03 1.27 1.36 0.12

f14 Ave 2466.26 1553.9 1463.3 1432.7 1482.1 1732.0 1403.09 1410.85 1400.19

Std 569.65 146.42 32.498 19.12 42.46 639.08 4.06 9.21 0.45

f15 Ave 7814.63 3077.3 1585.6 1533.4 1714.3 5017.2 1500.77 1500.33 1500.33

Std 2063.47 1286.7 48.012 45.83 282.89 3360.3 0.52 0.36 0.20

f16 Ave 1618.58 1882.3 1649.0 1668.8 1860.0 1842.2 1601.82 1602.50 1600.87

Std 29.64 120.58 50.915 93.62 127.65 131.59 0.99 2.20 0.36

f17 Ave 1713.86 1779.7 1746.54 1723.3 1761.60 1789.7 1714.55 1716.39 1701.37

Std 13.21 35.43 39.78 10.56 47.51 43.58 9.44 5.96 3.84

f18 Ave 5176.68 1.46E+04 12,450 1891.8 14,599 17,733 1800.95 1809.87 1803.59

Std 2187.69 1.21E+04 11,405 73.07 11,852.2 11,207 0.52 9.47 7.60

f19 Ave 2016.47 8954.2 1951.5 2021.7 2602.8 25,420 1900.90 1900.52 1900.26

Std 108.15 7966.2 47.108 26.77 2185.02 30,016 0.45 0.28 0.03

f20 Ave 2019.00 2126.3 2020.6 2030.7 2085.03 2167.4 2015.52 2020.00 2000.23

Std 22.31 60.59 22.283 24.71 62.25 63.45 9.67 0.01 0.43

f21 Ave 2206.36 2310.4 2307.5 2249.1 2281.72 2324.6 2203.72 2282.46 2255.42

Std 8.73 66.37 20.961 54.77 54.02 51.93 20.35 42.64 52.16

f22 Ave 2297.11 2312.2 2297.40 2298.7 2314.8 2353.0 2283.76 2297.27 2300.10

Std 19.47 15.19 18.402 12.08 66.10 225.26 38.10 16.19 0.17

f23 Ave 2631.64 2659.2 2636.8 2634.6 2620.81 2649.7 2611.63 2638.08 2602.30

Std 13.16 24.98 5.5298 6.74 9.24 17.80 3.93 1.71 1.42

f24 Ave 2709.71 2791.9 2743.8 2734.2 2692.2 2740.9 2516.88 2728.92 2688.30

Std 108.17 85.57 6.904 44.49 108.20 102.83 38.39 31.74 91.65

f25 Ave 2820.65 2923.4 2934.3 2952.2 2924.0 2946.2 2897.92 2916.36 2923.77

Std 97.42 48.50 19.76 24.16 25.02 27.07 0.49 22.94 21.30

f26 Ave 2826.66 3288.3 2967.8 3809.5 2952.1 3517.9 2849.81 2909.17 2900.00

Std 34.59 45.92 164.98 171.58 249.66 577.8 96.29 34.93 0.00

f27 Ave 3084.49 3151.0 3091.3 3108.5 3116.22 3121.2 3089.37 3071.46 3089.03

Std 10.64 42.19 2.2414 4.285 24.99 34.78 0.46 0.78 1.05
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4.1.3 Comparison with other intelligent optimization
algorithms

In this section, this article selects some intelligent optimization
algorithms that perform well in optimizing the CEC-2017 test
functions, and compares them with AOA based on the chaotic
interference factor. These competing algorithms include
MPA, L-SHADE, LSHADE-EpSin, HHO, EO, WHO,
WOA and PSO. Through the previous experimental analysis,
it can be seen that the CHAOA algorithm in which the chaotic
interference factor is embedded in the parameters MOP and
MOA at the same time has the best effect. So this improved
AOA is chosen as a representative to compare with other
algorithms. Table 7 quotes the data in references [17, 68,
69]. By analyzing the data listed in Table 7, it can be seen that
the optimization performance of LSHADE-EpSin and MPA
are the best, and CHAOA proposed in this paper ranks third.
For most of the test functions, the optimized value of CHAOA
is very close to MPA. The fourth and fifth places are
LSHADE and EO. Based on the data analysis in the
Table 7, the performance of LSHADE-EpSin, MPA and
CHAOA is far superior to other methods. This fact shows that
CHAOA can be classified as a high-performance optimizer.

