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Abstract The notions of a cleft extension and a cross product with a Hopf algebroid
are introduced and studied. In particular it is shown that an extension (with a
Hopf algebroid 77 = (77, 7%)) is cleft if and only if it is J#x-Galois and has
a normal basis property relative to the base ring L of J¢7. Cleft extensions are
identified as crossed products with invertible cocycles. The relationship between the
equivalence classes of crossed products and gauge transformations is established.
Strong connections in cleft extensions are classified and sufficient conditions are
derived for the Chern—Galois characters to be independent on the choice of strong
connections. The results concerning cleft extensions and crossed product are then
extended to the case of weak cleft extensions of Hopf algebroids hereby defined.
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1 Introduction

Cleft extensions of algebras by a Hopf algebra, or cleft Hopf comodule algebras, are
one of the simplest and best known examples of Hopf-Galois extensions. Indeed, by
[20, Theorem 9] a Hopf—Galois extension with the normal basis property is necessar-
ily a cleft extension. With geometric interpretation of Hopf-Galois extensions over
fields as non-commutative principal bundles, cleft extensions can be understood as
such principal bundles that every associated bundle is trivial. Motivated by examples
coming from non-commutative differential geometry, the notion of a Hopf—Galois
extension was generalised to a coalgebra-Galois extension in [15, 16]. Subsequently,
the notion of a cleft coalgebra extension was introduced in [12, p. 293], and most
comprehensively studied in terms of cleft entwining structures in [1, 19]. The latter
were extended further to weak entwining structures in [2, 3].

The aim of the present paper is to extend the theory of cleft extensions in a
different direction, in the first instance motivated by recent developments in the
theory of depth-2 and Frobenius ring extensions [21-23], in long term motivated
by the increasing interest in Galois-type extensions with Hopf algebroid symme-
tries [4, 8]. Thus we introduce and study basic properties of Hopf algebroid cleft
extensions. Very much as cleft extensions for Hopf algebras are an example and
a testing ground for more general Hopf—Galois extensions, also Hopf algebroid
cleft extensions provide one with a useful tool (or a toy model) for more general
Hopf algebroid extensions. In particular, as announced in [9], cleft extensions for
Hopf algebroids give a concrete illustration to the relative Chern—Galois theory. In
fact the current paper can be considered as a sequel to [9] in which the ideas and
results, announced in a few examples, are developed in detail and further extended.
Specifically, in Section 5, sufficient conditions for the existence of (strong connection
independent) relative Chern—Galois characters in Hopf algebroid cleft extensions
are stated.

The construction of Hopf algebroid cleft extensions, although motivated by
similar ideas, is significantly different from that of cleft Hopf algebra (or coalgebra)
extensions. One should remember that a Hopf algebroid involves two different
coring (and bialgebroid) structures on the same k-module. The interplay between
these intricate structures is an immanent feature of Hopf algebroid extensions. This
is already present in the notion of a convolution inverse (cf. Definition 3.1), which
relates two coring structures on the same k-module, but is perhaps most significant
in the characterisation of cleft extensions in terms of the Galois and normal basis
properties (cf. Theorem 3.12): a cleft .7/-extension is a Galois extension with respect
to the right bialgebroid .7/% but it has a normal basis property with respect to the left
bialgebroid 777 .

In the standard Hopf algebra theory, cleft extensions of Hopf algebras are
examples of crossed products with Hopf algebras: indeed a cleft extension is
the same as a crossed product with an invertible cocycle (cf. [20, Theorem 11],
[6, Theorem 1.18]). Motivated by this correspondence, we also develop a general
theory of crossed products with bialgebroids and Hopf algebroids. In particular
this involves developing the notions of a measuring and a 2-cocycle, while to relate
different crossed products one needs to give meaning to gauge transformations and
equivalent crossed products. In parallel to the bialgebra case, we show in Theorem 4.7
that two crossed products are equivalent if and only if one is a gauge transform of
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the other. We then identify cleft extensions of Hopf algebroids with crossed products
with invertible cocycles (cf. Theorem 4.11 and Theorem 4.12). A generalisation of
this theory to the case of weak crossed products is then outlined in Appendix.

Finally, we would like to indicate that the cleft extensions of the present paper can
be placed in a broader context. A (weak) entwining structure (A, D, ¥) determines
a coring extension D of the canonical A-coring %, in the sense of [13]. The cleft
property of an entwining structure can be formulated as a feature of A as an
entwined module (i.e. a % -comodule). Although it is not possible to find a cleft
entwining structure behind a cleft extension B € A of a Hopf algebroid .7 (with
left L-bialgebroid .77 and right R-bialgebroid 7#%), there is still an associated coring
extension. Namely, the constituent L-coring in 7 is a right extension of the A-coring
€ = A Qg H %, such that A is a €-comodule. Inspired by this observation, a unified
approach to all known notions of cleft extensions in terms of coring extensions is
developed in [11].

Notation Throughout this paper we work over an associative unital commutative
ring k. An algebra means an associative unital k-algebra. Unit elements are denoted
by 1 and multiplications by pu (or by 1g, ug if the algebra R needs to be specified).
Categories of left, right, and bimodules for an algebra R are denoted by kM, M and
rMpg, respectively. Their hom-sets are denoted by Homg _ (—, —)Hom_ z(—, —) and
Hompg z(—, —), respectively.

Categories of left and right comodules for a coring % are denoted by “M and
M7, respectively. For their hom-sets we write Hom%”(—, —) and Hom”%)(—, -),
respectively.

2 Preliminaries
2.1 Bialgebroids
A bialgebroid [24, 27] can be considered as a generalisation of the notion of a
bialgebra to arbitrary (non-commutative) base algebras. A (left) bialgebroid over
a base algebra L consists of an L ®x L°P-ring structure (H, u, n) and an L-coring
structure (H, y, ) on the same k-module H. Denoting the restriction of the unit

map 1 : L ®; L°? — H toL ® 1 (the so called source map) by s and its restriction
to 1 ®g L°P(the target map) by t, the bimodule structure of the L-coring is given by

Wl =s(Ot(lh, forall [,I'e L, he H.
The range of the coproduct is required to be in the Takeuchi product
Hx; H := { Zhi@?hg IS H@LpH ‘ Zhit(l)@h; = Zh@h;s(l)w el } ,
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which is, indeed, an algebra by factor wise multiplication. The following compatibility
conditions are required between the L ®; L°’-ring and the L-coring structures.

vy = 1u®ly, (2.1)
y(hh') =y (h)y (), (22)
7(ly) =1z, (2.3)
7 (hs(r(h'))) = 7 (hh), (2.4)
7w (ht(z(h')) = 7 (hh), (2.5)

forallh, W € H.

The L-L bimodule structure of the coring underlying a left bialgebroid is defined
in terms of the multiplication by s(/) and #(/) on the left. Right bialgebroids are
defined analogously in terms of multiplications on the right. For more details we
refer to [23].

Thus a bialgebroid is given by the following data: k-algebras H and L, and maps
s (the source), ¢ (the target), y (the coproduct) and 7 (the counit). We write .Z =
(H, L,s,t,y, ).

Note that if & = (H, L,s,t,y, ) is a left bialgebroid, then so is the co-opposite
Zeop = (H, L°P, t,s5, y°P, ), where L°P denotes the algebra that is isomorphic to L
as a k-module, with multiplication opposite to the one in L, and y°’ : H - H Qo
H, h— h@) ®rer hqy is the coproduct, opposite to y : H > HQp H, h— hg) ®y,
h@). The opposite, £ = (H?, L, t, s, y, ) is a right bialgebroid.

2.2 Hopf Algebroids

Hopf algebroids with bijective antipodes have been introduced in [10]. In [7] the
definition was extended by relaxing the bijectivity of the antipode.

A Hopf algebroid consists of two (a left and a right) bialgebroid structures on
the same total algebra. The source and target maps of the left bialgebroid .77 =
(H,L,sp,tr,yr, 1) and of the right bialgebroid 7% = (H, R, sg, tg, YR, TR) are
related by the following axioms.

s omy otgr = IR, tpom,oSg =8sg and
SROMTROl =1, I[ROMTROS, =S8. (26)
These conditions imply that the left coproduct y; is R-R bilinear and the right

coproduct yr is L-L bilinear. Each coproduct is required to be left and right colinear
with respect to the other bialgebroid structure, i.e. the following axioms are imposed:

(VL@H) oyR = (H®)/R) oyr  and ()/R®H) oyL= (H®)’L) oyr. (2.7)
R L L R
An R ®; L-R ® L bilinear map S : H — H,i.e. a k-linear map, such that

SrHhtr(r)) =sg(MS)s (1) and S ErMht () =s,()S()sgr), (2.8)
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forr € R, € L and h € H, s called an antipode if
MHo(S@H)oyL:sRonR and /LHO(HQRg)S)oyR:sLOJTL. (2.9)

For a Hopf algebroid we use the notation J# = (7, %, S).

Since in a Hopf algebroid there are two coring structures present, we use two
versions of Sweedler’s index notation for coproducts. For any h € H, we write
yr(h) = hY @ g h® (with upper indices) for the right coproduct and y;. (h) = hq) ®1.
h() (with lower indices) for the left coproduct.

Remark 2.1 In the formulation of Hopf algebroid axioms, given in Egs. 2.6, 2.7,
2.8 and 2.9, the left bialgebroid .77, and the right bialgebroid .7z play symmetric
roles. It turns out, however, that this set of axioms can slightly be reduced. Namely,
the second equality in Eq. 2.8 can be derived from the other axioms. This can be
seen by the following computation (and its symmetric version, in which the order of
multiplication and roles of 7#7 and J#% are interchanged). For/ € L and 4 € H,

Sthtr (1)) = S (tr (o (h)) hant D)) = S (haytr D) st (w1 (hey))
= S(hw) se (L (ks D)) = S(ha)) h(z)“)sL(l)S(h(z)@))
= S(h" 1)) hV s () S(h?) = sk (g (V) s () S(RP)
=s.(Dsg (tr (hD)) S(h?) = sp.()S (WPtr (wr (K1)
=s.(1)Sh).

The first equality follows by the fact that 7, is counit of y; and the last one follows
since 7 is counit of yg. The second and the penultimate equalities follow by the first
equality in Eq. 2.8. The third equality follows by the bialgebroid axiom, requiring that
the range of y; is in the Takeuchi product H x; H. The fourth equality follows by
Eqgs. 2.9 and 2.6, as the latter implies — together with the left R-linearity of y — that
yr(hsp (1)) = hWsp (1) ®g h'?. The fifth equality is a consequence of the right J#%-
colinearity of y;, i.e. Eq. 2.7. The sixth equality follows by Eq. 2.9, and the seventh
one follows by Eq. 2.6, implying sy (I)sg(r) = sg(r)sp(l),forr € Rand!/ € L.

It is proven in [7, Proposition 2.3] that the antipode of a Hopf algebroid is both
an anti-multiplicative map, i.e. S(hh') = S(W')S(h), for h, € H, and an anti-
comultiplicative map, ie. S(h)1) QL Sh)o= Sh®)®, Sh) and Sh)V @r
S(h)® = S(he)) ®r S(hay), for h € H, (note the appearance of left and right coprod-
ucts in both formulae). The maps

mroty, : L°? - R and mposg: R— L°P (2.10)

are inverse algebra isomorphisms.

Note that for a Hopf algebroid %= (7, #%,S) also Hiop=((HR)cops
(#1)hy, S) is a Hopf algebroid. If the antipode S is bijective, then also J#%,, =
(A0 cops (HR)cop, S™1) and FP = ((A#R)°P, (#71)°P, S~') are Hopf algebroids.

