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Abstract The aim of this work is to develop a new com-
patibility for the uncertain multiplicative linguistic prefer-
ence relations and utilize it to determine the optimal weights
of experts in the group decision making (GDM). First, the
compatibility degree and compatibility index for the two
multiplicative linguistic preference relations are proposed.
Then, based on the linguistic continuous ordered weighted
geometric averaging (LCOWGA) operator, some concepts
of the compatibility degree and compatibility index for the
two uncertain multiplicative linguistic preference relations
are presented. We prove the property that the synthetic un-
certain linguistic preference relation is of acceptable com-
patibility under the condition that the uncertain multiplica-
tive linguistic preference relations given by experts are all of
acceptable compatibility with the ideal uncertain multiplica-
tive linguistic preference relation, which provides a theoretic
basis for the application of the uncertain multiplicative lin-
guistic preference relations in GDM. Next, an optimal model
is constructed to determine the weights of experts based on
the criterion of minimizing the compatibility index in GDM.
Moreover, an approach to GDM with uncertain multiplica-
tive linguistic preference relations is developed, and finally,
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1 Introduction

Group decision making (GDM) is one of the most signifi-
cant and omnipresent human activities in business, service,
manufacturing, selection of products, etc. In a GDM prob-
lem, experts have to express their preferences by means of
a set of evaluations over a set of alternatives and find the
best alternative(s) by using a proper aggregation technique
[1]. According to the nature of the information expressed for
every pair of alternatives there exist many different repre-
sentation formats of preference relations: the multiplicative
preference relation [6, 19, 31, 32, 49], the fuzzy preference
relation [7, 20, 43], the multiplicative linguistic preference
relation [15, 47, 51, 53, 59], the additive linguistic prefer-
ence relation [1, 11, 14, 18, 51, 55], the intuitionistic prefer-
ence relation [16, 60–62, 65].

However, sometimes, experts are only willing or able to
provide uncertain information because of time pressure, lack
of knowledge, or data, and their limited expertise related to
the problem domain. For example, many researchers pay at-
tention to GDM with the uncertain fuzzy preference rela-
tions [8, 50, 57, 64], the uncertain multiplicative preference
relations [9, 36, 37, 46, 47, 74], the uncertain additive lin-
guistic preference relations [12, 35, 54], the uncertain multi-
plicative linguistic preference relations [56] and the interval-
valued intuitionistic fuzzy preference relations [63].
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A crucial problem in GDM with all kinds of preference
relations is the compatibility degree. The lack of accept-
able compatibility can lead to unsatisfied decision making
with preference relations because there is a significant dif-
ference among the preference relations given by experts in
GDM [12]. In [7], Chen and Zhao presented the compat-
ibility degree of two fuzzy preference relations. Xu [50]
extended the compatibility degree to the uncertain environ-
ment and developed the compatibility degree of two uncer-
tain fuzzy preference relations. In [32], Saaty and Vargas
presented the compatibility to judge the difference between
the two multiplicative preference relations. Chen, Zhou and
Han [12] proposed a new compatibility degree for the un-
certain additive linguistic preference relations and utilized it
to determine the optimal weights of experts in GDM. There-
fore, it is necessary to investigate this issue.

Another important issue of GDM is to find the proper
way to aggregate experts’ preferences. The ordered weighted
averaging (OWA) operator introduced by Yager [68] is a
useful tool for aggregating the exact arguments that lie be-
tween the max and the min operators. Since it has appeared,
the OWA operator has been studied in a wide range of ap-
plications and extensions [4, 5, 13, 21–30, 39–42, 44, 48,
52, 54, 56, 58, 62, 66, 67, 69–73, 75–80, 82–84, 86–89].
A very practical extension of the OWA operator is the con-
tinuous ordered weighted averaging (COWA) operator [70]
in which the arguments to be aggregated are interval num-
bers [33]. Recently, several authors have developed different
extensions and applications of the COWA operator [8–10,
45, 46, 51, 74, 85]. For example, Yager and Xu [74] ex-
tended the COWA operator and obtained the continuous or-
dered weighted geometric averaging (COWGA) operator.
Zhang and Xu [81] extended the COWGA operator to the
linguistic environment and obtained the linguistic COWGA
(LCOWGA) operator.

The aim of this paper is to develop a new compatibil-
ity for the uncertain multiplicative linguistic preference rela-
tions based on the LCOWGA operator and utilize it to deter-
mine the optimal weights of experts in GDM. To do that, we
define the compatibility degree and compatibility index of
two multiplicative linguistic preference relations, and some
concepts of the compatibility degree and compatibility in-
dex of two uncertain multiplicative linguistic preference re-
lations based on the LCOWGA operator. Some properties of
new concepts, which are theoretic bases for the application
of the uncertain multiplicative linguistic preference relations
in GDM, are studied. We also developed a nonlinear model
to determine experts’ weights based on the criterion of min-
imizing the compatibility index in GDM. Furthermore, the
expected multiplicative linguistic preference relation is pro-
posed and the applicability of the new approach is analyzed
in a supplier selection problem.

In order to do so, this paper is organized as follows. In
Sect. 2, we briefly review some basic concepts. Section 3

presents the compatibility of multiplicative linguistic pref-
erence relations. Section 4 proposes the concepts of com-
patibility degree of uncertain multiplicative linguistic prefer-
ence relations based on the LCOWGA operator and build up
the optimal model to determine the optimal experts’ weights
in GDM. In Sect. 5, we present the expected multiplica-
tive linguistic preference relation and propose a new ap-
proach for uncertain multiplicative linguistic preference re-
lations. In Sect. 6, we developed an illustrative example of
the new approach focusing on the supplier selection. Finally,
in Sect. 7 we summarize the main conclusions of the paper.

2 Preliminaries

In this section, we briefly review the uncertain multiplica-
tive linguistic variable, the uncertain multiplicative linguis-
tic preference relation, the OWA operator, the COWGA op-
erator and the LCOWGA operator.

2.1 Uncertain multiplicative linguistic variable and
operational laws

Let S = {sα | α = 1/t, . . . ,1/2,1,2, . . . , t} be a multiplica-
tive linguistic label set with odd cardinality, which requires
that the multiplicative linguistic label set should satisfy the
following characteristics [56]:

(1) The set S is ordered: if sα, sβ ∈ S and α > β , then
sα > sβ .

(2) There exists the reciprocal operator: rec(sα) = sβ such
that αβ = 1,

where sα and sβ represent possible values for the linguistic
variables and t is a positive integer.

The multiplicative linguistic label set S is called the mul-
tiplicative linguistic scale. For example, a set of nine labels S

can be defined as:

S = {s1/5 = EL, s1/4 = VL, s1/3 = L, s1/2 = SL, s1 = M,

s2 = SH, s3 = H,s4 = VH, s5 = EH}.

Note that EL = Extremely low, VL = Very low, L = Low,
SL = Slightly low, M = Medium, SH = Slightly high, H =
High, VH = Very high, EH = Extremely high.

