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Abstract
Dominance resistance is a challenge for Pareto-based multi-objective evolutionary algorithms to solve the high-
dimensional optimization problems. The Non-dominated Sorting Genetic Algorithm III (NSGA-III) still has such
disadvantage even though it is recognized as an algorithm with good performance for many-objective problems.
Thus, a variation of NSGA-III algorithm based on fine final level selection is proposed to improve convergence.
The fine final level selection is designed in this way. The θ-dominance relation is used to sort the solutions in the
critical layer firstly. Then ISDE index and favor convergence are employed to evaluate convergence of individuals for
different situations. And some better solutions are selected finally. The effectiveness of our proposed algorithm is
validated by comparing with nine state-of-the-art algorithms on the Deb-Thiele-Laumanns-Zitzler and Walking-Fish-
Group test suits. And the optimization objectives are varying from 3 to 15. The performance is evaluated by the
inverted generational distance (IGD), hypervolume (HV), generational distance (GD). The simulation results show that
the proposed algorithm has an average improvement of 55.4%, 60.0%, 63.1% of 65 test instances for IGD, HV, GD
indexes over the original NSGA-III algorithm. Besides, the proposed algorithm obtains the best performance by
comparing 9 state-of-art algorithms in HV, GD indexes and ranks third for IGD indicator. Therefore, the proposed
algorithm can achieve the advantages over the benchmarks.

Keywords Many-objective optimization . Convergence . NSGA-III . Environmental selection

1 Introduction

In engineering practice, people often face problems with mul-
tiple objectives, which are called multi-objective problems
(MOPs). The MOPs with at least four objectives are informal-
ly known as many-objective problems (MaOPs) [1]. And
there always exists MaOPs in real life, such as water distribu-
tion system design [2], intrusion detection [3], green vehicle
routing problem [4]. Multi-objective evolutionary algorithms

(MOEAs) is usually used to solve MOPs and MaOPs, which
can be divided into decomposition-based [5–8], indicator-
based [9, 10] and Pareto-based [11–13] algorithms.
However, it should be pointed that the MOEAs confront three
challenges when handling MaOPs, namely dominance resis-
tance (DR) phenomenon, dimensional curse and visualization
difficulty [1]. To solve the first challenge efficiently, three
methods are introduced, including modification on Pareto-
dominance relation, indicator-based approach and the en-
hanced diversity management. The first method suggests
modifying the Pareto-dominance relation. The examples in-
clude grid dominance [14], θ-dominance [15], fuzzy Pareto-
dominance [16], angle dominance [17]. Besides, Bao et al.
[18] presented an augmented penalty boundary intersection
(APBI) dominance-relation to reach the balance between con-
vergence and diversity. The second way is to replace the
Pareto-dominance relation with indicator function for evalu-
ating the quality of solutions. And this method is called the
indicator-based approach, including Hypervolume-based
MOEAs (SMS-EMOA) [19]. Recently, Li et al. [20] proposed
a two-stage algorithm and R2 indicator was used for the first
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selection with noticeable success. Moreover, the inverted gen-
erational distance was used to evaluate the quality of solutions
[21]. Even though these methods can deal with MOPs effec-
tively, there are still high computational burdens. The third
approach for MaOPs is to enhance diversity management.
For example, the NSGA-II [22] algorithm managed the acti-
vation and deactivation of the crowding distance to maintain
diversity. Another example is the shift-based density estima-
tion (SDE) strategy [23], which utilizes penalties for the non-
dominated solutions with poor convergence. In addition, Cai
et al. [24] proposed a diversity indicator based on reference
vectors to estimate the diversity. TheTwo-Archive algorithm2
[25] increased convergence and diversity by adopting two
separate archives. And here are some recent solutions [26–30].

As one of the Pareto-based algorithms, NSGA-III [31]
had achieved great success in practical application,
which replaced the crowding distance operator in the
NSGA-II with a clustering operator and used a set of
well-distributed reference points to guarantee diversity.
Although the NSGA-III algorithm can achieve good di-
versity, the performance needs to be improved by
remedying deficiency or expanding application. Hence,
many related studies have been developed. For example,
not all reference points may be associated with a well-
dispersed Pareto-optimal set in the search process of
NSGA-III algorithm. The selection of these reference
points with a number of solutions may not take account
of all solutions uniformly over the entire Pareto-fronts
[32]. Therefore, Jain and Deb proposed A-NSGA-III
[32] to overcome this drawback and extended it to solve
the constrained problems. θ-DEA [15] based a new dom-
inance relation were presented, aiming to balance the
convergence and diversity in many-objective optimiza-
tion. Moreover, Cai et al. [33] combined clustering with
NSGA-III to build a clustering-ranking evolutionary al-
gorithm (crEA). The convergence and diversity of solu-
tions were guaranteed by two archives respectively in
NSGA-III-UE and achieved good results [34]. NSGA-
III-SE [35] adopted selection and elimination operator
to maintain convergence and diversity. Maha [36] inte-
grated ISC-Pareto dominance into C-NSGA-III algorithm
to solve the constrained optimization problems. In addi-
tion, a novel niche preservation procedure was used in
NSGA-III to alleviate the imbalance problem with higher
classification accuracy for classes having fewer instances
[3]. Yi et al. [37] introduced an improved NSGA-III
algorithm with adaptive mutation operator to deal with
big data optimization problems. Tavana [38] combined
NSGA-III with MOPSO to settle X-bar control charts.
Furthermore, a niche-elimination operation and worse-

elimination were introduced in NSGA-III to improve
convergence [39]. An elimination operator was presented
to promote the convergence of NSGA-III algorithm [40].

Although these above algorithms have been successful
in some respects, further study is still needed. The
NSGA-III algorithm still faces the problem that Pareto
dominance cannot provide enough selection pressure.
To solve this problem, mating selection and environmen-
tal selection (or diversity maintenance mechanism) are
two important factors that needed to be considered. For
the former condition, the behind idea is that individuals
with better convergence should have a better chance of
producing offspring. For the latter case, since most indi-
viduals are non-dominated solutions in the evolutionary
process, it is necessary to weaken the original diversity
information or consider other convergence information.
Therefore, how to determine the convergence and diver-
sity of individuals and how to integrate convergence in-
formation into the diversity maintenance mechanism are
two key issues. This paper promotes the convergence of
NSGA-III by modifying the environmental selection. We
improve NSGA-III algorithm based on fine final level
selection and propose NSGA-III-FS algorithm. In the
modified algorithm, non-dominated sorting is used to di-
vide the population firstly in environmental selection.
Next, a new dominance relation is utilized to classify
the individuals in the critical layer. Then the favor con-
vergence and shift-based density estimation are exploited
to assess individuals, and some individuals with good
performance are selected finally. Compared with the im-
provement of NSGA-III algorithm in existing literatures,
the improved algorithm in this paper has such innova-
tion. Since most algorithms still use fast non-dominant
sorting, critical layer selection becomes very important.
A more detailed and rigorous solution selection process is
adopted, and the solutions are associated with the reference
point only at the critical layer, resulting in less computation.
Then, a more elaborate case selection process is used to ensure
the quality of the solution. Choosing a suitable solution mech-
anism for each case from different aspects is not well studied
by the above developed algorithms. Although more calcula-
tions are possible in the selection process, combined with the
reference point correlation part, the overall algorithm will not
be too many calculations.

The innovation and contribution of this paper are as
follows:

(1) The integration of θ-dominance, favor convergence and
density estimation ISDE index form a fine final level
selection mechanism to optimize solutions. In the fine
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final level selection, the θ-dominance relation mainly
subdivides the solutions in the critical layer. The favor
convergence and density estimation ISDE are used for
selecting solutions when the number of candidate solu-
tions does not meet or exceeds the demand. The solu-
tions with good convergence are preserved by such a
careful solution selection process.

(2) The fine final level selection mechanism is applied to
NSGA-III algorithm to improve convergence. A variant
of NSGA-III algorithm is formed by combining fine
final level selection with a different normalization pro-
cess. And the effectiveness of the proposed algorithm is
evaluated against multiple experiments.

The rest of this paper is organized as follows.
Section 2 reviews the NSGA-III algorithm and certain
knowledge that will be used later. Section 3 describes
the framework of the proposed algorithm together with
details. Experimental designs are listed in Section 4.
Experimental results and analysis on many-objective op-
timization are given in Section 5. Section 6 concludes
this paper and describes the future work.