Convention Throughout, whenever it is said ‘Hopf algebroid .77, it is meant a Hopf
algebroid with all the structure modules and maps as in this section.
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2.3 Comodule Algebras for Bialgebroids

Let Z = (H, R, s, t,y, ) be a right bialgebroid and M a right %-comodule, that is,
a right comodule for the R-coring (H, y, ). This means [17, 18.1] that M is a right
R-module and there exists a right R-linear coassociative and counital coaction, p :
M— M®gr H, m— m” @z m!" (note the upper Sweedler indices indicating the
involvement of a right bialgebroid). By the power of the bialgebroid structure, M can
be equipped with a unique left R-action such that the range of p is in the Takeuchi
product

M xrH = [ Zm,«%hi € M(%H ‘ Zrm,@h; = Zm@)t(r)h;‘dr eR ;. (211)

The left R-multiplication in M takes the form since it commutes with the right
R-action, M becomes an R-R bimodule in this way

rm = mx (t(r)m“]) = m[o]n(s(r)m[l]) , forallr e R, me M. (2.12)

One checks that any Z-colinear map is R-R bilinear. In particular the coaction
satisfies

p (rmr') = mesryms), forallr,7¥ € R, me M. (2.13)
R

The category of right Z-comodules is a monoidal category with a strict monoidal
functor to the category gMpg of R-R bimodules [25, Proposition 5.6]. The R-action
and Z-coaction on the tensor product of two comodules M and N are given by

(m®n) - r = menr, (m®n)l0] ® (m®n)m = (m[0]®n[0]) @mMup (2.14)
R R R R R R R
forallre Rm®rne M Qg N.

A right Z-comodule algebra is a monoid in the monoidal category of right %-
comodules; hence, in particular, it is an R-ring.

The R-coring (H, y, ), underlying a right R-bialgebroid Z, possesses a grouplike
element 1. The coinvariants of a right Z-comodule M with respect to the grouplike
element 14 are the elements of

M@ = { meM ‘ mO%e@m" = me1y } .
R R

It is straightforward to check that if A is a right Z-comodule algebra, then its
coinvariants form a subalgebra B: = A%, In this case the algebra extension B C A
is termed a right %-extension.

A right Z-extension B C A is a right %Z-Galois extension if the canonical map

cang : A@A — A(%)H, a@a’ — aa’[o]@a’“], (2.15)

is bijective, i.e. the A-coring A ® g H with the coproduct A ®x y, the counit A g 7
and with the A-A bimodule structure a;(a ® h)a, = a,aa,'"! @ ha,'", is a Galois
coring [21].

Analogously, a right comodule N, with coaction n — njy; ® 11 (note the lower
Sweedler indices indicating the involvement of a left bialgebroid), for the L-coring
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(H,y, ), underlying a left bialgebroid .¥ = (H, L, s, t, y, ), can be equipped with
a left L-action

In = ni)w (I’l[]]S(l)) = niow (n[l]t(l)) s forallle L,ne N. (216)

The category of right .#-comodules is a monoidal category with monoidal product,
the module tensor product over L°P. The right L-action and .Z-coaction on the
tensor product of two .#-comodules M and N are

(mgn)-t=mign. (mgn), ® (ngn), = (mogmo) gmum,
forallle L,m®;n e M ®p N.Right £-comodule algebras are defined as monoids
in the monoidal category of right .Z-comodules — hence they are, in particular, L°P-
rings. Coinvariants are defined with respect to the grouplike element 1. An algebra
extension B C A is called a right Z-extension if A is a right .#-comodule algebra
and B = A< A right Z-extension B C A is said to be right .#-Galois if the
canonical map

can : AQA — A®H, a@a/ — a[o]a’(?a[l], (2.17)

is bijective.

Right comodules for a left bialgebroid . are canonically identified with left
comodules for the co-opposite bialgebroid .%;,,, thus resulting in a monoidal equiv-
alence 4«»M ~ M~ . This identification leads to analogous notions of left comodule
algebras, left .Z-extensions and left .Z’-Galois extensions.

2.4 Comodule Algebras for Hopf Algebroids

By the Hopf algebroid axioms (2.7), the total algebra H of a Hopf algebroid
FC = (AL, H%R, S) is both an 77 -7% bicomodule with coactions provided by the
coproducts y;, and yg, and an J#%-7¢7, bicomodule with coactions yz and y.. That
is, in the terminology of [13], the coring underlying 7% is a right extension of the
coring underlying /7, and vice versa. By [13, Theorem 2.6], this implies that there
exist unique k-additive functors U : M7% — M7 and V : M7*t — M”%*_such that
the forgetful functors Fp : M?* — My and F; : M7t — M, satisfy

FR:FLOU and FL:FROV,

(meaning that U(M) or V(M) are equal to M as k-modules). Explicit forms of
functors between comodule categories corresponding to coring extensions can be
found in [13]. The application to the present situation gives that the functor U maps
a right #%-comodule M, with coaction m — m!¥ @ g m'!, to the right L-module

ml = mg (t,(Hm") = nr@ ())m,  forallle L, me M, (2.18)
with right 77 -coaction
m > mzg (mM ) @mt ), forallm e M. (2.19)
L

On sets of comodule maps U acts as the identity function.
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Analogously, the functor V maps a right .77 -comodule N, with coaction n
nyo) 1. npip, to the right R-module

nr = R rL (n[l]sR(r)) = w7 (sr(r)n, forallr € R, n€ N, (2.20)
with right .7/%-coaction
n— n[o]ﬂL(n[l](l))®n[1](2), foralln e N. (221)
R

On sets of comodule maps V acts as the identity function.

Theorem 2.2 Let 5 = (7., 7R, S) be a Hopf algebroid. The functors U : Mk —
M7 in Eq. 2.18 and (2.19), and V : M7t — M”% in Eq. 2.20 and (2.21) are strict
monoidal inverse isomorphisms.

Proof In order to see that U is strict monoidal we compute the .77 -comodule
structure on U(M ®pg N), for two #%-comodules M and N, with respective coactions
mi—> m% Qg m! and n — nl% @z nl.

The right L-module U(M ®r N) can be identified with U(M) ® 1» U(N) via the
algebra isomorphism (2.10). In view of Eq. 2.18, the right L-action on this module is
given by

(m@n) I=nagri.)) (m(%n) = nR(tL(l))m(%n = ml@n,

forall/le Land m @ g ne M ®@g N. By (2.19), the right 77 -coaction on U(M ®x N)
maps an element m Qg n to

(mn) e () o(mzn)” @)

In light of the form (2.14) of the #%-coaction on M ® g N and the bialgebroid axiom
(2.2), the expression (2.22) is equal to

1 1 1 1
<m[0](%n[O]JTR(m[ Toyn! ](1))) @m[ Loy ).

By the right bialgebroid analogue of axiom (2.5) and the fact that by construction
the range of the J#z-coaction on N is in the Takeuchi product (cf. Eq. 2.11), the
expression (2.22) is equal to

(m[o]§”R (m ) ”[O]”R(”[”<l>)) om!tlgnlle,
= (m[o]”R (m" ) @ntmg (n[”u))) om!tlpnlle). (223)

Using the canonical isomorphism of right L-modules, U(M ® g N) >~ U(M) Qo
U(N), and comparing Eq. 2.23 with (2.19), we conclude that the.7#7 -coactions on
UM ®gN) and on U(M) ®r» U(N) are equal to each other, hence U is strict
monoidal. Let M be a right ##k-comodule with coaction m > m!% @ g m!!l. Using
the forms (2.16) of the left L-action on the right .77 -comodule U (M) and Eq. 2.18
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of the right L-action on the right J#z-comodule M, the left L-action on U(M) is
computed to be

LM — M, l@m — Im = mug(tp(l)). (2.24)
k k

Hence applying Eq. 2.20, we can relate the right R-action on V(U(M)) to the left
L-action on U(M), and applying (2.24), also to the right R-action on M. After these
steps we arrive at the right R-action on V(U (M)),

M®R — M, mer > wL(sg(r))m = mag(tL(7L(sr(r))) = mr,

which is equal to the right R-action on M. The last equality of the computation
follows by the Hopf algebroid axiom (2.6).

The right J#%-coaction on V(U(M)) is computed using (2.21), Eq. 2.18 and (2.19).
It maps m € M to

Q)] (2)
TR ([L <7TL (m“](z) ))) m[O]nR (m[”(])) %m“](z) . (225)

Using the Hopf algebroid axiom (2.7) and the form (2.12) of the left R-action on M,
the expression (2.25) can be simplified to

1 1 @ 1 @ 2 1
ml (tL (i (M o)) m 1y Vs (7TR (m[ Ty ))) @m[ 1 _ m[m@m[ I

where in the last step the counit property of wg, the counit property of 7, and the

counitality of the ##%-coaction on M have been used. This proves that V o U is the

identity functor on M”?%. The identity U o V = M”. is proven in a symmetric way.
m]

The content of Theorem 2.2 and [13, Theorem 2.6] can be summarised in the
following commutative diagram of functors.

14
M7 M“Z%r
\ v /
Lo M o RMR
\ ’ /
My

The unlabeled functors are forgetful functors and u and v are restrictions of scalars
functors along the algebra isomorphisms (2.10). The functors U, V, u, v and the
forgetful functors M?* — xMg and M?*t — ;.,,M/., are strict monoidal.

In view of Theorem 2.2, we do not distinguish between #%- and .77 -comodules
in the case of a Hopf algebroid J#: we call them simply .7#-comodules. For the .7/%-
coaction on a right .77-comodule M we use Sweedler type index notation p : m
m% @ g m! (with upper indices) and for the corresponding .77 -coaction we write
At m— my ® myy (with lower indices), for m € M. Also, by an .7/-colinear map
we mean an ¢%- or, equivalently, an .77 -colinear map. Note that in particular a right
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Jr-coaction, being .7#%-colinear (i.e. coassociative), is also .77 -colinear, and a right
J¢1,-coaction is .#g-colinear.

By the strict monoidality of the functors U and V, a right J#%-comodule algebra
A is also a right 777 -comodule algebra, and vice versa. Hence we can call A an J7-
comodule algebra. It is, in particular, an R-ring and an L°’-ring. By Eq. 2.18, the unit
of the L°P-ring A can be expressed in terms of the unit ng : R — A of the R-ring as

L? — A, I+ nrompgotr.

Using explicit forms (2.19) and (2.21) of functors U and V, it is easy to see that
the J#%-coinvariants and the .777 -coinvariants of an .#-comodule are the same. In
particular, an algebra extension B C A is a right J#k-extension if and only if it is
a right 77 -extension. The notions of right 7#%-Galois extensions and of right .77 -
Galois extensions are known to coincide, however, only if the antipode of the Hopf
algebroid .77 is bijective [8, Lemma 3.3].

By applying the same arguments to the Hopf algebroid o, and using the
identification of right comodules for a bialgebroid and left comodules for its co-
opposite, one derives analogous results for left comodules.

With the help of the antipode, to any left .7#-comodule M with .7¢z-coaction m
m!=1 @ g ml%, one associates a right #-comodule M with 7 -coaction

M — M®H, m > m®S (m="), (2.26)
L L

where the L-module structures are defined via the algebra isomorphisms (2.10). If
the antipode is bijective, then this results in an anti-monoidal isomorphism “xM ~
MR eop —s MZEL.

3 77-Cleft Extensions

Recall that to an L-ring A (with multiplication p: A®; A — A and unit map
n:L — A)andan L-coring H (with comultiplication y : H - H® H and counit
7 : H— L), one associates a convolution algebra Homy, ; (H, A), with multiplica-
tion jo j': =puo(j®L j)oy and unit nox. The first aim of this section is to
develop a generalisation of the notion of a convolution algebra and, in particular,
of a convolution inverse suitable for Hopf algebroids.This will make it possible to
interpret in particular the antipode of a Hopf algebroid as the convolution inverse of
the identity map.

As explained in Section 2.2, a Hopf algebroid is built on a k-module with two
coring structures. Although we are primarily interested in Hopf algebroids, in general
there is no need to put any special restrictions on these coring structures. Dually, one
can consider a k-module with ring structures over two different rings. In this more
general situation the convolution algebra (which is simply a k-linear category with a
single object) can be generalised to a Morita context (i.e. a k-linear category with two
objects). The notion of a convolution inverse is introduced within this convolution
category.

Let L and R be k-algebras and let H and A be k-modules. Assume that A is an
L-ring (with multiplication u; : AQ;, A — A and unit n; : L — A) and an R-ring
(with multiplication ug : AQrA — A and unit ng : R — A). Assume that A is an
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L-R and R-L bimodule with respect to the corresponding module structures, jz. is
R-R bilinear and w g is L-L bilinear, and that

K o (AQ?MR) = URO (ML(%A) ; R © <A§ML) =[Lo (MR@A) . (3

Dually, assume that H is an L-coring (with comultiplication y; : H - H® H and
counit 77, : H — L) and an R-coring (with comultiplication yz : H - H®gH and
counit wg : H — R). Assume further that H is an L-R and R-L bimodule with
respect to the corresponding module structures, such that y; is R-R bilinear, yg is
L-L bilinear and

(HQL@VR) oyL = (J/U%H) O VR: (H<§>VL) OYR = (VR@L@H) oYL (3.2)

To the above data one associates a k-linear convolution category Conv(H, A) as
follows. Conv(H, A) has two objects, R and L, and morphisms

Conv(H, A)(P, Q) = Homg p(H, A), P, Qe {L, R},

with composition ¢, defined for all ¢ € Homp o(H, A) and ¢ € Homg s(H, A),
P,0,Se{L,R},

¢ oY =ngo (¢8V) o yo € Homps(H, A).

