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Abstract This paper proposes a modified harmony search
(MHS) algorithm with an intersect mutation operator and
cellular local search for continuous function optimization
problems. Instead of focusing on the intelligent tuning of
the parameters during the searching process, the MHS algo-
rithm divides all harmonies in harmony memory into a
better part and a worse part according to their fitness. The
novel intersect mutation operation has been developed to
generate new -harmony vectors. Furthermore, a cellular
local search also has been developed in MHS, that helps to
improve the optimization performance by exploring a huge
search space in the early run phase to avoid premature, and
exploiting a small region in the later run phase to refine the
final solutions. To obtain better parameter settings for the
proposed MHS algorithm, the impacts of the parameters are
analyzed by an orthogonal test and a range analysis method.
Finally, two sets of famous benchmark functions have been
used to test and evaluate the performance of the proposed
MHS algorithm. Functions in these benchmark sets have
different characteristics so they can give a comprehensive
evaluation on the performance of MHS. The experimental

� Xinyu Li
lixinyu@mail.hust.edu.cn

Jin Yi
yijin@hust.edu.cn

Liang Gao
gaoliang@mail.hust.edu.cn

Jie Gao
D201577194@hust.edu.cn

1 The State Key Laboratory of Digital Manufacturing
Equipment and Technology, Huazhong University of Science
and Technology, Wuhan 430074, People’s Republic of China

results show that the proposed algorithm not only performs
better than those state-of-the-art HS variants but is also
competitive with other famous meta-heuristic algorithms in
terms of the solution accuracy and efficiency.
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1 Introduction

Along with the development of modern society, the real-
life problems we face in the areas of science, engineering,
economics and business are becoming more and more com-
plex and difficult to solve. Searching for efficient methods
to solve optimization problems has been one of the hottest
topics in recent decades [1]. All the existing methods can be
divided into two categories: exact methods and approxima-
tion methods. Exact methods can find the global optimum,
but these methods are efficient only when the scale of the
problem is small. However, in contrast, although the approx-
imation methods cannot guarantee obtaining the global
optimum, they can solve large-scale problems in a rea-
sonable time. We all know that most real-life optimization
problems are large scale problems. Therefore, the approxi-
mation methods are more suitable for these problems than
exact methods. Thus, this paper focuses on approxima-
tion methods and proposes an effective novel method for
unconstrained optimization problems.

The meta-heuristic algorithm that combines rules and
randomness to imitate natural or social phenomena is one
among the most important types of approximation meth-
ods. Research on meta-heuristic algorithms is the hottest
topic in current studies on approximation methods. The
phenomena of popular meta-heuristic algorithms include
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Fig. 1 Pseudo code of the Harmony Search algorithm

biological evolutionary processes (e.g., the genetic algo-
rithm(GA) [2] and differential evolution (DE) [3, 4]); ani-
mal behavior (e.g., particle swarm optimization (PSO) [5],
artificial bee colony (ABC) [6], ant colony optimization
(ACO) [7] and cuckoo search (CS) [8]); physical process
(e.g., simulated annealing (SA) [9]); and chemical process
(e.g., chemical reaction optimization (CRO) [10]). Over
the last decades, many excellent meta-heuristic algorithms
have been successfully applied to various real-life optimiza-
tion problems and obtained better solutions than the classic
methods.

The harmony search (HS) algorithm is one of the recently
developed meta-heuristic algorithms [11]. It imitates the
music improvisation process in which musicians continu-
ously adjust the pitch of their instruments to achieve better
harmony. The search process of global optimization prob-
lems is similar to the music improvisation process, in that
each decision variable continuously changes its value during
the search process to converge to the global optimum. Mah-
davi [12] concluded that the HS algorithm has the charac-
teristics of few mathematical requirements, easy implemen-
tation, and fast convergence speed. Hence, HS has caught
many researchers’ attention and has been applied in many
areas, such as water network design [13], structure opti-
mization [14], medical physics [15], image segmentation
[16], face-milling parameters optimization [17], scheduling
[18], motion estimation [19], and others [20–22].

The HS algorithm has three important parameters
includes harmony memory consideration rate HMCR, pitch
adjustment rate PAR and bandwidth bw. HS algorithm is
not efficient enough in performing local search in numerical
optimization applications and is sensitive to the three param-
eter settings [23]. Thus, it is of great interest to improve
the performance of the HS algorithm. Based on recent lit-
erature about the HS algorithm, the related work can be
divided into two directions: to modify the structure of the
HS algorithm; to apply more efficient parameter tuning
strategies.

In the modification of HS structure, Oman and Mah-
davi proposed a global-best harmony search (GHS) inspired
by swarm intelligence [24]. In the GHS algorithm, new-
harmony vectors can learn from the current best har-
mony vector in the harmony memory pool with probability
HMCR*PAR. The experimental results showed that GHS
could perform better than the classical HS. Wang et al.
presented an effective differential harmony search (DHS)
algorithm and applied it to solve economic load dispatch
problems [25]. The main difference between DHS and HS
is that DHS applies a mutation operation inspired by dif-
ferential evolution algorithm to generate the new-harmony
vectors. Abhik et al. proposed an opposition-based harmony
search (OHS) algorithm [26]. In the OHS algorithm, the
concept of opposition-based learning was employed in HM
initialization and generation jumping, and the simulation
results showed the effectiveness, robustness, and superi-
ority of the OHS algorithm. In another work, Wang et
al. presented an opposition-based learning HS with muta-
tion (OLHS-M) for solving global continuous optimiza-
tion problems [27]. Different from OHS, in OLHS-M, the
opposition-based learning technique is incorporated to the
process of improvisation to enlarge the search space. Zou
et al. proposed a novel global harmony search (NGHS)

Fig. 2 The procedure for improvising new harmony by the intersect
mutation operation
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Fig. 3 Pseudo code for improvising new harmonies

[28]. NGHS designed a novel location updating strategy to
make it easier to converge, and a genetic mutation opera-
tion was utilized to prevent the NGHS from being trapped
into local optima. The concept of cellular automata has
also been applied in HS [29, 30]. The main idea was to
arrange the topological structure of the population as a two-
dimensional grid, where each individual in the grid is a cell
and interacts with its neighbors. Castelli et al. proposed an
innovative improved version of HS named Melody Search
(MS), which adopted the basic idea of HS but with quite a
different structure [31]. The MS algorithm mimics the musi-
cal performance processes of group improvisation to find
the best succession of pitches within a melody. In such a
group, the memories of different players interact with each
other and maintain the diversity of musicians (with differ-
ent tastes, ideas and experiences), hence leading to a faster
achievement of the best subsequence of pitches. Al-Betar
et al. introduced the island model concepts and embed-
ded them into the framework of HS algorithm where the
new algorithm is refer to island HS (iHS) [32]. In iHS,
the individuals are distributed in separated sub-population
(islands) and evolve separately within specific generations.
Then, the individuals on different islands exchange their
information through a process named migration. The main
idea of iHS is to maintain the diversity of the population
and allow individuals on different islands interact with each
other. In utilizing efficient parameters tuning strategies,
Mahdavi et al. proposed an improved harmony search (IHS)
by dynamically updating the two control parameters PAR
and bw [12]. Pan et al. presented a self-adaptive global best
harmony (SGHS) where parameters such as HMCR and PAR
were self-adapted by the proposed learning strategy and the

parameter bw changed dynamically with iteration number
[33]. The NDHS, which was developed by Chen et al. had a
new memory consideration scheme based on the tournament
selection rule, and the two parameters, PAR and bw, were
dynamically adjusted with respect to the evaluation of the
search process [23]. The intelligent tuned harmony search
(ITHS), which was presented by Yadav et al., learned the
concepts from decision making in a group [34]. The self-
adaptive pitch adjustment strategy adopted by the dynamic
sub-population based on the harmony memory helped ITHS
to maintain the proper balance between diversification and
intensification throughout the search process. Kattan et al.
proposed a dynamic self-adaptive harmony search (DSHS)
by introducing two criteria to drive the optimization pro-
cess: the best-to-worst ratio to adjust the PAR value and a
dynamic bw based on the standard deviation of each dimen-
sion variable in the harmony memory (HM) [35]. Enayatifar
et al. proposed a novel harmony search algorithm based on
learning automata (LAHS) [36]. The learning-based adjust-
ment mechanism showed a new approach for parameter
tuning. Kumar et al. proposed a parameter adaptive harmony
search (PAHS) based on the combinations of linear and
exponential changes of the parameters HMCR and PAR [37].
The numerical simulation results showed that linear change
in HMCR and exponential change in PAR, provided bet-
ter results than the other techniques in a noisy and scalable
environment.

From the literature mentioned above, we can see that
many novel improvements were inspired by other meta-
heuristic algorithms, and the self-adaptation strategies
became more and more complicated. Although these novel
approaches performed much better than the classic HS algo-
rithm, there was still considerable room for improvement
in dealing with diverse problems. Based on the idea of
balanced intensification (exploitation) and diversification
(exploration), this study proposes a modified HS algorithm
with an intersect mutation operator and a cellular local
search, which is abbreviated as MHS. To improve the diver-
sity of HM, an intersect mutation operation is embedded
into the HS structure: first, the harmony vectors in the initial
harmony memory are divided into a better part and a worse
part. Then, an intersect mutation operation between the bet-
ter part and the worse part is proposed to generate new
harmonies. Furthermore, after each harmony improvising
procedure, a cellular local search based on cellular neigh-
borhoods is performed to enhance the local exploitation. To
further analyze the effects of the parameters in proposed
algorithm, an orthogonal test is conducted, and a parameter
settings recommendation is presented. Finally, two sets of
famous benchmark functions are used to test and evaluate
the performance of the proposed MHS algorithm. Compu-
tational results and comparisons show that the proposed
algorithm not only outperforms the compared HS variants
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Fig. 4 Comparison of the basic
idea between cellular HS and
cellular local search in MHS

but is also competitive with other meta-heuristic algorithms
in terms of solution accuracy and efficiency.