4.2 Engineering optimization design problems

4.2.1 Three-bar truss design problem

The design problem of the three-bar truss is to minimize the
weight of the truss under certain constraints. Figure 10 shows
the model diagram of the three-bar truss design problem. The

constraints of the truss mainly refer to buckling constraints,
stress and deflection.

The specific constraints and objective functions of this
problem are listed as follows:

Objective function∷ f Xð Þ ¼ 2
ffiffiffi
2

p
X 1 þ X 2

� �
*l

Constraint conditions : g1 Xð Þ ¼
ffiffiffi
2

p
X 1 þ X 2ffiffiffi

2
p

X 1 þ 2X 1X 2

P−σ≤0

g2 Xð Þ ¼ X 2ffiffiffi
2

p
X 1 þ 2X 1X 2

P−σ≤0

g3 Xð Þ ¼ 1ffiffiffi
2

p
X 2 þ X 1

P−σ≤0:

where, the variables X1 and X2 are the cross-sectional areas of
rod 1 and rod 2 respectively, 0 ≤ X1, X2 ≤ 1, l = 100 cm, P = 2
KN/cm, σ = 2 KN/cm.

Figure 11 shows the convergence curves of AOA and cha-
otic AOA to optimize the three-bar truss design problem.
Table 8 records he best values of the original AOA algorithm
and the arithmetic optimization algorithm based on the chaotic
interference factor to optimize the three-bar truss problem.
Each algorithm is run ten times, and then their average and
variance are recorded in Table 9, and the best data in the table
is bolded. It can be seen from Table 9 that SIAOA optimizing
the three-bar truss design problem to obtain the best value,
followed by the optimization results of CHAOA and
SOAOA. From the average results, it can be seen that

Table 7 (continued)

Function CHAOA HHO EO WHO PSO WOA MPA L-
SHADE

LSHADE-
EpSin

f28 Ave 3122.86 3389.5 3302.7 3372.2 3315.9 3357.4 3100.10 3266.65 3154.35

Std 86.58 128.8 133.92 140.39 121.83 148.88 6.34E-05 22.26 110.92

1 2 3

P

L L

L

Fig. 10 Model of three-bar truss design problem model
Fig. 11 Convergence curves of three-bar truss problem optimized by
chaotic AOA
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CIAOA optimizing three-bar truss problem is the best, but
GAAOA is not good, and its volatility is relatively large.

Table 10 lists the experimental results of other competing
algorithms to optimize the design of three-bar truss. Since
CIAOA performed well in this engineering problem, the im-
proved algorithm is chosen for comparison. Judging from the
data in Table 10, CIAOA has obtained the best parameter
values and the best objective function value. From the average
point of view, the optimization effect of EO and PSO is rela-
tively good, and CIAOA ranks third.

4.2.2 Welded beam problem

The problem of cantilever beam design is to minimize the
manufacturing cost function under certain constraints.
Figure 12 shows the model diagram of the cantilever beam
design problem. The constraints of the engineering problem
include buckling load on the steel bar, shear stress and bend-
ing stress in the beam, deflection of the end of the beam, and
side constraints. The specific constraints and objective func-
tions of this problem are listed as follows:

Objective function : f Xð Þ ¼ 1:1047X 2
1X 2

þ 0:04811X 3X 4 14:0þ X 2ð Þ
Constraint conditions : g1 Xð Þ ¼ τ Xð Þ−τmax≤0

g2 Xð Þ ¼ σ Xð Þ−σmax≤0
g3 Xð Þ ¼ δ Xð Þ−δmax≤0
g4 Xð Þ ¼ X 1−X 4≤0
g5 Xð Þ ¼ P−Pc Xð Þ≤0
g6 Xð Þ ¼ 0:125−X 1≤0

g7 Xð Þ¼ 1:10471X 2
1 þ 0:04811X 3X 4 14:0þ X 2ð Þ−5:0≤0

where, τ Xð Þ ¼ ffiffiffiffiffiffiffiffi
τ 0ð Þp

2 þ 2τ 0τ 00X 2
2R þ τ 00ð Þ 2, τ 0 ¼ Pffiffi

2
p

X 1
X 2,

τ 00 ¼ MR
J , M ¼ P Lþ X 2

2

� �
, R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X 2

2
4 þ X 1þX 3

2

� �2q
, J ¼ 2
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Fig. 12 Model of welded beam design problem
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ffiffiffi
2