2 Preliminary work

2.1 NSGA-III

Compared to NSGA-II, one major difference of NSGA-
III is that a uniform set of reference points is selected
to maintain diversity. Figure 1 shows the detailed flow
of NSGA-III. During the evolution process, the NSGA-
III firstly generates a random initial parent population
Pt(size = N) and a set of uniform reference points. The
offspring population Qt(size = N) is obtained through re-
combination and mutation. Next, the parent population
Ptand offspring populationQt are combined to get a new
population Rt(size = 2 N). The NSGA-III algorithm di-
vides Rt into different non-dominated levels (F1, F2,
⋯Fl) using the non-dominated sorting method. Then,
it chooses individuals from F1 layer, and continues
withF2, ⋯, until the size of St is equal to or greater
than N for the first time. After the selection, a new
population St (size = N) is constructed, which serves as
the parent population Pt + 1 for the next iteration.
Generally, St only accepts some individuals in the crit-
ical layer (i.e. Fl layer) after storing individuals from
F1, ⋯Fl − 1 levels. Finally, the algorithm chooses K =
N − |Pt + 1| individuals from Fl level. The following steps

are the process of choosing K individuals. (1) The first
step is to normalize the objective values of individuals
in St. (2) It defines reference lines, which are the origin
connecting to reference points on the hyperplane. (3) It
calculates the perpendicular distances between the indi-
viduals in St and reference lines. (4) Each individual in
St is associated with a reference point according to the
minimum perpendicular distance. (5) It calculates the
niche count for each reference point (i.e. the number
of individuals in St associated with each reference
point). (6) It selects K individuals based on the calcu-
lated niche count [31].

2.2 θ-Dominance relation

In this section, some figures and several basic definitions are
utilized to describe the θ-dominance relation. Figure 2 shows
the process of θ-dominance and Figure 3 shows the dj, 1(x) and
dj, 2(x) of θ-dominance visually. Concepts of θ-dominance are
defined as follows:

Definition 1: two solutions x, y ∈ St, x is said to θ-dominate y,
denoted by x ≺ θy, iff x ∈Cj, y ∈Cj and Fj(x) <
Fj(y).

Definition 2: solution x∗ ∈ St is θ-optimal iff there is no other
solution x ∈ St dominate x∗.

Definition 3: all the solutions are θ-optimal in St to form the
θ-optimal solution set (θ-OS), and the corre-
sponding mapping of θ-OS to the objective
space is the θ-optimal front (θ-OF).

Each reference direction is assigned a θ-value if the
reference direction exists only one-dimension value
greater than 10−4, and then the θ-value of this reference
direction is set to 106. Otherwise, the θ-value is 5.
Characteristics of the θ-dominance relationship and more
details are available in [15].

3 The proposed NSGA-III-FS algorithm

Algorithm 1 describes the main loop of NSGA-III-FS. The
proposed algorithm is different from NSGA-III in Step 6–7
as shown in Algorithm 1, and the remaining steps are consis-
tent with the original NSGA-III algorithm. To describe the
proposed algorithm in detail, we introduce the proposed algo-
rithm step by step in the following.
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Fig. 1 Flow chart of NSGA-III algorithm
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Step 1: Reference-point generation
In this paper, the reference-point generation is divid-
ed into inner layer and outer layer. And this genera-
tion method is the same as the original algorithm, so
the original NSGA-III [31] can be referred for the
detailed descriptions.

Step 2: Initialization
Like most algorithms, the random population is pro-
duced in the first generation and then optimize the
population through effective strategies.

Step 3: Identify ideal point and nadir point
The initialized ideal point and nadir point are
assigned the minimum and maximum objective
values, and these two points are updated by Step 6.

Step 4: Produce offspring
The offspring is generated by a generic operator. It
contains adaptive simulate binary crossover and
polynomial mutation.

Step 5: Combined population
A combined population is consisting of a parent pop-
ulation and its offspring. Then its size becomes 2 N.

Step 6: Update the ideal point and the nadir point

The essence of normalization process is to solve the
inconsistency of objectives. However, the normalization
process of the original NSGA-III is to construct a hy-
perplane on the transformed objective space. This does
not fully reflect the entire Pareto front. Thus, the nor-
malization process used in the proposed algorithm is to
construct a hyperplane on the original objective space,
this is more reflective for the whole Pareto front.

The main difference between NSGA-III-FS and NSGA-III is
the identification of nadir point Znad in the normalization. The
ideal point Z∗ represents the minimum objective value found so
far. The Znad is difficult to be estimated because it takes into
account the whole information of Pareto front. Suppose individ-
uals in the population S are needed to be optimized, the extreme
point ej on the objective axis fj is found by finding the minimum
achievement scalarizing function of the solution x ∈ S. The cal-
culation method is the formula (1) [11].

ASF x;W j
� � ¼ maxmi¼1

1

W j;i

f i xð Þ−Z*
i

Znad
i −Z*

i

����
����

� �
ð1Þ

Where the Wj = (Wj, 1,Wj, 2,⋯Wj, m)
T is the axis

direction of objective axisfj, if i ≠ j, Wj, i = 0, else Wj,

i = 1 in the formula (1), then theWj, i = 0is replaced

byWj, i = 10−6. The Znad
i is estimated in the previous

generation, the extreme pointej = f(x). Finally, m extreme
points{e1, e2,⋯, em}can be obtained after considering m
objective axes; and a m-dimensional hyperplane is con-
structed by those extreme points; a1, a2, ⋯, amrepresent
the intercepts on the hyperplane with directions

1; Z*
1;⋯; Z*

m

� �T
; Z*

1; 1;⋯; Z*
m

� �T
;⋯; Z*

1;⋯; Z*
m−1; 1

� �T
.

The Znad
i is updated with the calculated intercept ai.

To have an intuitive understanding of the normalization
process differences between NSGA-III and NSGA-III-FS. In
addition to the detailed description of Step 6 above, the Fig. 4
shows the comparison of the specific calculation and flow
chart of NSGA-III, NSGA-III-FS. The Fig. 5 is a schematic
diagram of three-dimensional hyperplane for NSGA-III and
NSGA-III-FS algorithms.

Fig. 3 Schematic diagram of dj, 1(x) and dj, 2(x)
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Fig. 2 Process of θ-dominance
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Step 7: Environmental selection process

This paper proposes a fine final level selectionmechanism for
the environmental selection. The design motivation of new

selectionmethod is that: For NSGA-III algorithm, the correlation
is first made by the shortest distance between solution and ref-
erence point after the non-dominated sorting of populationRt.
Then it selects solutions mainly considers the least number of

Fig. 4 The normalization of the NSGA-III and NSGA-III-FS algorithms
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solutions closest to the reference point. This does not take full
advantage of individual information. While modifying the envi-
ronmental selection is a way to improve convergence. Thus, this
study designs final level selection to improve the convergence of
NSGA-III.

More details about the environmental selection of the pro-
posed NSGA-III-FS algorithm can be found in Algorithm 2. In
environmental selection, the non-dominated sorting method is
also utilized to sort the populationRt firstly. The following steps
are constructing a populationStstarting from F1until the size of
Stis equal to or greater thanN for the first time. If the size of St is
equal to N, Stis outputted as the next generation. Otherwise, the
fine final level selection is performed from Step 7–7 to Step7–
21 in Algorithm 2. The key steps of fine final level selection are
described in detail. Principle of fine final-level selection in en-
vironmental selection is as follows: To guarantee the quality of

solutions, θ-non-dominated sorting is adopted in the critical
layer (Fllayer). When the number of candidate solutions in the
first θ-non-dominated layer does not meet the requirements, all
the individuals in the first θ-non-dominated layer are kept and
some solutions with better favor convergence in the rest θ-non-
dominated layers are chosen. If the number of candidate solu-
tions exceeds the requirements, the solutions with balance per-
formance in first θ-non-dominated layer are selected. Figure 6
visually illustrates an example of the solution selection about
the fine final level selection.

The solutions that using the θ-non-dominated sorting meth-
od in the critical layer take advantage of the guidance of ref-
erence points. Then, favor convergence fully considers the
convergence information and ISDEconsiders the solution with
equilibrium properties. This makes our mechanism more like-
ly to retain better solutions and output satisfactory results.
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Step 7-8: The normalization of population members

For a solution x, the normalized objective value f
0
i xð Þ can

be calculated by the formula (2), fi(x) is the objective value, Z*
i

is the ideal point andZnad
i is the nadir point as mentioned

above, m is the objective dimension [11].

f
0
i xð Þ ¼ f i xð Þ−Z*

i

Znad
i −Z*

i

; i∈ 1; 2;⋯;mf g ð2Þ

Step 7-9: θ-non-dominated sorting

The principle of θ-dominance relation has already intro-
duced in Section 2. The θ-non-dominated sorting method is
based on this relationship.