The rest of this paper is organized as follows: Section 2
introduces the classic HS algorithm. Section 3 describes
the proposed algorithm in detail. Section 4 shows the
orthogonal experiment for parameter settings, computa-
tional results, and comparisons. Finally, Section 5 presents
the concluding remarks.

2 The classic harmony search algorithm

In the classic HS algorithm, each solution is called “har-
mony” and represented by an n-dimension real vector. An
initial population of harmony vectors are randomly gener-
ated and stored in a HM. Then, a new candidate harmony
is improvised from all of the solutions in the HM using a
memory consideration rule, a pitch adjustment rule, and a
random re-initialization. Finally, the HM is updated by com-
paring the fitness between the new candidate harmony and

the worst harmony in the current HM. The worst harmony
vector is replaced by the new candidate harmony vector
if it is better than the worst harmony vector in the HM.
The improvisation and updating processes are repeated until
a predefined stopping criterion is reached. The harmony
search procedure is as follows [12]:

Step 1: Initialize the problem and algorithm parameters.
The optimization problem is specified as fol-

lows:

Minimize f (x) subject to xi ∈ [LBi, UBi], i =1, 2, ..., n

where f (x) is an objective function; X =
(x1, x2, ..., xn) is the set of decision variables; n is
the number of decision variables; and LBi, UBi

are the lower and upper bounds for decision vari-
able xi , respectively.

In addition, the HS algorithm parameters are
specified in this step. These parameters are har-
mony memory size (HMS), or the number of
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Fig. 5 Flowchart of MHS algorithm

solution vectors in the harmony memory; har-
mony memory considering rate (HMCR); pitch
adjusting rate (PAR); distance bandwidth (BW);
number of decision variables (N) and the number
of improvisations (NI), or the stopping criterion.

Step 2: Initialize the harmony memory (HM).
In step 2, the initial solution variables are ran-

domly generated from the feasible region and
filled in the harmony memory matrix HM:

HM =

⎡
⎢⎢⎢⎣

x1
1 x1

2 · · · x1
N

x2
1 x2

2 · · · x2
N

...
... · · · ...

xHMS
1 xHMS

2 · · · xHMS
N

∣∣∣∣∣∣∣∣∣

f (x1)

f (x2)
...

f (xHMS)

⎤
⎥⎥⎥⎦

(1)

Step 3: Improvise a new harmony.
A new harmony vector Xnew =

(x1
new, x2

new, ..., xn
new) is improvised based on

three rules: memory consideration, pitch adjust-
ment and random selection. First, a random
number r1 is generated in the range [0, 1]. If r1 is
less than HMCR, the decision variable xi

new is
generated by memory consideration; otherwise,
xi

new is obtained by random selection. In the mem-
ory consideration, another random number r2 is
generated in the range [0, 1], if r2 is less than the
value of the pitch adjustment rate (PAR), xi

new is
selected from any harmony vector in the harmony
memory. Otherwise, xi

new is generated as follows:

xi
new = xi

new ± r3 · BW (2)

where r3 is a random number in [0, 1].
Step 4: Update the harmony memory.

In this step, the decision of whether the new
harmony vector improvised in step 3 should be
included into the harmony memory is made. If the
fitness of the new harmony vector is better than
the worst harmony vector in the current harmony
memory, it will be included into the HM. Mean-
while, the current worst harmony will be excluded
from the HM.

Step 5: Check the stopping criterion.
The HS algorithm is terminated when the stop-

ping criterion has been met, for example, when
the maximum number of improvisations NI is
met. Otherwise, Steps 3 and 4 are repeated.

Above steps are well illustrated using pseudo code in Fig. 1.

3 Proposed modified HS algorithm with intersect
mutation operator and cellular local search

Intensification (exploitation ability) and diversification
(exploration ability) are the two major aspects that deter-
mine the effectiveness of the meta-heuristic algorithms. If
the algorithm focuses too much on diversification, it will
converge very slowly. On the contrary, if the algorithm
focuses too much on intensification, convergence can more
easily be premature. Hence, algorithms should tradeoff these
two aspects and maintain a good balance between them.

In this section, the modified HS algorithm with inter-
sect mutation operator and cellular local search (MHS) is
developed. MHS is similar to the HS algorithm, with the fol-
lowing main differences: (1) the parameter bandwidth bw is
removed; (2) the algorithm includes an intersect mutation
operation that uses the PAR parameter; (3) the algorithm
performs a cellular local search after each new harmony
improvisation. First, the initialized harmonies are ranked
from better to worse according to their fitness values and
then divided into two parts: the better part and the worse
part. Here, we introduce a constant coefficient M (0<M<1),
which stands for the proportion of better harmonies in the
harmony memory pool. Then, the intersect mutation oper-
ator is embedded into the HS structure to maintain the
diversity of harmony memory. Meanwhile, a cellular local
search is adopted to enhance the exploitation ability of
the MHS. In the proposed approach, intensification and
diversification are well balanced.

3.1 HS with intersect mutation operator

Inspired by the work of Zhou et al. [38], we use the intersect
mutation operation to improvise new harmonies with the
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Table 1 Test functions

Function Range x∗ f (x∗)

f1(x) = ∑D
i=1 x2

i [−100, 100]D [0, 0, . . . , 0] 0

f2(x) = ∑D
i=1 | xi | + ∏D

i=1 | xi | [−10, 10]D [0, 0, . . . , 0] 0

f3(x) = ∑D
i=1

(∑i
j=1 xj

)2 [−100, 100]D [0, 0, . . . , 0] 0

f4(x) = ∑D
i=1 (�xi + 0.5�)2 [−100, 100]D [0, 0, . . . , 0] 0

f5(x) = ∑D
i=1 ix4

i + rand[0, 1) [−1.28, 1.28]D [0, 0, . . . , 0] 0

f6(x) = ∑D−1
i=1

(
100

(
xi+1 − x2

i

)2 + (x1 − 1)2
)

[−30, 30]D [1, 1, . . . , 1] 0

f7(x) = 418.9829∗D − ∑
i=1 D

(
xi sin(

√| xi |)) [−500, 500]D [420.9687, . . . , 420.9687] 0

f8(x) = ∑D
i=1

(
x2
i − 10 cos (2πxi) + 10

) [−5.12, 5.12]D [0, 0, . . . , 0] 0

f9(x) = 20 + e − 20 exp

(
−0.2

√
1

n

∑D
i=1 x2

i

)
− exp

(
1

n
cos (2πxi)

)
[−32, 32]D [0, 0, . . . , 0] 0

f10(x) = 1

100

∑D
i=1 xi2 − ∏D

i=1 cos
(
xi/

√
i
)

+ 1 [−600, 600]D [0, 0, . . . , 0] 0

f11(x) = ∑D
i=1

(∑k max
k=0

[
ak cos

(
2πbk (xi + 0.5)

)]) − n
∑k max

k=0

[
ak cos

(
2πbk · 0.5

)]
, [−0.5, 0.5]D [0, 0, . . . , 0] 0

a = 0.5, b = 3.0, k max = 20.

f12(x) = 0.5 +
sin2

(√∑D
i=1 xi2

)
− 0.5

(
1 + 0.001

∑D
i=1 x2

i

)2
[−100, 100]D [0, 0, . . . , 0] 0

f13(x) = π
n

{
10 sin2 (πy1) + ∑D−1

i=1 (yi − 1)2 [
1 + 10 sin2 (3πyi+1)

] + (yn − 1)2
}

[−50, 50]D [−1, −1, . . . , −1] 0

+ ∑D
i=1 u (xi , 10, 100, 4)

yi = 1 + 1

4
(xi + 1) , u (xi , a, k, m)

⎧⎪⎨
⎪⎩

k (xi − a)m , xi > a,

0, −a ≤ xi ≤ a,

k (−xi − a)2 , xi < −a.

f14(x) = ∑D
i=1 z2

i − 450 [−100, 100]D [o(1), o(2), . . . , o(n)] 0

f15(x) = ∑D
i=1

(∑D
j=1 xj

)2 − 450 [−100, 100]D [o(1), 0(2), . . . , o(n)] −450

f16(x) = ∑D−1
i=1

(
100 (zi+1 − zi)2 + (zi − 1)2

) + 390 [−100, 100]D [o(1), o(2), . . . , o(n)] 390

f17(x) = ∑D
i=1

(
z2
i − 10 cos (2πzi) + 10

) − 330 [−100, 100]D [o(1), o(2), . . . , o(n)] −330

f18(x) = 1 + 1/4000∗ ∑D
i=1 ZD

i − �D
i=1 cos

(
Zi

i

)
− 180 [−100, 100]D [o(1), 0(2), . . . , o(n)] −180

f19(x) = ∑D
i=1

(
zD

1 − 10 cos (2πzi + 10) + 10
) − 330 [−100, 100]D [o(1), o(2), . . . , o(n)] −300

probability of PAR. The whole procedure is shown in Fig. 2.
For the better part, we mutate the vectors with one harmony
(wr1) chosen from the worse part and two harmonies (br1
and br2) chosen from the better part, as the formula below
shows:

xi = xwr1 + F · (xbr1 − xbr2), br1 �= br2 �= wr1 �= i (3)

where F (0< F < 1) is the mutation parameter.
For the worse part, we mutate the vectors with one har-

mony (br1) chosen from the better part and two harmonies
(wr1 and wr2) chosen from the worse part, as the formula
below shows:

xi = xbr1 + F · (xwr1 − xwr2), br1 �= br2 �= wr1 �= i (4)

The detailed pseudo code explaining the various steps
of improvising new harmonies is shown in Fig. 3. for
easier implementation and understanding of the proposed
approach.