Note that the identity morphism in Conv(H, A)(P, P)is np o 7p. The conditions (3.1)
and (3.2) together with coassociativity of the coproducts in H and associativity of
products in A ensure that the composition ¢ is an associative operation.

Definition 3.1 Let Conv(H, A) be a convolution category and let j be a morphism in
Conv(H, A). A retraction of jin Conv(H, A) is called a left convolution inverse of j
and a section of jin Conv(H, A) is called a right convolution inverse of j. If jis an
isomorphism in Conv(H, A), then it is said to be convolution invertible; its inverse is
called the convolution inverse of j and is denoted by ;€.

Remark 3.2

(1) A k-linear category with a single object a can be identified with the k-algebra
End(a) of the morphisms in the category. In a similar manner, a k-linear
category with two objects a and b can be identified with a Morita context
as follows. The composition of morphisms makes k-modules Hom(a, b) and
Hom(b, a) bimodules for k-algebras End(a) and End(b). Furthermore, the
restriction of the composition to the map Hom(a, b)@Hom(b, a) — End(b) is
an End(a)-balanced End(b)-bimodule map. That is, it is a composite of the
canonical epimorphism Hom(a, b) ®, Hom(b, a) - Hom(a, b) ®gnd@ Hom
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(b,a), and an End(b)-bimodule map, F,:Hom(a, b) ®gndy Hom(b, a) —
End(b). Similarly, the map Hom(b, a)@Hom(a, b) — End(a), obtained by re-
stricting the composition, factors through the canonical epimorphism and the
End(a)-bimodule map, F}, : Hom(b, a) ®gna) Hom(a, b) — End(a). Using the
associativity of the composition of the morphisms in a category, one easily
checks that the 6-tuple (End(a), End(b), Hom(b, a), Hom(a, b), F,, F) is a
Morita context. Clearly, there is a category of this kind behind any Morita
context.

In particular, the convolution category Conv(H, A) can be identified
with a Morita context connecting convolution algebras Hom, ;(H, A) and
HomR,R(H, A)

(2) Inthecase L = R,y; = Yr, 7L = TR, LR = XL, R = NL,1.e. when there is one,
say, L-coring H and one, say, L-ring A, the convolution category Conv(H, A)
consists of a single object. The algebras in the corresponding Morita context
are both equal to the convolution algebra Hom, ; (H, A), the bimodules are
the regular bimodules and the connecting homomorphisms are both equal to
the identity map of Hom, ;(H, A). In a word: the Morita context reduces
to the convolution algebra. Thus an L-L bimodule map j is convolution
invertible in the sense of Definition 3.1 if and only if it is an invertible element
of the convolution algebra Hom, ; (H, A).

(3) Conditions 3.1, imposed on the R-ring and L-ring structures of A, imply that the
underlying k-algebras are isomorphic via the map A 3 a+— pur@®gn(ln)),
with the inverse a — (@ @1 nr(1g)).

(4) Conditions 3.2, imposed on the two coring structures of H, imply that the L-
coring H is a left (and right) extension of the R-coring H, while the R-coring
H is a right (and left) extension of the L-coring H, with the coactions given by
the coproducts, in the sense of [13].

We can now exemplify the contents of Definition 3.1 with the main case of interest,
whereby the coring structures on H constitute bialgebroids. Consider a right bialge-
broid .7z = (H, R, sg, tr, Yr, 7r) and a left bialgebroid .7¢7 = (H, L, s, tL, yL, L)
on the same total algebra H, which satisfy conditions (2.6) and (2.7). In this situation,
compatibility conditions for coring structures on H in the definition of a convolution
category, including Eq. 3.2, are satisfied. For a target of convolution invertible maps
take an R®yL-ring A. In this case the unit maps ng and n; are obtained as the
restrictions of the unit map R®;L — A to RQ;1; and to 1 g®y L, respectively. There
is no need to distinguish between the products of A as an R-ring and as an L-ring,
so we write simply 4 for the product in A, and it becomes clear from the context,
how this should be understood. Since we are dealing with a single product, it makes
sense to denote the action of 4 on elements by juxtaposition. One immediately
checks that all the compatibility conditions between the L-, R-ring structures on A
in the definition of a convolution category are satisfied, in particular (3.1) follow by
the associativity of u 4. All this means that, for two bialgebroids .77 and .7% on the
same total algebra H, such that Eqgs. 2.6 and 2.7 hold, and an R® L-ring A, there
is a convolution category Conv(H, A). We can now make explicit the contents of
Definition 3.1 in this case. This essentially means describing explicitly all the L-, and
R-actions involved.
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For left and right bialgebroids .77, and .#% on the same total algebra H, such that
Eqgs. 2.6 and 2.7 hold, and an R®L-ring A, amap j: H — A is an L-R bimodule
map provided

jr@)hsg@r)) =npd) j(hyng@r), forall le L,re R, he H. (3.3)
Similarly, j: H — A is an R-L bimodule map if
jrd) htr(r) = nr(r) jWynL), forall leL,reR, he H. (3.4)

A right convolution inverse of j € Hom; r(H, A) is a map ;e Hompg . (H, A) such
that

MAO(].(%;)O‘)/R:ULOJTL. (35)
A left convolution inverse of jis a map } € Homp 1 (H, A) such that

Hao (}@]) oYL =MNROTR. (3.6)

Obviously, by the associativity of the composition in Conv(H, A),if amap j: H —
A satisfying Eq. 3.3 has both left and right convolution inverses, then they coincide
and hence the convolution inverse of an L-R bimodule map j is unique.

Example 3.3 Let 3¢, = (H, L,sp.t.,yL, 7r) be a left bialgebroid and % =
(H, R, sr, tr, Yr, Tg) be a right bialgebroid, on the same total algebra H. Assume
that the compatibility conditions (2.6) and (2.7) hold. Consider the R ®; L-ring struc-
ture on H, defined by the unit map R®x L — H,r Qi l+> sgr)sp () =sp()sr().
It gives rise to a convolution category Conv(H, H). In light of Eq. 3.3, the identity
map of H is an element of Conv(H, H)(R, L). By Egs. 3.4, 3.5 and 3.6, the identity
map possesses a convolution inverse S if and only if the first equality in Egs. 2.8 and
2.9 hold true. Hence it follows by Remark 2.1 that (77, 7%, S) is a Hopf algebroid
if and only if S is convolution inverse of the identity map in Conv(H, H) (in the same
way as the antipode of a Hopf algebra H over a ring k is the inverse of the identity
map in the convolution algebra Endy(H)).

Example 3.4 Example 3.3 can be extended as follows. Take a Hopf algebroid 57 =
(F1, 7%, S) and a left 77 -module algebra B. (The role of B is played by the base
algebra L in Example 3.3.) The smash product algebra A: = B x H is defined as
the k-module B®; H with product

(b xhy (b xh): =b(ha -b') xhah,

(cf. [23, Section 2.3]). Here, the left L-module structure on H is given by the
multiplication by s; (/) on the left. A is an R-ring with ng(r) = 15 x sg(r) (and hence
an L°P-ring with unit / +— 1 x ¢,(/)) and an L-ring with unit n; (/) = 15 x sy ().
Since the elements ng(r) and nz (/) commute in A, foranyr € Rand/ e L, A is an
R ® L-ring.

The L-R bimodule map j: H — A, h +— 1p X his convolution invertible with the
inverse j°: H — A, h+> 1 x S(h) (cf. Eq. 2.9).

The notion of a convolution inverse, once established, plays the fundamental role
in the definition of a cleft extension of a Hopf algebroid, which we describe presently.
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Let 7 be a Hopf algebroid and A a right .77-comodule algebra. Then A is, in
particular, an R-ring. The unit of this R-ring, the algebra homomorphism R — A,
is denoted by ng. The coinciding k-subalgebra of 7#%- and of .77 -coinvariants in A
is denoted by B.

Assume that A is also an L-ring, with unit n; : L — A, and B is an L-subring of
A. The latter implies that both the .7#%-coaction p?, and the .77, -coaction 14 are left
L-linear. Since p* is R-R bilinear (cf. Eq. 2.13),

pd (bnr(r) = b®sr(r) = o (Mr(Nb), forallr e R, b € B.

Thus it follows that B is in the commutant of the image of ng.
Recall from Section 2.3 that any right .77-colinear map j: H — A isright R-linear
in the sense of Eq. 3.3 and left R-linear in the sense that

Jsr(Nh) = ngr(r) j(h), (3.7)
forallr € Rand h € H (cf. Eq. 2.12).

Definition 3.5 Let 77 be a Hopf algebroid and A a right JZ-comodule algebra.
Denote by ng(r) =r- 14 = 14 - r the unit map of the corresponding R-ring structure
of A.Let B be the subalgebra of 77 -coinvariants in A. The extension B C A is called
FC-cleft if

(a) Aisan L-ring (with unitn; : L — A) and B is an L-subring of A;
(b) There exists a convolution invertible left L-linear right .7#’-colinear morphism
j: H— A.

A map j, satisfying condition (b), is called a cleaving map.

Condition (b) in Definition 3.5 means, in particular, that a cleaving map is L-R
bilinear in the sense of Eq. 3.3.

Example 3.6 Consider a smash product algebra A = B x H of Example 3.4. Sim-
ilarly to [8, Example 3.7], A is a right .7/-comodule algebra with J#%-coaction
B ®1 yg. The subalgebra of J#-coinvariants in A is B x ly. It is an L-subring
of A. Since the convolution invertible map j: H — A, h+— 1p x h in Example 3.4
is right #7-colinear, B C A is an J#-cleft extension.

In particular, let N € M be a depth 2 (or D2, for short) extension of algebras
[23, Definition 3.1]. It has been proven in [23, Theorem 4.1] that the algebra
Endy y(M) of N-N bilinear endomorphisms of M is a left bialgebroid and M is its
left module algebra. By [23, Corollary 4.5], the algebra End_ (M) of right N-linear
endomorphisms of M, with multiplication given by composition, is isomorphic to the
smash product algebra M x Endy, y(M).

If the D2 extension N € M is also a Frobenius extension, then Endy n(M) is
a Hopf algebroid. Hence we can conclude that for any D2 Frobenius extension
N C M, the extension M C End_n(M) (where the inclusion is given by the left
multiplication) is a cleft extension of the Hopf algebroid Endy y(M).
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Lemma 3.7 Let 57 be a Hopf algebroid and B C A an J¢-cleft extension, with a
cleaving map j. Then

jer(r)h) = j°(h) nr(r), forall re R, h e H. (3.8)

Proof Use the counit property of 7, (in the first equality), right L-linearity of j, i.e.
Eq. 3.4 (in the second one), the fact that, since B is an L-subring of A, the images
of n; and of ng commute in A (in the third one), the assumption that j° is right
convolution inverse of j, i.e. Eq. 3.5 (in the fourth one), the left R linearity of j,
i.e. Eq. 3.7 (in the fifth one), axiom (2.7) (in the sixth one), the identity y; (sg(r)h) =
hay ®1, sr(Mh),forh € Handr € R, and the assumption that j° is a left convolution
inverse of j,i.e. Eq. 3.6 (in the seventh one), the left R-linearity of j°, i.e. Eq. 3.4 (in
the penultimate one) and the counit property of 7 (in the last one) to compute

Femr@) = j (tr (7L (hey)) hay) nr (@) = j° (ha) ne (7e (he)) nr (@)
= j°(hoy) nrne (7L (he)) = 7° (hay) nR(r)j(h(z)(l)) a <h(2)(2))
= j°(h) j(SR(r)hQ)(l)) i <h<2>(2)) = (h ) i sk V) j° (B?)