To preserve all the given information, we can extend the
discrete linguistic term set S to a continuous linguistic term
set S̃ = {sα|α ∈ [1/q, q]}, where q (q > t) is a sufficiently
large positive integer. If sα ∈ S, we call sα the original mul-
tiplicative linguistic term, which is provided to evaluate al-
ternatives by the decision makers, otherwise, we call sα the
virtual multiplicative linguistic term, which can only appear
in operations.
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Definition 1 [56] Let s̃ = [sα, sβ ] = {x|sα ≤ x ≤ sβ}, then
s̃ is called the uncertain multiplicative linguistic variable,
where sα , sβ ∈ S̃, sα , sβ are the lower and upper limits, re-
spectively. Especially, s̃ is called the multiplicative linguistic
variable if sα = sβ .

Suppose that s̃ = [sα, sβ ], s̃1 = [sα1 , sβ1 ] and s̃2 =
[sα2 , sβ2 ] are any three uncertain multiplicative linguistic
variables, and μ,μ1,μ2 ∈ [0,1]. Xu [56] defined some op-
erational laws as follows:

1. s̃1 ⊗ s̃2 = [sα1 , sβ1 ]⊗ [sα2, sβ2 ] = [sα1 ⊗ sα2, sβ1 ⊗ sβ2 ] =
[sα1α2 , sβ1β2 ].

2. s̃1 ⊗ s̃2 = s̃2 ⊗ s̃1.
3. s̃μ = [sα, sβ ]μ = [sμ

α , s
μ
β ] = [sαμ, sβμ ].

4. s̃μ1 ⊗ s̃μ2 = s̃μ1+μ2 .
5. (s̃1 ⊗ s̃2)

μ = s̃
μ
1 ⊗ s̃

μ
2 .

2.2 Uncertain multiplicative linguistic preference relation

In a GDM problem, let X = {x1, x2, . . . , xn} be a finite set
of alternatives. When an expert makes pairwise comparisons
using the multiplicative linguistic term set S, he/she can
express his/her own opinions by a multiplicative linguistic
preference relation [51] on X. The multiplicative linguistic
preference relation can be defined as follows:

Definition 2 [51] A multiplicative linguistic preference re-
lation A = (aij )n×n on the set X is denoted by a linguistic
decision matrix A = (aij )n×n ⊂ X × X, such that

aij ∈ S, aij ⊗ aji = s1,

aii = s1, ∀i, j = 1,2, . . . , n,
(1)

where aij represents the preference degree of the alternative
xi over xj . Especially, aij = s1 indicates that xi is equiva-
lent to xj , aij > s1 indicates that xi is preferred to xj , and
aij < s1 indicates that xj is preferred to xi . For convenience,
throughout this paper, let Zn be the set of all n × n multi-
plicative linguistic preference relations.

However, experts may only be able to provide uncertain
multiplicative linguistic preference relations [56] because of
time pressure, lack of knowledge or data and their limited
expertise related to the problem domain. The uncertain mul-
tiplicative linguistic preference relation can be defined as
follows.

Definition 3 [56] An uncertain multiplicative linguistic
preference relation on the set X is defined as matrix Ã =
(ãij )n×n ⊂ X × X satisfying

ãU
ij ⊗ ãL

ji = s1, ãL
ij ⊗ ãU

ji = s1,

ãU
ij = ãL

ij = s1, ∀i, j = 1,2, . . . , n,
(2)

where ãij = [ãL
ij , ã

U
ij ] indicates the multiplicative linguis-

tic preference relation degree of the alternative xi over xj ,
ãL
ij , ã

U
ij ∈ S̃, ãU

ij ≥ ãL
ij , ãL

ij and ãU
ij are the lower and upper

bounds of uncertain multiplicative linguistic variables ãij ,
respectively.

Note that throughout this paper, let Mn be the set of all
n×n uncertain multiplicative linguistic preference relations.
For convenience, in [59], Xu given a mark for the linguistic
term with a index, i.e., suppose that sα ∈ S̃, I (sα) denotes
the lower index of multiplicative linguistic term sα , then we
have I (sα) = α > 0.

2.3 The OWA operator and the COWGA operator

The OWA operator [68] is an aggregation operator that pro-
vides a parameterized family of aggregation operators be-
tween the minimum and the maximum, which can be de-
fined as follows:

Definition 4 An OWA operator of dimension n is a mapping
OWA : Rn → R that has an associated weighting vector w

with
∑n

j=1 wj = 1 and wj ∈ [0,1], such that

OWA(a1, a2, . . . , an) =
n∑

j=1

wjbj , (3)

where bj is the j th largest of the arguments a1, a2, . . . , an.

The OWA operator is monotonic, commutative, bounded
and idempotent. Other properties could be studied such as
different families of the OWA operators [4, 68, 71, 73, 75].

The COWGA operator was developed by Yager and
Xu [74], which can be defined as follows:

Definition 5 A COWGA operator is a mapping G : Σ+ →
R+ associated with a basic unit interval monotonic (BUM)
function Q, such that

GQ(a) = GQ

([
aL, aU

]) = aU

(
aL

aU

)∫ 1
0

dQ(y)
dy

ydy

, (4)

where Σ+ is the set of closed intervals, in which the lower
limits of all closed intervals are positive, R+ is the set of
positive real numbers, the BUM function Q : [0,1] → [0,1]
is monotonic, and Q(0) = 0, Q(1) = 1.

If λ = ∫ 1
0 Q(y)dy is the attitudinal character of Q, then a

general formulation of GQ(a) can be obtained as follows:

GQ(a) = GQ

([
aL, aU

]) = (
aU

)λ(
aL

)1−λ
. (5)

As we can see, the COWGA operator GQ(a) is always
the weighted geometric mean of end points based on the at-
titudinal character. That is to say, the interval number a can
be replaced by GQ(a).
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2.4 Linguistic COWGA operator

Zhang and Xu [81] extended the COWGA operator to lin-
guistic environment and obtained the linguistic COWGA
operator, which can be defined as follows.

Definition 6 Let s̃ = [sα, sβ ] be an uncertain multiplicative
linguistic variable. If

gQ(s̃) = gQ

([sα, sβ ]) = sγ , (6)

and

γ = GQ

([
I (sα), I (sβ)

]) = GQ

([α,β]), (7)

then g is called the linguistic COWGA (LCOWGA) opera-
tor, where sα, sβ ∈ S̃ and Q is the BUM function.

If λ = ∫ 1
0 Q(y)dy is the attitudinal character of Q, then

the LCOWGA operator can be written as follows:

gQ(s̃) = gQ

([sα, sβ ]) = sβλ×α1−λ = (sβ)λ ⊗ (sα)1−λ. (8)

It can be seen from Eq. (8) that the LCOWGA operator
may be determined by the attitudinal character λ. For conve-
nience, in this paper, we assume that gλ(s̃) denotes gQ(s̃),
i.e.,

gλ(s̃) = gQ(s̃) = (sβ)λ ⊗ (sα)1−λ = sβλ×α1−λ . (9)

3 The compatibility of multiplicative linguistic
preference relations

In this section, a new compatibility index of multiplicative
linguistic preference relations will be introduced and some
desired properties of the compatibility index will be investi-
gated.