3.2 Cellular local search

The cellular automata (CA) model is a discrete dynam-
ical system that can produce complex phenomena [39].
The essential idea of the CA model is to simulate macro-
behavior by the micro-dynamics, which is produced by the
interaction of a population of individuals who are connected

Table 2 Influence factors and level values

Levels HMS HMCR PAR M F

1 10 0.40 0.10 0.20 0.40

2 20 0.60 0.30 0.30 0.50

3 40 0.80 0.50 0.40 0.60

4 60 0.90 0.70 0.50 0.70

5 100 0.99 0.90 0.60 0.80
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Table 3 Orthogonal
experimental results Test no. Factor Total score

HMS(A) HMCR(B) PAR(C) M(D) F(E) Empty

1 1(10) 1(0.40) 1(0.10) 1(0.20) 1(0.40) 1 18

2 1 2(0.60) 2(0.30) 2(0.30) 2(0.50) 2 30

3 1 3(0.80) 3(0.50) 3(0.40) 3(0.60) 3 76

4 1 4(0.90) 4(0.70) 4(0.50) 4(0.70) 4 105

5 1 5(0.99) 5(0.90) 5(0.60) 5(0.80) 5 139

6 2(20) 1 2 3 4 5 51

7 2 2 3 4 5 1 70

8 2 3 4 5 1 2 114

9 2 5 1 2 3 4 157

10 2 5 1 2 3 4 166

11 3(40) 1 3 5 2 4 69

12 3 2 4 1 3 5 111

13 3 3 5 2 4 1 156

14 3 4 1 3 5 2 181

15 3 5 2 4 1 3 200

16 4(60) 1 4 2 5 3 119

17 4 2 5 3 1 4 111

18 4 3 1 4 2 5 145

19 4 4 2 5 3 1 215

20 4 5 3 1 4 2 198

21 5(100) 1 5 4 3 2 150

22 5 2 1 5 4 3 118

23 5 3 2 1 5 4 186

24 5 4 3 2 1 5 215

25 5 5 4 3 2 1 249

K1 368 407 628 670 658 708 K =3349

K2 558 440 682 686 650 672 P =448632.04

K3 717 677 628 668 718 670

K4 778 873 698 670 628 637

K5 918 952 713 655 695 661

Qi 484909 497202.2 449893 448729 449679.4 449156.6 Q =536409

Si 36276.96 48570.16 1260.96 96.96 1047.36 524.56 ST =87776.96

in particular neighborhood structures. The CA model con-
sists of the following parts: cells, cell space, cell states,
neighborhood, and transition rule discrete time. The basic
operational principle of CA is that, for a given time t , the
next state of a cell St+1 is the comprehensive result affected
by its previous state St and the previous states of other
neighborhoods Nt , as shown in (5):

St+1 = f (St , Nt ) (5)

Since the concept of CA was first proposed, it has
become a powerful tool to conduct scientific research in
different field, including research in meta-heuristics. Alba

et al. [40, 41], proposed cellular GAs, Shi et al. [42] pro-
posed a Cellular PSO (CPSO) algorithm and cellular HS
algorithms have also been proposed [43, 44]. In these cel-
lular algorithms, the CA model was employed to study the
swarm system and consider algorithm iteration in a CA
way, where each individual exchanges information within
its neighborhood before changing its current state. However,
interactions within the swarm have limitations, in that only
one part of search space can be explored. To improve the
search capability, individuals should be endued with more
talent to free themselves from neighborhood interactions to
exploit more potential search space outside the swarm. This
idea has led to the proposed cellular local search (CLS).



732 J. Yi et al.

Table 4 Analysis of variance
Variable source Squares Freedom Mean Square F value Significance

HMS (A) 36276.96 4 9069.24 69.157 ∗

HMCR (B) 48570.16 4 12142.54 92.592 ∗

PAR (C) 1260.96 4 315.24 2.404

M (D) 96.96 4 24.24 0.185

F (E) 1047.36 4 261.84 1.997

Error 524.56 4 131.14

Total 87776.96 24

In CLS, we extend a generalized cellular automata model
to guide the local search of harmonies in the current har-
mony memory and thus enhance their exploitation capabil-
ity. At first, the whole search space is assumed to be the cell
space, and we can imagine that the cell space is cut by infi-
nite virtual grids, where the cell space could not be further
subdivided. Every grid in the search space represents a sin-
gle solution. To distinguish current harmonies and potential
candidate solutions, we define a “smart-cell” as a harmony
in the current harmony memory. In contrast, a cell that is
not “smart” is one that represents a candidate solution in the
search space that is not visited by any of the harmonies in
the current harmony memory. The comparison of the basic
idea between cellular HS and cellular local search in MHS is
illustrated in Fig. 4. As we can see in Fig. 4a, the harmonies
in the harmony memory pool are mapped onto a grid struc-
ture so that harmonies can interact with their neighborhood;
however, in the proposed cellular local search (Fig. 4b), har-
monies interact with potential candidate solutions outside
the swarm.

The CA model for the proposed cellular local search is as
follows:

1. Cell: current harmonies in harmony memory.
2. Cell space: the search space.
3. Cell state: the harmony’s current position Xt

i and cur-

rent best harmony Xt
g, S

t
i =

{
Xt

i , X
t
g

}
.

4. Neighborhood: a set of potential candidate solutions
based on some type of lattice structure, defined by
neighborhood functions. For details of neighborhood
functions, see Eq. (7).

5. Transition rule:

St+1
i = f

(
St

i ∪ St
N(i)

)
= f

(
St

i , S
t
i+δ1

, ..., St
i+δl

)

(f itness(St
i ), f itness(St

i+δ1
), ..., f itness(St

i+δl
))

(6)

where l is the size of the neighborhood, we set l =5, and δ

is the index of the neighborhood, δ ∈ [1, l].
1. Discrete time step: iteration in MHS.

Every smart-cell constructs its neighborhood with a neigh-
borhood function as follows:

N(i) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Xt
i + f itness(Xt

g)

f itness(Xt
i )

R3 ◦ γ t
i �= 0, f itness(Xt

g) ≥ 0

Xt
i +

∣∣∣ f itness(Xt
i )

f itness(Xt
g)

∣∣∣R3 ◦ γ t
i (Xt

i ) �= 0, f itness(Xt
g) ≤ 0

Xt
i +

(
e
f itness(Xt

g )

e
f itness(Xt

i
)

)2

R3 ◦ γ t
i f itness(Xt

i )=0, f itness(Xt
g)≥0

Xt
i +

(
e
f itness(Xt

g )

e
f itness(Xt

i
)

)2

R3 ◦ γ t
i f itness(Xt

i )=0, f itness(Xt
g)<0

(7)

where R3 is a1 × d matrix composed by d uniform random
numbers in[−1, 1], and “◦” is the operation symbol of the
Hadamard product. For the j th dimension (j =1,2,. . . ,d) of
Xt

i , N(i) generates random points within a specific radius
from xt

ij .
In general, Eq. (7) can be simplified as

N(i) = Xt
i + ξ t

i ◦ γ t
i (8)

where ξ t
i is the radius ratio with a range of (-1,1) and γ t

i is
the search radius (or step size). In this research, the value of
γ t
i is based on Lévy flights [8, 45]. Lévy flights are random

walks in which the steps are defined in terms of the step-
lengths, which have a certain probability distribution, with
the directions of the steps being isotropic and random. They
are very useful in simulations for random or pseudo ran-
dom natural phenomena. Experiments have pointed out that
Lévy flights are efficient in exploring an unknown, large-
scale search space [46]. A simple scheme discussed in detail
by Yang et al. can be summarized as

γ t
i = Lévy(β) ∼ 0.01

μ

|ν|1/β
(Xt

i − Xt
g) (9)

where μ and ν are drawn from normal distributions. That is,

μ ∼ N(0, σ 2
u ), ν ∼ N(0, σ 2

ν ) (10)

with σμ =
{


(1+β) sin(πβ/2)


[(1+β)/2]β2(β−1)/2

}1/β

, σν = 1. Here, 
 is the

standard Gamma function.
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Fig. 6 Trends of the average scores

3.3 Working steps of MHS algorithm

The working steps of the proposed MHS algorithm are as
follows:

Step 1: Initialization.

First, the parameters in MHS are specified:
the harmony memory size (HMS), the harmony
memory consideration rate (HMCR), the pitch
adjusting rate (PAR), and the max iteration num-
ber (NI), the proportion of the better part in
harmony memories M(0 < M < 1), and the

Table 5 Parameter settings of the compared HS algorithms

Algorithm HMS HMCR PAR BW LP Pm M F ts Ir Fm Rm

HS 5 0.9 0.3 0.01 − − − − − − − −
IHS 5 0.9 PARmin = 0.01 BWmin = 0.0001 − − − − − − − −

PARmax = 0.99 BWmax = 0.05∗(UB−LB)

GHS 5 0.9 PARmin = 0.01 − − − − − − − − −
PARmax = 0.99

SGHS 5 0.98 0.9 BWmin = 0.0005 100 − − − − − − −
(Initial value) (Initial value) BWmax = 0.10∗(UB−LB)

NGHS 5 − − − − 0.005 − − − − − −
LAHS 5 HMCRmin = 0.55 PARmin = 0 BWmin = 0 − − − − − − − −

HMCRmax = 1 PARmax = 1 BWmax = 1

GSHS 7 0.9 0.7 − − − − − − − − −
i-HS 100 0.98 0.3 0.01 − − − − − 10 600 0.2

MHS 100 0.99 0.9 − − − 0.3 0.6 − − − −
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mutation parameter F . Then, the initial harmony
memory of HMS harmonies is randomly gener-
ated: HM = {X1, X2, . . . , XHMS}, with Xi =
{x1

i , x2
i , ..., xn

i }, i = 1, 2, . . . , HMS uniformly
distributed in the range [Xmin, Xmax].

Step 2: Evaluate each harmony in the harmony memory,
fHM = {f (X1), f (X2) . . . f (XHMS)}.

Rank the harmonies according to their fitness
value in ascending order, and then divide the har-
monies into two parts with constant coefficient M.

