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Abstract In this article the notion of quasi right factorization structure in a category
X is given. The main result is a one to one correspondence between certain classes of
quasi right factorization structures and 2-reflective subobjects of a predefined object
in Lax(PrOrd™®"). Also a characterization of quasi right factorization structures in
terms of images is given. As an application, the closure operators are discussed and it
is shown that quasi closed members of certain collections are quasi right factorization
structures. Finally several examples are furnished.
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1 Introduction

The notion of right factorization structure appears in [4] in connection with closure
operators. In this paper, given a small category X with pullbacks and a class £ of
morphisms of X satisfying certain conditions, we first, in Section 2, set up a one to
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742 S.Sh. Mousavi, S.N. Hosseini

one correspondence between certain classes of morphisms of X' (£-domains) and
subobjects of a certain object P¢ in Prord®” (E-subobjects). Then, in Section 3,
we generalize the notion of right factorization structure to quasi right factorization
structure and we set up a one to one correspondence between certain classes of
quasi right factorization structures (Q RF-domains) and certain &X’-subobjects (lax
2-reflections). In Section 4, we discuss closure operators and we give the “quasi”
version of some of the results given in [4], in particular, a characterization of quasi
right factorization structures in terms of quasi images is given. Several supporting
examples are given in Section 5.

To this end, we introduce some notations and state some basic facts about
2-adjoint. Let PrOrd be the category of preordered sets and order preserving
functions. For morphisms f and g, we write f < g if for all x, f(x) < g(x). We also

f

—

consider PrOrd as a 2-category with 2-cells (X, <) || o (Y, <), where g < f.
—

Let X be a small category considered as a discrete 2-category, and Lax(PrOrd® i)
be the category whose objects are lax functors and whose morphisms are lax natural
transformations. For morphisms « and g, we say o < g, if for all X € X, ax < Bx.

[e3

0 X\
We also consider Lax(PrOrd*”) as a 2-category with 2-cells F \l_}/g G, where

B
a < B.
Finally for an object F in Lax(PrOrd* p) we consider the preordered set F(X) as
a category.

B
Definition 1 For adiagram g —  in Lax(Pr Ord*”"y we say « is a pointwise
-
left adjoint of g if for all X in X, ay is a left adjoint of Sx. We also say the diagram
is a pointwise adjoint pair.
If in addition g is a mono, we say F is a pointwise reflective subobject of G.

B
Remark 1 See [3]. The diagram g — ¢ in Lax(PrOrd™®") constitutes a
-

2-adjoint pair if and only if there are 2-cells I': l¢g =—= Boa and A:
aoff —=> lg such that:

lgx T I 1g
a:}aoﬂoa and ﬂ:)ﬁoo{oﬁ

1 Axly 11/ Ig*A
1y ]
o B

The above two triangles obviously commute, so the above diagram is a 2-adjoint
pair if and only if 1¢ < Ba and af < lg. Furthermore, «fa = o and Saf = B.

With g a mono, it follows that F is a 2-reflective subobject of G, i.e. 8 has a left 2-
adjoint, if and only if thereisamap « : G —— F such that l¢g < Bo and o = lp.
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B
Proposition 1 The diagram g — = g in Lax(PrOrd™®") is a 2-adjoint pair if
-

and only if it is a pointwise adjoint pair.

Proof Follows easily. O

2 £-domains and £-subobjects

Assuming X is a small category with pullbacks, and £ is a class of morphisms in X
that has X-pullbacks (i.e. e € £ and f € X implies the pullback, f~!(e), of e along f
is in &), contains all the identities and is closed under composition, the main purpose
of this section is to set up a one to one correspondence between £-domains in X', and
E-subobjects in Pr ord*” .

With (g)e = {gelgeis defined and e € £} (for £ = X, (g)s is just the principal
sieve (g), see [6]), we have:

Definition 2 An £-domain is a class M of morphisms in X that has X’-pullbacks and
(m)e = (f)e withm € M implies f € M.

Note any collection, M, that has X-pullbacks is closed under composition with
isomorphisms on both sides (since any pullback of m € M along the identity is also
in M).

Proposition 2 Let M be a collection of morphisms that has X-pullbacks and ﬂg =
{h|3m € M : (h)e = (m)¢g}. Then ﬂg is an E-domain containing M.

