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Abstract

Interval-valued hesitant fuzzy preference relations IVHFPRs) are useful that allow decision makers to apply several intervals
in [0, 1] to denote the uncertain hesitation preference. To derive the reasonable ranking order from group decision making
with preference relations, two topics must be considered: consistency and consensus. This paper focuses on group decision
making with IVHFPRs. First, a multiplicative consistency concept for IVHFPRs is defined. Then, programming models
for judging the consistency of IVHFPRs are constructed. Meanwhile, an approach for deriving the interval fuzzy priority
weight vector is introduced that adopts the consistency probability distribution as basis. Subsequently, this paper builds
several multiplicative consistency-based programming models for estimating the missing values in incomplete IVHFPRs. A
consensus index is introduced to measure the agreement degree between individual IVHFPRs, and a method for increasing
the consensus level is presented. Finally, a multiplicative consistency-and-consensus-based group decision-making method
with IVHFPRs is offered, and a practical decision-making problem is selected to show the application of the new method.

Keywords Group decision making - IVHFPR - Multiplicative consistency - Consensus - Programming model

1 Introduction

Various types of fuzzy sets are proposed [2, 10, 34] to
cope with the increasing complexity of decision-making
problems. Each of them has some advantages of denoting
decision-making information in some aspects. For example,
Atanassov’s intuitionistic fuzzy sets [1, 2] can denote the
preferred and non-preferred information simultaneously;
linguistic variables [34] can express decision makers
(DMs)’ qualitative preferences, while hesitant fuzzy sets
[22] can simply indicate the DMs’ hesitant recognitions.
Based on these types of fuzzy sets, many decision-making
methods are proposed, which are applied in many fields [6,
9,11, 16, 17, 23, 24, 30].
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In the current decision-making methods, preference rela-
tions or pairwise judgement matrices are good tools. Taking
the advantages of preference relations and hesitant fuzzy
sets, preference relations with hesitant fuzzy judgements are
proposed. According to the structure of elements, they can
be classified into three types: hesitant fuzzy preference rela-
tions (HFPRs) [20, 31], hesitant multiplicative preference
relations (HMPRs) [40], and hesitant fuzzy linguistic pref-
erence relations (HFLPRs) [21, 41]. Following the principle
of calculating the priority weight vector, there are two main
types of methods: the «-normalization methods [25, 26,
32, 35, 42] and the B-normalization methods [36-39]. The
former derives the crisp priority weight vector by only con-
sidering a crisp preference relation, while the latter uses the
normalized hesitant preference relations, and the hesitant
fuzzy priority weight vector is obtained from the ordered
preference relations. Because the former only considers one
value in each hesitant fuzzy element, this type of methods
loses information. On the other hand, the latter needs to
add values to the shorter hesitant fuzzy judgments, which
changes the original hesitant fuzzy preference relations.
Furthermore, different ranking orders may be obtained with
respect to different added values.

Although preference relations with hesitant fuzzy judg-
ments have some advantages to denote the DMs’ hesitancy,
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they only permit the DMs to use the exact values [27,
31, 40, 41]. This may be still insufficient to express their
preferences. To address this issue, interval-valued hesi-
tant fuzzy sets (IVHFSs) introduced by Chen et al. [3]
are good choices that permit the DMs to apply several
intervals rather than exact ones to denote their inherent
hesitancy and uncertainty. Then, the authors developed an
approach to decision making with interval-valued hesitant
fuzzy information. Considering the interactive characteris-
tics between the weights of criteria and the DMs, Meng and
Chen [14] applied the Shapley function to develop a method
for interval-valued hesitant fuzzy decision making with
incomplete weight information. Furthermore, Chen et al.
[4] proposed several correlation coefficients of IVHFSs and
applied them to clustering analysis. However, Chen et al.’s
correlation coefficients require IVHFSs to have the same
length. Otherwise, we need to add values to the shorter ones.
In contrast to Chen et al.’s correlation coefficients, Meng
et al. [15] defined several other correlation coefficients of
IVHFSs that need not to add extra values and consider all
information offered by the DMs. Jin et al. [8] introduced
a cross entropy of IVHFSs and then developed a TOPSIS
method for group decision making with interval-valued hes-
itant fuzzy information. Menwhile, Yuan et al. [33] used the
defined confidence level and the Choquet integral to pro-
pose an approach for multi-attribute interval-valued hesitant
fuzzy group decision making. More researches about deci-
sion making with interval-valued hesitant fuzzy information
are available in the literature [5, 6, 18].

Similar to hesitant fuzzy preference relations, Chen et al.
[3] introduced the concept of interval-valued hesitant fuzzy
preference relations (IVHFPRs) by using interval-valued
hesitant fuzzy elements (IVHFEs). Pérez-Ferniandeza et
al. [18] discussed the application of IVHFPRs in group
decision making. However, both of these methods are
based on the aggregations operators. Two vertical topics
in preference relations, consistency and consensus, are
not studied. This makes the ranking orders obtained from
these methods be questionable because the illogical ranking
orders may be derived from inconsistent IVHFPRs [7,
13, 24, 25, 30]. Furthermore, the final ranking orders
cannot reflect the agreement degrees between individual
opinions. To address these issues, this paper continues to
study IVHFPRs. Considering the consistency of IVHFPRs,
a natural and robust consistency concept is introduced.
Then, inconsistent and incomplete IVHFPRs are studied.
After that, a consensus index is defined, and an interactive
method for improving the consensus level is proposed.
On the basis of multiplicative consistency and consensus
analysis, a group decision-making method with IVHFPRs is
developed. To do these, the rest is organized as follows.
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Section 2 reviews several related concepts, including
hesitant fuzzy sets, interval-valued hesitant fuzzy sets, inter-
vals, basic operations, and IVHFPRs. Section 3 first recalls
a multiplicative consistency concept for interval fuzzy pref-
erence relations (IFPRs). Then, it defines a multiplicative
consistency concept for IVHFPRs. Subsequently, several
programming models for judging the multiplicative con-
sistency of IVHFPRs are built. On the basis of the con-
sistency probability distribution and the multiplicatively
consistent IFPRs, a method for deriving the interval fuzzy
priority weight vector is introduced. Section 4 focuses on
incomplete IVHFPRs. Several multiplicative consistency-
based programming models for determining missing IVH-
FEs are constructed. Then, a numerical example is offered
to show the concrete application of the developed the-
oretical results. Section 5 introduces a consensus index
and offers an improving consensus method. Then, a multi-
plicative consistency-and-consensus-based group decision-
making method is presented. Section 6 offers a practical
group decision-making problem about evaluating the air-
conditioning manufacturers to show the concrete applica-
tion of the new method. Conclusion and future remarks are
performed in the last section.

2 Basic concepts

In some situations, decision makers (DMs) may be hesitant
on several possible values for a pair of objects. Torra [22]
introduced a new type of fuzzy sets called hesitant fuzzy
sets (HFSs) to denote the DMs’ hesitancy. The facilitate
application, Xu and Xia [29] offered the following formal
definition of HFSs:

Definition 1 [29] A hesitant fuzzy set (HFS) E on
X = {x1, x2, ...x,} is a finite set, denoted by E =
{<xi, hg(x;)>|x; € X} where hg(x;) is a set of several
values in [0,1] denoting the possible membership degrees of
the element x; € X to E.

From the concept of HFSs, we know that HFSs
demand the DMs to offer the crisp membership degrees
to express their judgments. This restricts the application
because it may be still difficult due to the inherent
vagueness of the DMs. Considering this issue, Chen et
al. [3] further presented interval-valued hesitant fuzzy sets
(IVHEFSs).

Definition 2 [3] An IVHFS A on X = {xi, x2, ...X,} is
a finite set, denoted by A = {< xi,ﬁf;(xi) > |x; €
X}, where h 7 (x;) is a set of all possible interval-valued
membership degrees of the element x; € X to A in [0,1].
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For convenience, i = h 5(x;) is called an interval-valued
hesitant fuzzy element (IVHFE).

Using IVHFEs, Chen et al. [3] introduced the follow-
ing concept of interval-valued hesitant fuzzy preference
relations (IVHFPRs):

Definition 3 [3] An IVHFPR H on X = {x|, x2, ...,
x,} is defined as H = (h;j)nxn, Where h;; is an IVHFE
denoting the possible interval-valued preferred degrees of

{10.5,0.5]}
H= {10.5, 0.6], [0.7, 0.8]} {10.5,0.5]}
{[0.1,0.2], [0.3, 0.5], [0.6, 0.7]} {[0.4, 0.6]}

the object x; over x;. Elements in H have the following
characteristics:

- + g+ - _
{hl,ij+h;nji+1—l,ji_hl,ij +hm,-,'+l—l,ji_] ,

-t
hi;=ht =05

l=1,2, ...,m,-j

(1)

foralli, j =1,2, ...,
of elements in £;;.

n with i # j, and m;; is the number

For example, let X = {x1, x2, x3} . Then, an IVHFPR H
on X may be defined as follows:

{[0.2,0.3],[0.4, 0.5]} {[0.3,0.4],[0.5,0.7], 0.8, 0.9]}

{[0.4, 0.6]}
{[0.5,0.5]}

From the concept of IVHFPRs, one can check that the
IVHFPR H reduces to a hesitant fuzzy preference relation
[31] when the endpoints of all intervals in each IVHFE
are equal. Furthermore, it reduces to an interval fuzzy
preference relation (IFPR) [28] when there is only one
interval in each IVHFE. Because IFPRs have a close
relationship with our multiplicatively consistent concept for
IVHFPRs, it needs to give the concept of [FPRs.