Step 3: Improvise new harmonies.
HMS new harmony vectors are improvised

in this step. The detailed procedure is given in

Fig. 7 Histogram of individual best ranks (a) 30-dimensional, (b) 50-
dimensional

Section 3.1. If the new harmonies are better than
the current harmonies, then replace current har-
monies.

Step4: Cellular local search.
For each of the improvised harmonies, a cellu-

lar local search is conducted: see Section 3.2. If
the fitness of the neighbors is better than the fit-
ness of the current harmonies in HM, then replace
the harmonies with the neighbors. Then, divide
the updated harmonies into two parts again.

Step 5: Check the stopping criterion.
The MHS algorithm will repeat step 4 and step

5 until reaching the max iteration number NI.
The flowchart of the proposed MHS is shown

in Fig. 5.

4 Experimental results

To evaluate the performance of the proposed MHS algo-
rithm, two comparison tests with different benchmark
problems are performed. The first is the comparison of
MHS and other HS variants, which uses the benchmark
functions shown in Table 1, which have been widely
used in previous HS literature. The other is the compar-
ison of MHS and other meta-heuristic algorithms, which
uses the CEC2013 benchmark functions. The CEC2013
benchmark functions are more complicated than previous
CECbbenchmarks.

This section is organized as follows. A detailed descrip-
tion of the benchmark problems used in the study is
described first, followed by the impact of the parameters
on the MHS algorithm. Next, a performance evaluation
of MHS on the benchmark problems shown in Table 1
are compared with the well-known HS variants. Further, a
rank based analysis, statistical comparison analysis and con-
vergence analysis are provided. Last, the performance of
MHS and the other meta-heuristics in solving the CEC2013
benchmark problems are compared in this section.

4.1 Benchmark functions

The first set of benchmark problems consists of 19 classical
benchmark functions [33, 38, 42, 47] with dimensions of D.
Functions f1 − f5 are unimodal functions, functions f6 −
f13 are multimodal functions and f14 − f19 are shifted or
shifted and rotated unimodal and multimodal functions. A
brief description of the objective function, search range, and
bias value for all 19 functions are shown in Table 1. The
shifted global optimum for all of the functions is provided
as o = {o1, o2, ..., oD}, and the functions are defined as
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Table 8 Rank table for the best values of 30-dimensional and 50-dimensional

Dim Algo. Individual ranking of benchmark functions Avg. rank

f1 f2 f3 f4 f5 f6 f7 f8 f9 f10 f11 f12 f13 f14 f15 f16 f17 f18 f19

30 HS 9 9 5 7 9 6 9 9 9 9 9 3 9 9 4 7 8 7 8 7.63 (9)

IHS 7 6 8 8 6 8 6 5 7 7 7 7 8 6 7 9 4 9 6 6.89 (7)

GHS 1 4 7 1 4 7 4 6 5 5 1 6 5 1 6 8 1 8 3 4.37 (4)

SGHS 5 5 3 2 5 2 3 4 4 4 5 2 3 2 2 3 5 1 4 3.37 (3)

NGHS 4 3 4 3 2 1 2 2 3 2 4 5 2 3 3 1 2 2 1 2.58 (2)

LAHS 6 7 6 9 7 5 8 8 6 6 8 8 6 5 8 5 6 4 5 6.47 (6)

GSHS 3 1 2 4 3 4 7 1 2 3 2 9 4 7 5 4 9 5 9 4.42 (5)

i-HS 8 8 9 5 8 9 5 7 8 8 6 4 7 8 9 6 7 6 7 7.11 (8)

MHS 2 2 1 6 1 3 1 3 1 1 3 1 1 4 1 2 3 3 2 2.16 (1)

50 HS 7 8 5 6 7 6 7 9 8 6 9 3 9 7 5 6 8 7 8 6.89 (7)

IHS 9 9 8 9 9 9 9 8 9 9 7 6 8 9 8 9 7 9 9 8.42 (9)

GHS 8 7 6 7 8 8 8 7 7 8 5 5 7 8 6 8 5 8 7 7.00 (8)

SGHS 4 4 3 1 4 2 3 3 4 4 4 2 3 1 2 3 3 1 3 2.84 (3)

NGHS 3 3 4 2 3 1 2 2 3 3 3 7 2 2 3 1 1 2 1 2.52 (2)

LAHS 5 5 7 8 5 5 6 6 6 7 8 8 5 4 7 5 4 5 6 5.89 (5)

GSHS 2 1 1 3 2 4 5 1 2 2 1 9 4 5 4 4 9 4 5 3.58 (4)

i-HS 6 6 9 5 6 7 4 5 5 5 6 4 6 6 9 7 6 6 4 5.89 (5)

MHS 1 2 2 4 1 3 1 4 1 1 2 1 1 3 1 2 2 3 2 1.95 (1)

Table 9 Rank table for the worst values of 30-dimensional and 50-dimensional

Dim Algo. Individual ranking of benchmark functions Avg. rank

f1 f2 f3 f4 f5 f6 f7 f8 f9 f10 f11 f12 f13 f14 f15 f16 f17 f18 f19

30 HS 8 8 5 6 6 6 5 8 8 6 7 2 9 7 4 6 8 4 6 6.26 (6)

IHS 9 9 9 9 8 9 8 9 7 9 9 6 8 9 8 9 5 9 8 8.26 (9)

GHS 7 7 7 7 9 8 6 6 6 7 5 7 6 8 6 7 4 8 4 6.58 (8)

SGHS 4 4 3 1 4 5 2 3 3 3 4 4 3 1 2 2 3 3 3 3.00 (3)

NGHS 2 3 4 2 2 2 1 1 2 4 2 8 2 2 3 4 1 7 1 2.79 (2)

LAHS 5 5 6 8 5 3 7 7 9 8 8 5 7 4 7 5 7 5 9 6.32 (7)

GSHS 3 2 2 3 3 4 4 2 4 2 3 9 4 5 5 3 9 6 7 4.21 (4)

i-HS 6 6 8 5 7 7 3 4 5 5 6 3 5 6 9 8 6 2 5 5.58 (5)

MHS 1 1 1 4 1 1 9 5 1 1 1 1 1 3 1 1 2 1 2 2.00 (1)

50 HS 7 8 7 6 7 7 5 8 7 6 7 3 8 7 5 6 7 7 6 6.53 (7)

IHS 9 9 8 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 8.95 (9)

GHS 8 7 6 8 8 8 8 7 8 8 6 5 7 8 6 8 6 8 7 7.21 (8)

SGHS 4 4 3 4 4 5 2 3 4 3 4 2 3 1 2 3 3 3 3 3.16 (3)

NGHS 3 3 4 1 3 1 1 1 3 4 2 8 2 2 3 4 1 2 1 2.58 (2)

LAHS 5 5 5 7 5 4 6 6 6 7 8 6 6 5 7 5 4 4 8 5.74 (6)

GSHS 2 2 1 2 2 3 3 2 2 2 3 7 4 4 4 2 8 5 4 3.26 (4)

i-HS 6 6 9 5 6 6 4 4 5 5 5 4 5 6 8 7 5 6 5 5.63 (5)

MHS 1 1 2 3 1 2 7 5 1 1 1 1 1 3 1 1 2 1 2 1.95 (1)
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z = x − o for shifted functions and z = (x − o) ∗ M for
shifted and rotated functions, where M is the transformation
matrix for the rotating matrices.

The second set of benchmark problems consists of 28
CEC2013 [48] functions with dimensions of D. Functions
F1 − F5 are unimodal functions, functions F6 − F20 are
basic multimodal functions and F21 − F28 are composition
functions.

4.2 Comparison of MHS and other HS variants

4.2.1 Study and effects of parameters in MHS

Before the performance comparison of MHS and other HS
variants, it is first necessary to analyze how the five param-
eters HMS, HMCR, PAR, M and F affect the performance
of MHS, and then to search for an optimum combination of
them.

In this section, an analysis of these five parameters based
on the orthogonal experimental design (OED) method is
investigated. The OED method was first introduced by
Taguchi [49]. This simplified design method has since been
applied widely and rapidly all over the world. OED takes
advantage of the two characteristics of an orthogonal array,
namely, uniform distribution and regular comparability,

thus ensuring that the representative experimental points are
uniformly scattered over the design region and simultane-
ously providing mathematical tractability to the experimen-
tal data. Therefore, the OED method can make a compre-
hensive survey of the influence on experimental results due
not only to the individual factors but also to the interaction
effects between factors.

The OED method arranges experiments using an orthog-
onal array. The orthogonal array is represented as La(b

c), in
which L is the orthogonal array, a is the number of exper-
iments, b is the level of factors, and c is the number of
factors or the number of columns. For example, consider the
orthogonal array L9(34), which represents nine experiments.

Considering the advantages of OED method, we apply it
to our parameter analysis. Before the experiments begin, we
assume that each of the five parameters, has five different
level values. Detailed information on all of the factors is
shown in Table 2.