p
X 1

�
X 2

X 2
2
4 þ X 1þX 3

2

� �2h i
g, σ Xð Þ ¼ 6PL

X 4X 2
3
, δ Xð Þ ¼ 6PL3

EX 2
3X 4

,

Pc Xð Þ ¼ 4:013E

ffiffiffiffiffiffiffi
X2
3
X6
4

36

q
L2

1−X 3
2L

ffiffiffiffiffi
E
4G

q� �
,

P = 6000lb., L = 14in, δmax = 0.25 in, E = 30 × 16psi,G = 12 ×
106psi, τmax = 13600psi, σmax = 30000psi. X1 is the thickness
of the weld (0.1 ≤ X1 ≤ 2), X2 is length of attached part of bar
(0.1 ≤ X2 ≤ 10), X3 represents the height of the bar (0.1 ≤ X3 ≤
10) and X4 is the thickness of the bar (0.1 ≤ X4 ≤ 2).

Figure 13 shows the convergence curves of AOA and
the improved AOA based on the chaotic interference
factor to optimize the welded beam design problem.
Table 11 records the best values of the original AOA
algorithm and the arithmetic optimization algorithm
based on the chaotic interference factor to optimize the
cantilever beam design problem. Each algorithm is run
ten times, and then their average and variance are re-
corded in Table 12, and the best data in the table is
bolded. It can be seen from Table 12 that the improved
AOA on the welded beam problem has achieved better
results. The best performance of optimizing the welded

beam design problem is CHAOA, and the data result
obtained by PIAOA ranks second. PIAOA runs ten
times to get the best results.

Table 13 refers to the experimental results of other compet-
ing algorithms to optimize the cantilever problem [16].
Because PIAOA performed well in this engineering problem,
the improved algorithm is chosen for comparison. Judging
from the data in Table 13, MPA has obtained the best param-
eter values and the best objective function value. From the
average point of view, the optimization effects of MPA and
EO are relatively good, and PIAOA ranks third.

4.2.3 Pressure vessel problem

The goal of the problem based on pressure vessel design is to
minimize the manufacturing cost function. Figure 14 shows a
model diagram of the pressure vessel problem. The container
contains four design variables, and the manufacturing cost
includes the material of the container, the molding of the con-
tainer and the welding of the container. The specific con-
straints and objective functions of this problem are listed as
follows:

Objective function : f Xð Þ ¼ 0:6224X 1X 3X 4

þ 1:7781X 2X 2
3

þ 3:1661X 2
1X 4 þ 19:84X 2

1X 3

Fig. 13 Convergence curves of welded beam problem optimized by
chaotic AOA

Table 13 Results obtained from competitor algorithms for the welded beam problem

PIAOA HHO EO WHO PSO WOA MPA L-
SHADE

LSHADE-
EpSin

f(X) 1.779739349 1.8561 1.7449 1.7839 3.2731 2.3584 1.724853 2.0701 2.0157

X1 0.181453546 0.2134 0.2057 0.2377 0.2843 0.329 0.205728 0.2389 0.2884

X2 4.380150727 3.5601 3.4705 4.3647 7.5333 2.5471 3.470509 3.4067 3.1057

X3 9.95062591 8.4629 9.0366 8.9634 7.6664 6.8078 9.036624 9.6383 9.3491

X4 0.201585538 0.2346 0.2057 0.2846 0.3274 0.3789 0.205730 0.2901 0.2999

Best 1.779739349 1.8561 1.7449 1.7839 3.27314 2.3584 1.724853 2.0701 2.0157

Ave 1.919208161 1.9302 1.7555 1.9964 3.57351 2.5685 1.724861 2.1361 2.4165

Std 0.120066852 0.0647 1.86E-03 0.0965 4.00E-01 2.14E-01 6.41E-06 5.88E+01 4.49E+01

2X1X

3X
3X

4X

Fig. 14 Model of pressure vessel design problem
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Constraint condition : g1 Xð Þ ¼ 0:0193X 3−X 1≤0
g2 Xð Þ ¼ 0:00954X 3−X 2≤0

g3 Xð Þ ¼ 1296000−πX 2
3X 4−4



3πX

3
3≤0

g4 Xð Þ ¼ X 4−240≤0

where, X1 and X2 are head (Th) and cylinder wall thickness
(Ts), 0.0625 ≤ X1, X2 ≤ 6.1875; X3 is the radius of the cylinder
and head (R), X4 is the cylinder length (L), 10 ≤ X3, X4 ≤ 200.
Among the four variables, X1 and X2 are uniformly discrete
variables with an interval of 0.0625, X3 and X4 are continuous
variables.