Definition 4 [28] An IFPR A on X = {x1, x2, ..., X} is
defined as follows:
[[0;5,051 [56%,8122] [aln,afn
_ _ ay.ay | [0.5,0.5] ... |ay,,a,
A = (@ij)nxn = : L ". @
(a1 ] [a73- 03] - 105.05]
where a;. > 0 such that a < a' and a .+ a =

ij’ t/ ij
aij —|—aﬂ = lforalli, j =I,2, ...,n, and a;; is the mterval
intensity of the object x; over x;
Let us review several Minkowski operations on intervals.
Leta = [a—,at] and b = [b~, b*] be any two positive
intervals, then

(i) a®b=[a"+b ,at +bT];
() a®b=1[a"b" +b+];
(i) a/b=1[a" /b+, at /b7 ]
(v) ra=[ra", rat]r > 0;

(v) log,a=I[log,a ,log,atIA>0ANL#1.

After reviewing the previous consistency concepts for
IFPRs, Meng et al. [13] found several limitations and
introduced a new one using quasilFPRs.

Definition 5 [13] Let A = (@;j)nxn be an IFPR B =
(bij)nxn is said to be a quasi IFPR (QIFPR) with respect

_ bii = b =a°
to A if{ ij = dij or{ 20T foralli, j=1,2, .0n
bji =4aij;

bji =aji
where a? 7 is called the quasi interval of a;; = [a;;
]forallz j=12,.

i U]such

that a a [al T

It is worth noting that the operational laws on quasi
intervals are the same as those on intervals, where

(i) a®@b=I[at+b,a” +bT],a®b° = [a"
bt, a*_ +b7l,a°®b° =[at +_b+, a +b71;
() a°®b=[ath ,a bTl,a®b® =[a"bT,atb],

a®@b° =latbt,a b ];
(i) a°/b = [at[bT.a” /b7, a/b® =
l[a= /b~ a* /bT],a° [b° =[at /b~ a™ [bT];

(iv) ra° =I[rat, la"]r > 0;

(v) log; a° =[log, a®,log, a ] >0AA#1

witha = [a—,a*]and b = [b~, b™] being any two positive
intervals. Because quasi intervals are only applied to judge the

consistency of IFPRs, the operational results, intervals or quasi
intervals, have no influence on the following discussions.

Definition 6 [13] Let A = (d;;)uxn be an IFPR. A

is multiplicatively consistent if there is a multiplicatively
consistent QIFPR B = (b;;); x», namely,

bij @ bji ® bri = bji ® bix ® by (3)
foralli,k,j=1,2,...n

One can check that Definition 6 degenerates to Tanino’s
multiplicative consistency concept [19] when the IFPR A
reduces to a reciprocal preference relation.
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3 A multiplicative consistency concept
for IVHFPRs

Because IFPRs can be seen as a special case of IVHFPRy, it
makes us think of extending the multiplicative consistency
concept for IFPRs to define the consistency of [IVHFPRs.
The question is that more than one interval in IVHFEs exists
and the number of intervals in different IVHFEs is not equal.
As we know, every element in crisp preference relations is
used to judge the consistency, and their influence is same.
According to this principle, we introduce the following
multiplicative consistency concept:

Definition 7 Let H = (h;j)uxn be an IVHFPR on the
object set X = {x1,x2,...,x,},and let i_ll iojo D€ an interval
in hiyj,. H is hyj, ,O-multlphcatlvely consistent if there is
a multlphcatlvely consistent IFPR A = (a; j)nxn, where
ajj € hl] foralli, j =1,2,..., n with a;,j, = hy iyj, and
Lell,2, .., m}.

One can check that Definition 7 degenerates to Definition
6 when there is only one interval in every IVHFE. Similarly,
we can further extend Definition 7 to give the following
multiplicative consistency concept:

Definition 8 Let H = (ﬁ,-j),,x,, be an IVHFPR on the
object set X = {x1, x2, ..., x,} . H is h;, j,-multiplicatively
consistent if there is a multiplicatively consistent IFPR for

each interval in hio jo» Namely, for any interva 1 i_zly,-o jo €

h,o jol = 1,2, ..., m;y j,, there is a multiplicatively consistent
11 23 23
202 34 5’5
L1 11 11
~ 33 2°2 73
i= 23 23 11
5’5 34 202

1 1712 9 1 1712 9 1 1771 3

{I:ga Z]’[E’E {|:§5 i]’[ga ﬁ:l} ![75 §]7[§5 5]}

IFPR A = (Ezij)nx,,_ such that a;; € fz,-j foralli,j =1, 2,
., n with ‘_’iojo = hl,ioj(r

Definition 6 shows that the IFPR A = (@ij)nxn
is multiplicatively consistent if and only if it is ;-
multiplicatively consistent. However, this conclusion will
not necessarily hold for IVHFPRs. For example, let H be an
IVHFPR on X = {x1, x3, x3} , where

Bl |

O ) e
" |[§é3‘?’[%,}g“ uﬁ ﬂ}]1{ 2]

One can check that H is hlz—multlphcanvely consistent,
where the multiplicatively consistent IFPR is A =

ik

W=
e
’_‘ =
m\w
U-\N \l\—
0=
1= \_l
[STE .
Bl N‘

Ll f1 311 3

2°2| |5°10f |7° 10

7 4| |11 2 1 S . ~
63| |22 5,3 | |, butitis inconsistent for A3
Zoop L3 (L1

10°7| |25 22

and 1323 Thus, we need some extra conditions to define the
multiplicative consistency of [IVHFPRs.

Definition 9 Let H = (h;;)uxn be an IVHFPR on the
object set X = {x1, x2, ..., x,} . His multiplicatively con-
sistent if for each interval in / ij» there is a multiplicatively
consistent IFPR following Definition 6 for all i, j = 1, 2,

.., n, namely, His fz,- j-multiplicatively consistent for all
i,j=12,....n

Example 3.1 Let X = {x1, x2, x3, x4} be the object set, and
let the IVHFPR H on X be defined as follows:

4 313 4
ﬁyE]a[Zag
2 1 1 2
ﬁ7§]7[§a§
2 1 2 6

{g’i]’[§’7}

11
272

One can check that the IVHFPR H is multiplicatively
consistent.

As an extension of Definition 6, one can check that
Definition 9 satisfies robustness, namely, the consistency
conclusion is independent of the compared orders of
objects. However, it is not an easy thing to judge the
consistency of IVHFPRs because there may be several
intervals in each IVHFE. To address this issue, we introduce
a programming model based method for judging the
multiplicative consistency of IVIFPRs.

@ Springer

1if ﬁl,ij is chosen
0 otherwise
O +1-1, ji foralli, j =1,2,...,nandalll =1, 2, ...,
mij. Then, each interval in the IVHFE hij can be denoted
as: ®1 ) (R i) with > i = 1. Thus, any IFPR

= (@ij)nxn obtained from the IVHFPR H = (hl])nxn
can be expressed as follows:

05,051, 8% (hi)"" . @ (an)”
®71]% (hl‘zl)otl.zl [0 5’ 05] ®1_1 (l’ll,zn)mzn

Let aLij = { and aLij =

A= )

1t ()™ O (i)™ (05,01
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with ZQ’I arij = land oy jj = o +1-1 ji forall i, j =1, When the IFPR A defined by formula (4) is multiplica-

2,...,n. tively consistent, there are the 0-1 indicator variables §;; =
To judge the multiplicative con51stency of the IVHFPR 1 if a;j= @7111 (}_ll, ; J.)o" oA

H, one can check whether the IFPR A is multlphcatlvely 0 if ;= ( ®;”Zjl (}—ll’ij)otl,ij>

tent, wh = 1 for all =1,2,. d all
lco_nslls ;n W’:'r? arij = 1forall i, j »manda j =1,2, ..., nsatisfying formula (3), namely,
T Ly L ey L]

((®lm=iji (}_’l»ij)al’ij)aij ® ((®7Zj1 (%,ij)al’” ! 8”)) < t (ja)™ fk)‘”k ® ((@f":”{ (ﬁz,jk)“z,jk>°)(1—5fk)>
® ((‘X’f""’] (i )a””)gki ® (@1 (hu)™) (1 5“) ( & (i) “’f’)a'i ® (e (m,ﬁ)az,ﬁ)O)(l—S.n))
® ((®72k1 (ill,ik)al'ik>8ik®((®?2ﬁ (}_ll,ik)al'lk> )(1 Blk)> <(®;nkjl - ozz k])5 ®((®;nk]1 (]/_l ) H]) >(1—8kj)) ©

where i, k, j =1,2,...,n
We take the logarithm on both sides of formula (5) and
get

5i; (Z;""] oy log (i, )) ®(1—5;)) (Z;"Z’l oy log (ﬁ,,,,))o ® 5k (Z;’Z oy i log (ﬁ,,jk)) ®(1—5j)
(Z;’”l o ji log (i, k))o ® Su (Z;":"l a1 ki log (fz,‘k,-)) & (1—8u) (Z;’Z‘l a1 1 log (ﬁl,ki))o
=55 (30 awjitog (hujr) ) @ (1 =850 (320 e jitog (i) @ dia (31 cnix log (i) )
a1 — 5ip) (ZZ a1 ix log (ﬁ,,ik))o ® 5 (Zlnj a1 log (E,,kj)) & (1 - 6)) (Z;’Z’l a1 log (B,,kj))o .6

o with §;;+6;; = 1 for all 7,

wherei, k, j =1,2,...,n
For per (6), we further derive

8ij
(= )
k,( oty 4 log (h, ,a))+(1—5kl)sk, (Zl o g log(hlkl» 8ii (Z, o i 1og(h, ”))+(1—aﬂ)(2,21 al,_,,log( 1,,> +
Sik 1,ik — Oik " al,klo h a;klo h + (1 — & o kilog(h

( e IOg(th)>+(1 5)(211 g(lk)) ( 121 Lk g(lk J( 121 Lk g(lk))

i (X iy log (h,*l]))+(1 6i) (X124 e log (h,!l:))mjk (72 e gu tog (nif ,],i + (1= 850 (72 e e og (1, ]jk>> NG
(S0 e 10g(hzk,;§+(l 81i)ki (Z;”kga,kilog(h;kl))_gﬂ (0 jitog (7)) + (1 =850 (0% e jitog () )+
ot ( (