= nr (Tr(srMAM)) j¢ (AP) = j° (WPt (g (sr(NAD))) = j° tr(DN),
forhe Handr € R. O

In the case of a Hopf algebra cleft extension, the convolution inverse of a
cleaving map is a right colinear map, where the right coaction in the Hopf algebra
is given by the coproduct followed by the antipode and a flip. In the case of a Hopf
algebroid there are two coactions, one for each constituent bialgebroid, related by
the isomorphism functors in Theorem 2.2. The following lemma shows the behaviour
of the convolution inverse of a cleaving map with respect to these right coactions.

Lemma 3.8 Let 77 be a Hopf algebroid and B C A an 7 -cleft extension with a
cleaving map j. Then, forall h € H,

P (JS ) = j° (he) &S (hay) . (3.9)
and, equivalently,

A (jF) = ° (@) @S (h") . (3.10)

Proof Combining the module map property of the antipode, S(¢z.(/)h) = S(h)sp (),
for all I € L, h € H, with the Hopf algebroid axiom s; =tgromgos; and using
Eq. 3.8, one shows that the expression on the right hand side of Eq. 3.9 belongs to
the appropriate R-module tensor product. Next using Eq. 3.4 one finds that it is an
element of the Takeuchi product A x g H, defined in Eq. 2.11, i.e.

()¢ (he) ®S (hy) = j° (he) ®r(M)S (k) |

forallre R,he H. A xg H is an R ®L-ring with factorwise multiplication and
unit maps

Ng:R—> AxpH, rw 140sr(r) and n}:L—> AxgH I~ n.()®lp,
R R
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suchthat p4 : A - A xg Hisa homomorphism of R ®; L-rings. Furthermore, pA
j¢: H— A x g H is the convolution inverse of p* o j. We claim that the map

®:H— AxgH, hl—>jc(h(2))§s(h(l))v

is a right convolution inverse of p* o j.

Takeanyh € H,l € L andr € R. By the Hopf algebroid identity y; (tz (/) htg(r)) =
haytr(r) @ tp(I)h), the module map property of the antipode, S(htgr(r)) =
sgr(r)S(h), and the right L-linearity of j° it follows that

© (tLOHhtr) = j° (tLDhe) @S (haytr()
= j° (ha) nL(O)®sr(S (ha)) = npOHINL (D).

that is, © satisfies Eq. 3.4. Using the right .7#%-colinearity of j and the coassociativity
of yg, one computes,

[asao (ph0) ® 6) ove] ) = j(h) j* (h>P ) 0h®"s (1> )
= j(hV) j© (h® )®h(2) <1>S(h<2>(1)<2>>
=j(n") j° (h? o) ®sp (71 (A1)
(A7)
(h7)
= J(

(
(

= (1) i (W9 2) nx (rr (1 (ro ("2 0)))) @1
(

= j(h") j® (se (mL h(z)(l)))h(z)(Z))®1H

1) j° (h®) @lu=nL (r.() @1y

= [n} omr] (h).

where the second equality follows by the Hopf algebroid axiom (2.7), the third one by
the antipode axiom (2.9), the fourth one by the axiom s;, = tg o 7 o 51, in Eq. 2.6, the
fifth one by Eq. 3.8 and the penultimate one by Eq. 3.5. This proves that © satisfies
Eq. 3.5, hence © is a right convolution inverse of p# o j. In view of the uniqueness of
a convolution inverse this implies Eq. 3.9.

By Theorem 2.2, the right .7%-colinearity of j¢ (i.e. property (3.9)) is equivalent
to its J#7 -colinearity (i.e. property (3.10)). |

Remark 3.9 Recall from Section 2.4 that if the antipode of a Hopf algebroid S is
bijective, then there exists an anti-monoidal isomorphism between the categories
of right #-comodules and right J#,,-comodules. Hence in this case, in light of
the explicit form (2.26) of the relation between the 77 and (J¢%)..p-coactions,
an algebra extension B C A is a right 7/ -extension if and only if B°” C A is
a right J%,,-extension. Furthermore, B C A is an % -cleft extension if and only
if B? C A is an J€,,-cleft extension. Indeed, by Lemma 3.8, if j: H > A is a
cleaving map for the .J#-cleft extension B C A, then its convolution inverse j° is a
cleaving map for the J7,,-cleft extension B” C A°P.

Our next aim is to prove that, in parallel to the Hopf algebra case, an .7-cleft
extension can be equivalently characterised as a Galois extension with the normal
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basis property. This is the main result of this section. The main difference with the
Hopf algebra case is that a cleft /#-extension is a Galois extension with respect to
the right bialgebroid 7% but it has a normal basis property with respect to the /left
bialgebroid 77 . In preparation for this we state the following two lemmas.

Lemma 3.10 Let 57 be a Hopf algebroid and B C A an J€-cleft extension with a
cleaving map j. Then, foralla € A, aj°(aM) € B.

Proof This is checked by applying p4 to al”! j¢(al!l), noting that p4 is an algebra map
and j° satisfies Eq. 3.9, and then repeating the same steps as in the verification that
O satisfies Eq. 3.5 in the proof of Lemma 3.8. O

Lemma 3.11 Let 57 be a Hopf algebroid and B C A an 7 -cleft extension.Then the
inclusion B C A splits in the category of left B-modules. If, in addition, the antipode of
H is bijective, then the inclusion B C A splits also in the category of right B-modules.

Proof A left B-linear splitting of the inclusion B — A is given by the map
A — B, a v a%jc @) j1y), (3.11)

where j is a cleaving map. The element al% j°(al') belongs to B for any a € A by
Lemma 3.10 and j(1y) is an element of B by the colinearity of j and the unitality
of p4. The left B-linearity of the map (3.11) follows by the left B-linearity of p*.
Finally, for all b € B,

OB j(1y) =b j° () j ) = b nr(Tr(1m)) = b,

where the penultimate equality follows by the fact that j¢ is the convolution inverse
of jand the unitality of y; . If the antipode is bijective, then, by Remark 3.9, the map

A — B, a v j°(p (S (am))ap.

is a right B-linear section of the inclusion B C A. O

Notice that B ®;, H is a left B-module via the regular B-module structure of the
first tensor factor, and — since the coproducts yz and y;, are left L-linear — also a right
¢ -comodule via the regular .77- comodule structure of the second tensor factor.

Theorem 3.12 Let ¢ be a Hopf algebroid and B C A a right 7€ -extension. Then the
following statements are equivalent:

(1) B C Aisan JC-cleft extension.
(2) (a) The extension B C A is #®-Galois;
(b) A >~ BQ®y H as left B-modules and right 7¢-comodules.
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Proof
1= 2)(a)

(1) = (2)(b)
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Suppose that B C A is a cleft 7#-extension with a cleaving map j and
consider the map

(O A(%H — A?A, d?h = lljc (l’l(])) ?j(h(z)) .

By Egs. 3.4 and 3.3, j°(ha))®L j(hp)) is a well defined element of
A®; A.Since B is an L-ring, ® is a well defined map. We claim that
& is the inverse of the J#%-canonical map (2.15). Take any a Qg h €
A ®g H and compute

cang <<1> (a§>h)) = aj® (h)) j (h)" @ (he)"
= aj (h(l)) j(h(z)“)) <§§>h(2)(2)
= af° () j (o)) A
ang (7TR (h(l))) ®h(2)
R

a@h®1y (g (1)) = a@h,

where the second equality follows by the right .7#;-colinearity of j, the
third one by Eq. 2.7, and the fourth one by Eq. 3.6. On the other hand,
foralla®pad € ARp A,

P (canR (a%a/)) = aa"j° (tl/[”(l)) @/(‘1/[”@))
= aa'[o]loljc (a/[o]m) (%] (a/[ll)
_ a@a’[o][()]jc (“/[0]“]) j(a/m)
= a@a’w]jc (0/[1]<1>> @)
= a%a’[o]fm (ﬂR(a'm)) = 6@61/7

where the second and the fourth equalities follow by the right 77 -
colinearity of p*, the third one by Lemma 3.10, the fifth one by Eq. 3.6
and the last one by the counitality of p. Thus @ is the inverse of the
canonical map, as claimed.

Given a cleaving map j, consider the left B-linear map

K:A— B?H, at— alo][O]jc(alo]“])§a[1] = alo]jc (a“](l)) @d“](z).
(.12)

The equality of two forms of « follows by the right .77 -colinearity
of p4. Furthermore, Lemma 3.10 implies that the image of « is
in B®; H. In the opposite direction, define the left B-linear map
v:B®y H—> A,b ®p h+> bj(h), which is right J#-colinear by the
right colinearity of a cleaving map and the left B-linearity of the
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@)=

coaction. The map v is well defined in view of Eq. 3.3. For allb ® h €
B ®L Hs

K (u (b @h)) = b j(h)” j° (j(h)[O][l]) (?j(h)[l]

= bj(h(l)(l)) jc (h(l)(Z)) ‘%’h(Z)

= bnw (7L (h)) ®he) = b&sL (7L (ko)) he) = bOh.

where the second equality follows by the .77-colinearity of j, and the
third one by Eq. 3.5. On the other hand, Eq. 3.6 and the counitality of
p” imply, for alla € A,

v (k(a)) = a[O]jC (a[l](l)) ]'(a[l]<2)) — a[O]nR (ﬂR (a[ll)) =a.

This means that v is the left B-linear right .7#-colinear inverse of «,
hence « is the required isomorphism.

Suppose that the canonical map (2.15) is bijective and write t =
can;el(l A®—): H—> A®p A for the translation map. In explicit
calculatioﬁs we use a Sweedler type notation, for all 2 € H,t(h) =
A" @p h? (summation understood). Let ¥ : A — B®; H be an
isomorphism of left B-modules and of right 7#’-comodules and define
maps H - A

ji=x"! (13(%)—>, ji= [A(% (B(?H’L> ox] oT.

We claim that j is a cleaving map and j is its convolution inverse.
First note that since «~! is left B-linear, it is in particular left L-linear,
hence also j is left L-linear. Since «~' is also right .#-colinear, so
is j. Furthermore, the canonical map is left A-linear, hence also left
R-linear. Therefore, its inverse is left R-linear, implying that, for all
he Handr € R, t(htg(r)) = nr(r)h!Y @ h?'. With this property of
the translation map at hand, one immediately finds that, for allh € H
andr € R, f(htR(r)) = nR(r)j(h). On the other hand, by Eq. 2.13, for
alla,a’ € Aandr e R, cang(a ®p nr(r)a’) = aa™ @g sg(r)a™l. This
implies that t(sg(r) h) = A" ® 3 nr(r)A. Thus, in view of the Hopf
algebroid axiom t;, = sgomgoty,onefinds, forallh e Hand/ € L,

jarym =[A® (Bom) o] @Lm)

- [A@ (B@Lgm) o K] (h‘”(%)mg (rr (t.())) h{2>) .

Since « is right .#%-colinear, it is in particular left R-linear, where the
left R-module structure of B®; H is given by r- (b @ h) = b ®|,
sr(Mh, (cf. Eq. 2.12). By the right L-linearity of 7, and the axiom
t; = sgomgo t;, one therefore concludes that ;(tL(l)h) = f(h)nL(l),
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as required. This proves that j satisfies Eq. 3.4. It remains to check
Eqgs. 3.5 and 3.6:

= [A(%) BQLan) olc] o <1A§)f(—)) =nLomg,

where the second equality follows by the left A-linearity of the
canonical map cang, hence of can;l, the third one by the right J#%-
colinearity of jand the fourth one by the explicit form (2.15) of cang.
Furthermore,

MAo(j(%)j)oyL =40 [A@(B(%)NL)OK]O‘E@j}oyL

B

{
=[O0 [A(%) (B(%mL) o;c(%)j] o (A(%)\A> oT
= nae (AgBgmigi)o (Aghen)o (Age)or
:/LAo[A(%<B(§)j)OK]ot:/LAoT:nRorrR,

where the second equality follows by the 777 -colinearity of t, the
third one by the .77 -colinearity of «, the penultimate one by the left
B-linearity of « and the last one by (A Qg wg) o cang = u 4 and the
definition of the translation map . O

By Remark 3.9, the following ‘left handed version’ of Theorem 3.12 (1) = (2)(b)
can be formulated.

Corollary 3.13 Let ¢ be a Hopf algebroid with a bijective antipode and B C A an
FC-cleft extension with a cleaving map j. Then the right B-linear left 7¢-colinear map

A— He?B, a— S7! (a[ll)(l) (%)j (sfl (0[1])(2)) ag=S"" (a") QE,]'(S*I (@™1)) a0y,
(3.13)

is an isomorphism.