After the factors and their levels are determined, an
appropriate orthogonal table can be chosen by considering
the number of interactions between the factors from dif-
ferent levels. Because there are five influence factors and
five level values for each factor, L25(56) is chosen from
the orthogonal table to arrange the orthogonal design. To
obtain more convincing experimental results, an evaluation

Table 10 Rank table for the mean values of 30-dimensional and 50-dimensional

Dim Algo. Individual ranking of benchmark functions Avg. rank

f1 f2 f3 f4 f5 f6 f7 f8 f9 f10 f11 f12 f13 f14 f15 f16 f17 f18 f19

30 HS 8 9 5 7 7 6 9 9 8 9 9 2 9 8 4 6 8 7 7 7.21 (8)

IHS 9 8 8 9 8 9 6 7 7 7 7 6 8 9 7 9 6 9 6 7.63 (9)

GHS 6 6 7 6 9 8 5 6 6 5 4 5 6 7 6 8 3 8 4 6.05 (6)

SGHS 4 4 3 1 4 3 2 3 4 3 5 3 3 1 2 3 4 2 3 3.00 (3)

NGHS 2 3 4 2 2 2 1 1 2 4 2 8 2 2 3 2 1 5 1 2.58 (2)

LAHS 5 5 6 8 5 5 8 8 9 6 8 7 7 4 8 5 5 4 8 6.37 (7)

GSHS 3 2 2 3 3 4 4 2 3 2 3 9 4 5 5 4 9 6 9 4.32 (4)

i-HS 7 7 9 5 6 7 3 4 5 8 6 4 5 6 9 7 7 3 5 5.95 (5)

MHS 1 1 1 4 1 1 7 5 1 1 1 1 1 3 1 1 2 1 2 1.89 (1)

50 HS 7 8 6 6 7 7 6 9 7 6 9 2 9 7 5 6 7 7 6 6.68 (7)

IHS 9 9 8 9 9 9 9 8 9 9 7 5 8 9 8 9 8 9 9 8.42 (9)

GHS 8 7 5 8 8 8 8 7 8 8 5 6 7 8 6 8 6 8 8 7.21 (8)

SGHS 4 4 3 4 4 4 2 3 4 3 4 3 3 1 2 3 3 3 3 3.16 (3)

NGHS 3 3 4 1 3 1 1 1 3 4 3 7 2 2 3 2 1 2 1 2.47 (2)

LAHS 5 5 7 7 5 5 7 6 6 7 8 9 6 4 7 5 4 5 7 6.05 (6)

GSHS 2 2 1 2 2 3 3 2 2 2 2 8 4 5 4 4 9 4 4 3.42 (4)

i-HS 6 6 9 5 6 6 4 4 5 5 6 4 5 6 9 7 5 6 5 5.74 (5)

MHS 1 1 2 3 1 2 5 5 1 1 1 1 1 3 1 1 2 1 2 1.84 (1)
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Fig. 8 Histogram of individual worst ranks (a) 30-dimensional, (b)
50-dimensional

criterion is proposed to calculate the total score: ten bench-
mark functions with different characteristics, for example,
unimodal or multimodal, are chosen from the test functions
in Table 1. Each benchmark function earns a score si in the
range of [1, 25] based on its mean fitness of 50 runs. Finally,
the total scores are calculated as follow:

T =
10∑
i=1

ωi · si (11)

The orthogonal experimental results are shown in Table 3,
where Ki is the sum of the total score at the i level. The
statistics are calculated by the following equations:

K =
25∑
i=1

Ti (12)

P = 1

n
· K2 (13)

Qi = 1

5
·

5∑
i=1

Ki (14)

Si = Qi − P (15)

Q =
25∑
i=1

T 2
i (16)

ST = Q − P (17)

The results of the analysis of variance are listed in
Table 4. FA ∼ FE obey the F distribution with freedom as

Fig. 9 Histogram of individual mean ranks (a) 30-dimensional, (b)
50-dimensional
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(4, 4). For a specified significance level α, we can believe
that factor A has a significant effect on the experimental
results with probability 1−α if FA > F1−α . From Rice[50],
we can find F0.90(4, 4) = 4.11, F0.95(4, 4) = 6.39 and
F0.99(4, 4) = 15.98, so it is easy to conclude that HMS and
HMCR are the two main factors with significant effects on
the behavior of MHS algorithm. In contrast, PAR, M and F
are subordinate factors that affect the search ability of the
MHS algorithm less significantly. The trends of the average
score are shown in Fig. 6: for the average score, the bigger
the better. From the result that A5 > A4 > A3 > A2 > A1

for factor A, B5 > B4 > B3 > B2 > B1 for factor
B, C5 > C4 > C2 > C3 > C1 for factor C, D2 > D1 >

D4 > D3 > D5 for factor D, and E3 > E5 > E1 >

E2 > E4 for factor E, we can obtain an optimal combination
of these five parameters, A5B5C5D2E3 in Table 2, namely
HMS = 100, HMCR = 0.99, PAR = 0.90, M = 0.30
and F = 0.60.

4.2.2 Computational results

This section focuses on comparing MHS and other HS vari-
ants in solving the first set of benchmark problems. These
HS variants include not only the well-known HS variants,
such as HS [11], IHS [12], GHS [24], SGHS [33] and NGHS
[28], but also some new HS variants, such as LAHS [36],
GSHS [51] and Island-based HS (i-HS) [32]. All of the
listed HS variants were coded in C++ and implemented
on a computer with a 2.3 GHz CPU and 4GB RAM. The
detailed settings of the parameters in these algorithms are
shown in Table 5.

In these experiments, each benchmark problem runs 30
independent replications. The maximum number of FEs
is set to 6.0×104 for 30-D functions and 1.0×105 for 50-
D functions. The optimization results for functions with
30-D functions and 50-D functions are reported in Tables
6-7, respectively. Here, “Best”, “Worst” “Mean” and “Std”
are the best results, worst results, average values over
30 replications and the corresponding standard deviations,
respectively.

From Table 6, one can observe that MHS performs better
than the other HS variants. MHS has provided better mean,
best and worst performances and has outperformed all of
the other algorithms by a significant margin. For unimodal
functions f1 − f5, most of the HS variants shows rela-
tively good performances. In the case of function f4, SGHS,
NGHS, GSHS, and MHS converge to the global optimum.
However, in case of function f3, the gaps in performance
are obvious. The best mean value obtained by MHS is e-02,
while the worst is e+04, which is obtained by i-HS. Based

on these observations, it may be inferred that MHS pro-
vides significantly better solutions for unimodal functions
than other HS variants. For multimodal functions f6 − f13,
MHS also provides competitive results. In the cases of func-
tion f9, f10, f12, and f13, MHS provides the best results for
the mean, best, and worst values. In the cases of function f6

and f11, MHS provides the best mean values. In the cases
of functions f7 and f8, NGHS finds the best results. For the
shifted and rotated functions f14 − f19, MHS provides sat-
isfactory results again. In the cases of function f14, f15, and
f18, MHS provides the best results on both mean, best and
worst values. In case of function f16, MHS provides the best
mean values. In the cases of function f17 andf19, NGHS
shows the best performance, followed by MHS.

For most of the meta-heuristic optimization algorithms,
their performances sharply decrease when the search space
is enlarged and dimensionality increases [42]. As shown in
Table 7, the solution accuracy of all of the HS variants are
reduced when the dimension of the functions increases from
30 to 50. However, from Table 7, it can be seen that the
MHS algorithm still performs better than the other HS vari-
ants. As a whole, out of the 19 functions studied, MHS has
outperformed all other variants of HS in 11 benchmark func-
tions for the “best” fitness values, 13 benchmark functions
for the “worst” fitness values, and 12 benchmark functions
for the 50-dimensional “mean” fitness values. Furthermore,
for the cases of functions f3, f6, f17 and f19, the perfor-
mance of MHS ranked in 2nd place among the compared HS
variants. The worst performance of MHS occurs in solving
function f8, for which it ranked in 4th place among all of the
compared algorithms.

4.2.3 Rank based analysis

In this section, a rank based analysis method is utilized
to evaluate the performance of the compared HS variants.
The rank rules are as follows: all of the algorithms obtain
a rank value based on their performance on “best”, “worst”
and “mean” values, and algorithms receive the same rank
if they show the same performance. The next algorithms
will be assigned with a gap determined by the number of
algorithms that show the same performance. The ranks of
the HS variants and the average rank for all of the functions
based on both the cases of the 30 and 50-dimensional best
performances are shown in Table 8. Based on the average
ranking, the order of performance obtained is MHS, fol-
lowed in order by NGHS, SGHS, GHS, GSHS, LAHS, IHS,
i-HS and HS in the 30-dimensional case, and it is MHS fol-
lowed in order by NGHS, SGHS, GSHS, LAHS, i-HS, HS,
GHS and IHS in the 50-dimensional case.
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Table 11 P-values calculated for Wilcoxon’s Rank Sum Test for all of the benchmarks problems(30D)

P-values HS IHS GHS SGHS NGHS LAHS GSHS i-HS

f1 3.01986E-11 3.01986E-11 5.57265E-10 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11

f2 3.00287E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 8.48075E-9 3.01986E-11

f3 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 4.50432E-11 3.01986E-11

f4 1.00127E-12 1.198E-12 4. 56206E-8 NA NA 1.07324E-12 NA 2.14200E-2

f5 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11

f6 3.01986E-11 3.01986E-11 3.01986E-11 1.440E-3 3.18208E-4 3.68973E-11 3.4742E-10 3.01986E-11

f7 9.73349E-8 1.86492E-7 8.26678E-7 7.94582E-6 8.16498E-5 1.86492E-7 8.92148E-7 1.51193E-6

f8 2.68759E-11 2.84489E-10 7.33159E-6 8.2935E-1 1.66700E-02 3.63407E-11 5.21600E-2 5.78320E-1

f9 2.96169E-11 2.96169E-11 2.96169E-11 2.96169E-11 2.96169E-11 2.96169E-11 2.96169E-11 2.96169E-11

f10 7.84553E-12 7.85105E-12 7.85105E-12 1.82371E-11 1.90715E-11 7.85105E-12 1.33763E-7 7.85105E-12

f11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01797E-11 3.01986E-11 3.38200E-2 3.01986E-11

f12 1.31881E-12 1.45662E-12 1.29757E-12 7.51866E-13 1.55451E-12 1.22171E-12 1.40133E-12 1.0759E-12

f13 3.01986E-11 3.01797E-11 5.57265E-10 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01797E-11

f14 1.21178E-12 1.21178E-12 4.57359E-12 NA NA 7.71192E-13 1.21178E-12 1.21178E-12

f15 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11

f16 3.01986E-11 3.01986E-11 3.01986E-11 1.04066E-4 1.40669E-4 3.01986E-11 3.01986E-11 3.01986E-11

f17 2.12926E-11 2.12926E-11 1.08838E-7 2.09782E-11 1.55969E-9 2.12926E-11 2.12926E-11 2.12926E-11

f18 6.38241E-12 6.38697E-12 6.38697E-12 7.98427E-9 3.98299E-8 1.43452E-10 5.7634E-11 4.69439E-11

f19 2.47287E-11 2.47287E-11 9.92095E-10 2.44618E-11 1.04821E-4 2.47287E-11 2.47287E-11 2.47287E-11

Table 12 P-values calculated for Wilcoxon’s Rank Sum Test for all of the benchmarks problems(50D)