(1= ) (7% niuog (ki) ) + 8k (07 e log (7)) + (1 = 8 (0 g Tog (hry )

)
Oki

20 e log (A

Because formula (7) will not necessarily hold for any  positive and negatlve derivation values ¢, I ler i r such

given IVHFPR H = (ﬁi )nxn» werelax it by introducing the that e ;;’ fl] ST * > 0forall i, j=1,2,...,n, where

(0% e tog (i ) ) + (1 = 8 (S04 e og (i) ) + 85 (12 entog (hiye ) ) + (1 = 8560 (024 o jutog (7 ) ) +

(0 ennitog (ki ) ) + (1 = d0sus (72 e tog (i )) = (351 (7 ensitog (i) ) + (1 = 8500 (572 i tog (1)) +
(Zz 10‘1 ik log (hz m)) + (1=8i) ()25 it log (hl.ik)) + 8 Z;n:ki a kj log (hl_.kj)>+(1_5"f) (Z;n:‘i o kj log (hlJ.rkj) T 5;; =0
o1y (X1 i log (hf,,)) + (= 8) (/2] o ij log (%7,)) + 8k (X2} o,k log (h/ )+ =850 (Z/mﬁ a1 jk log (hf.jk)) +

(2 i tog (7)) + (1= )b (1 i tog (i ) ) = (856 (S0 enitog (hif ;) ) + (1= 8500 (0 i tog (ki) ) +

bt (X7 cnie og (177 ) ) + (1= (0% cvantog (i ) ) + by (124 e Tog (hify; ) ) +(1 =8 (024 cvs Yog (ki ) ) ) + 7 — 75 =0

8ij

. (8)
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Let ajq,iyj, = 1 for all ip, jo = 1,2, ...,n and all [y =1,

2, ..., mjyj,. We construct the following programming

( +e+r +r>

Joo =miny

lg-igjo = I Zi,jzl
P

(Sl] (Z[:ljl Oll,ij IOg (

+ F=0ik =120

81
Il
( 1”1 ayijlog

st dik (Zl 1"‘“"10g
ST t =00,k j=1,2..,n

@i =0V 1L j=1.2 n =12 .. m

apij :Otm,-j+1—l,jisivj =12 o l=12 . mj
Yty =1 =12,
S5ij=0v1ij=12..,n
Sij+di=114,j=12..,n

=1

iy, io jo

hy +
(s () + 1 — s (3% et (1)) — (3 (3o (7)) +
( ik o ik log (h;ik)) +(1=8) (Z’”'* ar.ix log (h, ,k)) + 5 (Z;":‘; a1.4j log (h,jkj) +

(v
S i log (hrk)) (1 = au)bu (S e tog (ki ) ) -
(#,

model to judge the }_110, io jo-multiplicative consistency of the
IVHFPR H = (hij)nxn:

) =00 (S i og (ki) ) + 8 (X2 entog (hije) ) + (1 = 8500 (72 e tog (ki) ) +

—3ji) (Z;n:ﬁ oy, ji log (Wji)) +
(1 = &) (Z;n:kjl i kj log (hlJ.rkj)))

)
5)) =00 (S i og (ki) ) + 8 (X2 entog (h5e) ) + (1 = 8500 (024 e tog (ki) ) +
(8,, (Zl o, ji log (hl ]z)> + =61 (Z;n“l o, ji log (hl_ji>> +
zk)) + (I =di) (Zl 1 ok log (h1 1k)) + 8 (Zl | oukj log (hl k])) + (1= 6;)) (Zz 1 a1 kj log (hz kj )) .9

From the robustness of Definition 9, we can only apply the
upper triangular part to judge the multiplicative consistency.

n
* o - + + +
Kiy.ipjo = min E i jLi< (ai/- +£l.j + T + r,.j)

= =0,i,k,j=1,2,..,ni<k<j
Bijg P lal’,‘jlog

Sk o ki log( 1k,)> + (1 — 8ki ) ki (Z}""’l arkilog (b
=00k, j=1,2,.

+T7, i
aij=0v1i,j=12.,nl=12,.,
nl=12,..,

n,i <j

(
ij t/
G
7 Wni<k<j
mij,i < j
OUij = Omy+1—1,jis i ] = 1,2, 0y mij, i < j
Y iy =1 j =12,
(Sij =0v l,i,j = 1,2,...,

Sij+8;i=1,i,j=12,..,

n,i <j

n,i<j

A igjo =1

Sij Z;’l’l ay,j log (hf,ij)> +d =48 (Zl L arij log (hl ”)) + 8k
i (D1 oy i log (hfk,» + (1 — 8ki)0ki (Z, 1 ok log (hl,k,->) -
Sik (2% oy, ix log (hl 1k)> + (1 —8i) (Z "ik oy ix log (Wik)) + 8 (Z;’Z’l o kj log (hf_kj» (1 —&;j) (Z, 1 @kj log (hl A;)))

! l/)) =0 (Z;mll o.ij log (hfij)) NG

Thus, we further construct the following programming
model to judge the Ay ;, j,-multiplicative consistency:

Zlmzji o, jx log (h;_jk)) + (I =8j1) (Zz 1 @ jklog (hlJf,ik>) +
8ji (Z;n:ﬂl oy ji log <h1 ji ) +(1=4;) (Z/ a1 ji log (hf,j,)) +
+

S e guctog (50 ) ) + (1= 8500 (25 e jutog (i ) ) +
dji (Z[ 1011 ji log (hl ji ) + (1 —3;i) (Zlmzji oy, ji log h;ji)) +

il 10tl ik log l,k)) + (1 = i) (Z, ik log (hl ,k)> + 8kj (21:1 oy kj log (thj)) + (1 = 8;) (Z;n:k’l o kj log hf,kj) ) . (10)

Solving model (10), if K, . = 0, the IVHFPR H =
(hi D 18 hlo,io jo-multiplicatively consistent. Furthermore,

if K, . = 0 for all [y =1, 2, Mg jos it is Rig jo-

lo,i
multi%l%]coatively consistent. Moreover, if K ; = 0 for all
io, jo=1,2,...,nwithip<joand all [y =1, 2, ... Mg jos it
is multiplicatively consistent.
On the other hand, if ;(I;*’.O o 7 0, then the IVHFPR H is

inconsistent. According to the obtained 0-1 indicator

@ Springer

variables O‘lz and 8*] for all i, =1, 2, ..., n with
i <j and all I =1,2, ...,m;;, we obtain the QIFPR
Bl() (blo U)nxn, WhGI’e bl() ij (®1 (hl lj) IU) i ®
((®m” (hy U)a“/) )(1 ) for all i, j=1,2,..., n, which
has the highest con31stency level with respect to /g o
Then, we can adopt the method in Property 6 [13] to derive
the multiplicatively consistent QIFPR C_'ZO
where

(Cly,ijdnxn>
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n n - -
Hk:]blo,ikblo,kj

n n + +
Hk:lblo,ikblo,kj

Clo,ij =

an

n — - n - - n + + n + +
\n/nkzlblo,ikblo,kj + \n/nkzlblo,jkblo,ki \n/nkzlblo,ikblo,kj + \n/nkzlblo,jkblo,ki

forallij =1,2,..,n

Next, we introduce a method for deriving the collectively
multiplicatively consistent QIFPR C = (Cij)nxn, by which
we can obtain the interval fuzzy priority weight vector.
The DM applies several intervals rather than one to denote
his/her uncertain judgment for a pair of objects because all
of these intervals are regarded as the uncertain preferred
degrees. Thus, when the DM does not offer the importance
of intervals in an IVHFE, it is reasonable to consider that
there is a uniform probability distribution on these intervals,
namely, intervals in each IVHFE have the same importance,
and their chosen probabilities are equal. From this point of
view, we determine the consistency probability distribution
on the derived QIFPRs.

Let H = (ij)nxn be an IVHFPR, and let C;, =
(Cq.ijdnxns ¢ = 1,2, ..., A, be the multiplicatively
consistent QIFPR obtained from formula (11), where A
is the number of QIFPRs. Let p, be the consistency
probability of the multiplicatively consistent QIFPR C_‘q
such that Zqul pg =land p, > 0.

To derive the collectively multiplicatively consistent
QIFPR C = (Cij)nxn, we apply the interval weighted
geometric mean aggregation (IWGMA) operator to cal-
culate the collective interval preference relation § =
(Eij)nxn’ where E,‘j = IWGMA(ELU,EQ’U, ...,Eq,,’j) =

HqA:l (Eq,ij)pq foralli, j =1,2,...,n. Because we usually
s+ #E1 _

have § 4 =/ > forij =1, 2, ..., n, this means that S
Sij +Sji #1

is not a QIFPR. To address this issue, we apply formula (11)

to obtain the collectively multiplicatively consistent QIFPR
C= (Eij)nxm B
Following C = (Cjj)uxn We obtain the multiplica-
tively consistent IFPR D = (cl_fij),,x,,, where cl_fij =
Cij Cijis an interval
{ El?j Cij is a quasi-interval
To show the above principle clearly, we consider
Example 1 again. Using model (10), the following two
multiplicatively consistent QIFPRs are derived:

forallij =1,2,..,n

11] [2 3] 2374 3
2°2 3° 4 5°5 13° 5
Lol [roa] fralfz 1
B — 34 222 [#3] [11°3
P2 03 2] 3 21 [L 1] Jezt
5°5 4° 3 2°2 52
9 2o 213 1] [1 1
| 13°5| |11°3] |5°2] [2°2
for intervals 51,14, 51,24 and 51,34, and
[1 173 21 [3 21 [3 4]
202 40 3 5°5 4> 5
Loaf e i e 1 2
B _ 4> 3 202 34 2°3
27 T2 372371 126
55 34 202 37
Loaf e e 1 e s
_4’5_ _2’3_ _3’7_ _2’2_

for intervals ﬁ2,14, 52,24 and /;2’34.