Step 7-13: ISDE indicator calculation

As is known to all, shift-based density estimation (SDE)
[23] is a successful strategy to solve the phenomenon of

Table 1 The main characteristics
of all test problems Problems Characteristics

DTLZ1 Linear
DTLZ2 Concave
DTLZ3 Concave, Multimodal
DTLZ4 Concave, Biased
WFG1 Mixed, Biased, Scaled
WFG2 Convex, Disconnected, Multi-modal, Non-separable, Scaled
WFG3 Linear, Degenerate, Non-separable, Scaled
WFG4 Concave, Multimodal, Scaled
WFG5 Concave, Biased, Scaled
WFG6 Concave, Non-separable, Scaled
WFG7 Concave, Biased, Scaled
WFG8 Concave, Biased, Non-separable, Scaled
WFG9 Concave, Biased, Multi-modal, Deceptive, Non-separable, Scaled
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Fig. 6 Example of the proposed fine final level selection mechanism. An
example of the fine final level selection: Suppose there are 13 solutions
associated with 5 reference points in the critical layer. According to the
vertical distance from the solution to the reference line (the line between
the reference point and the origin), the solutions are divided into 5
clusters, namely C1, C2, C3, C4, C5 (Fig. a); The solutions with Rank1
are stored in first θ – dominance layer (The green dots in Figures); If the

number of individuals in the first layer is greater than the required num-
ber, the ISDE index is used to select solutions in the first layer (Fig. b); If
the number of individuals in the first layer is less than the required num-
ber, all the individuals in the first layer are retained, the favor convergence
is used to select solutions from the individuals that are not in the first layer
(Fig. c).
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dominance resistance in high-dimensional optimization for
the Pareto-based algorithms. Therefore, this advantage is in-
corporated in the process of choosing solutions. And in order
to reduce the calculation, a slight calculation change is made
based on the original SDE strategy to form the indicator ISDE.
The ISDE can be calculated by the formula (3)–(5) [9].

ISDE x; yð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑

1≤ i≤m
sd f i xð Þ; f i yð Þð Þ2

r
ð3Þ

ISDE xð Þ ¼ min
y∈P;y precedes x

ISDE x; yð Þf g ð4Þ

where sd f i xð Þ; f i yð Þð Þ

¼ f i yð Þ− f i xð Þ; if f i xð Þ < f i yð Þ
0; otherwise

�
ð5Þ

Where y precedes x means the original position of y in the
population P is smaller than x. x and y are two different
solutions.fi(x),fi(y)represent the objective value of x, y respec-
tively. The solution with largerISDEvalue is selected
potentially.

Step 7-16: Favor convergence calculation

The favor convergence (FC) function is based on
Chebyshev and preference weights. It is designed to measure
the convergence of individuals. For an individual x, the favor
convergence value is calculated by the formula (6) [41].

FC xð Þ ¼ max
1≤ j≤M

wx; j f j xð Þ−Zmin
j

��� ���n o
ð6Þ

Table 2 The mathematical formulas [42] for the DTLZ1–4 test problems

Problem Function Expression

DTLZ1
Minimize f 1 xð Þ ¼ 1

2
x1x2⋯xM−1 1þ g xMð Þð Þ

Minimize f 2 xð Þ ¼ 1

2
x1x2⋯ 1−xM−1ð Þ 1þ g xMð Þð Þ

⋮ ⋮
Minimize f M−1 xð Þ ¼ 1

2
x1 1−x2ð Þ 1þ g xMð Þð Þ

Minimize f M xð Þ ¼ 1

2
1−x1ð Þ 1þ g xMð Þð Þ

subject to 0≤xi≤1; for i ¼ 1; 2;…; n

where g xMð Þ ¼ 100 jxM j þ ∑
xi∈XM

xi−0:5ð Þ2−cos 20π xi−0:5ð Þð Þ
� 	

DTLZ2 Minimize f 1 xð Þ ¼ 1þ g xMð Þð Þcos x1π=2ð Þcos x2π=2ð Þ⋯cos xM−2π=2ð Þcos xM−1π=2ð Þ
Minimize f 2 xð Þ ¼ 1þ g xMð Þð Þcos x1π=2ð Þcos x2π=2ð Þ⋯cos xM−2π=2ð Þsin xM−1π=2ð Þ
Minimize f 3 xð Þ ¼ 1þ g xMð Þð Þcos x1π=2ð Þcos x2π=2ð Þ⋯sin xM−2π=2ð Þ

⋮ ⋮
Minimize f M−1 xð Þ ¼ 1þ g xMð Þð Þcos x1π=2ð Þsin x2π=2ð Þ
Minimize f M xð Þ ¼ 1þ g xMð Þð Þsin x1π=2ð Þ

0≤xi≤1; for i ¼ 1; 2;…; n
where g xMð Þ ¼ ∑

xi∈XM

xi−0:5ð Þ2

DTLZ3 Minimize f 1 xð Þ ¼ 1þ g xMð Þð Þcos x1π=2ð Þcos x2π=2ð Þ⋯cos xM−2π=2ð Þcos xM−1π=2ð Þ
Minimize f 2 xð Þ ¼ 1þ g xMð Þð Þcos x1π=2ð Þcos x2π=2ð Þ⋯cos xM−2π=2ð Þsin xM−1π=2ð Þ
Minimize f 3 xð Þ ¼ 1þ g xMð Þð Þcos x1π=2ð Þcos x2π=2ð Þ⋯sin xM−2π=2ð Þ

⋮ ⋮
Minimize f M−1 xð Þ ¼ 1þ g xMð Þð Þcos x1π=2ð Þsin x2π=2ð Þ
Minimize f M xð Þ ¼ 1þ g xMð Þð Þsin x1π=2ð Þ

0≤xi≤1; for i ¼ 1; 2;…; n

where g xMð Þ ¼ 100 jxM j þ ∑
xi∈XM

xi−0:5ð Þ2−cos 20π xi−0:5ð Þð Þ
� 	

DTLZ4 Minimize f 1 xð Þ ¼ 1þ g xMð Þð Þcos xα1π=2
� �

cos xα2π=2
� �

⋯cos xαM−2π=2
� �

cos xαM−1π=2
� �

Minimize f 2 xð Þ ¼ 1þ g xMð Þð Þcos xα1π=2
� �

cos xα2π=2
� �

⋯cos xαM−2π=2
� �

sin xαM−1π=2
� �

Minimize f 3 xð Þ ¼ 1þ g xMð Þð Þcos xα1π=2
� �

cos xα2π=2
� �

⋯sin xαM−2π=2
� �

⋮ ⋮
Minimize f M−1 xð Þ ¼ 1þ g xMð Þð Þcos xα1π=2

� �
sin xα2π=2

� �
Minimize f M xð Þ ¼ 1þ g xMð Þð Þsin xα1π=2

� �
0≤xi≤1; for i ¼ 1; 2;…; n

where g xMð Þ ¼ ∑
xi∈XM

xi−0:5ð Þ2
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Where M is the number of object ives,zmin ¼
zmin
1 ; zmin

2 ;⋯; zmin
M

� �
is the ideal point for a population,

wx = (wx, 1, wx, 2,⋯, wx, M) is the favorable weight for
x and see the formula (7) [41] for the calculation. Small
FC value means better convergence.

wx; j ¼
0; f j xð Þ ¼ Zmin

j

1; f j xð Þ≠Zmin
j ;∃ f i xð Þ ¼ Zmin

i

1

f j xð Þ−Zmin
j

∑
M

i¼1

1

f i xð Þ−zmin
i

� 	
; otherwise

8>>><
>>>:

ð7Þ

4 Experimental designs

4.1 Test problems

The widely used Deb-Thiele-Laumanns-Zitzler (DTLZ) [42]
and the Walking-Fish-Group (WFG) [43] test suits are select-
ed for experiment. Table 1 lists the main characteristics of all
benchmark functions. Tables 2 and 3 list the mathematical
formulas of DTLZ and WFG test suits respectively.

4.2 Comparing algorithms and parameter settings

NSGA-III-FS is compared with three types of algorithms:
with reference points without parameters, with reference
points (or weight vector) and parameters, without reference
points and parameters, i.e., hpaEA [44], RPD-NSGAII [45],
θ-DEA [15], NSGA-III [31], MOEA/D-DU [11], RVEA [46],
1by1EA [47], VaEA [48] and PDMOEAWS [13].

Table 4 lists the number of decision variables n and max
evaluations. Due to the difficulty for solving the problem with
different number of objectives, the setting of evaluations is
different. Hence each evaluation corresponds to an objective
M and the setting of evaluations refers to NSGA-III algorithm.
The tests are started for the same test function with objective
numbersM = {3,5,8,10,15}. Table 5 lists the number of refer-
ence points and population sizes for all algorithms, which
keep the same as literature [15]. Refer to literature [11, 46],
some parameters that used in the algorithms are listed in
Table 6.