Proof The fact that ﬂg has X-pullbacks follows from the fact that (h)s C (g)¢
implies ( f~'(h))¢ € (f~'(g))¢. The rest can be easily verified. m]

Definition 3 An £-subobject is a subpresheaf of the presheaf Pg¢ in Prord®”,

where Pe : X°? ——= PrOrd is defined as follows:
X —— Pg(X) = ({{g)elg € X/ X}, ©)
f T Pe(f)
Y —— Pg(Y) = ({(Welh e X/Y}, C)
and Pe(f)(h)e) = (f~' (W))e.

It can be easily verified that if (h)g € (h')¢, then (f~'(h))e € (f~'(h))¢, render-
ing the well-definedness of P¢( f).
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Lemma 1

(a)

A class M of morphisms in X that has X-pullbacks yields an E-subobject
Je
Mg (G, Ps .

Je
An E-subobject M = P¢ yields an E-domain Mg.

(b)
Proof
(a) Given M that has X-pullbacks, define Mg : X —— PrOrd by:
X == Me(X) = ({{m)elm € M/ X}, ©)
f T Mf)
Y b Me(Y) = ((meln € M/Y), ©)
where Mg (f)((n)g) = (f~1(n))e.
It is easy to see that Mg is a subfunctor of Pg¢.
Je
(b) Given an E-subobject M “——— Pg¢ , define the class of morphisms Mg in X
by Mg :Z |J Mg/X where Mg/ X = {m | (m)g € M(X)}.
XeX
It is easy to see that M¢ is an £-domain. O
Theorem 1
(a) For any collection M, (Mg), = ﬂg. In particular if M is an E-domain, then
Meg), = M. .
Je
(b) Forany E-subobject M — Pg we have Mg), = M.
(c) There is a one-to-one correspondence between E-domains M in X and E-
Je o
subobjects M & Pg¢ in PrOrd™".
Proof
(a) m' e (Mg), if and only if there exists X € X" such that (m')e € Mg (X) if and
only if there exists m € M such that (m')¢ = (m)¢ if and only if m’ € ﬂg. The
last assertion is obvious.
(b) Let (m)g € M(X) be given. So m € Mg and hence (m)g € (Mg), (X). It follows
that M(X) € (Mg), (X). Now let (m')¢ € (Mg), (X) be given. Thus there exists
m € Mg such that (m')¢ = (m)¢. Since (m)e € M(X), (m')¢ € M(X). Therefore
(Mg). (X) € M(X). It follows that M = (M¢),.
(c) Follows from (a) and (b). |
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Quasi Right Factorization Structures as Presheaves 745

3 Quasi Right Factorization Structures and Lax 2-Reflections

Definition 4 Let M be a class of morphisms in X. We say that X’ has quasi right
M- factorizations or M is a quasi right factorization structure in X', whenever for all

mg

f
morphisms Y ——= X in X, thereexists M ——= X € M/X such that:

(a) f=mygforsome g;
(b) if there exists m € M/ X such that f=mg for some g, then m y=mh for some h.

my is called a quasi right part of f.

Note that (a) is equivalent to:
@) (f) S mp);
and (b) is equivalent to:
(b’) if there exists m € M/ X such that ( f) C (m), then (my) C (m).

Note that right M-factorizations as defined in [4] are quasi right M-factorizations.

Proposition 3 Suppose X has quasi right M- factorizations. Let f be a morphism in
X and my be a quasi right part of f.

(a) If f € M, then (my) = (f).

(b) mis a quasi right part of fif and only if m € M and (m) = (my).

(c) If(g) = (f), then my is a quasi right part of g.

Proof Straightforward. O

With £ as in the previous section, we have:

Proposition 4 M is a quasi right factorization structure if and only if M is.

Proof Suppose M is a quasi right factorization structure. Given f, there is my €

M C ﬂg such that (f) € (my). Now if (f) C (h), for h € ﬂg, then since (h)g =
(m)g, forsome m € M, (h) = (m). Therefore ( f) C (m). It follows that (ms) C (m) =
(h), as desired. The converse can be verified similarly. O

Let P Py, see [5], where X is the class of all morphisms in X. Calling a
2-reflection in Lax(Pr OrdXﬂp) a lax 2-reflection, we have:

Lemma 2

J
(a) Let M C X} have X-pullbacks and M “——— P be the associated X;-

subobject. If M is a quasi right factorization structure, then j is a lax 2-reflection.
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J
(b) Let M= P be an X-subobject and M be the associated X\-domain.
J
If MS“—= P is a lax 2-reflection, then M is a quasi right factorization

Structure.