Because the QIFPRs B and B, have the same chosen
probability, the consistency probability distribution on them
is {1/2, 1/2} . Using the IWGMA operator and formula (11),
the collectively multiplicatively consistent QIFPR is

[0.5000, 0.5000] [0.6778, 0.7404] [0.4246, 0.5754] [0.4979, 0.7404]
[0.3222, 0.2596] [0.5000, 0.5000] [0.2596, 0.3222] [0.3204, 0.5000]
[0.5754, 0.4246] [0.7404, 0.6778] [0.5000, 0.5000] [0.5734, 0.6778]
[0.5021, 0.2596] [0.6796, 0.5000] [0.4266, 0.3222] [0.5000, 0.5000]

(@Y
I

by which the multiplicatively consistent IFPR is

[0.5000, 0.5000]
[0.2596, 0.3222]
[0.4246, 0.5754]
[0.2596, 0.5021]

0.6778, 0.7404] [0.4246, 0.5754] [0.4979, 0.7404]
0.5000, 0.5000] [0.2596, 0.3222] [0.3204, 0.5000]
0.6778, 0.7404] [0.5000, 0.5000] [0.5734, 0.6778]
0.5000, 0.6796] [0.3222, 0.4266] [0.5000, 0.5000]

ol
—_—_—_— =
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4 Programming models for determining
missing values

In some cases, we can only obtain incomplete preference
relations or judgment matrices for various reasons [11,
12, 39]. Considering this situation, this section focuses
on incomplete IVHFPRs, namely, some values in an
IVHFPR are missing. Several multiplicative consistency-
based programming models for estimating missing values

are constructed. First, we consider the multiplicative
consistency concept for incomplete [VHFPRs.

Definition 10 Let H = (fzi )nxn be an incomplete IVHFPR
on the object set X, namely, there are missing IVHFE:s. It is
multiplicatively consistent if there are IVHFEs for missing
judgements that make H be multiplicatively consistent.

When the incomplete IVHFPR H is multiplicatively
consistent, by formula (5) we obtain:

I (e G e ((@2"”1 ) )™V (&4 Guny™) ™ @ (o2 ) ) )

®<(®§"k’1 Z ”I“)Bk'®

(o
o (ot ™) o (o1

i) ) -
) ) (

HZ:I <<<®;n:jl (ﬁ’d'i)alﬁ)aji ® <<®;n:j1 (}_ll,ji)az,.fi>o)(liah)>

12)

& ()} o (12 ()™ ) ™))

foralli, j =1,2,...,nandalll =1,2,...,
notations as shown in formulae (4) and (5).

m;j, where the

(st ™)™ o (1 ) ) ™)

From formula (12), we derive:

-2 n m ik o ik \ ik
® l_[k:],k?gi,j (((®l /1 (h /k) ij)

® ((@}”:ﬂ{ (ﬁl*jk)a[.jk)o)(l_sjk)> ® <(®7Tl (]:ll,ki)al'kiyki ® ((®;’Z’l (ljl[’ki)(xl,ki)o)(l_‘ski)>>

((@z 1 hl ]l al]')sjl (<®;nﬂl
)

oy (1=8;)\ "2
hl,ji)al’”) ) ' >
(1=6ik) _ T oo oy (1=8¢))

o (e (™))" ) o (6 o)™ & (o724 (ra)™) ) ™))

Sy ((CIICRED

13)

foralli, j=1,2,...,nandalll =1,2,...,m;;.

We take the logarithm on both sides of formula (13) and
get

n—2) <5ij (Z:n:”] ayijlog (ﬁ],;/)) ® (1 —3ij) (Zn: ayijlog (hl lJ))O) ®

n

k=1,k#i, j (

(

> 5
Z::l,k;éi,j ((S
> 8
> 8

J
ki

n ( (Zmik
k=1,ki,j \IK =1

Mg _ m
(lekl ay ki log (hl,ki)) @ (1 — ki) (lek ki log (A ki

ik (Z:":ﬂl( oy, jk log (f_lz,jk)) & (1 —361) (Zm:jl o, jx log (hu, jx )
l

=n-2) (5]'1' (Z;n:]ll oy ji log (f_ll,ji)) ®0-6) (Zm:] ay jilog (hy,ji )

j

)
))
e

)

ay ik log (}_ll,ik)> & (1 — k) (Zm:l ayir log (hy,ik ) ®

n mi; - m o
k=1 ki, j ( ki (Zzg .k log (hl'kj)) ® 1 =) (ZI:I i log (hr k’)> )

(14)
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for all i, j =1, 2, ..., n, which can be equivalently
expressed as follows:

(n=2) (6;,- (Zlm;’l o.ij log (hl_,ij))+(l —8iy) (X724 ey log (hf,,-,-))) + Xkt ki (5jk (30 e log (hl_.jk)) + =850 (Zz 1 o ji log (hf,k)) +
Bt (1 i tog (i ) ) + (1 = k0 (14 i og () )) = 00— 2 (850 (02 i tog (ki 51 ) ) + (1 = 8500 (72 enjitog (B 1)) +

paya 1.k, (51k (Z[ | @1,k 10g (h )) + (1 =dix) (Zl | @ik log (h?.—ik)> + 8 (Z;n:kjl a j log (hl_,kj)) + (1 = 8;) (Z/ 1 o1.kj log (hl ) ) (15)
(n—=2) (511 (21_1 a,ijlog (h+ ))+(1 bij) (Zl | au,ij log (h )))+ZZ:1.k¢i.j (5jk (Z;n:ji ay,ji log (hl /k))+(1 8jx) (Z/ | @ jklog (hl /k))+

ki (07 cunnitog (7 ) ) + (1 = 8kdks (724 i tog (i) )) = (0 =2 (856 (X502 e og (i) ) + (1 = 8500 (72 e tog (7;1) ) ) +

ZZ:I,k;éi,j (‘3ik (Z;’lﬁ A1,ik log( k)) + (1 =8ix) (Zz | o,ik log (h k)>+5k/ (Z/ 1 o1.kj log (hl,kj)> + (1 = &) (21_1 a j log (hl,k,)))

for each pair of (i, j). negative derivation values ¢, £+ T T * into formula (15),
When the multiplicative consistency of the incomplete  (phere o= oF o r > 0 for allz j _1 2.....n. Then

IVHFPR H cannot be guaranteed, we add the positive and AL A

(n—2) (8 (02 ey tog () ) + (= 8 (X2 i og (1)) = (856 (02 e tog (i) ) + (1 = 800 (S0 e jitog (h7,))) ) +

St (05 (02 entog () ) + (= 850 (S0 cnguctog (i) ) + ks (7 e log (i ) ) + (1 = 8xiddes (X724 e log (7)) ) =
(Zzzl,k;ﬁi,_/ (5ik (Z;":'ﬁ ik log (W,ik)) + (1 =8i) (Z;lkl a ik log (hlJ.rik)) + 8kj (Z;n:ki a1 kj log (W,kj)) + (1= 8) (Zl=l a1 kj log (hu,;)))) +

s._j 78;; =0

=2 (3 (5% v tog (47, ) + (1 =8y (S5 e e (7)) - (aﬂ (S antoe (iF,)) + A =530 (S ansvoe (1)) +
ZL[M,,— (‘Sjk (Z;n:ﬂl("lvjk log (h/ ]k))Jr(l 8jk) (Zz | 1, jk log (h )) (21 1 @1,k log (h ))+(1 8ki)Oki (21 1 ki log( )))

ket ki) (&-k(Z}";ﬁ ik log (hlthk)) + - ‘Sk)(ZJ 19, klOg( /lk)) (21:1 i j log (h. )) + (1 = 8)) (Zl 1 ¥Lkj log( lkj)))+

ri; - r; =0
for each pair of (7, j). Because the higher the consistency is, the better will be.

We build the following programming model to determine
the missing values:

‘/’lf)-'um = min Z;IJEI (8; + é:“Jr + ‘L’Jr + r*)

(n—2) <8ij (Z;n:]l Qi log( /,,)) +(1 =6 )(Z, haij log( )) (81 (Zl’:f; . ji log (hf,ﬁ)) (=8 (Z;ﬂ i og (hz ,,)))) N
ket s ((S’k (Z;’ZT ik 10g( ’fk))+(1 8jk) (Zl 19k log( +/k)) B (Z;":“i a1 4i log (h;ki))+(1_8ki)‘5k (Zz i @14 log (h k:) )_
(Zk 1k, j (3 k (Zl oy ik log (hl.lk)) + (1= 8i) (ZH aik log( ,*,k)) 8kj (Z;":ki i log (hf.kj))-i'(l — &) (Zu ari; log (hfk,

SU s,jfot/—12

+
+

1 ,
i — mpg;
st Zk lk#_ ,(M(Z/ | ek log (hf,ik))-*-(l—éik)(Z;n:ﬁ o,k log (hz,ik))+8kj (Z/:ki ok log (hz+,1<j))"'(1 8j) (ZH o kj ]Og(h/,kj>)>+ (17
T 1: =0,i,j=12,.
hi; +h = ]+h’ =Ly 1 €10, 10, hij € U = {hijlhij, is missing i, j = 1,2, ..., n}
arij =0V1 0Lij = Oyt jis b j =12, 0L =1,2,....mjj

S =10 =1,2,.,n
§;=0v1ij=12 .n
Sij+8;i=1,i,j=12,...n

a/nvinjn = 1, i(), j() = 1, 2, o n, lo = 1, 2, ...,m,-njn with hil)/l\ ¢ U

The first two constraints are constants if 4; j ¢ U for  constraints. To do this, we further introduce the 0-1 indictor
alli =1,2,...,norall j =1,2,..., n, which have no . 0 hij¢U,i=12,.,nvj=12.,n
. o . variables B;; = .
influence on missing values. Thus, we can disregard such 1 otherwise
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for each pair of (i, j), and construct the following program-
ming model:

Vit

.y = min Z:ﬁj:l (a,.; A Ay )

iy (=2 (8 (S iy tog (i ) ) + (1 = 80 (074 iy og (7 ) ) = (85 (S0 i tog (i )) + (1 = 8300 (72 e tog (17,)))
kel ki ( jk (Z;ﬂjf a,jk log (h /k)) + (1 —8k) (Z/ | o, jk log (hf,k)) + Sk (Zz 1 ki log (h/ k:)) + (I — 8ki) ki (Z1 1 @ ki log (hz kz)
(Shcrama (0 (04 cnie og (i) ) + (1 = 8 (% cvinctog (hifye ) ) + by (024 e tog (ki ) ) + (1 = 867) (72 e og (1))

)

)+
),

a[; [j)_O,l,]_l,Z,...