P-values HS IHS GHS SGHS NGHS LAHS GSHS i-HS

f1 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11

f2 3.0123E-11 3.01986E-11 3.01986E-11 3.01418E-11 3.01986E-11 3.01986E-11 1.42984E-5 3.01986E-11

f3 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 5.09117E-6 3.01986E-11

f4 1.17088E-12 1.21079E-12 1.20586E-12 NA NA 1.168E-12 NA 9.70201E-13

f5 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11

f6 3.01986E-11 3.01986E-11 3.01986E-11 2.81300E-2 5.6922E-1 8.89099E-10 2.59736E-5 3.01986E-11

f7 1.44142E-6 1.60722E-11 4.28674E-10 3.30634E-4 1.690E-3 1.06544E-6 5.35137E-5 5.35137E-5

f8 2.98596E-11 2.98596E-11 2.98596E-11 2.98596E-11 2.98596E-11 2.98596E-11 2.98596E-11 7.006E-2

f9 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11

f10 1.09147E-11 1.09147E-11 1.09147E-11 3.23867E-11 5.4051E-10 1.09072E-11 3.612E-6 1.09147E-11

f11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 1.61323E-10 3.01986E-11 1.01848E-5 3.01986E-11

f12 1.75689E-11 1.7203E-11 1.47618E-11 1.38718E-11 1.60085E-11 1.24126E-11 1.52008E-11 1.75113E-11

f13 3.01986E-11 3.01797E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11

f14 1.21178E-12 1.21178E-12 1.21178E-12 NA NA 1.2098E-12 1.21178E-12 1.21178E-12

f15 3.01986E-11 3.01986E-11 3.01986E-11 2.12646E-4 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11

f16 3.01986E-11 3.01986E-11 3.01986E-11 5.46203E-6 8.4180E-1 3.01986E-11 1.09367E-10 3.01986E-11

f17 3.01986E-11 3.01986E-11 3.01986E-11 3.01797E-11 2.8936E-11 3.01986E-11 3.01986E-11 3.01986E-11

f18 1.22042E-11 1.22042E-11 1.22042E-11 3.07201E-7 1.87334E-4 1.21794E-11 3.42383E-11 1.21960E-11

f19 3.01986E-11 3.01986E-11 3.01986E-11 3.01986E-11 3.01608E-11 3.01986E-11 3.01986E-11 3.01986E-11
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Fig. 10 Convergence graphs of the nine compared algorithms on
unimodal functions (in 30D). a Sphere function (f1). b Schewefel’s
function 2.22. (f2)

Figure 7 shows the histograms that indicate the number
of times each HS variant achieved ranks in the range of 1 to
9. In detail, Fig. 7a shows the results for the 30-dimensional
case, and Fig. 7b shows the same for the 50-dimensional
case. The performance of an algorithm can be judged by the
height of the histogram: a higher rectangle with cool colors
indicates better performance, while a higher rectangle with
warm colors indicates worse performance. It can be seen
that MHS achieves the top rank five times more than NGHS,
which is the second best algorithm in the 30-dimensional
case. For the 50-dimensional case, MHS is the top ranked
algorithm four times more than the second best algorithm,
which is NGHS again.

Next, the compared algorithms are ranked based on their
performances in the competition of “worst” and “mean”
value. The rankings of the compared algorithms and the
average rank based on all of the functions for both the
30-dimensional and 50-dimensional mean performances are
presented in Tables 9 and 10. As can be seen from Table 9,
MHS is ranked first based on the average rank in the 30
dimensional case, followed by NGHS, SGHS, GSHS, i-HS,
HS, LAHS, GHS and IHS. The rank order in the 50 dimen-
sional case is MHS, NGHS, SGHS, GSHS, i-HS, GHS,
LAHS, HS and IHS.

As with the “best” value rank analysis, the histograms of
the “worst” and “mean” values ranks are depicted in Figs. 8

Fig. 11 Convergence graphs of the nine compared algorithms on mul-
timodal functions (in 30D). a Ackley function (f9). b Shaffer function
(f12)
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Fig. 12 Convergence graphs of the nine compared algorithms on
shifted and rotated functions (in 30D). a Shifted rotated Griewank
function (f18). b Shifted rotated Rastrigin function (f19)

and 9, respectively. It is again clear that MHS outperforms
the other HS variants.

4.2.4 Statistical comparison by Wilcoxon’s rank sum test

A rank based analysis method has been applied to validate
the superiority of MHS, but it is not a conclusive measure.
Hence, in this section, a nonparametric statistical test called
Wilcoxon’s rank sum test for independent samples is con-
ducted at the significance level of 5 % to judge whether
the results obtained using the MHS algorithm differ from
the final results of the other competitors in a statistically
significant way.

The P-values calculated through the rank sum between
MHS and other HS variants over all 19 benchmark functions
are provided in Tables 11 and 12, for the 30 dimensional
case and the 50 dimensional case, respectively. In these
tables, NA appears when the related algorithms obtained
the same solution with MHS. It can be observed from
Table 11 that MHS achieved statistically superior perfor-
mance compared to all of the other HS variants for 16
functions out of 19 in the 30 dimensional case. The dif-
ferences among MHS, SGHS, NGHS, and GSHS are not
statistically significant for test function f4; the differences
among MHS, SGHS, and GSHS are not statistically sig-
nificant for test function f8; the differences among MHS,
SGHS and NGHS are not statistically significant for test
function f14. Similar observations can be found in Table 12
for the 50 dimensional case, where MHS also achieved
statistically superior performance compared to all of the
other HS variants for 16 functions out of 19. The dif-
ferences among MHS, SGHS, NGHS, and GSHS are not
statistically significant for test function f4; the differences
between MHS and NGHS are not statistically signifi-
cant for test function f6; the differences among MHS,
SGHS, and NGHS are not statistically significant for test
function f14.

4.2.5 Comparison of the convergence properties

In this section, the convergence properties of all of the
compared HS variants in 30 dimensional case are investi-
gated. To save space, only some of the benchmark functions
with different characteristics are performed. Figures 10, 11
and 12 give the convergence graphs of unimodal functions,
multimodal functions and shifted and rotated functions,
respectively. From Fig. 10, it can be seen that NGHS con-
verges faster than other other algorithms in the first half of
FEs, while MHS catches up during the second half. The
same situation happens for function f9, which is depicted
in Fig. 11a. For function f12, GHS and SGHS converge
faster than other algorithms during the initial stage of itera-
tion, but they are then trapped into the local optima, while
MHS can jump out of the local optima and continue con-
verging. Finally, for the shifted and rotated functions, MHS
converges faster than the other algorithms for function f18

(Fig. 12a) while converging slower than NGHS for function
f19 (Fig. 12b).

4.3 Comparison of MHS and other meta-heuristic
algorithms

To further evaluate the performance of MHS, 28 bench-
marks of CEC2013 are tested, and the results are compared
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Table 13 Mean and standard deviation (±SD) of CEC2013 optimization results (D=10)