Definition 7 Let A = (aij )n×n ∈ Zn and B = (bij )n×n ∈ Zn

be two multiplicative linguistic preference relations, then

C(A,B) = 1

2t

n∑

i=1

n∑

j=1

(
I (aij )I (bji) + I (bij )I (aji) − 2

)
,

(10)

is called the compatibility degree of A and B .

It can be seen that the compatibility degree C(A,B) re-
flects the total reciprocal difference between the multiplica-
tive linguistic preference relations A and B .

Lemma 1 If sαi
∈ S̃ and μi ∈ [0,1] for i = 1,2, . . . , n, then

I
(
(sα1)

μ1 ⊗ (sα2)
μ2 ⊗ · · · ⊗ (sαn)

μn
) =

n∏

i=1

(
I (sαi

)
)μi . (11)

Specially, by Lemma 1, if n = 2, then we have

I
(
(sα1)

μ1 ⊗ (sα2)
μ2

) = (
I (sα1)

)μ1 × (
I (sα2)

)μ2 . (12)

The compatibility degree of any two multiplicative lin-
guistic preference relations is nonnegative, reflexive and
commutative, which can be expressed as follows:

Theorem 1 Assume that A = (aij )n×n ∈ Zn, B =
(bij )n×n ∈ Zn, then

(1) C(A,B) ≥ 0.
(2) C(A,A) = 0.
(3) C(A,B) = C(B,A).

Lemma 2 Let sα, sβ ∈ S̃. Then I (sα) = I (sβ) if and only if
sα = sβ .

Lemma 3 Assume that A = (aij )n×n ∈ Zn, B = (bij )n×n ∈
Zn, then C(A,B) = 0 if and only if aij = bij for i, j =
1,2, . . . , n.

Theorem 2 Assume that A = (aij )n×n ∈ Zn, B =
(bij )n×n ∈ Zn and D = (dij )n×n ∈ Zn. If C(A,B) = 0 and
C(B,D) = 0, then C(A,D) = 0.

Theorem 2 indicates that the compatibility degree of mul-
tiplicative linguistic preference relations is transitive.

Definition 8 Let A = (aij )n×n ∈ Zn, B = (bij )n×n ∈ Zn

be two multiplicative linguistic preference relations. If
C(A,B) = 0, then A and B are perfectly compatible.

Obviously, the following theorem can be obtained from
Definition 8.

Theorem 3 Let A = (aij )n×n ∈ Zn and B = (bij )n×n ∈ Zn

be two multiplicative linguistic preference relations, then A

and B are perfectly compatible if and only if aij = bij , i, j =
1,2, . . . , n.

Definition 9 If A = (aij )n×n ∈ Zn and B = (bij )n×n ∈ Zn,
then

CI(A,B) = 1

n2
C(A,B), (13)

is called the compatibility index of the multiplicative lin-
guistic preference relations A and B .
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By Definition 9, Theorems 1, 3 and Lemma 3, the follow-
ing conclusion is obvious.

Theorem 4 If A= (aij )n×n ∈Zn and B = (bij )n×n ∈Zn,
then

(1) CI(A,B) ≥ 0.
(2) CI(A,B) = 0 if and only if A and B are perfectly com-

patible.

Definition 10 Let A= (aij )n×n ∈Zn and B = (bij )n×n ∈Zn.
If

CI(A,B) ≤ α, (14)

then A and B are of acceptable compatibility, where α is the
threshold of acceptable compatibility.

Similar to [12], we can take α = 0.2 as the threshold of
acceptable compatibility.

Let E = {e1, e2, . . . , em} be a finite set of experts and
A(k) = (a

(k)
ij )n×n ∈ Zn be the multiplicative linguistic pref-

erence relation provided by expert ek , k = 1,2, . . . ,m.
In [51], Xu defined that the synthetic linguistic preference
relation developed some properties of the synthetic linguis-
tic preference relations, which can be expressed as follows:

Definition 11 Let A(k) = (a
(k)
ij )n×n ∈ Zn for k = 1,2,

. . . ,m. If

aij =
m⊗

k=1

(
a

(k)
ij

)ωk , (15)

then the matrix A = (aij )n×n is called the synthetic linguis-
tic preference relation of all experts, where Ω = (ω1,ω2,

. . . ,ωm) is the weighting vector of experts, which satisfies
that ωk ≥ 0 for all j = 1,2, . . . ,m and

∑m
k=1 ωk = 1.

Theorem 5 [51] If A(k) = (a
(k)
ij )n×n ∈ Zn for all k =

1,2, . . . ,m, then the synthetic linguistic preference relation
A = (aij )n×n ∈ Zn.

Lemma 4 [49] Assume that xi > 0 and wi > 0 for i =
1,2, . . . , l. Then

l∏

i=1

x
wi

i ≤
l∑

i=1

wixi, (16)

with equality if and only if x1 = x2 = · · · = xl , where∑n
i=1 wi = 1.

Theorem 6 Let A(k) = (a
(k)
ij )n×n ∈ Zn for k = 1,2, . . . ,m,

and B = (bij )n×n ∈ Zn. If CI(A(k),B) ≤ α, for all k =
1,2, . . . ,m, then

CI(A,B) ≤ α, (17)

where A = (aij )n×n is the synthetic linguistic preference re-
lation and α is the threshold of acceptable compatibility.

Proof By Definition 11, we have that

aji =
m⊗

k=1

(
a

(k)
ji

)ωk and aji =
m⊗

k=1

(
a

(k)
ji

)ωk ,

where Ω = (ω1,ω2, . . . ,ωm) is the weighting vector of m

experts, which satisfies that ωk ≥ 0 for all j = 1,2, . . . ,m

and
∑m

k=1 ωk = 1.

By Lemma 1, we get I (aij )= ∏m
k=1(I (a

(k)
ij ))ωk , I (aji) =

∏m
k=1(I (a

(k)
ji ))ωk .

Since CI(A(k),B) ≤ α for all k, then

CI
(
A(k),B

)

= 1

2tn2

n∑

i=1

n∑

j=1

(
I
(
a

(k)
ij

)
I (bji) + I (b̃ij )I

(
ã

(k)
j i

) − 2
)

≤ α.

Thus, by Definition 9 and Lemma 4, it can be obtained
that

CI(A,B) = 1

2tn2

n∑

i=1

n∑

j=1

(
I (aij )I (b̃j i) + I (b̃ij )I (ãj i) − 2

)

= 1

2tn2

n∑

i=1

n∑

j=1

(
m∏

k=1

(
I
(
a

(k)
ij

))ωk I (bji)

+ I (bij )

m∏

k=1

(
I
(
a

(k)
ji

))ωk − 2

)

≤ 1

2tn2

n∑

i=1

n∑

j=1

(
m∑

k=1

ωkI
(
a

(k)
ij

)
I (bji)

+
m∑

k=1

ωkI
(
a

(k)
ji

)
I (bij ) − 2

)

= 1

2tn2

n∑

i=1

n∑

j=1

(
m∑

k=1

ωk

(
I
(
a

(k)
ij

)
I (bji)

+ I
(
a

(k)
ji

)
I (bij ) − 2

)
)

=
m∑

k=1

ωk

(
1

2tn2

n∑

i=1

n∑

j=1

(
I
(
a

(k)
ij

)
I (bji)

+ I
(
a

(k)
ji

)
I (bij ) − 2

)
)

=
m∑

k=1

ωkCI
(
A(k),B

) ≤
m∑

k=1

ωkα = α.
�
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It is obvious that the synthetic linguistic preference rela-
tion is of acceptable compatibility under the condition that
the multiplicative linguistic preference relations given by ex-
perts are all of acceptable compatibility with the ideal mul-
tiplicative linguistic preference relation.