)+
Ao (=2 (o (2225t (4 ) + 1= (et (4 ) )) = (0 (02 o (i) -0 =00 (S0 o (1)) +
h

ko lksi ( ik (Zz 1 o, log (B ) + (1 =8k ( { o jx log (h, lk)) + Ok (Zz 1 91,ki log (h[ k,)) + (1 = 8ki) ki (Z[ 1 ki log (hz kz))) -

] ZZ:I.k;éi,j (SM (Zl:lauklog( Izk) +(1=38ix) (Zl:l al.lklog( ,k))+5k/< 1= 1051 k/lOg (h]Jr[\j))+(l 51(/)( I:lalvk/ log (hl.k])))+ . (18)
o *):Oijzl 2.
hflj+h111—hlr/+hsz_l lhy ;e l”]C[O 11, il {h,,lh,, is missing, i, j = 1,2, .., n}
arij =0V 1oy = emyr1-1jis i, J = 1,2, 0,1 = 1,2, . mjj

S ey = 1 j = 1.2
8 =0V 1ij=12 ..n
§ij+85i=10j=12..n

Wpijo = 1oi0s jo = 1,2, sty lo = 1,2, oy myyj withhrjg jo ¢ U

According to the construction of the elements in  upper triangular part. Thus, model (18) can be further
IVHFPRs, we can only determine missing IVHFEs in the  transformed into the following model:

"
Pio.

n
— mi Z - + + +
ijo = min =l (sij +8ij +I,-j +I,-j>

By (0 =2) (85 (X iy tog (i) ) + (=8 (02 e tog (mi; ) ) = (856 (024 cnsitog (i1 ) ) + (1 = 8500 (02 e sitog (nif 1) ))) +
S iy (8 (S0 cjetog (h ) ) + (= 8500 (02 cguctog (3¢ ) ) + b (14 s tog (i ) ) + (1 = 8kiddi (72 e Tog (ki) )) =
(ZZ Lkt (&k (Z?”*] ik log (hl ,k)) + (1 = 8ix) (Z,:, ik log( )) + 8k (Zl 1 o kj log (hlvkj)) + (1 = &;) ( e log( ij)))) +
L
) ))

{-;if..)_OlJ—lz Jni < j

Bij ((n —2) (((S,J (Zz | aij log (hfru)) + (1 =38 (Zyl’l aij log( Lij ) (5;‘1‘ (Zlmﬂl ay,ji log (h;r,:)) +(1=38ji) (Z;ﬂﬂl oy ji log (hl i ))

pyry ( jk (ZI:I oy ji log (’U.ﬂc)) + 1 =8) (271:,? i, jk log (h/ J’f)) + b (Zl ki log (h;r’“» + 0= &) (Z’ i i log (h’ "')))
+

sy (o (S5 o (1)) #1000 (23 e (1) (525 o (07 #0000 (S5 e o ())+ g
. .+.)=0ij=1 2 i<

hi 0=ty + b= Ll 1S 10,10, by = {hijlhij is missing, i,j =1,2,...n,i < j}

o ij =0v1, ALij = Cmj+1-1,jis ih,j=12,.,nl1=1.2,. o Mij, i<j

S =10, =1,2, e ni < j
Sij=0vI1,i,j=12.,ni<j
Sij+8ji=1i,j=12,..,ni<j

Ao = Lo i0s jo = 1,2, e my Iy = 1,2, oy mig jo With iy jo & U’

Solving model (19) with respect to each interval in  lower triangular part can be obtained following the additive
every IVHFE fl,-o jo & U’, we derive the missing IVHFEs  reciprocity. On the basis of the above analysis, we introduce
in the upper triangular part, and the missing IVHFEs in the  the following decision-making method with IVHFPRs:
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Algorithm 1 Ranking objects from decision making with
IVHFPRs

Step 1:

Let H = (ﬁ,-j),,x,, be an IVHFPR on the object
set X = {x1, x2, ..., x,,} . If it is incomplete, we
apply model (19) to determine missing IVHFEs.
Otherwise, go to the next step;

With respect to the complete IVHFPR H, we
apply model (10) to judge its multiplicative con-
sistency and to derive the 0-1 indictor variables,
the associated QIFPRs Bq = (l;q,i )nxn, and the
forming timesng,q =1,2,..., A. When all of the
obtained QIFPRs are multiplicatively consistent,
go to Step 4. Otherwise, turn to the next step;

For any inconsistent QIFPR l_?q = (l;q,,-j)nxn,
qg=1,2,..., A, we adopt formula (11) to derive
the multiplicatively consistent QIFPR C_'q =

Step 2:

Step 3:

(Eq,ij)n XN

According to the forming times of each QIFPR,
we obtain the consistency probability distribution
P = (p1, p2, ..., ), where p, = Zf—"lm, q =
1,2, ..., A. Then, we use the IWGMA oi;)erator
and formula (11) to calculate the collectively
multiplicatively consistent QIFPR C = (¢; Dnxn
by which we can obtain the multiplicatively
consistent IFPR D = (d;;)nxn;

Step 4:

Step 5: Following D, we calculate the interval fuzzy
priority weight vector v = (w1, ®3, ..., ®y),
where

W d

j=1%ij

Vi + Yok _d,|
n/ T dj{—
v iz
: = : (20)
" ¥ n . -
Ty d + 3kt ki ) V=g

foralli =1,2,...,n

Step 6: We apply the interval formula in [15] to
compare w;, i = 1, 2, ..., n and to rank objects x1,
X2, ..., x, following the order relationship of @;,
i=1,2,..,n

Remark 1 Following previous theoretical research results,
we offer algorithm I for ranking objects from IVHFPRs. Its
main principle includes: (i) ascertaining missing judgments,
(i1) judging the multiplicative consistency of IVHFPRs
using QIFPRs, (iii) deriving multiplicatively consistent
QIFPRs, (iv) calculating the collectively multiplicatively
consistent QIFPR based on the consistency probability
distribution and the IWGMA operator, (v) obtaining
the multiplicatively consistent IFPR, (vi) calculating the

interval fuzzy priority weight vector using formula (20),
and (vii) ranking objects. There are several features of
Algorithm I, such as it is based on the multiplicative
consistency analysis, it neither adds extra value nor
disregards any information, and it can address incomplete
and inconsistent IVHFPRs.

Example 4.1 Let X ={x1, x2, x3, x4} be the set of the
compared objects, and let the incomplete IVHFPR H be
defined as follows:

To rank the objects x1, x2, x3, and x4, the following steps
are needed:

With respect to the incomplete IVHFPR H,
missing IVHFEs based on model (19) are
determined as shown in Table 1.

According to the additive reciprocity of inter-
vals in [IVHFEs, the missing IVHFEs ha1, h3, and
h4> are obtained as shown in Table 2.

With respect to the complete IVHFPR H, we
apply model (10) to judge its multiplicative
consistency, where the objective function values,
0-1 indicator variables, QIFPRs, and their forming
times are derived as shown in Table 3.

Table 3 shows that all of QIFPRs are inconsistent.
Thus, formula (11) is used to obtain the multi-
plicatively consistent QIFPRs, which are shown in
Table 4.

According to the forming times of QIFPRs, the
consistency probability distribution is derived as
follows:

Step 1:

Step 2:

Step 3:

Step 4:
v 135 1 1 1 1 1 1 1 1 1 1
T 120°20°20°20°20°20°20°20°20° 20" 20" 20" 20" 20|’

by which the collectively multiplicatively consis-
tent QIFPR is
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Table 1 Determined missing IVHFEs

Missing IVHFEs Determined values

hia f10.3075,0.4519], [0.4545, 0.4799] , [0.5030, 0.5527], [0.5478, 0.5478] , [0.4825, 0.5285] g
ha3 /[0.7008.0.70087 , [0.6429, 0.7127], [0.6040, 0.7082] , [0.5603, 0.7123], [0.6008, 0.6498] g
hoy f10.3512,0.4298], [0.3750, 0.4863] , [0.4398, 0.4472], [0.3961, 0.4522], [0.4841, 0.5627] g

[0.5000, 0.5000] [0.5152, 0.5122] [0.6917, 0.6533] [0.4565, 0.4594]
[0.4848, 0.4878] [0.5000, 0.5000] [0.6786, 0.6421] [0.4415, 0.4472]
[0.3083, 0.3467] [0.3214, 0.3579] [0.5000, 0.5000] [0.2724, 0.3108]
[0.5435, 0.5406] [0.5585, 0.5528] [0.7276, 0.6892] [0.5000, 0.5000]

(@Y
I

and the collectively multiplicatively consistent
IFPR is

[0.5000, 0.5000] [0.5122,0.5152] [0.6533, 0.6917] [0.4565, 0.4594]
[0.4848, 0.4878] [0.5000, 0.5000] [0.6421, 0.6786] [0.4415, 0.4472]
[0.3083, 0.3467] [0.3214, 0.3579] [0.5000, 0.5000] [0.2724, 0.3108]
[0.5406, 0.5435] [0.5528, 0.5585] [0.6892, 0.7276] [0.5000, 0.5000]