4.3 Performance metrics and experimental
environment

In this study, the following widely used performance metrics
are adopted.

1). Inverted generational distance (IGD) [49] can measure
both convergence and diversity of a solution set. And the
smaller the IGD value, the better the algorithm.

2). Hypervolume (HV) [50] is equal to the volume of the
region dominated by P and bounded by z to evaluate
convergence and uniformity, where P is a set of non-
dominated points obtained in the objective space and z
is a reference point. Higher values represent better
solutions.

Table 6 Setting of cross variation parameters and algorithm parameters

Parameter Value

Crossover probability: pc 1

Mutation probability: pm 1/n

Distribution index for crossover: ηc 20

Distribution index for mutation: ηm 20

MOEA/D-DU

Probability: δ 0.9

Neighborhood Size: T 5

RVEA

The penalty parameter: α 2

The adaption frequency of reference points: fr 0.1

Table 5 The number of reference points (H) and population size (N) for
all algorithms

M Reference points (H) Population size (N)

3 91 91

5 210 210

8 156 156

10 275 275

15 135 135

Table 4 The number of decision
variables and evaluations Problems n Parameter Max evaluations =max iterations×N

DTLZ1 M+K − 1 K = 5 36,400,126,000,117,000,275,000,202,500

DTLZ2 M+K − 1 K = 10 22,750,73,500,78,000,206,250,135,000

DTLZ3 M+K − 1 K = 10 91,000,210,000,156,000,412,500,270,000

DTLZ4 M+K − 1 K = 10 54,600,210,000,195,000,550,000,405,000

WFG1–9 k + l k = (M-1), l = 10 36,400,157,500,234,000,550,000,405,000
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3). Generational distance (GD) [51] is an index for evaluat-
ing convergence by calculating the distance between the
obtained Pareto front and true Pareto front, smaller
values represent better solutions.

The experimental environment is PC with 1.8 GHz
Inter (R) Core (TM) i7-8550UCPU and Windows 10
64-bit operating system with 16GB RAM. All the algo-
rithms are implemented in the PlatEMO [52] platform
with 2.5 version, which is a general multi-objective

optimization tool. To compare the performance of algo-
rithms, the mean value and standard deviation of indica-
tors are acquired by running 50 times independently. The
Wilcoxon rank-sum test [53] with a significance level of
0.05 is adopted to perform statistical analysis on the ex-
perimental results, where the symbols’+’,’−’ and’=’ indi-
cate that the result obtained by this algorithm is signifi-
cantly better, significantly worse and statistically similar
to that obtained by NSGA-III-FS algorithm respectively.
Detailed process of the statistical test can be referred to

Table 7 Average and standard deviation of the IGD (in parentheses) values on DTLZ1–4, WFG1–9 test problems for the original and
modified normalization processes

Problem M NSGA-III Modified Problem M NSGA-III Modified

DTLZ1 3 2.0718e-2 (2.29e-4) = 2.0761e-2 (1.90e-4) WFG4 3 2.2155e-1 (2.85e-4) = 2.2153e-1 (4.14e-4)

5 5.2732e-2 (4.59e-5) = 5.2745e-2 (8.15e-5) 5 9.6727e-1 (7.70e-4) = 9.6704e-1 (7.22e-4)

8 1.0403e-1 (3.21e-2) = 1.0006e-1 (8.88e-3) 8 2.9869e+0 (1.03e-1) = 2.9591e+0 (2.62e-3)

10 1.1989e-1 (3.54e-2) = 1.1010e-1 (3.69e-3) 10 4.5470e+0 (1.84e-2) - 4.5424e+0 (6.52e-3)

15 1.8276e-1 (6.10e-3) = 1.8404e-1 (3.29e-3) 15 9.3153e+0 (1.23e-1) = 9.3014e+0 (2.19e-2)

DTLZ2 3 5.4506e-2 (8.39e-5) = 5.4500e-2 (1.99e-5) WFG5 3 2.3010e-1 (3.01e-4) = 2.3011e-1 (2.45e-4)

5 1.6517e-1 (3.16e-5) = 1.6517e-1 (2.20e-5) 5 9.5854e-1 (3.50e-4) = 9.5852e-1 (2.76e-4)

8 3.2880e-1 (5.52e-2) = 3.1612e-1 (2.89e-4) 8 2.9408e+0 (7.59e-4) = 2.9409e+0 (9.12e-4)

10 4.3586e-1 (3.63e-2) = 4.2096e-1 (4.76e-4) 10 4.5344e+0 (1.29e-2) = 4.5328e+0 (1.97e-3)

15 6.4084e-1 (1.69e-2) - 6.2397e-1 (1.48e-3) 15 9.2575e+0 (2.64e-2) = 9.2608e+0 (6.51e-3)

DTLZ3 3 5.4990e-2 (8.99e-4) = 5.4889e-2 (4.58e-4) WFG6 3 2.4290e-1 (1.04e-2) = 2.4415e-1 (1.14e-2)

5 1.6528e-1 (1.63e-4) = 1.6531e-1 (2.02e-4) 5 9.6066e-1 (1.44e-3) = 9.6060e-1 (1.05e-3)

8 6.0792e-1 (8.96e-1) - 3.3267e-1 (8.03e-2) 8 2.9445e+0 (2.82e-3) = 2.9454e+0 (3.18e-3)

10 4.6740e-1 (7.04e-2) = 4.2072e-1 (1.99e-3) 10 4.5356e+0 (3.60e-3) = 4.5355e+0 (4.93e-3)

15 6.8751e-1 (3.67e-2) - 6.2976e-1 (1.18e-2) 15 9.5720e+0 (5.43e-1) = 9.3127e+0 (3.30e-2)

DTLZ4 3 1.4216e-1 (1.89e-1) = 1.4213e-1 (1.89e-1) WFG7 3 2.2204e-1 (4.33e-4) = 2.2207e-1 (4.57e-4)

5 1.6516e-1 (2.63e-5) = 1.6515e-1 (2.63e-5) 5 9.6759e-1 (4.48e-4) = 9.6752e-1 (4.18e-4)

8 3.4184e-1 (7.29e-2) = 3.1530e-1 (2.05e-4) 8 2.9655e+0 (6.07e-3) = 2.9642e+0 (4.03e-3)

10 4.3469e-1 (3.63e-2) = 4.2168e-1 (3.24e-4) 10 4.5708e+0 (1.03e-1) = 4.5444e+0 (5.52e-3)

15 6.4528e-1 (1.91e-2) - 6.2093e-1 (6.66e-4) 15 9.3593e+0 (7.87e-2) = 9.3535e+0 (2.50e-2)

WFG1 3 3.0402e-1 (4.30e-2) = 2.9529e-1 (3.24e-2) WFG8 3 2.9045e-1 (4.77e-3) + 2.9353e-1 (4.29e-3)

5 3.8041e-1 (9.59e-3) = 3.8146e-1 (1.22e-2) 5 9.9247e-1 (7.99e-3) = 9.9156e-1 (8.45e-3)

8 8.5887e-1 (2.05e-2) = 8.6049e-1 (1.90e-2) 8 3.2363e+0 (1.90e-1) - 3.0995e+0 (2.92e-2)

10 9.4158e-1 (7.06e-3) = 9.4177e-1 (8.49e-3) 10 4.6498e+0 (2.51e-1) - 4.3936e+0 (7.63e-2)

15 1.7075e+0 (2.60e-1) = 1.6058e+0 (2.57e-2) 15 9.2200e+0 (2.39e-1) - 8.8967e+0 (1.95e-1)

WFG2 3 1.6327e-1 (1.37e-3) = 1.6299e-1 (1.35e-3) WFG9 3 2.2894e-1 (1.92e-2) = 2.2476e-1 (1.95e-3)

5 3.8990e-1 (1.38e-3) = 3.9026e-1 (1.77e-3) 5 9.3641e-1 (2.95e-3) = 9.3575e-1 (3.60e-3)

8 1.0484e+0 (2.08e-1) = 9.3180e-1 (7.81e-3) 8 2.9588e+0 (1.23e-1) = 2.9298e+0 (7.23e-3)

10 1.1992e+0 (1.60e-1) - 1.0173e+0 (9.34e-3) 10 4.4661e+0 (3.70e-2) - 4.4454e+0 (3.84e-2)

15 1.8558e+0 (9.14e-2) - 1.7927e+0 (1.04e-1) 15 8.8844e+0 (1.24e-1) = 8.8969e+0 (1.22e-1)

WFG3 3 1.1049e-1 (9.89e-3) - 1.0425e-1 (1.34e-2)

5 4.3183e-1 (4.79e-2) - 3.8939e-1 (4.37e-2)

8 1.6317e+0 (2.94e-1) - 1.2224e+0 (1.62e-1)

10 1.9405e+0 (2.97e-1) = 1.9538e+0 (3.46e-1)

15 4.8230e+0 (1.88e+0) - 3.6132e+0 (1.01e+0)
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literature [45]. The best results between all algorithms
are highlighted in bold.