The following is an immediate consequence of Theorem 3.12.

Corollary 3.14 Let 77 be a Hopf algebroid and B C A an ¢ -cleft extension. If H is
a projective left L-module, then A is a faithfully flat left B-module.

Proof By Theorem 3.12 (1) = (2)(b), A ~ B® H as left B-modules. Since H is
projective as a left L-module, A is projective as a left B-module. Together with
Lemma 3.11 this implies the claim. O
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If the antipode of a Hopf algebroid 7 is bijective, then, by [8, Lemma 3.3], an
extension B C A is a right sZ%-Galois extension if and only if it is a right .7/7 -Galois
extension. By [8, Lemma 4.1], this is further equivalent to the left .7#%-Galois and
also to the left .77 -Galois property of the extension. Hence repeating the steps in
the proof of [9, Proposition 4.1], we conclude that Lemma 3.11, Theorem 3.12 and
Remark 3.9 imply the following

Corollary 3.15 Let ¢ be a Hopf algebroid with a bijective antipode and B C A an
FC-cleft extension. Then A is an R-relative injective right and left 7x-comodule, and
an L-relative injective left and right 7¢1 -comodule.

4 Crossed Products with Hopf Algebroids

One of the main results in the theory of cleft extensions of Hopf algebras is the
equivalent characterisation of such extensions as crossed product algebras with an
invertible cocycle (cf. [20, Theorem 11] [6, Theorem 1.18]). The aim of this section is
to derive such a characterisation for Hopf algebroid cleft extensions. First we need
to develop a suitable theory of crossed products, generalising that of [20] and [5]. We
start by extending the notion of a measuring [26, p. 139].

Definition 4.1 Let . = (H, L,s,t, y, ) be a left bialgebroid and B an L-ring with
unit map ¢ : L — B..Z measures B if there exits a k-linear map, called a measuring,
H® B— B,h®; b+ h-bsuchthat,forallhe Hle L,b,b’ € B,

(a) h-lg=(rh);
(b) (t(h)-b = (h-b)(l)and (s(Hh) -b = u()(h-b);
() h-(bb")=(hy -b)hao-b).

Note that condition (b) means simply that a measuring is an L-L bimodule map,
where H is viewed as an L-L bimodule via the left multiplication by s and z. A left
Z-module algebra B is measured by . with a measuring provided by the left H-
multiplication in B.

Definition 4.2 Let ¥ = (H, L,s,t,y, ) be a left bialgebroid and ¢ : L — B an L-
ring, measured by .Z. A B-valued 2-cocycle o on .Z is a k-linear map H ® ;» H — B
(where the right and left L°?-module structures on H are given by right and left
multiplication by #(/), respectively) satisfying

(@) o(sh, k) =)o (h, k) and o (t()h, k) = o (h, k)c(l);

(b) (hq) - ) o(hey, k) =o(h,s()k);

(©) o, h)y=urh) =0, 1);

(d) [hq) - olkay, may)]o(hay, koyma) = o(hay, kay) o (hoyko), m),

forallh,k,me H,l € L.
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An Z-measured L-ring B is called a o-twisted left £-module if a 2-cocycle o
satisfies

(e) lH b = b,
(£) [hq) - kay -b)lo(ha), k@) = o (ha, kay) (hoke) - b),

forallh, ke H,b € B.

Conditions (c) in Definition 4.2 determine the normalisation of o and (d) is a
cocycle condition. These have the same form as corresponding conditions in the
bialgebra case. Conditions (a) determine the module map properties of o while (b)
ensures that o is properly L-balanced; both are needed for (d) (and (f)) to make
sense. Condition (e) sates that a measuring is a weak action (cf. [5, Definition 1.1]).

Similarly to the bialgebra case, the map o (h, h') := «((hh')) is a (trivial) cocycle
for an .Z-measured L-ring B with unit ¢, provided that the measuring restricts to
the action on L, i - «(l) = «(w(hs(1))), for h € H and [ € L. A twisted left Z-module
corresponding to this trivial cocycle o is simply a left .#-module algebra.

Proposition 4.3 Let £ = (H, L,s.t,y, ) be a left bialgebroid and « : L — B an L-
ring, measured by £. Let o : H®» H— B be a map, satisfying properties (a)
and (b) in Definition 4.2. Consider the k-module B ® ; H, where the left L-module
structure on H is given by multiplication by s(l) on the left. B ®; H is an associative
algebra with unit 15 ® 1, 1y and product

(Bot) o (Bot) — (Bot).
(b Q?h) ® (b/@h') = b (D)o (hoy, i) @Ry, (4.1)

if and only if o is a cocycle and B is a o-twisted £-module. The resulting associative
algebra is called a crossed product of B with £ and is denoted by B#,.Z.

Note that the smash product algebra in Example 3.4 is a crossed product with a
trivial cocycle.

Proof The element 1p#1y is a left unit if and only if

b#h = (IH . b)O’ (lH, h(]))#h(z), for all b#h € B@H (42)

If o(1y,h) =(n(h)) and 1 -b = b, then Eq. 42 obviously holds. On the other
hand, applying B ®; 7 to Eq. 4.2 we arrive at the identity

bi(mrh) =y -b)o (ly,h), forallb € B, h € H. (4.3)
Setting b = 1 in Eq. 4.3 we obtain o (15, h) = (7 (h)), and setting h = 1 we get

1y -b =b. Analogously, the condition that 1z#l is a right unit is equivalent to
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the condition o (h, 1) = L(]T(/’l)), for all 4 € H. The associative law for product (4.1)
reads, forallh,k,me H,a,b,c € B,
a(hqay-b)o (ha), ko) (hake - €) o (haka), ma)) thekama)
=a(hq) - b) [ha - (ko) - )] [he) - o (ke ma))] o (hay, kayme)thes kayma).
(4.4)

If o is a cocycle and B is a o-twisted module, then Eq. 4.4 obviously holds. Note that,
forallh, ke H,

o (/’l(l), k(l)) L (ﬂ(h(Q)k(z))) = (T(l’l, k) (45)
Applying B ®; 7 to Eq. 4.4, using Eq. 4.5 and settinga = 1 g = b, we arrive at

o (hay, k) (hayka -c) o (haykay.m)=[ha) - (ka)-c) o (ke),ma)] o (ha), kama).
(4.6)

Setting ¢ = 15 in Eq. 4.6 we derive the cocycle condition Definition 4.2 (d), while
setting m = 1 in Eq. 4.6 we obtain Definition 4.2 (f). O

Theorem 4.4 Let ¥ = (H, L,s,t,y, ) bealeft bialgebroidand . : L — B an L-ring.
View A = B ®y. H as a left B-module and a right £ -comodule in canonical ways (i.e.
the left B-multiplication is given by product in B and the right £-coaction is B ®y vy,
with the L-actions on H given by the left multiplication by s and t). Then A is a right
L-comodule algebra with unit 15 ® 1y and a left B-linear product if and only if A
is a crossed product algebra as in Proposition 4.3.

Proof The definition of the product in B#,.Z immediately implies that B#,.Z is a
right .Z-comodule algebra with a left B-linear multiplication. Conversely, suppose
that A has the required .Z-comodule algebra structure. Then, in particular, A is an
L°P-ring via L°? — A,l+— 1p ® t(/). We use the hom-tensor relation

Hom;? ((BQL@H) Q (BQ?H) , B@?H> ~ HomL,L(Hg (B@H) , B) 4.7)

and the .Z-colinearity of the product in A, to view the multiplication in A as an L-L
bilinear map H ® ;» (B ® H) — B.Forany b € B and h € H, define

h-b = (B@) ((13@) (1@1,,))‘ (4.8)

By (4.7), the above definition implies that, conversely,
<1B§h) (b?l[-]) :h(])-b Q?h(z). (49)

Now, the assumption that 13 ®; 1y is the unit in A implies condition (a) in
Definition 4.1. The conditions (b) follow by the right L-linearity and the left B-
linearity of the product respectively (remember that every right .Z-comodule map
is necessarily right L-linear). The condition (c) follows by the associativity of the
product. Thus B is measured by .Z with measuring (4.8).
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Next, for all &, ' € H, define
o(h, ) = (B@) ((13@/1) (13@”)) : (4.10)
Then, by (4.7),
(1 B@?h) (1 B@h/) = o (. hyy) ®hohiy. (4.11)
Since A is an L°P-ring, Eq. 4.10 defines a k-linear map o : H ® .o H — B. The
conditions (a) in Definition 4.2 follow by the left B-linearity and the right L-linearity

of the product respectively. To check condition (b), take any /#, k € H and! € L, and
compute

(hay - 1)) o (hay, k) = (B@Lgm) [(1@/1) (L(l)@l,,) <13<§L§k>]
— (B@) [(13@@ (13(}?s(1)k)] — o (hs(Hk) ,

where the first and last equalities follow by the definitions of the measuring and o
and Egs. 4.9, 4.11, and the left B-linearity of the product. Finally, for all b, b’ € B,

h,hWeH,
(ven) (v'g) =0 [ (1550) (v'g10) (1560)]
= b (- ) [ (158he) (1560 )]
=b (hqy-b') o (h). b)) @?h@h/(z)’

where we have used the left B-linearity of the product and Eqgs. 4.9 and 4.11.
Proposition 4.3 yields the assertion. O

Corollary 4.5 Given a crossed product B#, . and a convolution invertible map y €
Hom; ; (H, B) such that x(1g) = 1, define, forallh,k € Hand b € B,

h-*b .= X (/’1(1)) (h(z) . b) XC (l’l(3)) , (412)
o’ (h, k) := x (hay) (hey - x(kay) o (ke ko) x© (hakea) - (4.13)

Then B is a o *-twisted £ -module with measuring (4.12). The corresponding crossed
product Bty Z is called a gauge transform of B#,.Z.

Proof Any convolution invertible map x € Hom, ; (H, B) defines a left B-module
right .Z-comodule automorphism ® of B ® H, by

® (be?h) =bx (hn) ®hey, &7 (b@h) =bx® (h) ®ho). (4.14)

If x(1g)=1p, then ®(1yQ® 1) =1y ® 1. We can use this isomorphism to
induce a new right .Z-comodule algebra structure on B ®; H(with unit 15 ®; 15)
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from that of B#,.Z. In view of Theorem 4.4, this necessarily is a crossed product with
the measuring and cocycle given by Eqs. 4.8 and 4.10, i.e.,forallb € Band h,k € H,

b = (35e) (47 o 0n58) r510)-
o’ (h, k) = <B(§§m) (cp—1 <<I>(13(§L§h)cb(13(§?k)>),

where the product is computed in B#,.Z. One easily checks that these have the form
stated in Eqgs. 4.12 and 4.13. O

Definition 4.6 Let ¥ = (H, L,s,t,y,7) be a left bialgebroid and B an L-ring.
Crossed products B#,.Z and B#; % are said to be equivalent if there exists a left
B-module isomorphism of right .#’-comodule algebras B#; ¥ — B#,.Z.

Theorem 4.7 Let ¥ = (H, L,s,t,y, ) be a left bialgebroid and B an L-ring.
Crossed products B#,.Z and B#; L are equivalent if and only if B#:.Z is a gauge
transform of B#, 2.

Proof In view of the hom-tensor relation Hom;_% (B®r H BR, H) ~
Hom, ;(H, B), there is a bijective correspondence between left B-module
right .Z-comodule isomorphisms @ : B#;. ¢ — B#,.Z and convolution invertible
maps x € Hom, ;(H, B). This correspondence is given by Eq. 4.14 in one direction
and by x(h) = (B®p 7)(®(1p ® h)) in the other. If & is also an algebra map,
then x(1y) = 1p and, following the same line of argument as in the proof of
Corollary 4.5, one finds that the measuring corresponding to ¢ is given by & -X b
and that & = o*. Conversely, given x and corresponding (by Eq. 4.14) isomorphism
® : B#,.. L — B#,.Z, one can compute, for allb, b’ € B, h,h' € H,

@ ((btorh) (b2 1)) = b (hay-*b") " (hay, hiyy) x (hyhiay) #ohaahis,
=bx (hw) (he)-b") (hey x (B)) o (R, 1)) ¥ sy i
= bx (h) (hey-(b'x (hy)) o (hey. b)) #ohayhis,
= @ (bigxh) @ (b#,cH),
where the second equality follows by the fact that x © is the convolution inverse of x
and the counit axiom, and the third equality follows by property (c) in Definition 4.1.