]|
I

Step 5: Using formula (20), the interval fuzzy priority m DMs E = {ey, e2, ..., ey} . Let HF = (fsz/),,xn be the

weight vector is IVHFPR offered by the DM ¢y, k = 1,2, ..., m.
To measure the agreement degree between individual
o = ([0.2633, 0.2737], [0.2565, 0.2668] , IVHFPRs, the consensus analysis is necessary [11, 13, 29].
[0.1727,0.1885], [0.2839, 0.2949]) . Next, we apply the collectively multiplicatively consistent

QIFPRs to define a distance measure between IVHFPRs, by
Step 6: Adopting the formula for comparing intervals in ~ which a consensus index is derived.
[13], we obtain p(@w4 > 1) = 1, p(01 > @) =
0.9424, p(@, > @3) = 1. Thus, the ranking order  Definition 11 Let H* = (hf),xn and HE = (hf)nxn be
is x4 > x1 > x2 > x3. any two IVHFPRs, and let C* =(Ef?j),,x,, and C8 = (€ nxn
be their collectively multiplicatively consistent QIFPRs
obtained from Algorithm I. Then, the distance measure
5 A group decision-making method between the QIFPRs C* and C¢ is defined as follows:
with IVHFPRs
-, = 1 n
In Section 4, we offer a method for ranking objects |4 (Ck’ Cg) = m Zi,/:l,i</‘
from incomplete and inconsistent IVHFPRs. However, it is et
insufficient to address group decision making. Therefore, X( Cij —Cij D 2D
this section further researches group decision making with
IVHFPRs. . _ _ _
In general, for a group decision-making problem, there ~ Property 1 Let H* = (hfj)n xn and H8 = (hf,)nxn be any
are n objects X = {x1, x2, ..., x,} , which are evaluated by two IVHFPRs, and let C¥ = (El’.‘j)nxn and C8 = (Efj)nxn be

k—

Cij

—C;-gj_’+

Table 2 Determined missing IVHFEs

Missing IVHFEs Determined values

I {[0.5481, 0.6925], [0.5201, 0.5455], [0.4473, 0.4970] , [0.4522, 0.4522], [0.4715, 0.5175]}
3 {[0.2992.0.2992] , [0.2873, 0.3571] , [0.2918, 0.3960] , [0.2877, 0.4397] , [0.3502, 0.3992]}
hap {[0.5702, 0.6488], [0.5137, 0.6250] , [0.5528, 0.5602], [0.5478, 0.6039], [0.4373, 0.5159]}

@ Springer
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Table 3 Objective function values, 0-1 indicator variables, QIFPRs, and forming times

Objective 0-1 indicator variables QIFPRs Forming
function values times

Kfp, = 1.7004
K¥, = 0.9455
K:u = Ks*.zs =

K}, = 0.0878

Kipn =Ky =
Ky = K5y,
K, = 0.0875

KZ,, = 0.3894

Kiy, = 0.9001

K3y = 0.4044

K,y = 0.6247

K} 5y = 05948

K3 ,, = 04816

K:,, =09714

K, = 48407

12 =013 =014 =
023 =1,804 =034 =0

Si2 =4813 =614 =
03 =1,004=0834=0

312 =813 =14 =
803 =0814=1,834=0

d12 =6813 =014 =
03 =3814=1,84=0

d12 =46813 =014 =
023 =04 =1,834=0

S =813 =814 =1,
83 =084 =10834=0

812 =813 =814 =
83 =0814=1,834=0

d12 =6813 =014 =
023 =3824=1,84=0

d12 =6813 =014 =
823 =384 =1,834=0

S12 =30813 =014 =
023 =384 =1,834=0

812 =6813 =014 =
023 =3824=1,84=0

d12 =30813 =014 =
83 =08y =084=1

=
Il

o]
©
Il

eS|
W
Il

>
wn
Il

jor]
x
Il

(o]
N
Il

ElO =

Bll =

BLZ =

[0.5000, 0.5000]
[0.6925, 0.5481]
[0.4000, 0.2500]
[0.5500, 0.5000]
[0.5000, 0.5000]
[0.5455, 0.5201]
[0.4000, 0.2500]
[0.5500, 0.5000]
[0.5000, 0.5000]
[0.4970, 0.4473]
[0.4000, 0.2500]
[0.5500, 0.5000]
[0.5000, 0.5000]
[0.4522, 0.4522]
[0.4000, 0.2500]
[0.5500, 0.5000]
[0.5000, 0.5000]
[0.5175, 0.4715]
[0.4000, 0.2500]
[0.5500, 0.5000]
[0.5000, 0.5000]
[0.4970, 0.4473]
[0.4000, 0.2500]
[0.5500, 0.5000]
[0.5000, 0.5000]
[0.4970, 0.4473]
[0.4000, 0.2500]
[0.5500, 0.5000]
[0.5000, 0.5000]
[0.4970, 0.4473]
[0.4000, 0.2500]
[0.5500, 0.5000]
[0.5000, 0.5000]
[0.4522, 0.4522]
[0.4000, 0.2500]
[0.5500, 0.5000]
[0.5000, 0.5000]
[0.4522, 0.4522]
[0.4000, 0.2500]
[0.5500, 0.5000]
[0.5000, 0.5000]
[0.5455, 0.5201]
[0.4000, 0.2500]
[0.5500, 0.5000]
[0.5000, 0.5000]
[0.6295, 0.5481]
[0.4000, 0.2500]
[0.8572, 0.7143]

[0.3075, 0.4519]
[0.5000, 0.5000]
[0.2992, 0.2992]
[0.4373, 0.5159]
[0.4545, 0.4799]
[0.5000, 0.5000]
[0.3571, 0.2873]
[0.5528, 0.5602]
[0.5030, 0.5527]
[0.5000, 0.5000]
[0.3960, 0.2918]
[0.5602, 0.5528]
[0.5478, 0.5478]
[0.5000, 0.5000]
[0.4397, 0.2877]
[0.6039, 0.5478]
[0.4825, 0.5285]
[0.5000, 0.5000]
[0.3960, 0.2918]
[0.5602, 0.5528]
[0.5030, 0.5527]
[0.5000, 0.5000]
[0.2992, 0.2992]
[0.5528, 0.5602]
[0.5030, 0.5527]
[0.5000, 0.5000]
[0.3571, 0.2873]
[0.5602, 0.5528]
[0.5030, 0.5527]
[0.5000, 0.5000]
[0.3992, 0.3502]
[0.5602, 0.5528]
[0.5478, 0.5478]
[0.5000, 0.5000]
[0.4397, 0.2877]
[0.6488, 0.5702]
[0.5478, 0.5478]
[0.5000, 0.5000]
[0.4397, 0.2877]
[0.6250, 0.5137]
[0.4545, 0.4799]
[0.5000, 0.5000]
[0.3571, 0.2873]
[0.5159, 0.4373]
[0.3705, 0.4519]
[0.5000, 0.5000]
[0.2992, 0.2992]
[0.6488, 0.5702]

[0.6000, 0.7500]
[0.7008, 0.7008]
[0.5000, 0.5000]
[0.6667, 0.7500]
[0.6000, 0.7500]
[0.6429, 0.7127]
[0.5000, 0.5000]
[0.6667, 0.7500]
[0.6000, 0.7500]
[0.6040, 0.7082]
[0.5000, 0.5000]
[0.6667, 0.7500]
[0.6000, 0.7500]
[0.5603, 0.7123]
[0.5000, 0.5000]
[0.6667, 0.7500]
[0.6000, 0.7500]
[0.6040, 0.7082]
[0.5000, 0.5000]
[0.6667, 0.7500]
[0.6000, 0.7500]
[0.7008, 0.7008]
[0.5000, 0.5000]
[0.6667, 0.7500]
[0.6000, 0.7500]
[0.6429, 0.7127]
[0.5000, 0.5000]
[0.6667, 0.7500]
[0.6000, 0.7500]
[0.6008, 0.6498]
[0.5000, 0.5000]
[0.6667, 0.7500]
[0.6000, 0.7500]
[0.5603, 0.7123]
[0.5000, 0.5000]
[0.6667, 0.7500]

[0.4500, 0.5000]
[0.5627, 0.4841]
[0.3333, 0.2500]
[0.5000, 0.5000]
[0.4500, 0.5000]
[0.4472, 0.4398]
[0.3333, 0.2500]
[0.5000, 0.5000]
[0.4500, 0.5000]
[0.4398, 0.4472]
[0.3333, 0.2500]
[0.5000, 0.5000]
[0.4500, 0.5000]
[0.3961, 0.4522]
[0.3333, 0.2500]
[0.5000, 0.5000]
[0.4500, 0.5000]
[0.4398, 0.4472]
[0.3333, 0.2500]
[0.5000, 0.5000]
[0.4500, 0.5000]
[0.4472, 0.4398]
[0.3333, 0.2500]
[0.5000, 0.5000]
[0.4500, 0.5000]
[0.4398, 0.4472]
[0.3333, 0.2500]
[0.5000, 0.5000]
[0.4500, 0.5000]
[0.4398, 0.4472]
[0.3333, 0.2500]
[0.5000, 0.5000]
[0.4500, 0.5000]
[0.3512, 0.4298]
[0.3333, 0.2500]
[0.5000, 0.5000]

[0.6000, 0.7500] [0.4500, 0.5000]
[0.5603, 0.7123] [0.3750, 0.4863]
[0.5000, 0.5000] [0.3333, 0.2500]
[0.6667, 0.7500] [0.5000, 0.5000]
[0.6000, 0.7500] [0.4500, 0.5000]
[0.6429, 0.7127] [0.4841, 0.5627]
[0.5000, 0.5000] [0.3333, 0.2500]
[0.6667, 0.7500] [0.5000, 0.5000]
[0.6000, 0.7500] [0.1428, 0.2857]
[0.7008, 0.7008] [0.3512, 0.4298]
[0.5000, 0.5000] [0.2500, 0.3333]
[0.7500, 0.6667] [0.5000, 0.5000]
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Table3 (continued)