Proof

(a) Define the lax natural transformation m:P —— M as follows:

’ m
©® Forall XeX, define my : P(X) —— M(X) by (f) |—X> (myg) . To
show that my is a morphism in PrOrd, let (f') € (f) and so f = fh.
Suppose that:

f f

X A X
\ /" / and \ 1" /
e my e my
M M

are quasi right M-factorizations of f and f’ respectively. So we have the
following diagram:

therefore (m ) C (my), as desired.
® For all objects X and Y and morphisms f: Y —— X in &, let the
def

mapping Pyy : XP(X,Y) ——= PrOrd(P(X),P(Y)) bePxy(fP):=
P(f) and the mappingMyy : X?(X,Y) —— PrOrdM(X),M(Y)) be

My (f) := M(f).
Define the natural transformation

Txy : PrOrd(m’x, 1) oMyy —> PrOrd(l,my)oPyy

by (Txy)pe : M(f)my —— myP(f) , where (txy)»((g)) is the in-
clusion myP()((8)) = (m 1) S M(HHmx((g) = ([~ (my)).

So m:P —— M isamorphismin Lax(Pr Ordxap). Since A" has quasi

right M -factorizations, it is easy to see that j is a right pointwise adjoint of
m'. Therefore j is a 2-reflection.
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(b) let m be a pointwise left adjoint of jand f:Y ——= X be an arbitrary
def

morphismin X. Define (m ) :== mx({f)). Since j is a pointwise right adjoint of
m, (f) C jy((my)) = (my). Suppose that there exists m € M such that (f) C
(m). So (f) € jy((m)) and since m is a pointwise left adjoint of j, mx({f)) <
(m), and hence (m ) C (m). O

The following theorem states that the converse of both parts of Lemma 5 are also
valid.

Theorem 2 Let the class M of morphisms in X, with X-pullbacks, correspond to the
J
Xi-subobject M = P. Then M is a quasi right factorization structure if and only

J
if MS“—= P isalax 2-reflection.

J
Proof First let M be a collection of morphisms and M “———= P be the associated
AX-subobject. We only need to prove the converse of Lemma 2(a). So assume jis a
lax 2-reflection. By Lemma 2(b), j gives an M’ that is a quasi right factorization

structure. However M’ = M"". So by Proposition 4, M is a quasi right factorization
structure.

J
Nextlet M “——= P be an X;-subobject and M be the associated X;-domain.
We only need to prove the converse of Lemma 2(b). So assume M is a quasi right

factorization structure. By Lemma 2(a), M gives a lax 2-reflection j' . By Proposition
4, j’=j. The result follows. O

Definition 5 Let M be a quasi right factorization structure. We say quasi right M-
factorization is pullback stable if for all f,g € X, (f~'(mg)) = (mf-1(g)).

Proposition 5 Let M be a quasi right factorization structure that has X-pullbacks.
Then quasi right M-factorization is pullback stable if and only if the lax natural
transformation m :P — M is a natural transformation.

Proof Quasi right M-factorization is pullback stable if and only if for all f, g € &,
(fmy)) = (m 1) if and only if for all f: X —— Y, the following diagram
commutes.

PX) — M(X)

P(f) l /11 J/ M(f)

P(Y) — = M(Y)

if and only if m is a natural transformation. u]

Definition 6 A class M of morphisms of X is called a Q RF-domain if it is a quasi
right factorization structure and an &’-domain.
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Proposition 6 Any quasi right factorization structure M that has X -pullbacks can be
extended to a Q RF-domain.

. —X . . .
Proof By Propositions 2 and 4, M is the required extension. O

Theorem 3 There is a one-to-one correspondence between QRF-domains M in X

J
and lax 2-reflections M “—— P .