5 Experimental results and analysis

5.1 Strategies validation and analysis

The method of updating nadir point in the proposed
algorithm is different from the original NSGA-III algo-
ri thm, which results in different normalization.

Furthermore, the environmental selection in the pro-
posed algorithm is different from the original algorithm,
because a fine final level selection mechanism is intro-
duced. DTLZ1–4, WFG 1–9 problems are selected to
test the strategies between original NSGA-III algorithm
and the proposed NSGA-III-FS algorithm, and IGD met-
ric is used to evaluate the results.

Table 7 shows the comparison of IGD indicator for the
original and modified normalization processes. It can be ob-
served from the Table 7 that the normalization process in the
proposed algorithm can obtain better results than the original

Table 8 Average and standard deviation of the IGD (in parentheses) values on DTLZ1–4, WFG1–9 test problems for the original and modified
environmental selection

Problem M NSGA-III Modified Problem M NSGA-III Modified

DTLZ1 3 2.0773e-2 (2.03e-4) - 2.0691e-2 (1.92e-4) WFG4 3 2.2149e-1 (3.91e-4) - 2.2125e-1 (2.51e-4)

5 5.2742e-2 (5.78e-5) - 5.2730e-2 (7.18e-5) 5 9.6709e-1 (7.75e-4) = 9.6740e-1 (7.91e-4)

8 1.0235e-1 (1.31e-2) - 9.7293e-2 (2.73e-3) 8 2.9634e+0 (2.85e-2) - 2.9563e+0 (2.24e-3)

10 1.1110e-1 (6.06e-3) + 1.1528e-1 (3.09e-2) 10 4.5401e+0 (1.75e-2) = 4.5421e+0 (4.46e-3)

15 1.8909e-1 (1.56e-2) - 1.7706e-1 (3.74e-2) 15 9.3197e+0 (7.42e-2) = 9.3072e+0 (5.75e-2)

DTLZ2 3 5.4500e-2 (2.12e-5) - 5.4486e-2 (1.25e-5) WFG5 3 2.3016e-1 (3.25e-4) - 2.2996e-1 (1.21e-4)

5 1.6518e-1 (3.57e-5) - 1.6513e-1 (1.80e-5) 5 9.5851e-1 (2.81e-4) = 9.5840e-1 (3.65e-4)

8 3.2291e-1 (3.57e-2) - 3.1550e-1 (1.71e-4) 8 2.9408e+0 (8.23e-4) - 2.9402e+0 (5.90e-4)

10 4.3653e-1 (3.66e-2) - 4.2040e-1 (3.71e-4) 10 4.5321e+0 (1.83e-3) = 4.5318e+0 (1.52e-3)

15 6.4471e-1 (1.78e-2) - 6.2673e-1 (9.21e-3) 15 9.2573e+0 (1.69e-2) = 9.2584e+0 (4.40e-3)

DTLZ3 3 5.4805e-2 (4.65e-4) = 5.4758e-2 (3.30e-4) WFG6 3 2.4042e-1 (9.84e-3) = 2.4148e-1 (1.09e-2)

5 1.6530e-1 (1.96e-4) = 1.6529e-1 (1.85e-4) 5 9.6116e-1 (1.57e-3) - 9.6039e-1 (9.96e-4)

8 5.1990e-1 (4.91e-1) - 3.2913e-1 (4.57e-2) 8 2.9452e+0 (3.50e-3) - 2.9422e+0 (2.76e-3)

10 4.5539e-1 (6.96e-2) = 4.4053e-1 (5.06e-2) 10 4.5710e+0 (2.53e-1) = 4.5339e+0 (3.07e-3)

15 6.9959e-1 (1.23e-1) - 6.4662e-1 (2.60e-2) 15 9.5207e+0 (5.65e-1) - 9.3008e+0 (2.11e-2)

DTLZ4 3 1.7138e-1 (2.10e-1) = 1.9907e-1 (2.41e-1) WFG7 3 2.2202e-1 (4.31e-4) - 2.2176e-1 (5.19e-4)

5 1.7013e-1 (3.51e-2) + 1.9130e-1 (7.94e-2) 5 9.6755e-1 (4.88e-4) = 9.6758e-1 (3.49e-4)

8 3.4838e-1 (7.75e-2) - 3.3808e-1 (5.82e-2) 8 2.9673e+0 (1.53e-2) - 2.9610e+0 (4.28e-3)

10 4.2497e-1 (1.60e-2) + 4.2593e-1 (1.80e-2) 10 4.5832e+0 (2.05e-1) = 4.5437e+0 (5.09e-3)

15 6.4402e-1 (1.84e-2) - 6.3117e-1 (1.55e-2) 15 9.3721e+0 (1.04e-1) = 9.3852e+0 (2.26e-1)

WFG1 3 3.1764e-1 (5.70e-2) - 2.0363e-1 (2.57e-2) WFG8 3 2.9038e-1 (3.76e-3) - 2.8824e-1 (3.49e-3)

5 3.8076e-1 (1.06e-2) - 3.6230e-1 (4.50e-3) 5 9.9522e-1 (8.08e-3) = 9.9369e-1 (1.09e-2)

8 8.6513e-1 (3.31e-2) + 9.6018e-1 (1.95e-2) 8 3.2649e+0 (2.26e-1) + 3.3384e+0 (3.00e-1)

10 9.4315e-1 (9.20e-3) + 1.1292e+0 (1.93e-2) 10 4.5762e+0 (2.68e-1) = 4.4985e+0 (2.97e-1)

15 1.7556e+0 (2.69e-1) + 1.9651e+0 (1.39e-1) 15 9.1837e+0 (3.22e-1) + 9.4515e+0 (5.01e-1)

WFG2 3 1.6288e-1 (1.55e-3) - 1.5713e-1 (1.70e-3) WFG9 3 2.2411e-1 (2.18e-3) = 2.2891e-1 (2.44e-2)

5 3.9008e-1 (1.56e-3) = 3.8966e-1 (2.57e-3) 5 9.3589e-1 (2.64e-3) = 9.3593e-1 (3.64e-3)

8 1.0044e+0 (1.72e-1) + 1.0601e+0 (4.05e-2) 8 2.9307e+0 (9.34e-3) + 2.9366e+0 (9.29e-2)

10 1.1790e+0 (1.60e-1) = 1.1407e+0 (6.77e-2) 10 4.4736e+0 (6.13e-2) = 4.5015e+0 (1.09e-1)

15 1.8546e+0 (1.12e-1) + 3.1058e+0 (1.34e+0) 15 8.9068e+0 (1.04e-1) = 8.9325e+0 (1.74e-1)

WFG3 3 1.0892e-1 (9.41e-3) + 1.5095e-1 (3.45e-2)

5 4.4884e-1 (5.26e-2) = 5.6993e-1 (2.99e-1)

8 1.6180e+0 (2.71e-1) - 1.1592e+0 (2.38e-1)

10 2.0117e+0 (2.61e-1) - 1.3512e+0 (2.01e-1)

15 4.2008e+0 (1.97e+0) - 2.9520e+0 (5.51e-1)

Gu et al.4248
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algorithm on 47 of the 65 test cases. This indicates the effec-
tiveness of the normalization process.

The performance of fine final level selection is veri-
fied in Table 8. The original NSGA-III algorithm
achieves the best IGD on 24 of the 65 test instances,
while that of the proposed algorithm is 41. The overall
results show that the modified environment selection is
advantageous.

5.2 Algorithm performance analysis

Tables 9, 10 and 11 show the IGD results of all algorithms
on DTLZ1–4, WFG1-WFG9 problems. As we can see
from these tables, the overall performance of VaEA and
hpaEA algorithms are remarkable in ten algorithms, while
the effectiveness of NSGA-III-FS comes third. To be more
specific, DTLZ1 and DTLZ3 introduce a large number of
local Pareto fronts while DTLZ2 presents a spherical
Pareto front. The hpaEA algorithm is the best when the
number of objectives is 3–5. Furthermore, 1by1EA are
better on DTLZ2, DTLZ3, DTLZ4 with 10–15 objectives
and DTLZ1 with 15-objective. NSGA-III-FS can obtain
the best value on DTLZ1 with 10-objective and DTLZ2
with 8-objective, RVEA is superior to other algorithms
on DTLZ1 and DTLZ3 problems with 8-objective. In con-
trast, the VaEA algorithm is outstanding on WFG2 prob-
lem with 8–15 objectives, WFG4-WFG9 problems with
10–15 objectives. In comparison, hpaEA shows excellent
performance on 3–5 objectives of WFG5, WFG7-WFG9

problems, PDMOEAWS performs well on all of the objec-
tives of WFG3 problem. The proposed NSGA-III-FS algo-
rithm is more inclined to solve the WFG test problems of 3
or 8 objectives.