Objective 0-1 indicator variables QIFPRs Forming
function values times

K¥  —=1.6219 812 =813 =83 =0, B = [0.4715,0.5175]
e B14 =624 =34 = | 371 10.2500, 0.4000]
[0.6667, 0.6000]

[0.5000, 0.5000]

K*. — 25986 d12 =013 =614 = By — [0.5175,0.4715]
o b2 =024 =934 =1 [0.4000, 0.2500]

[0.5500, 0.5000]

[0.5000, 0.5000]

[0.5285, 0.4825] [0.7500, 0.6000]
[0.5000, 0.5000] [0.7082, 0.6040]
[0.2918, 0.3960] [0.5000, 0.5000]
[0.6488, 0.5702] [0.7500, 0.6667]
[0.4825, 0.5285] [0.6000, 0.7500]
[0.5000, 0.5000] [0.6040, 0.7082]
[0.3960, 0.2918] [0.5000, 0.5000]
[0.5159, 0.4373] [0.6000, 0.5000]

[0.3333, 0.4000]
[0.3512, 0.4298]
[0.2500, 0.3333]
[0.5000, 0.5000]
[0.4500, 0.5000]
[0.4841, 0.5627]
[0.4000, 0.5000]
[0.5000, 0.5000]

their collectively multiplicatively consistent QIFPRs. Then,
their distance measure defined by formula (21) has the
following characteristics:

(i) V(Ck C&) =V (CsCh);

(i) 0<V(CrC#)<1; o
(iii) V (Ck, C8) =0ifand only if C* = C5;
(v) Let H' = (ﬁﬁ PDnxn be any another IVHFPR, and

let C! = (Ef j)nxn be its collectively multiplicatively
consistent QIFPR. Then, V (C‘k, C_‘g) <V (C_‘g, C_")+
Vv (C', CK).

Proof From formula (21), one can easily derive the
conclusions. O

Definition 12 Let H* = (i} Dnxns k =1,2,.
m IVHFPRs, and let C¥ =

, m, be any

(cl. j)nxn be their collectively

m
A* = min
Zk:I

- +
&, &

multiplicatively consistent QIFPR. Furthermore, let C =
(Ei j)n><n be the comprehensively multiplicatively consistent

QIFPR. Then, the consensus measure of C¥ is defined as
follows:

col (ék) —1

(22)

wherek =1,2,...,m

When we calculate the comprehensively multiplicatively
consistent QIFPR, the weights of the DMs are used. To
determine the weighting vector on the DM set, we establish
the following maximum consensus-based programming
model:

L 5)™)

ij

n k
Zi,j:l,i<j (C

)
= (e () ) e (9)™)

s.t.

=1 (Cff)ueg ))

. (23)
m

we, €10,1]1,k=1,2,...m

k+
Cij nln m 8+ Weg n” 5+ Weg n m
T +/n x

) (e

One can check that A* = 0 if and only if C¥ = C& for all

k,g=1,2,...,mwithk # g.

@ Springer

Following multiplicative consistency and consensus
analysis, we further present the following algorithm for
group decision making with IVHFPRs that can address
incomplete and inconsistent cases.
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Algorithm 2 Ranking objects from group decision making
with inconsistent and incomplete [IVHFPRs

With respect to each individual IVHFPR H¥ =
(fz@) ,k=1,2,...,m, Steps 2-4 in Algorithm
nxn

Step 1:

ij
I are adopted to derive the multiplicatively
consistent QIFPRs Cck = (E{Yj)nxn, k=1,2,...,
m;

Model (23) is used to determine the weights of the
DMs, and the comprehensively multiplicatively
consistent QIFPR C = (Cij)nxn 1is calculated
following the IWGMA operator and formula (11);
Letmr be the given consensus threshold. Formula
(22) is adopted to judge the consensus of
the multiplicatively consistent QIFPR Ck. If
COI(C*) = m forallk =1,2, ..., m, then turn
to Step 5. Otherwise, skip to the next step;
LetCOI (ﬁk> = min COI (I:Ig>, and let

1<g<m

Step 2:

Step 3:

Step 4:

Ck-(p+1) — (C—,llfjg(erl))nxn’ where

y (C’A}un—)” ((y_x_n—)‘*‘“
s el

y (cg:(pw)“ (c“.”*)lﬂ

ij ij
\,/(C’kj(m)“ (Clqjm)'*“ N {/('-"i%(m)u (C;’m)l*“
foralli, j =1, 2, ..., n. Then, return to Step 2;

Following the comprehensively multiplicatively
consistent QIFPR C = (Cijdnxn, the compre-
hensively multiplicatively consistent IFPR D =

(d; i )nxn is obtained. Then, Steps 5-6 in Algorithm
I are utilized to rank objects.

_k.(p+1
C__(/H— ) _

(24)

Step 5:

To see the procedure of Algorithm II intuitively, please see
Fig. 1.

Remark 2 Following algorithm II and Fig. 1, one can find
that algorithms I and II have the similar procedure for
ranking objects, and there are two more steps of algorithm II
than Algorithm I: determining the weights of the DMs, and
measuring and improving the consensus level.

Example 5.1 The technology of air conditioning has
made extraordinary progress since Dr. Carrier invented the
world’s first air-conditioning in 1902. According to the
development of air conditioning, it can be summarized
as four development phases: centrifugal air conditioning,
solar air conditioning, inverter air conditioning, and gas
air conditioning. At present, air conditioning has become
one of the most important office equipment and appliances.

@ Springer

‘ Giving a decision-making problem ‘

v

‘ Determining the decision maker set ‘
]

A 4
Individual interval-valued hesitant fuzzy
‘_?; preference relations (IVHFPRs)
= =
25
==
17 _é‘ Determining the
a missing values Yes
@ using model (19)
Building programming
model for each IVHFPR
N using model (10)
Q
:
% indicator variables
‘; Deriving quasi-interval fuzzy
1 preference relations (QIFPRs)
é- Getting the
L onsistenc, consistency
No probability
distribution

A
Using formu}a .(l l? to Yes
get the multiplicative
consistent QIFPRs

Calculating the collective

— individual multiplicative <

consistent QIFPRs
|

v
Using model (23) to
determine the weights of
the decision makers

A\ 4

Calculating the comprehensive
multiplicative consistent QIFPR

SISA[eUE SNSUasuo))
4L

Adjusting the -
associated QIFPRs ‘ Judging the consensus ‘
using model (24)
No Satisfy
Yes

Calculating the interval
priority weight vector
and ranking objects

Fig. 1 The procedure of Algorithm II

The global air conditioning market is huge. According to
the report of NIKKEI in 2015, the shipments of China’s
domestic air conditioning to the world are 7398.8 million
units. To gain more market share, the competition among air
conditioning manufacturers is fierce.

In the Chinese market, there are about 38 brands of air
conditioning. According to the data of internet consumer
research center in 2014, there are four main brands of
air conditioning: Gree, Haier, Hisense, and Midea. There
is an air conditioning industry assessment panel that is
composed by three experts. They were invited to compare
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these four brands of air conditioning in the next five years To rank these four air conditioning brands, the following
of developments. Because there are many factors, such as  procedure is needed:

enterprise management, enterprise R D capability, corporate
reputation, and brand utility, it is not an easy thing to
give their comparisons using one exact or fuzzy variable.
In this case, the experts can apply IVHFEs to express
their uncertain hesitancy preferences. Furthermore, they are
allowed to only give partial judgments, namely, the missing
judgements are permitted. According to their expertise and
known information, the individual IVHFPRs are listed in
Tables 5, 6 and 7.

Step 1: Because all of these three individual IVHFPRs are
incomplete, model (19) is applied to determine the
missing IVHFEs, which are obtained as shown in
Table 8.

With respect to each complete IVHFPR, the
multiplicatively consistent QIFPRs, and their
consistency probability distributions are derived
as shown in Tables 9, 10 and 11.

Using the IWGMA operator and formula (11),
the multiplicatively consistent QIFPRs are:

[0.5000, 0.5000] [0.7271, 0.7973
[0.2729, 0.2027] [0.5000, 0.5000
[0.2156, 0.2997] [0.4228, 0.6274
[0.1516, 0.0940] [0.3225, 0.2898

[0.7844,0.7003] [0.8484,0.9060]
[0.5772,0.3726] [0.6775,0.7102]
[0.5000, 0.5000] [0.6060,0.8049] |’
[0.3940, 0.1951] [0.5000,0.5000]

Juiy
—_— e — —

0.5000,0.5000]
0.1713,0.2794]
0.1567,0.2664]
0.1108,0.2899]

0.8287,0.7206]
0.5000,0.5000]
0.4733,0.4837]
0.3761,0.5129]

0.8433,0.7336] [0.8892,0.7101]
0.5267,0.5163] [0.6239,0.4871]
0.5000,0.5000] [0.5985,0.4708] |’
0.4015,0.5292] [0.5000,0.5000]

[3%)
—_————
—_ —_,—_—
—_ —_—_—

[0.5000,0.5000] [0.7984,0.7990] [0.8099,0.7746] [0.8041,0.8488]
=3 _ | [0.2016,0.2010] [0.5000,0.5000] [0.5182,0.4637] [0.5089,0.5854]
[0.1901,0.2254] [0.4818,0.5363] [0.5000,0.5000] [0.4907,0.6202]
[0.1959,0.1512] [0.4911,0.4146] [0.5093,0.3798] [0.5000,0.5000]

Step 2: Following model (23), the weights of the DMs are consistent QIFPR based on the IWGMA operator
we, = 0.3063, we, = 0.3632, w,, = 0.3305. Fur- and formula (11) is
thermore, the comprehensively multiplicatively

[0.5000, 0.5000] [0.7905, 0.7720] [0.8155, 0.7380] [0.8520, 0.8306]
[0.2095, 0.2280] [0.5000, 0.5000] [0.5395, 0.4542] [0.6042, 0.5914]
[
[