Functions DE/rand1/bin SHADE JADE SPSO2011 HPSO ABC MHS

F1 AE 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00

SD 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00

F2 AE 2.4200E+03 0.0000E+00 0.0000E+00 3.6340E+04 1.4400E+05 1.7917E+05 0.0000E+00

SD 5.2700E+03 0.0000E+00 0.0000E+00 7.356E+04 1.0400E+05 7.5278E+04 0.0000E+00

F3 AE 1.4100E+00 1.2663E-01 4.1000E+01 2.682E+05 6.7500E+05 4.1799E+06 6.6834E-01

SD 2.5100E+00 8.8399E-01 8.4100E+01 1.6560E+07 1.9600E+06 4.0847E+06 1.5193E+00

F4 AE 2.7100E+01 0.0000E+00 0.0000E+00 8.8690E+03 4.1600E+02 8.1650E+03 0.0000E+00

SD 8.3400E+01 0.0000E+00 0.0000E+00 4.556E+03 3.3700E+02 2.2174E+03 0.0000E+00

F5 AE 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00

SD 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00

F6 AE 3.2900E+00 7.8884E+00 8.0800E+00 9.8000E+00 2.6400E+00 5.6284E-01 4.3722E-02

SD 4.3000E+00 3.9346E+00 3.7400E+00 4.9740E+00 2.0500E+00 1.3639E+00 1.4009E-01

F7 AE 1.4400E-03 3.2593E-03 9.3900E-02 2.1100E+01 1.9200E+00 2.8871E+01 4.2752E-06

SD 9.5000E-03 4.5447E-03 1.4000E-01 1.3270E+01 2.7000E+00 7.2569E+00 9.7290E-06

F8 AE 2.0400E+01 2.0353E+01 2.0400E+01 2.0300E+01 2.0300E+01 2.0403E+01 2.0201E+01

SD 6.6400E-02 8.9488E-02 8.7700E-02 6.7220E-02 8.7100E-02 6.7017E-01 4.5956E-02

F9 AE 1.1400E+00 3.3895E+00 3.8200E+00 4.8000E+00 2.7500E+00 4.7328E+00 5.0622E-01

SD 9.9000E-01 7.3507E-01 5.8500E-01 1.4990E+00 1.0900E+00 6.7482E-01 5.4319E-01

F10 AE 4.9200E-02 1.1987E-02 1.7200E-02 3.0000E-01 5.1300E-01 1.1049E+00 1.0055E-03

SD 2.5800E-02 8.9885E-03 8.7600E-03 2.7130E-01 3.1500E-01 2.5239E-01 2.5267E-03

F11 AE 1.1400E+00 0.0000E+00 0.0000E+00 1.0900E+01 1.7600E-01 0.0000E+00 0.0000E+00

SD 2.1300E+00 0.0000E+00 0.0000E+00 5.6580E+00 3.7900E-01 0.0000E+00 0.0000E+00

F12 AE 8.2400E+00 3.1413E+00 4.5900E+00 1.3900E+01 7.0400E+00 2.1054E+01 2.8675E+00

SD 5.6200E+00 9.7343E-01 1.3900E+00 6.5600E+00 2.9500E+00 4.2957E+00 7.3821E-01

F13 AE 1.2100E+01 3.7708E+00 4.8000E+00 2.0800E+01 1.1500E+01 2.7017E+01 1.9102E+00

SD 6.3100E+00 1.8530E+00 2.1800E+00 9.8220E+00 4.7700E+00 6.3217E+00 7.7834E-01

F14 AE 2.2000E+02 4.8984E-03 1.2200E-02 8.3380E+02 3.7800E+01 6.9677E-02 2.4781E-01

SD 2.8000E+02 1.6958E-02 2.7700E-02 2.3350E+02 4.2100E+01 4.3649E-02 6.5820E-01

F15 AE 1.1300E+03 4.2075E+02 4.7400E+02 7.7430E+02 4.5400E+02 5.9421E+02 2.5181E+02

SD 2.6900E+02 1.1444E+02 1.1900E+02 2.5070E+02 1.6700E+02 1.4225E+02 1.1021E+02

F16 AE 1.0100E+00 7.0799E-01 1.0800E+00 5.0000E-01 4.0700E-01 7.2100E-01 2.2466E-01

SD 2.4200E-01 2.1188E-01 1.8200E-01 2.4570E-01 1.3600E-01 1.1243E-01 4.1409E-02

F17 AE 1.7800E+01 1.0122E+01 1.0100E+01 1.8900E+01 1.1000E+01 8.3298E+00 1.0151E+01

SD 5.3600E+00 0.0000E+00 7.9100E-15 5.8730E+00 3.2800E+00 2.7494E+00 6.9414E-02

F18 AE 3.1600E+01 1.6878E+01 1.8600E+01 1.7800E+01 1.5600E+01 3.7214E+01 1.3489E+01

SD 5.5800E+00 1.5363E+00 2.2100E+00 4.5340E+00 2.3300E+01 5.6907E+00 1.0213E+00

F19 AE 1.0700E+00 3.4352E-01 3.5000E-01 9.0000E-01 5.0100E-01 2.1969E-02 2.9686E-01

SD 4.9800E-01 4.8987E-02 5.1500E-02 3.8860E-01 1.3800E-01 1.3272E-02 8.0853E-02

F20 AE 2.3600E+00 2.1572E+00 2.2900E+00 3.4000E+00 2.5200E+00 3.1228E+00 8.2376E-01

SD 3.5800E-01 3.5157E-02 3.8000E-01 4.1940E-01 4.7700E-01 2.5798E-01 2.5365E-01

F21 AE 3.7300E+02 4.0019E+02 4.0000E+02 4.0000E+02 3.7500E+02 1.3153E+02 4.0019E+02

SD 6.9600E+01 0.0000E+00 0.0000E+00 0.0000E+00 7.1000E+01 3.2981E+01 0.0000E+00

F22 AE 2.2300E+02 4.8396E+00 3.8300E+00 9.0600E+02 1.2200E+02 1.2146E+01 1.9664E+01

SD 2.3600E+02 6.1972E+00 3.8000E+00 3.4310E+02 7.5700E+01 1.1862E+01 2.4803E+01

F23 AE 9.7700E+02 4.6061E+02 5.0400E+02 9.1000E+02 5.1500E+02 9.2780E+02 4.2203E+02

SD 3.3400E+02 1.7839E+02 1.4700E+02 3.5960E+02 1.9700E+02 1.9761E+02 2.6741E+02

F24 AE 2.0200E+02 1.9344E+02 2.0100E+02 2.1400E+02 2.0300E+02 1.2699E+02 1.9876E+02

SD 1.4600E+01 2.4638E+01 1.1900E+01 9.1660E+00 1.9100E+01 5.4003E+00 1.3694E+01
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Table 13 (continued)

Functions DE/rand1/bin SHADE JADE SPSO2011 HPSO ABC MHS

F25 AE 2.0200E+02 2.0015E+02 2.0000E+02 2.0900E+02 2.0500E+02 1.5008E+02 1.9876E+02

SD 1.4600E+01 7.0243E-01 5.3900E+00 5.9430E+00 1.4400E+01 1.1909E+01 1.3761E+01

F26 AE 1.6700E+02 1.3333E+02 1.2707E+02 2.0000E+02 1.8900E+02 1.2713E+02 1.7151E+02

SD 4.8600E+01 4.3581E+01 3.8500E+01 5.5130E+01 5.1300E+01 6.9580E+00 4.3013E+01

F27 AE 3.3700E+02 3.0000E+02 3.0000E+02 3.3600E+02 3.7000E+02 3.8873E+02 3.9019E+02

SD 7.5800E+01 1.4604E-08 1.8500E+00 7.3590E+01 3.2200E+01 1.5714E+01 2.9737E+01

F28 AE 2.9200E+02 3.0000E+02 3.0000E+02 3.0000E+02 3.2600E+02 1.1522E+02 3.7448E+02

SD 3.9200E+01 0.0000E+00 0.0000E+00 8.3620E+01 1.2500E+02 3.3762E+01 9.3356E+01

Wins 2 7 6 2 4 9 17

with the following algorithms which include ABC, two PSO
variants, and three DE variants:

1. The latest Standard PSO 2011 [52] with Np=40, accel-
eration coefficients c1, c2 = 0.5+ln(2) and constant
inertia weight ω =1/(2*ln(2));

2. Self-adaptive Heterogeneous PSO (SaHPSO) [53] with
Np=50, other parameters such as the stagnation thresh-
old, k and the tournament size are self-adapted during
the search process;

3. Artificial bee colony algorithm (ABC) [6] with Np=40,
percentage of onlooker bees p = 50 %;

4. DE/rand1/bin [54]with Np=50, F =0.5 and Cr=0.90;
5. JADE [55] with Np=100, c =0.1, p =0.05, and

optional external archive;
6. SHADE [56] with Np=100, memory size

H =Np=100.

All of the results are taken from the referenced litera-
ture except ABC. The ABC code was download from the
website (http://sci2s.ugr.es/eamhco/src/ABC.C). All of the
benchmarks are tested in 10 and 30 dimensions. The maxi-
mum number of FEs was set to 1×105 for 10-D and to 3×105

for 30-D, according to the guidelines provided in CEC2013
special session.

Tables 13 and 14 show the mean and standard deviation
of the best-of-run errors for 51 independent runs of each
of the seven algorithms for D=10 and D=30, respectively.
Note that the best-of-run error corresponds to the abso-
lute difference between the best-of-run valuef ( Xbest) and

the actual global optimum f ∗ of a particular objective func-
tion |f (Xbest) − f ∗|. When the error value is smaller than
10−8, it is taken as 0.

From Table 13 we can see that, considering the mean of
the error values for 10D problems, MHS outperformed all
of the other contestant algorithms, obtaining 17 best solu-
tions out of 28 test functions, followed by ABC, obtaining
nine best solutions. Moreover, for f1 and f5, all the contes-
tant algorithms obtain the global optimum for every run. For
function f11, four algorithms obtain the global optimum,
including SHADE, JADE, ABC, and MHS. For f2 and
f4, three algorithms obtain the global optimum, including
SHADE, JADE and MHS.

Table 14 shows that the superiority of MHS is more
evident when the dimensionality increases. MHS obtains
the best solutions for 18 test functions out of 28 in this
case, followed by JADE, which obtained seven of the
best solutions; SHADE, which obtained six, and ABC
obtained five. The performance of DE/rand/1 is not good
when dealing with 30-D problems, obtaining only one
best solutions.

From the experiment showed above, we can see that the
MHS algorithm, which maintains a good balance between
exploration and exploitation, outperforms the state-of-the-
art HS variants and several other meta-heuristic algorithms.
The success of MHS could come from two aspects: first, the
intersect mutation operation in MHS maintains the diversity
of harmonies well; second, the local search based on the CA
mechanism further enhances the local exploitation ability of
MHS.

http://sci2s.ugr.es/eamhco/src/ABC.C
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Table 14 Mean and standard deviation (±SD) of CEC2013 optimization results (D=30)