Tables 12, 13 and 14 show the HV values for the
comparisons of algorithm performances on DTLZ1–4,
WFG1-WFG9 problems. The MOEA/D-DU algorithm
demonstrates superiority over other algorithms on
DTLZ1–4 problems. The PF of WFG1 problem has flat
bias and mixed structure. The capability of NSGA-III-FS
is satisfactory if there are 5-objective while the MOEA/
D-DU algorithm is better than the rest of algorithms if
there are 8 and10 objectives. WFG2 tests the abilities of
algorithms to handle the disconnected Pareto front. The
MOEA/D-DU algorithm exceeds other algorithms if there
are 5–10 objectives. NSGA-III performs well on 15 ob-
jectives and NSGA-III-FS surpasses other algorithms on
3 objectives. WFG3 problem is difficult to solve due to
the PF is degenerate and decision variables are non-sep-
arable. PDMOEAWS obtains higher HV values on 3–8
objectives, NSGA-III-FS performs better than other algo-
rithms if there are 10–15 objectives. The RPD-NSGA-II
is advantageous than other algorithms on 5–15 objectives
of WFG4 problem. For WFG6 and WFG7 problems, the
difficulty is that the decision space is multimodal or de-
ceptive or inseparable, and so on. NSGA-III-FS is supe-
rior to other algorithms in most cases. This shows that
NSGA-III-FS has better capacity in these problems ac-
cording to the HV indicator. hpaEA and RPD-NSGA-II

Table 18 The statistic results of algorithms on 3 indicators by testing on DTLZ1-DTLZ4, WFG1-WFG9 problems

Indicator Statistical result hpaEA RPD-
NSGA-II

RVEA θ-DEA MOEA/
D-DU

VaEA 1by1EA NSGA-III PDMOEAWS NSGA-
III-FS

IGD Best/All 15/65 1/65 4/65 4/65 1/65 18/65 7/65 1/65 6/65 8/65

+ 24 9 22 13 14 27 11 7 15 –

– 37 55 31 10 50 37 53 36 48 –

= 4 1 12 42 1 1 1 22 2 –

HV Best/All 8/65 8/65 8/65 7/65 13/65 1/65 0/65 1/65 8/65 13/65

+ 10 13 7 8 19 6 7 10 17 –

– 46 39 34 15 34 58 58 39 43 –

= 9 13 24 42 12 1 0 16 5 –

GD Best/All 7/65 2/65 8/65 4/65 7/65 0/65 6/65 0/65 15/65 16/65

+ 19 15 15 4 25 7 14 6 17 –

– 37 45 40 25 34 58 48 41 43 –

= 9 5 10 36 6 0 3 18 5 –

Best: This algorithm performs better times when compared with the rest algorithms;

All: Total number of test instances.

+: This algorithm shows significantly better performance than NSGA-III-FS in comparison;

-: This algorithm shows significantly worse performance than NSGA-III-FS in comparison;

=: No significant difference between the comparison results.
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algorithms are more likely to solve WFG8 problem,
while PDMOEAWS is better on WFG9 problem with
5–10 objectives.

Since we aim to improve the convergence of NSGA-
III algorithm, a convergence indicator (GD) is used to
evaluate algorithms performance. Tables 15, 16 and 17
are the convergence evaluation results of ten algorithms
on DTLZ1–4, WFG1-WFG9 problems. The hpaEA algo-
rithm can achieve smaller values on 5-objective of
DTLZ1 and DTLZ3 problems as well as 3–5 objectives
of DTLZ4 problem. MOEA/D-DU obtains best results on
3–8 objectives of DTLZ1 and 3-,8-,15- objective of

DTLZ3 problem. NSGA-III-FS is better than other algo-
rithms on the 15- objective of DTLZ2 and DTLZ4 prob-
lems. RVEA has demonstrated superiority on the DTLZ
1 problem with 10–15 targets. PDMOEAWS has good
convergence on the DTLZ2 problem with 5–8 objectives.
1by1EA performs well on WFG2 problem with 5–15
objectives and 5–8 objectives of WFG1 problem.
Besides, NSGA-III-FS can obtain entire convergence on
all objectives of WFG3 test problem. The PDMOEAWS
algorithm is superior to other algorithms in 3 and 8 ob-
jectives of WFG4-WFG7, WFG9 problems. In addition,
PDMOEAWS also performs well in 8 targets of WFG8

Fig. 7 The parallel coordinates of
non-dominated front obtained by
each algorithm on 3-objective
DTLZ1 in the run associated with
the median IGD value
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problem. The NSGA-III-FS obtains incomparable con-
vergence performance in WFG5 and WFG6 problems
with 10–15 objectives, WFG7 problem with 15 objec-
tives. In contrast, RVEA is more likely to obtain better
convergence in WFG9 problem.

The statistical analysis results between the comparing al-
gorithms and the proposed NSGA-III-FS algorithm are shown
in Table 18. VaEA performs better on 18 out of 65 test in-
stances and hpaEA obtains 15 best results for IGD index. And
NSGA-III-FS get 8 best values for IGD indicator. The NSGA-
III-FS and MOEA/D-DU algorithms perform the best view
from HV results. The statistical analysis results indicate that

1by1EA and VaEA are worse than NSGA-III-FS up to 58 test
instances about HV. hpaEA, PDMOEAWS, RPD-NSGA-II,
NSGA-III, RVEA, MOEA/D-DU and θ-DEA have 46, 43,
39, 39, 34, 34 and 15 poor HV values compared with
NSGA-III-FS, these data highlight the excellence of NSGA-
III-FS in HV indicator. As can be observed, NSGA-III-FS is
competitive than the remaining algorithms by achieving best
values on 16 out of 65 test instances for GD indicator. It is
shown that the convergence performance of NSGA-III-FS is
predominant and testified that the proposed algorithm im-
proves the convergence. In short, the statistical analysis results
show the superiority of NSGA-III-FS algorithm.

Fig. 8 The parallel coordinates of
non-dominated front obtained by
each algorithm on 8-
objectiveWFG7 in the run asso-
ciated with the median IGD value

Gu et al.4260



To further explain the results directly, figures on
DTLZ1 with 3-objective and WFG7 with 8 objectives are
drawn. The reasons for choosing these two representations
are as follows. We can see that DTLZ1 and WFG3 prob-
lems have linear common characteristics from the Table 1.
Concave is a common feature of DTLZ2-DTLZ4、WFG4-
WFG9 problems. Scaled is the commonality of WFG1-
WFG9 problems. DTLZ4、WFG1、WFG5- WFG9 prob-
lems have biased feature in common. The characteristic of
DTLZ1 problem is linear, and the characteristics of WFG7
problem are concave, biased, scaled. Through the above

analysis, DTLZ1 and WFG7 can represent these problems
respectively, so the results of these two examples are
shown.

Figure 7 shows that non-dominated solutions are ob-
tained by each algorithm on DTLZ1 with 3-objective.
The obtained sparse solutions of 1by1EA show poor dis-
tribution. And the range of solutions is very far from true
Pareto front, which proves that the convergence is very
poor. The solutions obtained by RPD-NSGA-II, VaEA
and PDMOEAWS algorithms are very aggregated, it
turns out that the distribution is bad. The effectiveness

Table 19 Average and standard deviation (in parentheses) of the GD values obtained by NSGA-III-EO and NSGA-III-FS algorithms

Problem M NSGA-III-EO NSGA-III-FS Problem M NSGA-III-EO NSGA-III-FS

DTLZ1 3 2.3081e-4 (1.04e-4) = 2.3399e-4 (5.31e-5) WFG4 3 2.4056e-3 (1.52e-4) = 2.3617e-3 (1.08e-4)

5 1.0705e-3 (4.92e-6) = 1.0690e-3 (6.78e-6) 5 1.6667e-2 (1.77e-4) = 1.6625e-2 (1.95e-4)

8 2.4110e-2 (9.64e-2) = 4.1229e-3 (1.87e-4) 8 1.1736e-1 (3.87e-3) + 1.1824e-1 (6.44e-4)

10 8.0088e-3 (3.39e-2) - 8.7314e-4 (3.76e-5) 10 3.5070e-2 (8.11e-4) - 3.4624e-2 (9.14e-4)