(@Yl
Il

0.1845, 0.2620] [0.4605, 0.5458] [0.5000, 0.5000] [0.5658, 0.6350]
0.1480, 0.1694] [0.3958, 0.4086] [0.4342, 0.3650] [0.5000, 0.5000]

Step3: Letr = 0.9. From formula (22), we have  Step4: With respect to the multiplicatively consistent
COI(H") =0.9468 QIFPR C, the comprehensively multiplicatively
COI(H'") =0.9500 . consistent IFPR is
COI(H") = 09722

Table 5 IVHFPR H' offered

by the DM ¢; Gree Haier Hisense Midea
Gree {[0.5,0.51} {[0.6,0.71,[0.75, 0.9} {[0.6, 0.851} X
Haier {[0.1, 0.251, [0.3, 0.4} {[0.5,0.51} X {[0.5,0.6],[0.7.0.81}
Hisense {[0.15, 0.41} X [0.5,0.5]} X
Midea X {[0.2,0.3],[0.4,0.51} X {[0.5,0.51}

@ Springer
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Table 6 IVHFPR HZ2offered

by the DM e» Gree Haier Hisense Midea
Gree {[0.5, 0.5]} X {[0.5, 0.6],[0.8,0.9]} {[0.7,0.91}
Haier X {[0.5, 0.5]} {[0.4, 0.65]} X
Hisense {[0.1,0.2], [0.4, 0.5]} {[0.35,0.6]} {[0.5,0.5]} {[0.4, 0.5],[0.6.0.7]}
Midea {[0.1, 0.3]} X {[0.3,0.4],[0.5.0.6]} {[0.5,0.5]}

[0.5000, 0.5000] [0.7720, 0.7905] [0.7380, 0.8155] [0.8306, 0.8520]

[0.2095, 0.2280]
[0.1845, 0.2620]

]|
1

[
[
[
[

0.5000, 0.5000] [0.4542, 0.5395] [0.5914, 0.6042]
0.4605, 0.5458] [0.5000, 0.5000] [0.5658, 0.6350]

[0.1480, 0.1694] [0.3958, 0.4086] [0.3650, 0.4342] [0.5000, 0.5000]

Furthermore, the interval fuzzy priority weight vector is

@ = ([0.3580, 0.3916], [0.2106,0.2371], [0.2065,0.2442]
,[0.1652,0.1892]) .

Using the formula for comparing intervals in [13], the
ranking is Gree > Hisense > Haier > Midea.

Note that the previous group decision-making methods
with IVHFPRs [3, 18] only considered the complete case.
Thus, none of them can be applied in this example directly.

Following the complete IVHFPRs obtained from our
method, when Pérez-Fernandeza et al.’s method [18] is used
in Example 5.1, the ranking is Gree > Hisense > Haier >
Midea. It is the same as the above ranking. Notably, the
aggregation operator uses the arithmetic mean and o equals
0.25, which are adopted by Pérez-Fernandez et al. [18].

Furthermore, when Chen et al.’s method [3] is adopted
in Example 5.1, the weights of the DMs are w,, =
0.2787, w,, = 0.3895, and w,, = 0.3318. Moreover, the
score values of objects are

s(hy) = [0.73,0.89], s(h2) = [0.47,0.59], s(/3)
= [0.42,0.59], s(h4) = [0.32,0.46],

by which the ranking is Gree > Haier > Hisense > Midea,
which is different from the above ranking. Notably, the used

Table 7 IVHFPR H>offered by the DM e3

Gree Haier Hisense Midea
Gree {[0.5,0.5]} x {[0.7,0.8]} {[0.8,0.9]}
Haier X {[0.5,0.5]} {[0.3,0.4], X
[0.45,0.55],
[0.6, 0.65]}
Hisense  {[0.2,0.3]} {[0.35,0.4], {[0.5,0.5]} {[0.4, 0.6]}
[0.45,0.55],
[0.6,0.71}
Midea {[0.1,0.2]} x {[0.4, 0.6]} {[0.5,0.5]}

aggregation operators are the same as those adopted by
Chen et al. [3].

Remark 3 There are several limitations of methods in [3,
18]: (i) they cannot address decision making with incom-
plete IVHFPRs, (ii) they did not study the consistency of
IVHFPRs, which may lead to illogical ranking, (iii) they
did not consider the consensus of individual [VHFPRs. There-
fore, the final ranking cannot reflect the agreement degree
of individual opinions, (iv) method in [18] is based on the
assumption that all of individual IVHFPRs have the same
important, while method in [3] needs to add extra values
into shorter IVHFESs to determine the weights of the DMs.

Notably, new method is based on multiplicative consis-
tency and consensus analysis that can guarantee the logical
ranking and reflect the agreement level of individual opin-
ions. Furthermore, new method determines the weighting
information without any extra subjective information. To
show the advantages of the new method clearly, it can be
summarized as follows:

(i) Itis based on the consistency analysis that neither causes
information loss nor disregards any information;

Table 8 Determined missing IVHFEs

Missing Determined values

IVHFEs

fz%3 {[0.5000, 0.7083] , [0.3333, 0.3864] , [0.1429, 0.6539]}

fz}4 {[0.8448.0.8571], [0.8182, 0.9000], [0.7500, 0.9310],
[0.9231, 0.9546]}

}%4 {[0.4900, 0.8000] , [0.6136, 0.7500] , [0.6667, 0.7044],
[0.6793, 0.9333]}

fz%z {[0.4498, 0.7017], [0.6732, 0.9310] , [0.8290, 0.8516]}

%4 {[0.7093, 0.7382] , [0.4000, 0.5422] , [0.2983, 0.6500]}

fz?z {[0.8506, 0.9000] , [0.7489, 0.8308] , [0.6806, 0.7114]}

@4 {[0.4000, 0.4120], [0.5500, 0.5620] , [0.5781, 0.7613]}

@ Springer
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Table 11 Multiplicatively consistent QIFPRs obtained from the complete IVHFPR A3 and the consistency probability distribution

Multiplicative consistent QIFPRs

Multiplicative consistent QIFPRs

[0.5000, 0.5000] [0.8291, 0.7512] [0.8571, 0.7093] [0.8586, 0.7908]

[0.1709, 0.2488] [0.5000, 0.5000] [0.5530, 0.4470] [0.5560, 0.5560]
[0.1429, 0.2907] [0.4470, 0.5530] [0.5000, 0.5000] [0.5030, 0.6077]
[0.1414,0.2092] [0.4440, 0.4440] [0.4970, 0.3923] [0.5000, 0.5000]

[0.5000, 0.5000] [0.7295, 0.8445] [0.7676, 0.8159] [0.7575, 0.8802]

[0.2324,0.1841] [0.4495, 0.5506] [0.5000, 0.5000] [0.4860, 0.6238]
[0.2425,0.1198] [0.4634, 0.4249] [0.5140, 0.3762] [0.5000, 0.5000]

[0.2705, 0.1555] [0.5000, 0.5000] [0.5505, 0.4494] [0.5366, 0.5751]
{3/9,1/9,3/9,2/9}

3
5=

3
1=

C_x

[0.5000, 0.5000] [0.8989, 0.8508] [0.8571, 0.7093] [0.8587, 0.7925]

[0.1011, 0.1492] [0.5000, 0.5000] [0.4030, 0.2996] [0.4060, 0.4010]

[0.1429, 0.2907] [0.5970, 0.7004] [0.5000, 0.5000] [0.5031, 0.6101]

[0.1413, 0.2075] [0.5940, 0.5990] [0.4969, 0.3899] [0.5000, 0.5000]
[0.5000, 0.5000] [0.6806, 0.7114] [0.7617, 0.8207] [0.7449, 0.8872]

[0.2383, 0.1793] [0.4000, 0.3500] [0.5000, 0.5000] [0.4774, 0.6320]
[0.2551, 0.1128] [0.4219, 0.2387] [0.5226, 0.3680] [0.5000, 0.5000]

[0.3194, 0.2886] [0.5000, 0.5000] [0.6000, 0.6500] [0.5781, 0.7613]

3
1

3 _
3=

C

P =

The consistency probability distribution

(ii) It offers a method to obtain consistent IVHFPRs from
inconsistent ones, which only applies the judgements
offered by the DMs;

(iii) It can address incomplete [IVHFPRs by only using the
provided preferences;

(iv) It provides a consensus-based method to determine
the weights of the DMs;

(v) It defines a distance measure-based consensus for-
mula to complete the consensus levels among DMs
and proposes an interactive method to improve the
consensus degree.

6 Conclusions

Interval-valued hesitant fuzzy preference relations are
powerful to denote the decision makers’ uncertain and
hesitant information, which is an extension of hesitant fuzzy
preference relations. After reviewing previous researches,
we find that there is no research about interval-valued
hesitant fuzzy preference relations based on the consistency
and consensus. To ensure their reasonable application,
this paper continues to study decision making with
interval-valued hesitant fuzzy preference relations. To
do this, a multiplicative consistency concept based on
interval fuzzy preference relations is presented. Unlike
the previous consistency concepts for hesitant fuzzy
preference relations, the new concept does not need to add
values to interval-valued hesitant fuzzy elements or ignore
any information. Then, several multiplicative consistency-
based programming models are constructed to address
inconsistent and incomplete interval-valued hesitant fuzzy
preference relations. After that, group decision making is
further researched and a group decision-making algorithm
is developed. Finally, a practical decision-making problem
is offered to show the application of the new method.

This paper focuses on the multiplicative consistency of
interval-valued hesitant fuzzy preference relations, and we
can similarly study the additive consistency. Furthermore,
we can extend the new theoretical results to other types of
preference relations, such as interval-valued multiplicative
hesitant fuzzy preference relations and interval-valued
linguistic hesitant fuzzy preference relations. Besides the
theoretical aspect, we shall continue to research the
application of the new method in some other fields, such
as medical recommendation, evaluating double first-class
universities in China, assessing online shopping platforms,
and evaluating Chinese airlines.
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