Corollary 1 Let A(k) = (a
(k)
ij )n×n ∈ Zn for k = 1,2, . . . ,m,

and B = (bij )n×n ∈ Zn. If CI(A(k),B) = 0, for all λ, ∀k =
1,2, . . . ,m, then

CI(A,B) = 0, (18)

where A = (aij )n×n is the synthetic linguistic preference re-
lation.

It can be seen from Corollary 1 that if A(k) and B are
perfectly compatible for all k = 1,2, . . . ,m, then A and B

are perfectly compatible.

4 The compatibility index of uncertain multiplicative
linguistic preference relations based on the
LCOWGA operator

In this section, we shall present a compatibility index of un-
certain multiplicative linguistic preference relations based
on the LCOWGA operator. Then some desirable properties
of the compatibility index will be studied.

Definition 12 Let Ã = (ãij )n×n ∈ Mn and B̃ = (b̃ij )n×n ∈
Mn be two uncertain multiplicative linguistic preference re-
lations, then

Cλ(Ã, B̃) = 1

2t

n∑

i=1

n∑

j=1

(
I
(
gλ(ãij )

)
I
(
g1−λ(b̃ji)

)

+ I
(
gλ(b̃ij )

)
I
(
g1−λ(ãji)

) − 2
)
, (19)

is called the compatibility degree of Ã and B̃ based on the
LCOWGA operator, where gλ(ãij ), gλ(b̃ij ) are determined
by Eqs. (6) and (7), and ãij = [ãL

ij , ã
U
ij ], b̃ij = [b̃L

ij , b̃
U
ij ], for

all i, j = 1,2, . . . , n.

As we can see, the compatibility degree Cλ(Ã, B̃) based
on the LCOWGA operator reflects the total reciprocal dif-
ference between the uncertain multiplicative linguistic pref-
erence relations Ã and B̃ , in which all the corresponding
elements are aggregated by the LCOWGA operator.

Specially, if Ã and B̃ are ordinary multiplicative linguis-
tic preference relations, then Cλ(Ã, B̃) reduces to the com-
patibility degree in Definition 7.

Theorem 7 Assume that Ã = (ãij )n×n ∈ Mn, B̃ =
(b̃ij )n×n ∈ Mn, then we have

(1) Cλ(Ã, B̃) ≥ 0.
(2) Cλ(Ã, Ã) = 0.
(3) Cλ(Ã, B̃) = Cλ(B̃, Ã).

Theorem 7 indicates that the compatibility degree of any
two uncertain multiplicative linguistic preference relations,
based on the LCOWGA operator, is nonnegative, reflexive
and commutative.

Lemma 5 Assume that Ã = (ãij )n×n ∈ Mn, B̃ = (b̃ij )n×n ∈
Mn, then Cλ(Ã, B̃) = 0 if and only if gλ(ãij ) = gλ(b̃ij ).

Theorem 8 Assume that Ã = (ãij )n×n ∈ Mn, B̃ =
(b̃ij )n×n ∈ Mn and D̃ = (d̃ij )n×n ∈ Mn. If Cλ(Ã, B̃) = 0
and Cλ(B̃, D̃) = 0, then Cλ(Ã, D̃) = 0.

Theorem 8 indicates that the compatibility degree of un-
certain multiplicative linguistic preference relations based
on the LCOWGA operator is transitive.

Definition 13 Let Ã = (ãij )n×n ∈ Mn and B̃ = (b̃ij )n×n ∈
Mn be two uncertain multiplicative linguistic preference re-
lations. If Cλ(Ã, B̃) = 0 for any attitudinal character λ, then
Ã and B̃ are perfectly compatible.

It is obvious that we can obtain the following theorem
from Definition 13.

Theorem 9 Let Ã = (ãij )n×n ∈ Mn and B̃ = (b̃ij )n×n ∈
Mn be two uncertain multiplicative linguistic preference re-
lations, then Ã and B̃ are perfectly compatible if and only if
ãij = b̃ij , i, j = 1,2, . . . , n.

Definition 14 If Ã= (ãij )n×n ∈Mn and B̃ = (b̃ij )n×n ∈ Mn,
then

CIλ(Ã, B̃) = 1

n2
Cλ(Ã, B̃), (20)

is called the compatibility index of the uncertain multiplica-
tive linguistic preference relations Ã and B̃ based on the
LCOWGA operator.

By Definition 14, Theorems 7, 9 and Lemma 5, we can
get the following conclusions.

Theorem 10 If Ã= (ãij )n×n ∈Mn and B̃ = (b̃ij )n×n ∈Mn,
then

(1) CIλ(Ã, B̃) ≥ 0.
(2) CIλ(Ã, B̃) = 0 if and only if Ã and B̃ are perfectly com-

patible.

Definition 15 Let Ã= (ãij )n×n ∈Mn and B̃ = (b̃ij )n×n ∈Mn.
If

CIλ(Ã, B̃) ≤ α, (21)
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then Ã and B̃ are of acceptable compatibility, where α is the
threshold of acceptable compatibility.

Let E = {e1, e2, . . . , em} be a finite set of experts and
Ã(k) = (ã

(k)
ij )n×n ∈ Mn be the uncertain multiplicative lin-

guistic preference relation provided by expert ek , k =
1,2, . . . ,m. In [56], Xu defined the synthetic uncertain lin-
guistic preference relation based on the induced uncertain
linguistic preference relations and investigated some proper-
ties of the synthetic uncertain linguistic preference relations,
which can be expressed as follows:

Definition 16 Let Ã(k) = (ã
(k)
ij )n×n ∈Mn for k =1,2, . . . ,m.

If

ãij =
m⊗

k=1

(
ã

(k)
ij

)ωk , (22)

then the matrix Ã = (ãij )n×n is called the synthetic un-
certain linguistic preference relation of all experts, where
Ω = (ω1,ω2, . . . ,ωm) is the weighting vector of experts,
which satisfies that ωk ≥ 0 for all j = 1,2, . . . ,m and∑m

k=1 ωk = 1.

Theorem 11 If Ã(k) = (ã
(k)
ij )n×n ∈Mn for all k =1,2,

. . . ,m, then the synthetic uncertain linguistic preference re-
lation Ã = (ãij )n×n ∈ Mn.

Theorem 12 Let Ã(k) = (ã
(k)
ij )n×n ∈Mn for k =1,2, . . . ,m,

and B̃ = (b̃ij )n×n ∈ Mn. If CIλ(Ã
(k), B̃) ≤ α, for all k =

1,2, . . . ,m, then

CIλ(Ã, B̃) ≤ α, (23)

where Ã = (ãij )n×n is the synthetic uncertain linguistic
preference relation, ãij = [ãL

ij , ã
U
ij ], and α is the threshold

of acceptable compatibility.