15 3.5580e-1 (5.97e-1) - 1.8004e-2 (8.88e-2) 15 4.3692e-2 (2.32e-2) = 3.7016e-2 (6.00e-3)

DTLZ2 3 5.0090e-4 (9.27e-6) = 4.9966e-4 (9.64e-6) WFG5 3 7.6147e-3 (3.76e-5) = 7.6112e-3 (2.81e-5)

5 3.3899e-3 (7.18e-6) = 3.3922e-3 (1.03e-5) 5 1.7858e-2 (5.59e-5) = 1.7864e-2 (6.51e-5)

8 1.3621e-2 (1.17e-3) = 1.3924e-2 (6.29e-5) 8 1.1977e-1 (1.91e-4) = 1.1981e-1 (1.66e-4)

10 4.3566e-3 (1.25e-3) = 3.7612e-3 (2.86e-5) 10 3.1652e-2 (3.45e-4) = 3.1543e-2 (2.64e-4)

15 6.1215e-3 (3.19e-3) - 2.1586e-3 (3.87e-4) 15 2.9699e-2 (3.10e-2) - 2.1240e-2 (2.03e-3)

DTLZ3 3 6.2434e-4 (1.78e-4) = 6.1502e-4 (1.29e-4) WFG6 3 1.0828e-2 (2.45e-3) = 1.0841e-2 (2.46e-3)

5 3.4020e-3 (1.96e-5) = 3.4071e-3 (1.09e-5) 5 1.9359e-2 (1.02e-3) = 1.9443e-2 (1.03e-3)

8 2.8472e-1 (7.04e-1) = 1.3497e-2 (3.21e-4) 8 1.1997e-1 (5.41e-4) = 1.1980e-1 (5.14e-4)

10 9.0907e-1 (1.12e+0) - 3.7742e-3 (3.40e-5) 10 3.4963e-2 (1.13e-3) - 3.3993e-2 (1.36e-3)

15 3.7046e+0 (2.20e+0) - 1.5029e-1 (5.58e-1) 15 6.0571e-2 (1.05e-2) = 5.6443e-2 (1.26e-2)

DTLZ4 3 4.0589e-4 (1.51e-4) + 4.7544e-4 (5.65e-5) WFG7 3 2.5617e-3 (1.73e-4) - 2.4730e-3 (1.28e-4)

5 3.2445e-3 (3.54e-4) = 3.4043e-3 (8.66e-6) 5 1.6532e-2 (1.21e-4) = 1.6524e-2 (1.46e-4)

8 1.1509e-2 (2.91e-3) + 1.4188e-2 (2.19e-5) 8 1.1806e-1 (6.46e-4) = 1.1790e-1 (6.71e-4)

10 4.7628e-3 (1.48e-3) - 3.7716e-3 (1.44e-5) 10 3.5680e-2 (6.16e-3) - 3.5663e-2 (1.38e-3)

15 6.4135e-3 (4.25e-3) - 8.7280e-4 (2.87e-4) 15 1.1021e-1 (3.15e-2) - 5.0811e-2 (7.47e-3)

WFG1 3 1.7337e-2 (4.98e-3) - 7.2478e-3 (4.43e-3) WFG8 3 1.9639e-2 (5.78e-4) - 1.8750e-2 (4.35e-4)

5 1.0239e-2 (4.36e-4) - 9.8661e-3 (3.53e-4) 5 3.3613e-2 (5.88e-4) - 3.2726e-2 (9.30e-4)

8 3.4130e-2 (6.54e-4) - 3.1514e-2 (3.88e-4) 8 1.1870e-1 (9.31e-3) + 1.2690e-1 (1.93e-3)

10 2.0236e-2 (1.09e-3) - 1.4709e-2 (7.61e-4) 10 1.0161e-1 (1.85e-2) + 1.1266e-1 (1.82e-3)

15 5.3504e-2 (3.18e-2) - 2.0269e-2 (1.16e-2) 15 2.6099e-1 (4.13e-2) - 1.8626e-1 (2.37e-2)

WFG2 3 2.2208e-3 (2.51e-4) = 2.2830e-3 (2.98e-4) WFG9 3 6.2321e-3 (4.44e-3) = 5.1550e-3 (7.04e-4)

5 9.3353e-3 (2.03e-4) = 9.2618e-3 (1.55e-4) 5 1.8918e-2 (6.01e-4) = 1.8987e-2 (6.19e-4)

8 3.8909e-2 (6.09e-3) - 3.1843e-2 (8.00e-4) 8 1.2207e-1 (2.15e-3) + 1.2319e-1 (2.88e-3)

10 3.7947e-2 (6.56e-3) - 2.2843e-2 (3.12e-3) 10 5.4140e-2 (1.09e-2) = 5.6999e-2 (1.13e-2)

15 1.5217e-1 (1.33e-2) - 1.1497e-1 (2.81e-2) 15 1.7781e-1 (3.27e-2) - 1.5395e-1 (2.93e-2)

WFG3 3 9.8518e-2 (5.57e-3) - 7.5636e-3 (5.06e-3)

5 1.7364e-1 (1.93e-2) - 2.1460e-2 (8.08e-3)

8 1.4542e-1 (1.09e-1) - 3.7170e-2 (2.23e-2)

10 3.1877e-1 (1.47e-1) - 4.1692e-2 (1.84e-2)

15 8.5901e-1 (1.95e-1) - 7.1394e-2 (7.85e-2)
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of hpaEA, RVEA, θ-DEA, MOEA/D-DU, NSGA-III,
NSGA-III-FS is almost equivalent. However, hpaEA al-
gorithm has more solutions at the corners.

Figure 8 shows that results of each algorithm on 8-
objective of WFG7 problem. The objective range of all
algorithms is consistent. Parallel coordinates map an M-
dimensional graph onto a 2D graph cannot fully reflect
the coverage of solution sets to some extent. The
hpaEA might be uniform due to the curve looks dense.
The RPD-NSGA-II, θ-DEA, NSGA-III, NSGA-III-FS,

PDMOEAWS may have good convergence because the
cartesian curve is flat compared to other algorithms. It
is known from the convergence index (GD values) that
PDMOEAWS converges best and NSGA-III-FS has the
best comprehensive performance (IGD and HV), but it
is hardly told the difference from the graph. So, it is
only when the gap in the graphs are particularly obvi-
ous that some conclusions can be drawn. The difficulty
of visualization has always been a major challenge for
many-objective optimization.

Table 20 Average and standard deviation (in parentheses) of the IGD values obtained by NSGA-III-EO and NSGA-III-FS algorithms

Problem M NSGA-III-EO NSGA-III-FS Problem M NSGA-III-EO NSGA-III-FS

DTLZ1 3 2.0707e-2 (3.18e-4) = 2.0715e-2 (1.56e-4) WFG4 3 2.2133e-1 (3.59e-4) = 2.2132e-1 (3.41e-4)

5 5.2707e-2 (5.13e-5) = 5.2727e-2 (7.51e-5) 5 9.6745e-1 (8.17e-4) = 9.6732e-1 (7.30e-4)

8 1.0034e-1 (9.48e-3) = 9.8293e-2 (5.85e-3) 8 2.9655e+0 (5.69e-2) = 2.9567e+0 (2.42e-3)

10 1.0864e-1 (6.96e-3) = 1.0788e-1 (4.80e-4) 10 4.5422e+0 (5.53e-3) = 4.5424e+0 (4.83e-3)

15 1.9305e-1 (4.23e-2) = 1.7474e-1 (1.04e-2) 15 9.3034e+0 (2.22e-2) = 9.3033e+0 (1.61e-2)

DTLZ2 3 5.4488e-2 (1.48e-5) = 5.4489e-2 (1.48e-5) WFG5 3 2.2998e-1 (1.49e-4) = 2.2999e-1 (1.28e-4)

5 1.6513e-1 (2.25e-5) = 1.6513e-1 (2.55e-5) 5 9.5835e-1 (4.29e-4) = 9.5841e-1 (3.42e-4)

8 3.3101e-1 (6.20e-2) - 3.1543e-1 (1.43e-4) 8 2.9402e+0 (6.55e-4) = 2.9402e+0 (6.01e-4)

10 4.5259e-1 (6.80e-2) - 4.2036e-1 (2.95e-4) 10 4.5321e+0 (1.35e-3) = 4.5317e+0 (1.35e-3)

15 6.4935e-1 (2.47e-2) - 6.2309e-1 (1.43e-3) 15 9.2609e+0 (2.55e-2) = 9.2583e+0 (4.56e-3)

DTLZ3 3 5.4748e-2 (3.94e-4) = 5.4718e-2 (2.63e-4) WFG6 3 2.4365e-1 (1.07e-2) = 2.4360e-1 (1.01e-2)