Figure 15 shows the convergence curves of AOA and the
improved AOA based on the chaotic interference factor to
optimize the pressure vessel problem. Table 14 records the
best values of the original AOA algorithm and the arithmetic
optimization algorithm based on the chaotic interference fac-
tor to optimize the pressure vessel design problem. Each al-
gorithm is run ten times, and then their average and variance
are recorded in Table 15, and the best data in the table is
bolded. It can be seen from Table 15 that the optimization of

improved AOA on the pressure vessel design problem has
achieved better results. GAAOA optimizes the pressure vessel
design problem to obtain the smallest minimum value. But
from the average and variance point of view, SIAOA ranks
first in the optimization process.

Table 16 refers to the experimental results of other compet-
ing algorithms to optimize the pressure vessel problem [16].
Since SIOAA performed well in this engineering problem, the
improved algorithm is chosen for comparison. Judging from
the data in Table 16, SIOAA has obtained the best parameter
values and the best objective function value. From the average
point of view, SIAOA is equally excellent, and its standard
deviation is also the smallest, ranking first in the listed algo-
rithms, and MPA and EO are ranked second and third
respectively.

4.2.4 Tension spring problem

The goal of the tension spring design problem is to minimize
the weight of the compression spring under certain con-
straints. Figure 16 shows the model diagram of the tension
spring design problem. The design problem has three design
variables. Constraints include vibration frequency, minimum
deflection and shear stress. The specific constraints and objec-
tive functions of this problem are listed as follows:

Objective function : f Xð Þ ¼ X 3 þ 2ð ÞX 2X 2
1

Fig. 15 Convergence curves of pressure vessel problem optimized by
chaotic AOA

Table 16 Results obtained from competitor algorithms for the pressure vessel problem

SIAOA HHO EO WHO PSO WOA MPA L-
SHADE

LSHADE-
EpSin

f(X) 5736.297101 6.39E+03 5.91E+03 5.96E+03 1.70E+04 7.11E+03 5885.3353 7.67E+03 6.85E+03

X1 0.841582141 0.9833 0.7929 0.7962 1.6186 0.9730 0.77816876 0.8525 0.9330

X2 0.413888314 0.4758 0.3914 0.4695 0.6296 0.6512 0.38464966 0.5775 0.6982

X3 45.28904823 49.9297 41.1773 43.6952 59.2820 50.6804 40.3196208 56.3105 59.9952

X4 155.7817616 98.9036 188.3950 159.5595 146.9644 93.0377 199.999993 65.7572 47.5678

Best 5736.297101 6.39E+03 5.91E+03 5.96E+03 1.701E+04 7.11E+03 6059.7144 7.67E+03 6.85E+03

Ave 5822.608283 6.61E+03 6.53E+03 6.98E+03 2.431E+04 1.05E+04 6102.8271 1.47E+04 1.87E+05

Std 111.0541144 2.54E+02 3.98E+02 360.69 9.91E+03 3.23E+03 106.61 7.74E+03 5.00E+05

1X

2X
3X3X

Fig. 16 Model of tension spring design problem
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Constraint condition : g1 Xð Þ ¼ 1−
X 3

2X 3

71785X 4
1

≤0

g2 Xð Þ ¼ 4X 2
2−X 1X 2

12566 X 2X 3
1−X

4
1

� � þ 1

5108X 2
1

≤0

g3 Xð Þ ¼ 1−
140:45X 1

X 2
2X 3

≤0

g4 Xð Þ ¼ X 1 þ X 2

1:5
−1≤0

where,X1 is wire diameter (0.05 ≤ X1 ≤ 2.00),X2 is the average
coil diameter (0.25 ≤ X2 ≤ 1.30), and X3 represents the number
of effective coils (2.00 ≤ X3 ≤ 15.0).

Figure 17 shows the convergence curves of AOA and
AOA based on the chaotic interference factor to opti-
mize the tension spring design problem. Table 17 re-
cords the best values of the original AOA algorithm
and the arithmetic optimization algorithm based on the
chaotic interference factor to optimize the tension spring

design problem. Each algorithm is run ten times, and
then their average and variance are recorded in
Table 18, and the best data in the table is bolded. It
can be seen from Table 18 that the improved algorithms
in the optimization of the tension spring design problem
have achieved better results. The optimal value obtained
by SIAOA for optimizing the tension spring design
problem is the smallest when the constraints are met,
followed by the optimal value by CHAOA. At the same
time, the average value of SIAOA to optimize the
spring design problem is the smallest and SOAOA is
more stable.