Proof By Definition 16, it follows that

ãL
ij =

m⊗

k=1

(
ã

(k)L
ij

)ωk , ãU
ij =

m⊗

k=1

(
ã

(k)U
ij

)ωk ,

and

ãL
ji =

m⊗

k=1

(
ã

(k)L
ji

)ωk , ãU
ji =

m⊗

k=1

(
ã

(k)U
ji

)ωk ,

where Ω = (ω1,ω2, . . . ,ωm) is the weighting vector of m

experts, which satisfies that ωk ≥ 0 for all j = 1,2, . . . ,m

and
∑m

k=1 ωk = 1.

By Lemma 1, we get I (ãU
ij ) = ∏m

k=1(I (ã
(k)U
ij ))ωk ,

I (ãL
ij ) = ∏m

k=1(I (ã
(k)L
ij ))ωk .

Since CIλ(Ã
(k), B̃) ≤ α for all k, then

CIλ

(
Ã(k), B̃

) = 1

2tn2

n∑

i=1

n∑

j=1

(
I
(
gλ

(
ã

(k)
ij

))
I
(
g1−λ(b̃ji)

)

+ I
(
gλ(b̃ij )

)
I
(
g1−λ

(
ã

(k)
j i

)) − 2
) ≤ α.

Thus, it can be obtained that

CIλ(Ã, B̃)

= 1

2tn2

n∑

i=1

n∑

j=1

(
I
(
gλ(ãij )

)
I
(
g1−λ(b̃ji)

)

+ I
(
gλ(b̃ij )

)
I
(
g1−λ(ãji)

) − 2
)

= 1

2tn2

n∑

i=1

n∑

j=1

((
I
(
ãU
ij

))λ(
I
(
ãL
ij

))1−λ

× (
I
(
b̃U
ji

))1−λ(
I
(
b̃L
ji

))λ

+ (
I
(
b̃U
ij

))λ(
I
(
b̃L
ij

))1−λ × (
I
(
ãU
ji

))1−λ(
I
(
ãL
ji

))λ − 2
)

= 1

2tn2

n∑

i=1

n∑

j=1

((
m∏

k=1

(
I
(
ã

(k)U
ij

))ωk

)λ

×
(

m∏

k=1

(
I
(
ã

(k)L
ij

))ωk

)1−λ

× (
I
(
b̃U
ji

))1−λ(
I
(
b̃L
ji

))λ

+ (
I
(
b̃U
ij

))λ(
I
(
b̃L
ij

))1−λ ×
(

m∏

k=1

(
I
(
ã

(k)U
ji

))ωk

)1−λ

×
(

m∏

k=1

(
I
(
ã

(k)L
ji

))ωk

)λ

− 2

)

= 1

2tn2

n∑

i=1

n∑

j=1

(
m∏

k=1

((
I
(
ã

(k)U
ij

))λ(
I
(
ã

(k)L
ij

))1−λ)ωk

× (
I
(
b̃U
ji

))1−λ(
I
(
b̃L
ji

))λ

+ (
I
(
b̃U
ij

))λ(
I
(
b̃L
ij

))1−λ

×
m∏

k=1

((
I
(
ã

(k)U
ji

))1−λ(
I
(
ã

(k)L
ji

))λ)ωk − 2

)

≤ 1

2tn2

n∑

i=1

n∑

j=1

(
m∑

k=1

ωk

((
I
(
ã

(k)U
ij

))λ(
I
(
ã

(k)L
ij

))1−λ)

× (
I
(
b̃U
ji

))1−λ(
I
(
b̃L
ji

))λ

+ (
I
(
b̃U
ij

))λ(
I
(
b̃L
ij

))1−λ

×
m∑

k=1

ωk

((
I
(
ã

(k)U
ji

))1−λ(
I
(
ã

(k)L
ji

))λ) − 2

)
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=
m∑

k=1

ωk

(
1

2tn2

n∑

i=1

n∑

j=1

((
I
(
ã

(k)U
ij

))λ(
I
(
ã

(k)L
ij

))1−λ

× (
I
(
b̃U
ji

))1−λ(
I
(
b̃L
ji

))λ

+ (
I
(
b̃U
ij

))λ(
I
(
b̃L
ij

))1−λ(
I
(
ã

(k)U
ji

))1−λ

× (
I
(
ã

(k)L
ji

))λ − 2
)
)

=
m∑

k=1

ωk

(
1

2tn2

n∑

i=1

n∑

j=1

(
I
(
gλ

(
ã

(k)
ij

))
I
(
g1−λ(b̃ji)

)

+ I
(
gλ(b̃ij )

)
I
(
g1−λ

(
ã

(k)
j i

)) − 2
)
)

=
m∑

k=1

ωkCIλ

(
Ã(k), B̃

) ≤
m∑

k=1

ωkα = α.
�

Theorem 12 indicates that the synthetic uncertain lin-
guistic preference relation is of acceptable compatibility un-
der the condition that the uncertain multiplicative linguistic
preference relations given by experts are all of acceptable
compatibility with the ideal uncertain multiplicative linguis-
tic preference relation.

Corollary 2 Let Ã(k) = (ã
(k)
ij )n×n ∈ Mn for k = 1,2, . . . ,m,

and B̃ = (b̃ij )n×n ∈ Mn. If CIλ(Ã
(k), B̃) = 0, for all λ, ∀k =

1,2, . . . ,m, then

CIλ(Ã, B̃) = 0, (24)

where Ã = (ãij )n×n is the synthetic uncertain linguistic
preference relation and ãij = [ãL

ij , ã
U
ij ].

Corollary 2 indicates that if Ã(k) and B̃ are perfectly com-
patible for all k = 1,2, . . . ,m, then Ã and B̃ are perfectly
compatible.

As we can see, in GDM, less compatibility index of
uncertain multiplicative linguistic preference relations pro-
vided by expert ek , means more reliable information given
by ek . Therefore, the aggregation weight of ek may depend
on the compatibility index of the uncertain multiplicative
linguistic preference relations. Let Ã(k) = (ã

(k)
ij )n×n ∈ Mn

be the uncertain multiplicative linguistic preference relation
provided by expert ek (k = 1,2, . . . ,m) and Ã = (ãij )n×n

be the synthetic uncertain linguistic preference relation of
all experts. In order to determine the weights of experts, we
can minimize the compatibility index of the synthetic uncer-
tain linguistic preference relation Ã and the ideal uncertain
multiplicative linguistic preference relation B̃ . Based on the
proof of Theorem 12, the compatibility index of Ã and B̃

can be rewritten as follows:

CIλ(Ã, B̃)

= 1

2tn2

n∑

i=1

n∑

j=1

((
m∏

k=1

(
I
(
ã

(k)U
ij

))ωk

)λ

×
(

m∏

k=1

(
I
(
ã

(k)L
ij

))ωk

)1−λ

× (
I
(
b̃U
ji

))1−λ(
I
(
b̃L
ji

))λ

+ (
I
(
b̃U
ij

))λ(
I
(
b̃L
ij

))1−λ ×
(

m∏

k=1

(
I
(
ã

(k)U
ji

))ωk

)1−λ

×
(

m∏

k=1

(
I
(
ã

(k)L
ji

))ωk

)λ

− 2

)

= 1

2tn2

n∑

i=1

n∑

j=1

m∏

k1=1

m∏

k2=1

(((
I
(
ã

(k1)U
ij

))ωk1
)λ

× ((
I
(
ã

(k2)L
ij

))ωk2
)1−λ × (

I
(
b̃U
ji

))1−λ(
I
(
b̃L
ji

))λ

+ (
I
(
b̃U
ij

))λ(
I
(
b̃L
ij

))1−λ

× ((
I
(
ã

(k1)U
ji

))ωk1
)1−λ((

I
(
ã

(k2)L
ji

))ωk2
)λ − 2

)
. (25)

Let Ω = (ω1,ω2, . . . ,ωm)T be the experts’ weighting
vector. Then the compatibility index CIλ(Ã, B̃) can be con-
sidered as a function of Ω . Denoting f (Ω) = CIλ(Ã, B̃),
we can construct the following optimal model to determine
experts’ weights:

Min f (Ω) = CIλ(Ã, B̃)

s.t.