Proof The proof follows from Theorems 1 and 2. O

4 Quasi Right Factorization Structures and Closure Operators

Let M be a class of morphisms in X. Define a preorder on M/ X by f < g if there
is /1 such that f = gh and define the equivalence relationon M/ X by f~gif f<g
and g < f. Assuming M has X'-pullbacks, we have:

Definition 7 (see [4, 5]) A closure operator C on the category X with respect to M
is given by C = (¢x) xex, Where cx : M/ X —— M/ X is amap satisfying:

(i) the extension property: for all X € X and for allm € M/ X, m < cx(m);
(ii) the monotonicity property: for all X € & and for all m, m’ in M/ X whenever
m<m' in M/ X, then cx(m) < cx(m') ;

(iii) the continuity property: for all morphisms f: X ——= Y in X and for all
me M/Y,ex(f~(m) = f~ (ey(m)).

A closure operator is said to be (quasi) idempotent, if for each X € A" and each
me M/X, (ex(ex(m)) ~ cx(m)) cx(cx(m) = cx(m).

Definition 8 Suppose that C is a closure operator and m € M/X. We say m is
(quasi) C-closed in X, if (cx(m) ~ m) cx(m) = m.

Remark 2 If M is a class of monomorphisms, then m is quasi C-closed if and only if
m is C-closed.

Proposition7 Let f: X ——= Y beamorphism. If nis quasi C-closedin Y, then
f~Y(n) is quasi C-closed in X.

Proof If cy(n) ~ n, then one can easily verify that f~!(cy(n)) ~ f~'(n). But
ex ([T ) < [l ey(m),so ex(f~'(m) < f~'(m). Hence ex(f~'(n)) ~ f~'(n). O

Remark 3 Let M9C€ be the class of quasi C-closed members of M. Proposition 7
asserts that M 2€ has X'-pullbacks.

Proposition 8 If n,m € M/X, n is a monomorphism and n om is quasi C-closed,
then m is quasi C-closed.
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Proof The proof follows from the Proposition 7 and the fact that pullback of n om
along the monomorphism 7 is m. m]

For every object X of X', (M/X) = {(m) : m € M/ X} is partially ordered under
setinclusion. For f: X ——Y inX,define (f~'(-)):(M/Y)——> (M/X) by

() = ()
We can easily see that ( f~'(—)) is an order preserving map, hence also well-defined.

With M, a quasi right factorization structure, let ( f(—)):(M/X) ——=(M/Y) be
defined by

(f(=)(m)) = (f(m))

where f(m): f(M) —— Y is an M-part of a quasi right M-factorization of
the composite f om. Property (b) of Definition 4 implies that { f(—)) is an order
preserving map, hence also well-defined.

(f~1(m)), respectively ( f(m)) is called the quasi inverse image, respectively the
quasi image of m under f.

Alsorecall, see [4], that with P and Q preordered classes, ¢ : P —— Q isleft
adjointto ¢ : Q —— P ,ifforallme Pandne Q,m < ¢(n) & ¢(m) < n.

Theorem 4 Let M be a class of morphisms in X that has X-pullbacks. Then M is
a quasi right factorization structure in X if and only if for each f: X —— Y,
(f~(—)) has a left adjoint.

Proof Suppose that X’ has quasi right M-factorizations. For f: X ——= Y in X,
it easily follows that ( f(—)) is a left adjoint to ( f~'(—)).

Conversely suppose for each f: X ——= Y, (f~!'(—)) has a left adjoint, which
we denote by (f(—)). Given f: X ——= Y in X, (f(lx)) = (m) for some m €

M/Y. Since ( f~!(—)) is the right adjoint of { f(—)), (Lx) € (f~'(m)). Let e be as in
the following diagram, which is commutative.

11

X — f'\M) —= M

1x l i m
fHm) pb.

X Y
s

Then f=moe. Nowletn € M and (f)C (n). So there is ¢ such that f =not. The
pullback property yields a morphism s such that 1 x = f~'(n) os,i.e., (1x)C (f~'(n)).
Therefore ( f(1x))< (n), i.e., (m)C (n). O
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Lemma 3 Suppose M is a quasi right factorization structure for X and C is a closure
operator on X with respect to M. For every commutative diagram

M — N
ml l
X —Y

with m,n € M, if n is quasi C-closed, then there exists w : ¢x(M) —— N such that
now =vocyx(m).