5 1.6534e-1 (6.64e-4) - 1.6533e-1 (1.66e-4) 5 9.6043e-1 (8.63e-4) = 9.6040e-1 (1.02e-3)

8 3.6537e-1 (1.08e-1) - 3.1743e-1 (1.28e-3) 8 2.9417e+0 (2.43e-3) = 2.9420e+0 (2.44e-3)

10 5.0685e-1 (1.01e-1) - 4.2020e-1 (5.59e-4) 10 4.5337e+0 (2.69e-3) = 4.5333e+0 (2.29e-3)

15 7.2342e-1 (5.63e-2) - 6.2545e-1 (5.41e-3) 15 9.2935e+0 (2.35e-2) = 9.2933e+0 (2.24e-2)

DTLZ4 3 2.7417e-1 (2.87e-1) = 1.6163e-1 (2.04e-1) WFG7 3 2.2178e-1 (4.03e-4) = 2.2164e-1 (2.52e-4)

5 2.4221e-1 (1.71e-1) = 1.6512e-1 (1.24e-5) 5 9.6770e-1 (3.57e-4) = 9.6758e-1 (3.96e-4)

8 4.3336e-1 (1.25e-1) - 3.1500e-1 (6.89e-5) 8 2.9604e+0 (4.21e-3) = 2.9603e+0 (3.65e-3)

10 4.6651e-1 (6.67e-2) = 4.2144e-1 (1.99e-4) 10 4.5458e+0 (2.62e-2) = 4.5437e+0 (4.74e-3)

15 6.5442e-1 (2.98e-2) - 6.2025e-1 (5.37e-4) 15 9.4281e+0 (1.45e-1) - 9.3368e+0 (2.32e-2)

WFG1 3 2.6379e-1 (4.07e-2) - 2.0280e-1 (2.84e-2) WFG8 3 2.8767e-1 (3.95e-3) + 2.8975e-1 (4.23e-3)

5 3.6150e-1 (4.56e-3) + 3.6280e-1 (3.94e-3) 5 9.8973e-1 (8.00e-3) + 9.9350e-1 (9.92e-3)

8 9.2085e-1 (1.43e-2) + 9.6124e-1 (1.57e-2) 8 3.2448e+0 (2.29e-1) - 3.0907e+0 (1.72e-2)

10 1.0600e+0 (1.14e-2) + 1.1261e+0 (1.14e-2) 10 4.6128e+0 (3.70e-1) - 4.3401e+0 (1.48e-2)

15 1.9271e+0 (2.36e-1) = 1.8330e+0 (4.33e-2) 15 9.6331e+0 (4.33e-1) - 9.0209e+0 (3.22e-1)

WFG2 3 1.5656e-1 (1.61e-3) = 1.5689e-1 (1.46e-3) WFG9 3 2.2820e-1 (2.43e-2) = 2.2395e-1 (2.22e-3)

5 3.8884e-1 (2.53e-3) = 3.8879e-1 (2.17e-3) 5 9.3582e-1 (4.08e-3) + 9.3772e-1 (3.03e-3)

8 1.1093e+0 (9.91e-2) - 1.0465e+0 (2.09e-2) 8 2.9245e+0 (5.86e-3) = 2.9245e+0 (7.89e-3)

10 1.1375e+0 (5.58e-2) = 1.1340e+0 (2.74e-2) 10 4.4695e+0 (8.72e-2) - 4.4265e+0 (4.42e-2)

15 5.5604e+0 (1.05e+0) - 2.7583e+0 (9.71e-1) 15 8.9905e+0 (1.77e-1) - 8.8399e+0 (1.40e-1)

WFG3 3 1.2747e-1 (7.14e-3) + 1.7668e-1 (2.10e-2)

5 4.6787e-1 (5.32e-2) = 4.7101e-1 (7.90e-2)

8 1.1130e+0 (2.12e-1) = 1.0961e+0 (1.80e-1)

10 1.5555e+0 (5.17e-1) = 1.3499e+0 (2.36e-1)

15 2.5456e+0 (1.09e+0) + 2.9512e+0 (5.48e-1)
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To show the performance of the proposed algorithm in
many aspects, the CPU time of all algorithms are shown
in Tables 21, 22 and 23 of Appendix 1. It is obvious that
RPD-NSGA-II takes the shortest time on almost all ob-
jectives of DTLZ1-DTLZ3 problems. The RVEA algo-
rithm has the shortest running time on almost all the test
instances of DTLZ4, WFG1-WFG9 problems. This dem-
onstrates RVEA algorithm has a great time advantage
among all algorithms. However, the evaluation results
of this algorithm are not superior. Generally speaking,
the solution quality is firstly pursued, and the solution
speed is improved as far as possible under the premise of
ensuring the solution quality. In the 65 test cases, the
proposed algorithm takes slightly longer than NSGA-III,
we can observe that except for the time difference of the
WFG3 problem is large between NSGA-III and NSGA-
III-FS algorithms, the difference is comparatively small
for other problems. Although the runtime of NSGA-III-
FS is not the shortest in all algorithms but not bad, for
example, hapEA, MOEA/D-DU, 1by1EA and VaEA,
PDMOEAWS spend more time on most test cases than
the proposed NSGA-III-FS algorithm. The time cost of
NSGA-III-FS is within an acceptable range combined
with the previously obtained indicator results in all the
contrast algorithms. It is proved that NSGA-III-FS has
certain advantages.

5.3 Comparison of existing modified NSGA-III
algorithms

To further verify the performance of the proposed algo-
rithm in many aspects, the proposed algorithm and the
existing improved NSGA-III algorithm are compared. Bi
et al. [40] proposed a NSGA-III-EO algorithm. This
algorithm used elimination operator, penalty distance
and the idea of eliminating inferior solution to improve
the convergence of NSGA-III. After studying and ana-
lyzing, NSGA-III-EO algorithm is chosen to compare
with NSGA-III-FS algorithm proposed in this paper.
The purpose of NSGA-III-EO algorithm and the pro-
posed NSGA-III-FS are to improve the convergence of
NSGA-III. Thus, the GD index that evaluates the con-
vergence and a comprehensive performance evaluation
index (IGD) are used to estimate the performance of
these two algorithms.

Tables 19 and 20 show the GD and IGD values of
NSGA-III-EO and NSGA-III-FS algorithms severally.
For GD results, NSGA-III-EO obtains 18 best values
on 65 test cases. In contrast, NSGA-III-FS gets 47 best

values on 65 test instances. Comparing the comprehen-
sive performance of these two algorithms, NSGA-III-EO
and NSGA-III-FS obtain 20, 45 best IGD values respec-
tively. The results show that the proposed NSGA-III-FS
algorithm in this paper is competitive.

6 Conclusion and future work

This paper introduces a modified version of Non-
dominated Sorting Genetic Algorithm III that alters en-
vironmental selection to improve the convergence for
many-objective optimization. A fine final level selection
is implemented in the proposed NSGA-III-FS algorithm.
Experiments are conducted on the DTLZ1–4 and
WFG1–9 benchmark problems with the objective num-
ber varying from 3 to 15. And the experiment results
show superiority of the proposed algorithm over the
selected comparison algorithms.

Based on the evaluation indicator results on problem
sets, the proposed algorithm shows competitiveness in
the IGD, HV and GD indexes compared to the nine
selected algorithms. For the IGD index, the proposed
algorithm is comparable to hpaEA, RPD-NSGA-II,
RVEA, θ -DEA, MOEA/D-DU, VaEA, 1by1EA,
NSGA-III and PDMOEAWS in 56.9%, 84.6%, 47.7%,
15.4%, 76.9%, 56.9%, 81.5%, 55.4%,73.8% of 65
cases. The proposed algorithm also has an average im-
provement of 70.8%, 60.0%, 52.3%, 23.1%, 52.3%,
89.2%, 89.2%, 60.0%, 66.2% of 65 cases over the com-
pared nine algorithms about HV results. For the GD
indicator, the proposed algorithm is better than hpaEA,
RPD-NSGA-II, RVEA, θ-DEA, MOEA/D-DU, VaEA,
1by1EA, NSGA-III and PDMOEAWS in 56.9%,
69.2%, 61.5%, 38.5%, 52.3%, 89.2%, 73.8%, 63.1%,
66.2% of 65 cases. Consequently, it makes us to be
more convinced that the proposed method can be very
helpful in dominance resistance.

In the future, we will focus on the computational
speed of the algorithm on the basis of the excellent
performance, such as designing an effective way to gen-
erate new individuals. In addition, we expect to extend
the algorithm for solving practical problems and the
solutions of practical problems are also a challenging
work.
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