⎧
⎪⎪⎨

⎪⎪⎩

m∑

k=1

ωk = 1,

ωk ≥ 0, k = 1,2, . . . ,m.

(26)

Note that the model (26) is nonlinear and can be solved by
using Matlab or LINGO software package.

5 The application of the compatibility index based on
the LCOWGA operator to group decision making
with uncertain multiplicative linguistic preference
relations

In this section, a new approach based on the compatibil-
ity index to group decision making with uncertain multi-
plicative linguistic preference relations will be presented.
The main advantage of this method is that it gives a com-
pletely objective data process of the decision problem be-
cause the weights of experts depend on the optimal model
of minimization of compatibility index. We firstly define an
expected preference relation by using Eqs. (6) and (7) as fol-
lows:
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Definition 17 Let Ã = (ãij )n×n ∈ Mn, where

ãU
ij ⊗ ãL

ji = s1, ãL
ij ⊗ ãU

ji = s1,

ãU
ij = ãL

ij = s1, ∀i, j = 1,2, . . . , n,

then we call gQ(Ã) = (gQ(ãij ))n×n the expected multiplica-
tive linguistic preference relation corresponding to Ã, where
gQ(ãij ) is the expected value of preference degree ãij of the
alternative xi to xj , obtained by the LCOWGA operator:

gQ(ãij ) = gQ

([
ãL
ij , ã

U
ij

]) = (
ãU
ij

)λ ⊗ (
ãL
ij

)1−λ
,

gQ(ãji) = 1

gQ(ãij )
, for all i ≤ j,

(27)

where λ ∈ [0,1] is the attitudinal character of BUM func-
tion Q.

Then consider a GDM problem. Let X = {x1, x2, . . . , xn}
be a set of finite alternatives and E = {e1, e2, . . . , em} be a
finite set of experts. Each expert provides his/her own de-
cision matrix Ã(k) = (ã

(k)
ij )n×n, which are uncertain multi-

plicative linguistic preference relation given by the expert
ek ∈ E. The process of new approach can be summarized as
follows:

Step 1: Utilize the model (26) to determine the optimal
weights of experts:

ω∗ = (
ω∗

1,ω∗
2, . . . ,ω∗

m

)T
.

Step 2: Utilize Eq. (22) to obtain the synthetic uncertain
linguistic preference relation Ã∗ = (ã∗

ij )n×n based on the
optimal weights of experts, where

ã∗
ij =

m⊗

k=1

(
ã

(k)
ij

)ω∗
k . (28)

Step 3: Utilize Eq. (27) to construct the expected multi-
plicative linguistic preference relation gQ(Ã∗) =
(gQ(ã∗

ij ))n×n based on the LCOWGA operator:

gQ

(
ã∗
ij

) = (
ã∗U
ij

)λ ⊗ (
ã∗L
ij

)1−λ
,

gQ

(
ã∗
ji

) = 1

gQ(ã∗
ij )

, for all i ≤ j,
(29)

where λ ∈ [0,1] is the attitudinal character of BUM func-
tion Q.

Step 4: Calculate the expected value ã∗
i of preference de-

gree of the alternative xi to all the alternative by the fol-
lowing formula:

ã∗
i =

(
n⊗

j=1

gQ

(
ã∗
ij

)
)1/n

, i = 1,2, . . . , n. (30)

Step 5: Rank the expected value ã∗
i (i = 1,2, . . . , n) in de-

scending order.
Step 6: Rank all the alternatives xi (i = 1,2, . . . , n) and se-

lect the best one(s) in accordance with the expected value
ã∗
i (i = 1,2, . . . , n).

Step 7: End.

6 Illustrative example

In this section, we regard the use of the compatibility index
of uncertain multiplicative linguistic preference relations in
a GDM problem. Supplier selection is a very important
strategic decision involving decisions balancing a number
of conflicting criteria [34]. With the increase in outsourcing,
offshore sourcing and various electronic businesses, sup-
plier’s service performance is becoming ever more complex
in the global market. An international company established
in Hefei wants to select potential partners for a collabora-
tive project. In order to select an ideal supplier, the company
formed a team of three experts ek (k = 1,2,3) to evaluate
five potential supplier partners xi (i = 1,2,3,4,5). Three
experts are invited to compare these five suppliers with re-
spect to the main criterion service performance by using the
multiplicative linguistic scale:

S = {s1/5 = EL, s1/4 = VL, s1/3 = L, s1/2 = SL, s1 = M,

s2 = SH, s3 = H,s4 = VH, s5 = EH}.
Note that EL = Extremely low, VL = Very low, L = Low,

SL = Slightly low, M = Medium, SH = Slightly high, H =
High, VH = Very high, EH = Extremely high.

Experts constructed the uncertain multiplicative linguis-
tic preference relations Ã(k) (k = 1,2,3), respectively,
which are listed as follows:

Ã(1) =

⎛

⎜
⎜
⎜
⎜
⎝

[s1, s1] [s2, s3] [s1/4, s1/3] [s4, s5] [s1/2, s1]
[s1/3, s1/2] [s1, s1] [s4, s5] [s2, s3] [s1/3, s1/2]

[s3, s4] [s1/5, s1/4] [s1, s1] [s3, s4] [s1/5, s1/4]
[s1/5, s1/4] [s1/3, s1/2] [s1/4, s1/3] [s1, s1] [s5, s6]

[s1, s2] [s2, s3] [s4, s5] [s1/6, s1/5] [s1, s1]

⎞

⎟
⎟
⎟
⎟
⎠

;
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Ã(2) =

⎛

⎜
⎜
⎜
⎜
⎝

[s1, s1] [s3, s4] [s1/3, s1/2] [s3, s4] [s1/4, s1/3]
[s1/4, s1/3] [s1, s1] [s5, s6] [s3, s4] [s1/3, s1/2]

[s2, s3] [s1/6, s1/5] [s1, s1] [s4, s5] [s1/4, s1/3]
[s1/4, s1/3] [s1/4, s1/3] [s1/5, s1/4] [s1, s1] [s5, s6]

[s3, s4] [s2, s3] [s3, s4] [s1/6, s1/5] [s1, s1]

⎞

⎟
⎟
⎟
⎟
⎠

;

Ã(3) =

⎛

⎜
⎜
⎜
⎜
⎝

[s1, s1] [s4, s5] [s1/4, s1/3] [s2, s3] [s1/4, s1/3]
[s1/5, s1/4] [s1, s1] [s4, s5] [s3, s4] [s1/3, s1/2]

[s3, s4] [s1/5, s1/4] [s1, s1] [s4, s5] [s1/3, s1/2]
[s1/3, s1/2] [s1/4, s1/3] [s1/5, s1/4] [s1, s1] [s5, s6]

[s3, s4] [s2, s3] [s2, s3] [s1/6, s1/5] [s1, s1]

⎞

⎟
⎟
⎟
⎟
⎠

.