Functions DE/rand1/bin SHADE JADE SPSO2011 SaHPSO ABC MHS

F1 AE 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00

SD 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00

F2 AE 1.5400E+05 9.0022E+03 9.6100E+03 3.0880E+05 1.5900E+06 1.2471E+07 8.5494E+03

SD 6.5800E+04 7.4746E+03 5.8900E+03 1.8750E-13 8.0300E+05 2.5545E+06 5.3429E+03

F3 AE 3.6500E+06 4.0206E+01 4.1200E+05 1.1880E+08 2.4000E+08 6.5819E+08 1.8287E+00

SD 5.8400E+06 2.1298E+02 1.6000E+06 5.2430E+08 3.7100E+08 3.6187E+08 6.8254E+00

F4 AE 4.6200E+02 1.9216E-04 3.2700E+03 3.1940E+04 4.7800E+02 6.7303E+03 4.7457E-07

SD 4.1500E+02 3.0100E-04 1.0200E+04 6.7020E+03 1.9600E+02 7.2158E+03 1.7442E-06

F5 AE 3.0900E-05 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00

SD 1.1700E-04 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00

F6 AE 1.9800E+01 5.9596E-01 1.1100E+00 2.8300E+01 2.9900E+01 1.3018E+01 1.9023+00

SD 1.3700E+01 3.7286E+00 5.1400E+00 2.8250E+01 1.7600E+01 3.1147E+00 5.4532E+00

F7 AE 1.5800E+00 4.6016E+00 3.0100E+00 8.6900E+01 6.3900E+01 1.1345E+02 1.9203E-01

SD 1.6000E+00 5.3852E+00 4.3400E+00 2.1070E+01 3.0900E+01 1.0746E+01 2.6793E-01

F8 AE 2.0900E+01 2.0723E+01 2.0900E+01 2.0900E+01 2.0900E+01 2.0918E+01 2.0817E+01

SD 4.9900E-02 1.7608E-01 9.1200E-02 5.8930E-02 6.2800E-02 4.2949E-02 7.2505E-02

F9 AE 9.1700E+00 2.7466E+01 2.6200E+01 2.8400E+01 1.8500E+01 2.9243E+01 3.7421E+00

SD 2.2400E+00 1.7694E+00 1.6200E+00 4.4260E+00 2.6900E+00 1.3807E+00 1.7233E-01

F10 AE 7.6200E-02 7.6855E-02 5.3600E-02 3.0000E-01 2.2900E-01 3.4365E-01 1.1122E-03

SD 4.9200E-02 3.5751E-02 3.9600E-02 1.4780E-01 1.3200E-01 9.4863E-02 3.4324E-03

F11 AE 1.4200E+01 0.0000E+00 0.0000E+00 1.0840E+02 2.3600E+01 0.0000E+00 9.9496E-02

SD 4.5600E+00 0.0000E+00 0.0000E+00 2.7400E+01 8.7600E+00 0.0000E+00 2.9848E-01

F12 AE 1.1400E+02 2.3039E+01 2.4700E+01 9.4500E+01 5.6400E+01 2.4485E+02 2.1673E+01

SD 6.6900E+01 3.7320E+00 4.5700E+00 3.5390E+01 1.5100E+01 2.6112E+01 5.7683E+00

F13 AE 1.5300E+02 5.0337E+01 4.8800E+01 1.9768E+02 1.2300E+02 2.9120E+02 7.9139E+01

SD 3.9000E+01 1.3371E+01 1.0500E+01 3.8620E+01 2.1900E+01 2.5383E+01 9.6661E+00

F14 AE 5.7200E+02 3.1841E-02 3.6300E-02 4.0230E+03 7.0400E+02 2.5457E+00 3.0792E+00

SD 5.4600E+02 2.3315E-02 2.6300E-02 6.1940E+02 2.3800E+02 1.4114E+00 1.8908E+00

F15 AE 7.0100E+03 3.2179E+03 3.3300E+01 3.8040E+03 3.4200E+03 3.9241E+03 4.8971E+03

SD 5.4200E+02 2.6367E+02 7.9600E-15 6.9380E+02 5.1600E+02 2.8754E+02 3.8821E+02

F16 AE 2.4500E+00 9.1315E-01 2.1500E+00 1.4000E+00 8.4800E-01 1.5278E+00 7.7581E-01

SD 3.0200E-01 1.8549E-01 4.1000E-01 3.5880E-01 2.2000E-01 2.0277E-01 4.3645E-01

F17 AE 5.6200E+01 3.0434E+01 3.0400E+01 1.1520E+02 5.2600E+01 3.0497E+01 3.0866E+01

SD 1.9600E+01 3.8300E-14 0.0000E+00 2.0180E+01 7.1100E+00 2.7619E-02 2.8468E-01

F18 AE 1.9900E+02 7.2457E+01 7.7500E+01 1.1680E+02 6.8100E+01 3.1254E+02 1.9126E+01

SD 9.8700E+00 5.5837E+00 6.5200E+00 2.4600E+01 9.6800E+00 3.2919E+01 1.0802E+01

F19 AE 3.9300E+00 1.3557E+00 1.9100E+00 9.0000E+00 3.1200E+00 6.2702E-01 4.5265E-01

SD 2.8700E+00 1.2013E-01 1.2400E-01 4.4180E+00 9.8300E-01 1.6141E-01 6.4395E-02

F20 AE 1.1900E+01 1.0473E+01 1.0500E+02 1.4000E+01 1.2000E+01 1.4484E+01 1.9545E+00

SD 3.4100E-01 6.0435E-01 1.8100E+01 1.1090E+00 9.2600E-01 2.0247E-01 4.8024E-01

F21 AE 3.0700E+02 3.0904E+02 3.0000E+02 3.0000E+02 3.1100E+02 2.0926E+02 3.5835E+02

SD 7.9200E+01 5.6473E+01 6.9200E+01 6.7960E+01 7.9200E+01 2.6236E+01 9.6275E+01

F22 AE 4.4400E+02 9.8095E+01 1.1500E+02 4.3510E+03 8.5900E+02 9.8947E+01 6.9012E+01

SD 2.0100E+02 2.5213E+01 1.9100E+00 7.6700E+02 3.1000E+02 3.0061E+01 1.6137E+01

F23 AE 7.1100E+03 3.5078E+03 3.4200E+03 4.7630E+03 3.5700E+03 4.7965E+03 5.0464E+03

SD 2.6400E+02 4.1093E+02 3.8000E+02 8.2270E+02 5.9000E+02 3.7277E+02 7.0221E+02

F24 AE 2.1700E+02 2.0525E+02 2.0800E+01 2.6400E+02 2.4800E+02 2.8485E+02 2.0004E+02

SD 1.0900E+01 5.2904E+00 8.3900E+00 1.2460E+01 8.1100E+00 5.3224E+00 5.5927E-02
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Table 14 (continued)

Functions DE/rand1/bin SHADE JADE SPSO2011 SaHPSO ABC MHS

F25 AE 2.4800E+02 2.5944E+02 2.7600E+02 3.0000E+02 2.4900E+02 3.0322E+02 2.3860E+02

SD 4.3800E+00 1.9645E+01 1.5100E+01 1.0450E+01 7.8200E+00 4.4790E+00 3.6734E+00

F26 AE 2.3700E+02 2.0208E+02 2.1500E+02 3.4000E+02 2.9500E+02 2.0074E+02 2.0000E+02

SD 5.5200E+01 1.4844E+01 4.1200E+01 8.2400E+01 7.0600E+01 1.3501E-01 2.7815E-03

F27 AE 4.9500E+02 3.8763E+02 6.5700E+02 1.0260E+03 7.7600E+02 4.0000E+02 3.4485E+02

SD 9.3000E+01 1.0897E+02 2.1500E+02 1.1190E+02 7.1100E+01 3.4142E-02 8.1123E+01

F29 AE 3.0000E+02 3.0000E+02 3.0000E+02 3.0000E+02 4.0100E+02 2.2060E+02 3.0000E+02

SD 0.0000E+00 0.0000E+00 0.0000E+00 4.7610E+02 3.4800E+02 5.6722E+01 0.0000E+00

Wins 1 6 7 2 2 5 18

5 Conclusions

A modified HS algorithm with intersect mutation opera-
tor and cellular local search (MHS) is presented in this
paper. First, the MHS algorithm utilizes an intersect muta-
tion operation. In the MHS algorithm, all harmonies in
the harmony memory are divided into a better part and a
worse part according to their fitness, and then novel muta-
tion and crossover operations are developed to generate
new-harmony vectors. Second, a cellular local search is
adopted to further enhance the local exploitation ability of
MHS. From the experimental results listed in Section 4,
we can see that the proposed MHS algorithm performs bet-
ter than the state-of-the-art HS variants and is competitive
with other meta-heuristic algorithms in terms of solution
accuracy and efficiency. The superiority of MHS in both
efficiency and accuracy could come from the intersect muta-
tion strategy, cellular local search, and a better balance of
global exploration and local exploitation.

The following are the main contributions of this study:

1. It proposes a new variant of the HS algorithm in which
intensification and diversification are well balanced.

2. The proposed MHS algorithm is successfully applied to
function optimization in this paper. It could be applied
to other problems.

3. MHS may also provide a new improvement strategy for
other algorithms.

In the future, intelligent tuning strategies for MHS algorithm
parameters can be studied for seeking further improve-
ments. Furthermore, the proposed MHS algorithm will be
expanded to solve certain constrained optimization prob-
lems, multi-objective problems, and optimization problems
with high computational cost. Some engineering applica-
tions of MHS will also be investigated in the near future.

Acknowledgments The authors would like to thank anonymous
reviewers for their helpful comments. This research work is supported

by the National Basic Research Program of China (973 Program) under
grant no. 2014CB046705 and the National Natural Science Founda-
tion of China (NSFC) under Grant Nos. 51375004, 51435009 and
51421062.

References

1. Boussaid I, Lepagnot J, Siarry P (2013) A survey on optimization
metaheuristics. Inf Sci 237:82–117

2. Holland JH (1975) Adaptation in natural and artificial systems:
An introductory analysis with applications to biology, control, and
artificial intelligence

3. Storn R, Price K (1997) Differential evolution–a simple and effi-
cient heuristic for global optimization over continuous spaces. J
Glob Optim 11:341–359

4. Zou DX, Wu JH, Gao LQ, Li S (2013) A modified differen-
tial evolution algorithm for unconstrained optimization problems.
Neurocomputing 120:469–481

5. Kennedy J, Eberhart R (1995) particle swarm optimization, pro-
ceedings of IEEE International Conference on neural networks
(ICNN’95) in

6. Karaboga D, Basturk B (2007) A powerful and efficient algorithm
for numerical function optimization: artificial bee colony (ABC)
algorithm. J Glob Optim 39:459–471

7. Dorigo M, Maniezzo V, Colorni A (1996) Ant system: opti-
mization by a colony of cooperating agents, Systems, Man, and
Cybernetics. IEEE Transactions on Part B: Cybernetics 26:29–41

8. Yang X-S, Deb S (2009) Cuckoo search via Lévy flights nature &
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