Proof The commutativity of the above square yields a unique morphism « such that
the triangles in the following diagram commute.

So (m)C (v~'(n)). By Theorem 4, (v(m))C (n). Since v(cx(m)) < cx(v(m)), we
obtain (v(cx(m)))C (cx(n)) = (n), as n is quasi C-closed. Therefore by Theorem 4,
(ex(m))C (v~!(n)) and so there exists B: cx (M) ——=yp~!(N) such that v=!(n) o g =
cx(m). Setting w := v* o B,wehavenow =nov*oB =vov=!(n)oB =vocxy(m.

O

With (£, M)-factorization structure as defined in [2], we have:

Theorem 5 Suppose that X has (£, M)-factorization structure and C is a quasi
idempotent closure operator on X with respect to M. Then M€ is a quasi right
factorization structure for X.

Proof Every morphism f: X——Y has an (£, M)-factorization f = m o e. Since
C is quasi idempotent, ¢y (m) € M2C. We have the following commutative diagram.

Cy(M)

Jm

M
X Y
f

cy(m)
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Thus f = cy(m) o (j,, o €). Suppose that the following commutative diagram

v
X —mm

Z
Jjmoe i l n
Y

Cy(m) ———
cy(m)

where n € M9 is given. So (m o e)C (n) and since (£, M) is a factorization struc-
ture, (m)C (n). Hence there exists w: M———> Z such that m = n o w. So we have
the following commutative diagram

M
Y

Since n € M€ and M is a right factorization structure and therefore a quasi right
factorization structure, by Lemma 3 there exists d: Cy(M)—— Z suchthatnod =
cy(m) as desired. O

w
—_—

~<— N
N

The following summarizes the main theorems of Sections 2 and 3.

Theorem 6 Let X be a category with pullbacks and the class M of morphisms in X,

Jj
with X-pullbacks, correspond to the Xi-subobject M P . Then M is a quasi
right factorization structure if and only if in the following commutative diagram, for
all X, the right arrow has a left adjoint in Prord if and only if forall f: X —— Y,
the top arrow has a left adjoint in Prord.

(F1)
(M/Y) (M/X)
v \{ \[\/x
(X1/Y) (X1/ X)
(1=
Proof Follows from Theorems 2 and 4. O

5 Examples

In the following Id denotes the collection of all the identities and Ret denotes the
collection of all the retractions.
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Example 1 1f there is £ such that (£, M) is a weak factorization structure in X, see
[1], then M is a quasi right factorization structure in &',

Example 2 As a special case of Example 1, in an abelian category with enough
injectives, the collection M of all epimorphisms whose kernels are injective, see [1],
is a quasi right factorization system. A morphism f: X —— Y can be factored
as mp o (i, f), where j: X —— [F is the monomorphism from X to an injective

object Eand m, : E x X —— Y is the projection to the second factor.

To show M is not a right factorization structure, consider the zero morphism
0: A —— A where A is a non-zero injective object. Let

0
A—m A
\////
r m

M

be any factorization of 0 with m € M. The commutative square

A
Jo
0

has w = 0 and w’ = m as diagonals. But w # w’, because otherwise m = 0 and since
m is epic, A = 0 and that is a contradiction.

0

r

T
m£4>

Example 3 As a special case of Example 2, in the category, Ab, of abelian groups,
the collection M of all epimorphisms whose kernels are injective, is a quasi right
factorization system.

Example 4 Let M C Ret have enough retractions, i.e. for each Y € X, there is
a retraction, in M, to Y. Then M is a quasi right factorization system. Each
f: X —— Y canbe factored as m o (s o f), where s is any section of m.

In particular every M such that Id € M C Ret is a quasi right factorization
system.

Example 5 As a special case of Example 4, in the category, Top, of topological
spaces, the collection M of all covering retractions is a quasi right factorization
system, because Id € M C Ret.
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To show M is not a right factorization structure, let X be a space with more than
one elementand f: X —— X be the constant map with value x. Let

!
X — X
\////
M

be any factorization of f, withm € M.Let g,h: M —— P be the cokernel pair
of e. The commutative square

X
M

d

X — X
1

(f.g0€)

X x P

has two diagonals, w = (m, g) and w’ = (m, h). Since cardinality of X is bigger than
1 and m is epic, e is not epic and so g # A, implying w # w'.