The president of the company provided the ideal uncertain multiplicative linguistic preference relations, which is listed as
follows:

B̃ =

⎛

⎜
⎜
⎜
⎜
⎝

[s1, s1] [s3, s5] [s1/4, s1/2] [s3, s5] [s1/4, s1/2]
[s1/5, s1/3] [s1, s1] [s4, s6] [s2, s4] [s1/3, s1]

[s2, s4] [s1/6, s1/4] [s1, s1] [s3, s5] [s1/5, s1/3]
[s1/5, s1/3] [s1/4, s1/2] [s1/5, s1/3] [s1, s1] [s4, s6]

[s2, s4] [s1, s3] [s3, s5] [s1/6, s1/4] [s1, s1]

⎞

⎟
⎟
⎟
⎟
⎠

.

With this information, we can use the proposed decision making method to get the ranking of the suppliers. Note that in this
case, we assume that Q(y) = y2, then λ = ∫ 1

0 Q(y)dy = 1/3. The following steps are involved:

Step 1: Utilize the model (26) to determine the optimal weights of experts:

ω∗
1 = 0.2386, ω∗

2 = 0.6673, ω∗
3 = 0.0941.

Step 2: Utilize Eq. (27) to obtain the synthetic uncertain linguistic preference relation Ã∗ = (ã∗
ij )n×n based on the optimal

weights of experts, where

Ã∗ =

⎛

⎜
⎜
⎜
⎜
⎝

[s1, s1] [s2.7982, s3.8140] [s0.3029, s0.4369] [s3.0928, s4.1060] [s0.2950, s0.4332]
[s0.2622, s0.3574] [s1, s1] [s4.6422, s5.6469] [s2.7234, s3.7347] [s0.3333, s0.5]
[s2.2888, s3.3013] [s0.1771, s0.2154] [s1, s1] [s3.7347, s4.7408] [s0.2569, s0.3233]
[s0.2435, s0.3233] [s0.2678, s0.3672] [s0.2109, s0.2678] [s1, s1] [s5, s6]
[s2.3083, s43.3904] [s2, s3] [s3.0928, s4.1060] [s0.1667, s0.2] [s1, s1]

⎞

⎟
⎟
⎟
⎟
⎠

.

Step 3: Utilize Eq. (29) to construct the expected multi-
plicative linguistic preference relation gQ(Ã∗) =
(gQ(ã∗

ij ))n×n based on the LCOWGA operator:

gQ

(
Ã∗) =

⎛

⎜
⎜
⎜
⎜
⎝

s1 s3.1025 s0.3422 s3.3992 s0.3353

s0.3223 s1 s4.9555 s3.0257 s0.3815

s2.9221 s0.2018 s1 s4.0438 s0.2773

s0.2942 s0.3305 s0.2473 s1 s5.3133

s2.9827 s2.6209 s3.6057 s0.1882 s1

⎞

⎟
⎟
⎟
⎟
⎠

.

Step 4: Calculate the expected value ã∗
i of preference de-

gree of the alternative xi to all the alternative by Eq. (30):

ã∗
1 = s1.0389, ã∗

2 = s1.1302, ã∗
3 = s0.9206,

ã∗
4 = s0.6626, ã∗

5 = s1.3962.

Step 5: Rank the expected value ã∗
i (i = 1,2, . . . ,5) in de-

scending order:

ã∗
5 > ã∗

2 > ã∗
1 > ã∗

3 > ã∗
4 .

Step 6: Rank all the alternatives xi (i = 1,2, . . . ,5) in ac-
cordance with the expected value ã∗

i (i = 1,2, . . . ,5):

x5 
 x2 
 x1 
 x3 
 x4.

The best alternative is the supplier x5.

Moreover, according to Eq. (20), we get the compatibility
indexes of Ã(k) (k = 1,2,3) and B̃:

CIλ

(
Ã(1), B̃

)

= 1

2 × 5 × 52

5∑

i=1

5∑

j=1

(
I
(
gλ

(
ã

(1)
ij

))
I
(
g1−λ(b̃ji)

)
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+ I
(
gλ(b̃ij )

)
I
(
g1−λ

(
ã

(1)
j i

)) − 2
)

= 0.008847,

CIλ

(
Ã(2), B̃

)

= 1

2 × 5 × 52

5∑

i=1

5∑

j=1

(
I
(
gλ

(
ã

(2)
ij

))
I
(
g1−λ(b̃ji)

)

+ I
(
gλ(b̃ij )

)
I
(
g1−λ

(
ã

(2)
j i

)) − 2
)

= 0.004749,

CIλ

(
Ã(3), B̃

)

= 1

2 × 5 × 52

5∑

i=1

5∑

j=1

(
I
(
gλ

(
ã

(3)
ij

))
I
(
g1−λ(b̃ji)

)

+ I
(
gλ(b̃ij )

)
I
(
g1−λ

(
ã

(3)
j i

)) − 2
)

= 0.006160.

Letting α = 0.2, then CIλ(A
(k),B) ≤ α, k = 1,2,3.

As we can see, the uncertain multiplicative linguistic
preference relations Ã(k) and B̃ are of acceptable compat-
ibility.

By Eq. (20), we also get

CIλ

(
Ã∗, B̃

)

= 1

2 × 5 × 52

5∑

i=1

5∑

j=1

(
I
(
gλ

(
ã∗
ij

))
I
(
g1−λ(b̃ji)

)

+ I
(
gλ(b̃ij )

)
I
(
g1−λ

(
ã∗
ji

)) − 2
)

= 0.002103.

It can be seen easily that CIλ(Ã
∗, B̃) < α, which means

that Ã∗ and B̃ are of acceptable compatibility. And
CIλ(Ã

∗,B) < CIλ(A
(k),B) for k = 1,2,3, which means

that the synthetic uncertain multiplicative linguistic prefer-
ence relation Ã∗ based on the optimal weights of experts is
more effective than A(k) for k = 1,2,3.