Table 19 refers to the experimental results of other
competing algorithms to optimize the tension spring
problem [16]. Since SIOAA performed well in this en-
gineering problem, the improved algorithm was chosen
for comparison. Judging from the data in Table 19,
SIOAA has obtained the best parameter values and the
best objective function value. From the average point of
view, SIAOA is equally excellent, ranking first in the
listed algorithms, and MPA and EO are ranked second
and third respectively.

Through the above comparison with competing algo-
rithms, it can be found that the improved algorithm
proposed in this paper performs well in solving actual
engineering optimization problems. Among the four en-
gineering problems, three can obtain the best parameter
values, so as to obtain the best objective function value.
They are the three-bar truss problem, the pressure vessel
problem, and the spring tension problem. In terms of
the average optimization effect, for the four engineering
problems, the proposed improved algorithm in this pa-
per can be ranked in top three. Especially when solving
the pressure vessel problem and the spring tension prob-
lem, it ranked first. The optimization effects of MPA
and EO are also relatively good.

Fig. 17 Convergence curves of tension spring problem optimized by
chaotic AOA

Table 19 Results obtained from competitor algorithms for the tension spring problem

SIAOA HHO EO WHO PSO WOA MPA L-
SHADE

LSHADE-
EpSin

f(X) 0.012247796 0.013016 0.012682 0.012665 1.733190 0.012683 0.012665 0.018662 0.017227

X1 0.053568226 0.0562 0.0512 0.0576 0.0582 0.0507 0.051724477 0.0555 0.0592

X2 0.254893206 0.4754 0.3445 0.3986 0.7952 0.3339 0.35757003 0.4706 0.4983

X3 11.45465809 6.6670 12.0455 8.3695 5.2794 12.7645 11.2391955 7.4552 8.8980

Best 0.012247796 0.013026 0.012682 0.012665 1.733190 0.012683 0.012665 0.018662 0.017237

Ave 0.012485346 0.014160 0.013536 0.015636 1.143211 0.014709 0.012665 0.019992 0.016214

Std 0.000662149 1.64E-03 2.20E-04 3.68E-03 8.48E+05 2.30E-03 5.55E-08 1.48E+02 1.01E+01
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5 Conclusions

The improved AOA based on chaotic interference factors
adopted in this paper improves the ability of the AOA to balance
exploration and exploitation, avoids falling into local optimiza-
tion, and improves the accuracy of convergence. This article has
designed three schemes to carry out simulation experiments to
test their performance. The optimization experiment results of
unimodal functions, multimodal functions, mixed functions and
complex functions show that the optimization performance of
AOA based on chaotic interference factors are good. The opti-
mization results show that the optimized average value of the
arithmetic optimization algorithm based on the chaotic interfer-
ence factor is lower than the initial algorithm in most of the test
functions. By further comparing the optimization rankings of
different chaotic variants, the CHAOA algorithm in which the
chaotic interference factor is embedded inMOP andMOA at the
same time has achieved the best effect among many chaotic
variants. When compared with other optimization algorithms,
the chaotic arithmetic optimization algorithm also has the upper
hand. On the other hand, the convergence performance of the
chaotic AOA to optimize the engineering design problem is also
excellent. Among them, the optimized three-bar truss problem
and the welded beam design problem are the most stable and the
best is CIAOA and PIAOA respectively. For pressure vessel and
spring design problems, the convergence speed and accuracy of
the SIOA algorithm make it stand out. By comparing with other
competing algorithms, the algorithm proposed in this article per-
forms well in solving practical engineering problems.

It the future work, we plan to apply chaos theory to other
optimization algorithms, not only considering the existing 2-
dimensional chaos, but also considering the application of cha-
otic systems for optimization in order to extensively compare
the performance of chaos in different heuristic algorithms. In
addition, we will extend the application of the improved algo-
rithm. First of all, the improved algorithm can be applied to the
Frequent Itemsets Mining (FIM) [70] technology and the field
of mining top-k most frequent association rules [71]. Secondly,
CAOA can be applied to the recently more popular deep learn-
ing to optimize neural network parameters and improve the
efficiency of network training. Finally, extending the algorithm
to multi-objective optimization to solve combinatorial optimi-
zation problems can also be seen as a future contribution.
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