This proves that & is an algebra map, hence the crossed product algebras B#,..Z and
B#, % are mutually equivalent. O

Next we establish what is meant by an invertible cocycle in this generalised
context.

Definition 4.8 Let ¥ = (H, L, s,t, y, ) be a left bialgebroid and ¢ : L — B an L-
ring, measured by .. A B-valued 2-cocycle o on .Z is invertible if there exists a
k-linear map 6 : H ® , H — B (where the right and left L-module structures on H
are given by right and left multiplication by s(/), respectively) satisfying

(a) &G6Oh k) = ()5 h, k) and & D)k, k) = & (h, k(D)
(b) & (hay, k)(he - () =6 (h, t)k);
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(©) o(hay, ka6 (hey, ko) =h-(k-1p) and 6 (ha), kay) o (h@), k@) = hk - 1,
forall h,k € Hand! € L. A map ¢ is called an inverse of o.

Again, conditions (a) and (b) are needed so that the inverse property (c) can be
stated. In the case .Z is a bialgebra over a ring L = k, conditions (a) and (b) are

satisfied automatically. The following two lemmas explore the nature of cocycles and
their inverses.

Lemmad9 Let £ = (H, L,s,t, y, ) be aleft bialgebroid and B anL-ring with unit
t: L — B. Assume that £ measures B and o is an invertible B-valued 2-cocycle
on Z. Then an inverse G of o is unique and normalised, i.e., for all h € H,

6 (g, h)y=1(@h) =0, lg).

Proof Note that, if & is an inverse of o, then, for all 4, k € H,

L(?T(h(l)k(l)))&(h(z), k(z)) = &(h, k) (415)
Using this identity and Definition 4.8 (c), one finds that
& (h. k) =6 (hay, ko) [ - (ke - 18)].- (4.16)

Now suppose that ¢ is another inverse of 0. Then replacing the expression in square
brackets in Eq. 4.16 by the first of equations in Definition 4.8 (c) for &, using the
second of equations Definition 4.8 (c) for &, and finally using Eq. 4.15 for &, one
finds that 6 = 6. Hence the inverse of a cocycle is unique.
Use Eq. 4.15, Definition 4.2 and Definition 4.8 (c) to compute, for allh € H,
(1, h) = (m(ha))e (L, he) = oy, ha))d (L, hey)
=[lg-(h-1p)]lo(ly, 1y) = o(ly, s(x(h)) = (m(h)).

The proof of the other identity is similar. m]

Lemma 4.10 Let ¥ = (H, L,s,t,y, ) be a left bialgebroid, B an L-ring, measured
by £, and o an invertible B-valued 2-cocycle on £ with the inverse &. For all
h,k,me H,

@) h-olk,m) =0, kay)ohpke)y, ma)é (ha), kayma),
(®) h-6(k,m) =o(hay, kayma)é (hpyka), me)d (ha), ka))-
Proof

(a) Denote the unit map of the L-ring B by :: L — B. In view of Eq. 4.5 and with
the help of properties (c) and (a) in Definition 4.1 and (c) in Definition 4.8, we
can compute, for all h, k,m € H,
h-o(k,m) =h-[o (kay, mu) (7 (kayme))]
= [y - o (kay. ma) ] [he - (kome) - 15)]
= [hq) - o (kay. may)] o (hey, koyme) & (he). kayme)
= 0 (hay. kay) o (he)ke), ma) & (he). kayme) .
where the last equality follows by property (d) in Definition 4.2.
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(b) Use part (a), Eq. 4.5 and Definition 4.8 (c) to find that, for all 4, k,m € H,

[ha)y - o (kay, may)] o (ha), koyme) & (haka), me) 6 (hay, ka)
=0 (hay. ko)) [hoke - (m-1)]6 (ha). ka) -
By Definitions 4.1 and 4.2, o (h,s(z(m))) = h-(m- 1)), for all h,m € H. Hence

conditions (d) in Definition 4.2 and (c) in Definition 4.8 allow us to develop the right
hand side of the above equality further to arrive at the equation

[ha) - o (kay. may)] o (hay. koyma) & (haka), ma) 6 (hay. k) = h-[k-(m-1p)].
(4.17)

Therefore

h-6(k,m) =h-{6 (kqy, my)) [ke) - (me) - 15)]}
= [hq) - 6 (kay, m) ] tha) - [k - (ma) - 18)]}
= [ha)y - & (k). ma)] [he) - 0 (ko). me)]
xo (hey kayme) 6 (haka, ma) & (hes), kes)
= [hq) - (kaymay - 18)] o (he), koyme) & (haka). me) & (ha, ka)

=0 (hay, kaymm) & (hoyka), ma) 6 (ha), ke)

where the first equality follows by Eq. 4.16, the second one by property (c) in
Definition 4.1 and the third one by Eq. 4.17. The penultimate equality follows by
property (c) in Definition 4.1 and(c) in Definition 4.8. The last equality follows by
conditions (a) in Definition 4.1 and (b) in Definition 4.2. O

Take a Hopf algebroid .77, an .77 -measured L-ring B and a cocycle o. Then
the crossed product B#,.77 is an R-ring with unit map ng : r > lg#sg(r) and an
L-ring with unit map ny, : [ — lp#sp(I) = 1(I)#1y, where ¢ : L — B denotes the unit
map of the L-ring B. It is also a right J#-comodule with .7#%-coaction B ®;, yr (and
corresponding right /7 -coaction B ®; yr). The coinvariants are the elements of
the form b#1  for b € B, hence they form an L-subring, isomorphic to B. Therefore,
B C B#,.777 is a right ¢ -extension, and it is natural to ask whether this extension is
cleft.

Theorem 4.11 Let 57 be a Hopf algebroid and B#, .77, a crossed product of an 77 -
measured L-ring B. If the cocycle o is invertible, then the extension B C B#, 51 is

FC-cleft.

Proof We claim that the map j: H — B#,.71, h — 1p#h is a cleaving map with the
convolution inverse

jothy = & (Sthay)ay. hey) #8 (hay) o, = 6 (S (R ) . hP ) #8 (AV).

The two forms of j° are equivalent by the anti-comultiplicativity of S and the left .57%-
colinearity of y;. Using the definitions of a cocycle and its inverse, and in particular,
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the module and normalisation properties of o and &, one verifies that j andj° have
the required L-, R-module properties (3.3) and (3.4). Next, take any h € H and
compute

i°(hw) j(he) = 6 (Sha)a). he)) o (S (h) o) - h<3>> #S (ha) 5, hew
= 1548 (h)) ho) = 1#sg (Tr(h) = nr (Tr(R))

where the second equality follows by condition (c) in Definition 4.8, condition (a)
in Definition 4.1 and the counit property of ;. The third equality follows by the
antipode axiom (2.9). The proof of the identity (3.5) is slightly more involved:

i) 7 (n®)

= [h“)(]) X (s (P m) ) h%))] o (h“)(z), S(h®w),, )#h<1><3)s (% 1) )
(h(”m S(h(z)(l)) h<2)(2)) 5 (h“)(z)S(h(Z)(])) h(”@)) #h ) S (h® )(1))(3)
—0o (h(l)(l) (h(4)(1)) h(4)(2)) (h(l)(z)S (h(3)) , h(4)(3)) #h(l)@)S (h(Z))
(S (YTL (h( )(I)SR (7TR (h<4)(1))))) h(l)(z)S (h(3)) , h(4)(2)) #h(l)(3)S (h(Z))
(/’l(l)(l)S (h(3)SR (JTR (/’L(4)(1>))) , h(4)(2)) #h(l)(z)s (h(Z))
(VS (D w) . D) #hV S (h?)

hayS <h(2) ) , h(3)) #hoy VS (h(z)@)

(
_ (z (n (h(2><1>))h(1)s(h(2)<2>),h(3))#1H

=0 <h(1)(l)5 (h(1)<2)) , h(z)) #ly =6y, Wty =np (mp(h),

[ |
Qu Qu Qv

I
Qr

where the second equality follows by Lemma 4.10 (b), condition (c) in Definition 4.8,
condition (a) in Definition 4.1, condition (a) in Definition 4.8 and the counit property
of wy. The third equality follows by the anti-comultiplicativity of S and Eq. 2.7.
The fourth one follows by the antipode axiom (2.9), the fact that the domain of o
is HRpor H (i.e. o(htp(l), k) = o(h,tp (I)k) for h,k € H,l € L), the normalisation
of cocycles (condition (c) in Definition 4.2) and the left L-linearity of & in the
first argument (condition (a) in Definition 4.8). In the fifth step the Hopf algebroid
identity 77 (hsg(r)) = . (hS(sr(r))), implying s; (71 (ha)sg(r))ha) = hS(sr(r)), for
h € Handr € R, has been used together with the anti-multiplicativity of S. The sixth
and seventh equalities follow by the coassociativity and .77 -colinearity of yg and
the counit property of mg. The eighth equality follows by the antipode axiom (2.9)
and the right L-linearity of 6. The ninth one follows by axiom (2.7) and the counit
property of ;. The penultimate equality follows by axiom (2.9) and the fact that the
domainof 6 is H®; H (i.e.6(hsp (1), k) = 6 (h,sp(l)k) forh,k € H,l € L). The last
equality follows by Lemma 4.9. O

The final aim of this section is to prove that any cleft extension is necessarily
isomorphic to a crossed product with an invertible cocycle.

Theorem 4.12 If B C A is an J-cleft extension, then there exists an invertible cocycle
o and a left B-module right 7€ -comodule algebra isomorphism A — B#, /7.
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Proof For an 7 -cleft extension B C A the cleaving map j takes the unit element
of H to an invertible element of B (with the inverse j°(1)). Thus, without the loss
of generality, we can assume that a cleaving map j is normalised, i.e. j(1y) =14 =
j¢(1). By Theorem 3.12, A is isomorphic to B ® ; H as a left B-module and a right
A -comodule. We can use this isomorphism to induce a comodule algebra structure
on B®; H. By Theorem 4.4, the induced algebra structure is necessarily a crossed
product B#,.7¢] . In view of the definitions of the map « and its inverse in the proof of
Theorem 3.12 (1) = (2)(b), the measuring and cocycle can be read off Eqs. 4.8 and
4.10, respectively, and come out as

h-b=jhY)bj°h?), oh k)= j(hV) j(k"V) j° (R®k?). (4.18)
We only need to prove that the cocycle o is invertible. Define
6:H®H — B, hek — j(hVkD) j¢ (k@) j°(h?). (4.19)

The map (4.19) is well defined by Egs. 3.3 and 3.4, on one hand, and by Egs. 3.4,
3.8 and the property that the range of the coproduct of a right bialgebroid is in the
Takeuchi product, on the other hand. The proof that ¢ is the inverse of the cocycle
o is done by a routine calculation and is left to the reader. O

Combining Theorem 4.7 with Theorem 4.12, we can fully describe the relationship
between different cleaving maps for the same cleft extension.

Corollary 4.13 Let 57 be a Hopf algebroid and B C A an J-cleft extension with a
(non-necessarily unital)cleaving map j: H — A. Thenamap j : H — A s acleaving
map if and only if there exists a convolution invertible L-L bilinear map x : H — B,
such that

],(h) =X (l’l(])) j(l’l(z)) s for allh e H. (420)

Proof If jis a cleaving map and x € Hom, ;(H, A) is convolution invertible, then
Eq. 4.20 obviously defines a cleaving map. In order to prove the converse claim,
suppose first that both jand j are normalised as in the proof of Theorem 4.12. By
Theorem 4.12, the crossed products corresponding tojand j are isomorphic to A via
left B-module right 7°-comodule algebra maps, hence they are equivalent to each
other. The isomorphism, obtained from combining the maps v (for j') with « (for
) in the proof of Theorem 3.12 (1) = (2)(b), explicitly comes out as ® : b @ h +—>
bjhay™)j°hqy®) ®, he. Then, by Theorem 4.7, the existence of ® is equivalent
to the existence of a normalised convolution invertible map x € Hom, ;(H, B),
x(h) = j (WD) j°(h®). Using the right #; -colinearity of yz and the fact that j° is
a left convolution inverse of j, one finds, for all & € H, x(hq))j(he) = j(h), ie.
Eq. 4.20 holds. Allowing for j, j to be non-unital is equivalent to not requiring that
x be normalised. O

5 The Relative Chern-Galois Character for .77 -Cleft Extensions

The aim of this section is to give a complete description of strong connections in a
cleft extension B C A of a Hopf algebroid ¢ = (771, 7%, S) (over rings L and R)
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and to find criteria for the existence and independence on the strong connection
of the corresponding relative Chern—Galois characters introduced and computed
in [9].