Example 6 As another special case of Example 4, in the full subcategory
ProjRMod of the category RMod, consisting of all projective R-modules, the
collection M of all epimorphisms with free domain is a quasi right factorization
structure, because M C Ret and has enough retractions. Note that /d £ M.

For R=Z¢ we show M s not a right factorization structure. Let f : Zy —— Zg
be the multiplication by 2 morphism and

Ly ———————> Le®Ls

\////
M

be any factorization of f, with m € M. The commutative square

73 L ® ZLe
|
M m

Ly —— Ls

8
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in which g is the multiplication by 3 morphism, has two diagonals, w = (gm, 0) and
w' = (gm, h), where h = gn, and 7, : M = ®Z¢ — Z¢ is any projection map.
Note that he(l) = grge(l) = gma O X)) = g(xo) = 3x, = 0. The last equality holds,
because 1 has order 3, so he = 0. Let x be any element of M whose «’th coordinate
is 1. Then A(x) = 3, implying &2 # 0,s0 w # w'.

Example 7 As another special case of Example 4, in the full subcategory SSimRing
of the category Ring, consisting of all semi-simple rings, the collection M of all
retractions is a quasi right factorization structure.

To show M is not a right factorization structure, let f:7Z; —— Zgs be the
zero morphism and

f

Ly ————> Zc® Zs

\ ////
e m
M

be any factorization of f, with m € M. The commutative square

Zs Ze @ Zs
M Ty

d
Ze ——— > Zg

1
has two diagonals, w = (m, 0) and w’ = (m, m). Since m # 0, w # w'.

Example 8 Let M be a collection of morphisms such that forall f e X, M ={m e
M :3r € Ret >: f = mr} # ). Then M is a quasi right factorization system. Here for
each f: X —— Y,every m: Z — Y in M is a quasi right part of f.

Example 9 As a special case of Example 8, consider the Kleisli category Setp
for the power set monad P = (P, n, u). For each f;X ——> Y in Setp, let

f: X —— P(Y) beits associated morphism in Ser and

X —— PY)
\ /!
; m,
Iy
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be the (Epi, Mono) factorization of f. Define ey =n;,f": X ——= P(ly) . One
can easily verify that f: mgér. Now let M = {ni : f € Setp}.

For each morphism f; X —— Y in Setp, let s’ be a section of f’ and de-
fine s=nxs':1lf —— P(X). We have puj; Ples)s = s, P(ni,) P(fInxs =
P(fynxs"=ni, f's' = ni,,i.e., €58 = 1;,. Hence €y is a retraction and so, by Example
4.6, M is a quasi right factorization structure.

To show M is not a right factorization structure, let X = {x, x’, x"} and consider
themap f: X ——= P(X) taking all the points to {x}. Let

f
X — X
\ 1" /
k iy,
Iy
be any factorization of f , with m1, obviously in M. The commutativity of the triangle,

after some computations, implies that k(x), k(x) and k(x”) are equal to {{x}} or
{@, {x}} with no specified order. The commutative square

X4>Ig

S
|

X —mm X

has no diagonal, since if w is a diagonal, w ok =1, implying w({x}) = {{x}, {x'}}
or w({x})) Uw(@) = {{x}, {x'}} and also that w({x}) = {{x, x'}} or w({x}) Uw (@) =
{{x, x'}}. One can now see that non of the four cases hold.

Example 10 In the category Top, let M={ h®h:heTop}. Any f: X —— Y
can be factored as f = (f @ f)v;, where v, is the injection of the coproduct. Now
if f=(h@®h)og,then f& f=((hdh)og)®(hdh)og)=(hDh)o(gdg).So
M is a quasi right factorization structure.

To show M is not a right factorization structure, consider the identity morphism

lx : X —— X ,where X is the one point space. Let

Ix

X X

\ I
r 898

Z112

@ Springer



756 S.Sh. Mousavi, S.N. Hosseini

be any factorization of f, with g @ g obviously in M. The commutative square

X Z11z
Z11Zz 8Dg
geégi

X X

Ix

has w =1 and w’ = r(g ® g) as diagonals. But w # w’, because otherwise Z [ Z is
isomorphic to a singleton space and that is a contradiction.
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