Furthermore, in order to analyze how the different
weights of experts have affection for the compatibility index,
in this example, we consider the equal experts’ weights, i.e.,
ωi = 1/3 for i = 1,2,3. Then the synthetic uncertain mul-
tiplicative preference relation Â = (âij )5×5 is calculated as
follows:

Â =

⎛

⎜
⎜
⎜
⎜
⎝

[s1, s1] [s2.8845, s3.9149] [s0.2752, s0.3815] [s2.8845, s3.9149] [s0.3150, s0.4807]
[s0.2554, s0.3467] [s1, s1] [s4.3089, s5.3133] [s2.6207, s3.6342] [s0.3333, s0.5]
[s2.6207, s3.6342] [s0.1882, s0.2321] [s1, s1] [s3.6342, s4.6416] [s0.2752, s0.3467]
[s0.2554, s0.3467] [s0.2752, s0.3815] [s0.2154, s0.2752] [s1, s1] [s5, s6]
[s2.0801, s3.1748] [s2, s3] [s2.8845, s3.9149] [s0.1667, s0.2] [s1, s1]

⎞

⎟
⎟
⎟
⎟
⎠

.

Then,

CIλ(Â, B̃)

= 1

2 × 5 × 52

5∑

i=1

5∑

j=1

(
I
(
gλ(âij )

)
I
(
g1−λ(b̃ji)

)

+ I
(
gλ(b̃ij )

)
I
(
g1−λ(âji)

) − 2
)

= 0.002388.

Thus, we have

CIλ

(
Ã∗,B

)
< CIλ(Â,B),

which shows that the synthetic uncertain linguistic prefer-
ence relation corresponding to the optimal experts’ weights
based on the minimization of compatibility index is superior
to that of equal experts’ weights.

It is possible to analyze how the different attitudinal char-
acter λ plays a role in the aggregation results, in this case,
we consider different value of λ: 0,0.1, . . . ,0.9,1, which

are provided by the experts. The results of experts’ weights
by Eq. (26) are shown in Table 1 and the results of ã∗

i

(i = 1,2,3,4,5) are shown in Table 2.
It is observed from Table 1 that ω1 and ω3 first decrease

and then increase as λ increases, while ω2 first increases
and then decreases as λ increases. From Table 1 we also can
see that the experts’ weights are symmetric with respect to
the attitudinal character, which are caused by Eq. (8). More-
over, from Table 2 we can see that ã∗

1 and ã∗
2 increase as λ

increases while ã∗
3 , ã∗

4 and ã∗
5 decrease as λ increases.

We can establish an ordering of the suppliers for each
value of λ. The results are shown in Table 3. Note that “
”
means “preferred to”.

As we can see, depending on the particular cases of the
attitudinal character λ used, the ordering of the companies
is different, thus leading to different decisions. However, it
seems that x5 is the best choice when λ ≤ 0.8, and x1 some-
times is also the best one.

Another interesting issue is to determine the compatibil-
ity indexes with different λ. The results are shown in Table 4.
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Table 1 Experts’ weights with different attitudinal character λ

ωi λ

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

ω1 0.2572 0.2499 0.2440 0.2396 0.2370 0.2361 0.2370 0.2396 0.2440 0.2499 0.2572

ω2 0.6398 0.6506 0.6593 0.6657 0.6696 0.6709 0.6696 0.6657 0.6593 0.6506 0.6398

ω3 0.1030 0.0995 0.0967 0.0946 0.0934 0.0930 0.0934 0.0946 0.0967 0.0995 0.1030

Table 2 Aggregation results with different attitudinal character λ

λ

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

ã∗
1 0.9504 0.9760 1.0025 1.0296 1.0576 1.0863 1.1159 1.1465 1.1781 1.2134 1.2446

ã∗
2 1.0836 1.0975 1.1115 1.1255 1.1395 1.1535 1.1676 1.1816 1.1956 1.2108 1.2238

ã∗
3 0.9284 0.9259 0.9235 0.9213 0.9193 0.9175 0.9159 0.9144 0.9132 0.9120 0.9111

ã∗
4 0.6937 0.6841 0.6747 0.6657 0.6568 0.6482 0.6398 0.6316 0.6236 0.6152 0.6082

ã∗
5 1.5077 1.4739 1.4403 1.4071 1.3744 1.3419 1.3098 1.2781 1.2467 1.2131 1.1849

Table 3 Ordering of the bidders

λ Ordering λ Ordering

0 x5 
 x2 
 x1 
 x3 
 x4 0.6 x5 
 x2 
 x1 
 x3 
 x4

0.1 x5 
 x2 
 x1 
 x3 
 x4 0.7 x5 
 x2 
 x1 
 x3 
 x4

0.2 x5 
 x2 
 x1 
 x3 
 x4 0.8 x5 
 x2 
 x1 
 x3 
 x4

0.3 x5 
 x2 
 x1 
 x3 
 x4 0.9 x1 
 x5 
 x2 
 x3 
 x4

0.4 x5 
 x2 
 x1 
 x3 
 x4 1 x1 
 x2 
 x5 
 x3 
 x4

0.5 x5 
 x2 
 x1 
 x3 
 x4 1/3 x5 
 x2 
 x1 
 x3 
 x4

It can be seen from Table 4 that CIλ(Ã
∗,B) <

CIλ(A
(k),B) for all λ, ∀k = 1,2,3. We also can see that

the compatibility indexes are symmetric with respect to the
attitudinal character.

7 Concluding remarks

The compatibility degree of preference relations and the
weights of experts play an important role in reaching a rea-
sonable decision result for GDM. In this paper, we have
presented the compatibility degree and the compatibility in-
dex of the multiplicative linguistic preference relations and
some desired properties have been investigated. Further-
more, based on the LCOWGA operator, the compatibility
degree and compatibility index of uncertain multiplicative
linguistic preference relations has been defined. The advan-
tage of the compatibility index based on the LCOWGA op-
erator is that it can be used to deal with the uncertain mul-
tiplicative linguistic preference relations with more flexi-
bility due to the fact that the decision maker can choose

a different value of the parameter λ according to one-
self.

Then, some desirable properties have been studied in-
cluding nonegativity, reflexivity, commutativity and tran-
sitivity. Especially, we have proved that the synthetic un-
certain linguistic preference relation Ã and the ideal un-
certain multiplicative linguistic preference relation B̃ are
of acceptable compatibility under the condition that the
uncertain multiplicative linguistic preference relation of
the kth expert Ã(k) and B̃ are of acceptable compati-
bility for all k = 1,2, . . . ,m, which is the scientific ba-
sis of using the uncertain multiplicative linguistic pref-
erence relations in the GDM. Moreover, the concepts of
perfect compatibility and the reciprocal matrix of un-
certain multiplicative linguistic preference relation have
been developed and their properties have been investi-
gated.

In order to determine the experts’ weights, we fur-
ther have proposed the optimal model by minimizing the
compatibility index. The characteristic of this method is
that it can improve the group consistency by minimiz-
ing the compatibility of the group, which is an exam-
ple its superiority. At last, an illustrative example has
shown the feasibility and effectiveness of the new ap-
proach.

In the future, we expect to develop the compatibility and
its properties of other preference relations. For example, the
compatibility of the intuitionistic fuzzy preference relations
and the interval-valued intuitionistic fuzzy preference rela-
tions. We will also consider other decision making problems
[3, 17, 38] and other applications [2].
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Table 4 Compatibility indices with different attitudinal character λ

λ 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

CIλ(Ã
∗, B̃) 0.004217 0.003360 0.002694 0.002219 0.001935 0.001840 0.001935 0.002219 0.002694 0.003360 0.004217
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