Begin with a right J#-extension B C A and suppose that 7T is a subalgebra of
B. Then A is called an (%, T)-projective left B-module provided there exists a left
B-linear, right ##%-colinear section ay of the multiplication map B ® A — A. To
consider the most general case possible, we make no assumptions on a ring 7 (but,
possibly, the most natural choice for T is the base algebra L).

Lemma 5.1 Let 57 be a Hopf algebroid and B C A an F€-cleft extension. Then A is
an (%R, L)-projective left B-module.

Proof The map &, : B, H—> B, B, H, b @ . h—> b Q. 1p®L h is a left
B-linear right JZ-colinear splitting of the product map b ®; b’ ®; h+— bb' ®, h.
By Theorem 3.12, A >~ B®; H as left B-modules and right #-comodules, hence
there is a corresponding splitting «;, of the B-product map in A. Explicitly,

oy = (B?K_l) o &L oK, a = a[()]loljc (LZ[()]II]) @j(d[]]) = a'oljc (a[”(])) ?j((lll](z)) s

where « is the isomorphism (3.12) in the proof of Theorem 3.12 and j is a cleaving
map with the convolution inverse j°. m]

Any right #-comodule algebra A with .##-coaction p* gives rise to an entwin-
ing map (over R) v : HQr A - A®r H, h@ga > a® ®g ha'll. The map  is
bijective, provided the antipode S is bijective (cf. [8, Lemma 4.1]), and then the
corresponding left .7#%-coaction on A is

A,O A — H@A, at— Sil (tl[l]) (%a[o] (51)

(compare with (2.26)). Thus, following [9, Definition 3.4], if B C A is a right
¢ -extension and T is a subalgebra of B, then a left and right #%-comodule map
tr: H— A®r Ais a strong T-connection provided that canr(€7(h)) = 14 ® h,
for all # € H, where the map

cany : AQA - AQH, a®d — aad@ad™, (5.2)
T R T R

is well defined by the left T-linearity of pA. The ¢-coactions in A @7 A are A @7
o4 and “p @7 A, with “p given in (5.1). The first observation is that a cleft extension
comes equipped with a strong L-connection.

Theorem 5.2 Let 57 be a Hopf algebroid with a bijective antipode and B C A an
FC-cleft extension with a cleaving map j. Then the map

(L H— AQA, hs j° (h) @j(h(z)), (5.3)

is a strong L-connection.

Proof By Theorem 3.12, BC A is a Galois J7%-extension, which is (%, L)-
projective by Lemma 5.1. Thus the existence of a strong connection follows by [9,
Theorem 3.7]. Using the explicit forms of the inverse of the canonical .7%-Galois
map in the proof of Theorem 3.12 and of «; in the proof of Lemma 5.1, following
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the proof of [9, Theorem 3.7] one arrives at the form of a strong L-connection
in (5.3). ]

The full classification of strong 7-connections in a cleft extension is described in
the following

Theorem 5.3 Let 57 be a Hopf algebroid with a bijective antipode and B C A an
FC-cleft extension, and let T be a subalgebra of B. Write ug for the multiplication
map B ®r B — B. Strong T-connections in B C A are in bijective correspondence
with L-L bilinear maps f: H— B ®r B such that upo f =npomy.

Proof Let j be a cleaving map and j° its convolution inverse. By Theorem 2.2,
Theorem 3.12 and Corollary 3.13, there is a chain of isomorphisms

Hom”/# 7 <H, A®A) ~ Hom”*+- 7t (H, H®B®B®H) ~ HomL,L<H, B®B),
T L T L T

where the last isomorphism is ¢ > (7, ® 1, B Q7 B® 7)o ¢ (cf. [17,18.10 (1) and
18.11 (1)]). In view of the explicit form of the isomorphism« : A - B ® Hin (3.12)
and its left-handed version (3.13), we thus obtain:

Hom 77 (H, A@A) 5 tr s [fih j) () h™)], (5.4)

and its inverse
HOmL’]_‘<H, B@B) > f (ad [ZT h— jc (h(l)) f (h(z)) ](h(3))] . (55)

If £7 is a strong T-connection, then w4 o €7 = nromg, where pg: AQr A — Ais
the product map in A. This implies that for the corresponding f in (5.4), upo f =
nr o wr. Conversely, suppose that f has this property, write f(h) = A" @7 h? for
all h € H, and compute

anr (Lr(h) = j° (hay) hey " hy™® j (hep)™ l(’%))m
= Jj° (hy) ne (7 (hey)) (hm >®h<3>(2)
=J° () J (h(”m) ‘%h@)( = (h"w) (V) ‘?h(z)

— i (e () A = 14,

where the first equality follows by (5.2) and the fact that the range of f is in
B ®r B. The second equality follows by the hypothesis up o f = nr omy and the
right .77-colinearity of j. The third one follows by the left L-linearity of j (i.e. Eq. 3.3)
and the counit property of ;. The fourth equality follows by the left .77 -colinearity
of yg. In the penultimate step we used that j° is a left convolution inverse of j, i.e.
Eq. 3.6. This means that £7 given in (5.5) is a strong T-connection and completes the
proof of the theorem. O

Take a bijective entwining structure (A, C, ¥)r over a non-commutative base
algebra R and consider a T-flat entwined extension B € A in the sense of [9,
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Definition 5.2] (7T is a subalgebra of B). Given a strong T-connection in B C A,
one constructs a family of maps of Abelian groups from the Grothendieck group of
C-comodules to the even T-relative cyclic homology groups of B (cf. [9, Theorem
5.4]). This family of maps is termed the T-relative Chern—Galois character. Comodule
algebras for Hopf algebroids (with bijective antipodes) provide examples of (bijec-
tive) entwining structures over non-commutative bases, hence the general theory
worked out in [9] can be applied to such algebras. In particular, the components
of the T-relative Chern—Galois characters, corresponding to strong 7T-connections in
Theorem 5.3 for a T-flat cleft extension of a Hopf algebroid with bijective antipode,
have been computed in [9, Example 5.6].

It is important to note, however, that the T-relative Chern—Galois character, a
priori, depends on the choice of a strong 7-connection. Its independence is proven
in [9, Theorem 5.14], under the assumption that the 7-flat entwined extension B C A
enjoys the following properties:

(a) Aisalocally projective right 7T-module;
(b) The extension B € A splits as a B-T bimodule.

In the remainder of this section we analyse the meaning of these conditions and of the
T-flatness in the case of cleft Hopf algebroid extensions. In this way we find sufficient
conditions for the existence and the strong-connection-independence of the relative
Chern-Galois character computed in [9, Example 5.6].

Definition 5.4 Let B C A be aright extension of a Hopf algebroid .77 with a bijective
antipode and let 7 be a subalgebra of B. View A as a left ##%-comodule with coaction
(5.1). A left total T-integral is a left .7#%-colinear map o : H — A such that 9 (H) C
AT :={aeAlta=ar VteT}and¥(ly) = 14.

For example, the convolution inverse of a normalised cleaving map is a left total
k-integral by Lemma 3.8.

By arguments similar to those used to prove Lemma 3.10, any left total T-integral
¥ determines a B-T bilinear section of the extension B C A,

ars a® (a). (5.6)

The next proposition shows that, for a cleft extension of a Hopf algebroid with a
bijective antipode, this is a one-to-one correspondence.

Proposition 5.5 Let B C A be a cleft extension of a Hopf algebroid 7€ with a bijective
antipode, and let T be a subalgebra of B. Then B-T bilinear sections of the extension
B C A are in bijective correspondence with left total T-integrals in B C A.

Proof Let jbe a cleaving map for B € A. In terms of j we construct the inverse of
the map associating to a left total T-integral ¥ the section (5.6). To a B-T bilinear
section ¢, associate the map

v H— A, h— jc (h(l)) () (] (h(z))) . (57)

Since j(1y) is an element of B, ¢v(ly) = j°(1x)j(dg)e(l14) =14. The left
Hr-colinearity of ¢ follows by the left .7#;-colinearity of y,, and j°, and the fact that
the range of ¢ is equal to B. It remains to check that the range of ¢ is in A”. Note
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that by its left B-linearity, ¢ is determined by the left L-linear map ¢ o j: H — B.
Indeed, foralla € A,

p@ = ¢ (@ (aM) j(@Me)) = ¢ (a0 j° (a™) j(ap))

= a1 j (a0") ¢ (j (am)) -

where in the last equality Lemma 3.10 has been used. Hence the right 7-linearity of
@ is equivalent to

a%j (@M ) ¢ (j (@ o)) =p@t,  forallac AandteT. (5.8)
Take any 4 € H and apply Eq. 5.8 to a = j(h). By the right %-colinearity of j,

j(h(l)) tj° (h(z)(n) ] (h(z)(Z)) = p(j()t.

Hence

gt = j° (hay) i(ha)(l)) tj° (h(Z)(Z)(1)> ¢ (i (ha)(z)(z)))
— n (r (h)) 19 (h®) = D),

where the second equality follows by the Hopf algebroid axiom (2.7) and the last one
follows by the fact that the elements of B (and hence, in particular, the elements of 7')
commute with ng(r), for r € R, and by the left R-linearity of ¢. It is checked by
a routine computation that the map, associating to a B-T bilinear section ¢ of the
inclusion B C A the left total T-integral (5.7), is the inverse of the map, associating
to the left total T-integral © the B-T bilinear section (5.6). O

For a cleft extension B C A of a Hopf algebroid .7 with a bijective antipode,
consider the B-B bilinear map,

A— AQH, ar d%a" — a®1y,
R R R

where A ®g H is a B-B bimodule via the first tensorand. For any subalgebra 7" of
B this map projects to the map vy : A/[A, T] > A/[A, T]®g H, where [A, T] =
{>k(awty —txar) |ax € A, tx € T} is a right R-submodule of A. Following
[9, Definition 5.2], the extension B C A is said to be T-flat if B and A are flat left
and right 7-modules and the obvious map

B/[B, T] — ker uT, [b]B = [b]A, (59)

(where [ 15 denotes the equivalence class in B/[B, T] and [ ]4 denotes the equiva-
lence class in A/[A, T1]) is an isomorphism.

Proposition 5.6 Let 7 be a Hopf algebroid with a bijective antipode. A cleft
FC-extension B C A which splits as a B-T bimodule for some subalgebra T of B,
is T-flat if and only if A is a flat left and right T-module.

Proof Since a direct summand of a flat module is flat, it suffices to prove that
the existence of a B-T bimodule splitting of the inclusion, i.e. the existence of
a left total T-integral, implies that the map (5.9) is an isomorphism. In order to
prove injectivity of the map in (5.9), choose b € B such that [b]4 = 0. This means
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the existence of finite sets {ax} in A and {#} in T such that b =), (artx — trar).
Applying a B-T bilinear section ¢ of the extension B C A to this identity, we obtain
b = (plapt — trp(ar)), hence [b]g = 0. In order to prove the surjectivity of the
map (5.9), choose a € A such that vy([a]4) = 0. This means the existence of finite
sets {ax} in A, {h;} in H and {#;} in T such that

a[O](%a[” — a(%lH = Z (aktk(%hk — tkak@hk) . (510)
k

By Proposition 5.5, there is a left total 7-integral ¥ in B € A. Apply 4 o (A Qg )
to Eq. 5.10 to obtain

a9 @) —a =" (@ ()t — teard (hi)) -
k

This proves that [a]4 = [aD®(a!1)]4. Since al¥l%(al") is an element of B, [a]x
belongs to the image of the map (5.9). ]

Combining Proposition 5.5 and Proposition 5.6 with [9, Theorem 5.14] we obtain

Corollary 5.7 Let B C A be a cleft extension of a Hopf algebroid with a bijective
antipode and let T be a subalgebra of B. Assume that:

(a) A isaflat left T-module and a locally projective right T-module;
(b) There exists a left total T-integral for the extension B C A;
(c) There exists a strong T-connection.

Then there exists a T-relative Chern—Galois character, independent on the choice of
the strong T-connection in (c).

We close the section with some examples of Hopf algebroid cleft extensions, in
which there exist (strong-connection-independent) relative Chern—Galois characters.

Example 5.8 Let B € A be a cleft extension of a Hopf algebroid with a bijective
antipode and T a separable k-subalgebra of B. In light of [9, Proposition 3.2 (1)],
since B C A splits as a left B-module by Lemma 3.11, it splits as a B-7 bimodule.
The corresponding total T-integral 9 in B € A is

Oy = ej°(h) j(ln)e,

where Y ,e; ® e’ € T ®; T is a separability idempotent. Therefore, if A is a flat
left T-module and a locally projective right 7-module and there exists a strong
T-connection £, then there exists a corresponding 7-relative Chern—Galois char-
acter which is independent of ¢7.

Example 5.9 The base algebra R of a Hopf algebroid 7 is a right %-comodule
algebra with ##%-coaction sg. It follows by [7, Theorem 3.2] that a Hopf algebroid .5¢
with a bijective antipode is coseparable (as an L- or, equivalently, as an R-coring) if
and only if there exists a left total k-integral A for the .7 -extension / C R, where [
is the J7Z-coinvariant subalgebra of R, I = {r € R | sg(r) = tg(r) }. Note that if J7 is
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a coseparable Hopf algebroid, then any right 7#-extension B C A is split as a B-B
bimodule by the map

A — B, ar> a®ng (x(a")).

Let B C A be a cleft extension of a coseparable Hopf algebroid with a bijective
antipode and 7 a subalgebra of B. Then there is a left total T-integral 9 = ng o A. If
A is a locally projective right T-module and a flat left T-module and there exists a
strong 7T-connection {7, then the corresponding T-relative Chern—Galois character
is independent of £7.

Acknowledgements GB is grateful to Kornél Szlachanyi and Joost Vercruysse for inspiring discus-
sions. Her work is supported by the Hungarian Scientific Research Fund OTKA T 043 15 9 and the
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Appendix: Weak Cleft Extensions and Weak Crossed Products

Many of the results described in Sections 3, 4 and 5 (e.g. Lemma 3.11, Corollary 3.14,
Corollary 3.15 or Theorem 5.2, Corollary 5.7) remain valid if the right .JZ-extension
B C Aisan J#x-Galois extension but, instead Theorem 3.12 (2)(b), A is only a direct
summand of B ® ; H as a left B-module and as a right .7#-comodule. Such extensions
can be studied along the same lines as in Sections 3, 4 and 5. In this appendix we
present the results of such studies; we give no proofs as these are very similar to the
proofs of corresponding results in preceding sections.

Motivated by the forthcoming analogue of Theorem 3.12 (Theorem A.2), we
introduce the following weakening of Definition 3.5.

Definition A.1 Let JZ be a Hopf algebroid. A right J#-extension B C A is weak
cleft if

(a) in addition to its canonical R-ring structure, A possesses an L-ring structure
and B is an L-subring of A;

(b) there exists a left L-linear right Z-colinear morphism j: H — A, with left
convolution inverse j*, which is right .7#’-colinear in the sense of identities (3.8)
and (3.9).

A map J, satisfying condition (b), is called a weak cleaving map.

Note that in the situation described in Definition A.1, the assumption that j¥
satisfies Eq. 3.9 implies that the image of the map A — A, ar> a¥j%(a!') is
contained in B. Hence a weak .77-cleft extension B C A is split by the left B-linear
map (3.11) after replacing j¢ with j¥.

Theorem A.2 Let 57 be a Hopf algebroid and B C A a right 7€ -extension. Then the
following statements are equivalent:

(1) B C Ais aweak F-cleft extension.
(2) (a) The extension B C A is Hk-Galois;
(b) A is a direct summand of B® H as a left B-module and right 5¢-
comodule.
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In particular, Theorem A.2 implies that if .7# is projective as a left L-module,
then, for any weak cleft 77 -extension B C A, A is a faithfully flat left B-module.

Recall that in Section 4 we applied a (unnormalised) gauge transformation to a
general cleaving map in order to normalise it as j(1y) = 15 = j°(1y). However, in
the case when j possesses a left convolution inverse j¥ only, there is no guarantee
for j(1x) to be an invertible element of B. Hence it can not be gauge transformed to
the unit element in general. The need to describe this more general situation leads to
the following generalisations of Definitions 4.1 and 4.2.

Definition A.3 Let ¥ = (H, L, s,t, y, ) be a left bialgebroid and B an L-ring. .Z
weakly measures B if there exits a k-linear map, termed a weak measuring, H ®
B — B,h®; b +— h-b that satisfies properties (b) and (c) in Definition 4.1.

Definition A4 Let ¥ = (H, L,s,t,y,7) be a left bialgebroid and B an L-ring,
weakly measured by .. A B-valued weak 2-cocycle o on .Z is a k-linear map
H ®r» H— B (where the right and left L°?-module structures on H are given by
right and left multiplication by #(l), respectively) satisfying properties (a), (b) and (d)
in Definition 4.2 and, in addition, for all &, k € H,

O’(h(]), k(]))(”l(z)k(z) . 13) = O(I’l, k) (511)

A weakly Z-measured L-ring B is called a o-twisted left £-module if a weak
2-cocycle o satisfies property (f) in Definition 4.2 and there exist elements x and
X in B such that, forallb € Band h € H,

Xx=1p and xbx=1y-b,

o(ly,h) =x(h-1p) and oh,1g) =h-x.

It is easy to see that a B-valued 2-cocycle is also a weak 2-cocycle. If the L-ring B
is a o-twisted .Z-module for a 2-cocycle o, then it is a o-twisted .Z-module also in
the weaker sense of Definition A.4 with x = 15 = X.

Recall from [18, p. 39] that, for a non-unital ring A, an element e € A such that,
foralla € A, ea = ae = aé® is called a preunit. Proposition 4.3 can be extended to the
case of weak cocycles as follows.

Proposition A.5 Let ¥ = (H, L,s,t,y, ) be a left bialgebroid and B an L-ring,
weakly measured by L. Let o : H ®o» H — B be a map that satisfies properties (a)
and (b) in Definition 4.2 and condition (5.11) in Definition A.4. Consider the k-module
B ®;, H in Proposition 4.3, and the following assertions.

(a) B ®y H is an associative (possibly non-unital)algebra with multiplication (4.1).

(b) There exists y € B such that yo (1, h) =h - 1p, forall h € H, and y Q1 1y is
a preunit for the algebra in part (a) (hence A :={(b L h)(J QL 1) |b L h €
B® H} is a right £-comodule algebra with coinvariant subalgebra {(b @,
1p)(y ®L 1n) | b € B}).

() Themap B — A“%.b > (b7 Qr 1y)(J ®L 1) is an algebra isomorphism.

These assertions hold if and only if o is a weak 2-cocycle and B is a o-twisted left
ZL-module. In this case A is called a weak crossed product of B with £ with respect
to the weak 2-cocycle o.
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Our next task is to characterise equivalent weak crossed products, in analogy with
Theorem 4.7.

Definition A.6 Let ¥ = (H, L,s,t,y,7) be a left bialgebroid and B an L-ring.
Weak crossed product algebras of B with . are said to be equivalent if they are
isomorphic via a left B-linear isomorphism of right .Z-comodule algebras.

Note that a (left B-linear right .Z’-colinear) isomorphism of weak crossed product
algebras of B with .Z in Definition A.5 needs not extend to the (non-unital) algebra
B ®;, H. The following lemma extends Corollary 4.5.

Lemma A.7 Let ¥ = (H, L,s,t,y,n) be a left bialgebroid and B an L-ring, weakly
measured by L. Let o be a weak 2-cocycle, such that B is a o -twisted left £ -module.
Let x and ¥ be morphisms in Homy, 1 (H, B) such that, forall h € H,

Xtha)x(he) =h-15  and (5.12)
Xha)x(h) x(hay) = x (), x(ha)x he) x (ha) = x(h). (5.13)

Then Eq. 4.12 defines a weak measuring of £ on B and Eq. 4.13 defines a weak 2-
cocycle o*, such that B is a o *-twisted left .£-module.

A pair x, x € Homy 1 (H, B), satisfying Eqgs. 5.12 and 5.13, is called a gauge trans-
formation of the weak crossed product of B with .. Gauge transformations form
a groupoid, with multiplication, the convolution product ¢ in the first component,
and its opposite in the second one. The left unit of a gauge transformation (x, ) is
(x © x, x ¢ ) and its right unit is (x ¢ x, x ¢ x). The inverse of (x, x) is (X, x)-

Theorem A.8 Let £ = (H, L,s,t,y, ) be a left bialgebroid and B an L-ring. Two
weak crossed products of B with £ are equivalent if and only if they are related by a
gauge transformation.

In order to make connection between weak crossed products and weak cleft
extensions, the notion of invertible weak 2-cocycles is needed.

Definition A9 Let ¥ = (H, L,s,t,y, ) be a left bialgebroid and B an L-ring
weakly measured by .Z. An inverse of a B-valued weak 2-cocycle o on .Z is a k-
linear map, 6 : H ®; H — B (where the right and left L-module structures on H
are given by right and left multiplication by s(l), respectively) satisfying properties
(a), (b) and (c) in Definition 4.8 and, in addition, for all &, k € H,

(haykay - 18) & (hey, ko)) = G (h, k).

If o is a 2-cocycle in the sense of Definition 4.2 (in particular the measuring
satisfies also property (a) in Definition 4.1), then Definition A.9 is equivalent to
Definition 4.8. By an argument similar to the proof of Lemma 4.9, the convolution
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inverse of a weak 2-cocycle is unique, provided it exists. A generalisation of Theo-
rems 4.11 and 4.12 is given in the following

Theorem A.10 Let 5Z be a Hopf algebroid. A right 7€ -extension B C A is weak J¢ -
cleft if and only if A is isomorphic to a weak crossed product of B with the constituent
left bialgebroid 71 of 7€, with respect to an invertible weak 2-cocycle.

Analogously to Corollary 4.13, Theorems A.10 and A.8 lead to the following

Corollary A.11 Let 57 be a Hopf algebroid and B C A a weak € -cleft extension.
Let j: H— A be a weak cleaving map with left convolution inverse j“, satisfying
conditions (3.8) and (3.9). Then the map h-b: = j(h'")bj¥(h®), for all b € B
and h € H, is a weak measuring of the constituent left bialgebroid ¢, on B. A
map j : H— A is a weak cleaving map if and only if there exist morphisms x, x €
Hom, ;(H, B), satisfying Eqs. 5.12 and 5.13, in terms of whichj : h — x(hq))j(h@)).

Let 27 be a Hopf algebroid with a bijective antipode and let B C A be a weak
JC-cleft extension and T a k-subalgebra of B. Let j be a weak cleaving map with a
left convolution inverse j", satisfying conditions (3.8) and (3.9). Any morphism f €
Hom, ;(H, B®r B)suchthat,forallh € H, ug(f(h)) = j(h'")j¥(h®), determines
a strong T-connection via (5.5). Conversely, any strong 7T-connection is of this form
(though the correspondence (5.5) is not bijective in the weak case).

Any B-T bimodule section of a weak cleft Hopf algebroid extension B € A, for
a subalgebraT of B, corresponds to a left total T-integral via (5.6) (although the
correspondence between B-T sections and total integrals is not bijective in the weak
case). Hence Corollary 5.7 is valid without modification for weak cleft extensions of
Hopf algebroids with bijective antipode.

A weak Hopf algebra (W, A, ¢, S) determines a Hopf algebroid # with con-
stituent left bialgebroid % over the ‘left’ subalgebra W’ of W, right bialgebroid
W' over the ‘right’ subalgebra W&, and antipode S. The category of right comodules
for the coalgebra (W, A, ¢) is isomorphic to the category of right % -comodules as
a monoidal category. As a consequence, also the respective notions of comodule
algebras and of coinvariants are equivalent (cf. [14]). Let A be a right W- (or,
equivalently, #-) comodule algebra with coinvariants B. By [3, Theorem 2.11], the
extension B C A is W-cleft (i.e. the corresponding weak entwining structure is cleft
in the sense of [2, Definition 1.9]) if and only if it is W-Galois and A is a direct
summand of B ®; W as a left B module right W-comodule. By [8, Example 3.5]
the W-Galois property is equivalent to the #g-Galois property, hence Theorem A.2
implies that any weak % -cleft extension is weak W-cleft (but not conversely).
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