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Abstract In this study, a coupling model of fluid-conveying pipes made of function-
ally graded materials (FGMs) with NiTiNOL-steel (NiTi-ST) for vibration absorption
is investigated. The vibration responses of the FGM fluid-conveying pipe with NiTi-ST
are studied by the Galerkin truncation method (GTM) and harmonic balance method
(HBM). The harmonic balance solutions and the numerical results are consistent. Also,
the linearized stability of the structure is determined. The effects of the structure param-
eters on the absorption performance are also studied. The results show that the NiTi-ST
is an effective means of vibration absorption. Furthermore, in studying the effect of the
NiTi-ST, a closed detached response (CDR) is first observed. It is noteworthy that the
CDR may dramatically change the vibration amplitude and that the parameters of the
NiTi-ST may determine the emergence or disappearance of the CDR. This vibration ab-
sorption device can be extended to offer more general vibration control in engineering
applications.
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1 Introduction

Fluid-conveying pipes have a variety of applications in many fields, including nuclear power
plants, aerospace engineering, and oil industry[1–2]. In the past decades, vibration of fluid-
conveying pipes has received widespread attention, most of which focused on natural frequencies,
modes, and stability[3–4]. Flow velocity, boundary conditions, axial motion, and other factors
can influence the vibration response of fluid-conveying pipes[5–8], and the vibration absorption
of fluid-conveying pipes deserves additional research[9–10].
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With the development of material science, the functionally graded materials (FGMs) have
been studied by researchers[11–12]. Compared with traditional composites, FGMs have various
advantages, such as small stress concentration and improved thermal properties[13]. Therefore,
FGMs have been applied to the fluid-conveying pipes design. An FGM periodic shell structure
has been proposed for enhancing the stability of the shell system and solving the stress concen-
tration problems. At the same time, the dynamic stability of spring support was evaluated[14].
When the vibration response and dynamic characteristics of FGM fluid-conveying pipes were
investigated. It is found that functionally graded pipes have obviously enhanced stability com-
pared with aluminum and steel pipes[15–17]. Therefore, the study of FGM fluid-conveying pipes
has important significance for engineering applications. Su et al.[18] investigated the transient
heat conduction and vibration performance of FGM fluid-conveying pipes for the pipe systems
such as nuclear engineering, aviation, and energy fields. The micro-scale FGM fluid-conveying
pipe was studied for the special applications in engineering[19]. Saleh and Ahmed[20] devel-
oped the FGM tubes by centrifugal casting to increase the mechanical properties and wear
resistance in transport and automobile applications. Relying on the excellent performance of
FGM fluid-conveying pipes, the FGM fluid-conveying pipe has a good prospect in engineering
applications.

To reduce the negative effect of vibration on fluid-conveying pipes, passive vibration ab-
sorption methods have been widely adopted due to simply designed, economical, and practical
properties. For example, Zhu et al.[21] illustrated the stability of an FGM fluid-conveying pipe
with nonlinear elastic foundation. Ding et al.[22] proposed a quasi-zero stiffness isolator for
fluid-conveying pipes, and discussed the effects on the vibration characteristics. The nonlin-
ear attached absorber has received extensive attention as a typical representation of nonlinear
passive control devices[23]. The nonlinear attached absorber has broadband absorption and
high robustness[24–27], and it has been applied in vibration energy harvesters[28–31] and in many
engineering structures such as beams[32–33], laminated plates[34], and pipes[35]. These passive
control devices improve the system stability, and increase the vibration absorption bandwidth.
Hence, they are widely used for the vibration absorption in engineering structures, but there are
also obvious disadvantages such as the need for a certain installation space, a certain movement
stroke, and an increase in the adhesion quality of structures. Therefore, new passive vibration
absorbers are still required.

Shape memory alloys (SMAs) can provide a large reaction force and restore original shape
when experiencing strain. SMAs have many excellent characteristics such as energy dissipation
through hysteresis response, resistance to corrosion, high strength, and fatigue resistance[36–37].
SMA composite structures are becoming increasingly accepted in engineering applications and
bring many advantages such as self-healing, improved damping, improved vibration control,
and damage isolation[38]. SMAs are promising materials for passive vibration absorption. Mani
and Senthilkumar[39] developed an adaptive passive dynamic damper using SMA springs to
attenuate a series of excitation frequencies. Belhaq et al.[40] proposed a new type of vibration
absorber based on the restoring and damping forces of NiTiNOL-steel (NiTi-ST) under bending
or tension-bending coupling conditions. The characteristics of hysteresis energy dissipation
caused by inter-line friction were described by the nonlinear hysteretic beam model[41]. The
hysteresis beam model was illustrated with a modified Bouc-Wen mode, and the nonlinear
dynamical characteristics of different configurations NiTi-ST were experimentally tested[42–43].
Brewick et al.[44] and Carboni et al.[45] established a general NiTi-ST model using data-driven
methods, including polynomial basis functions and neural networks, and supplied reduced-order
nonlinear models that precisely fit different data sets through naive elastic net regularization.
The nonlinear characteristics of NiTi-ST can be described by the polynomial model[46]. At the
present time, most researchers focus on the NiTi-ST parameter identification. The applications
on nonlinear vibration control have rarely been reported, and the research on the vibration
absorption of FGM fluid-conveying pipes coupled with NiTi-ST has rarely been presented.
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The introduction of nonlinearity may lead to complex dynamical behavior of the system,
and the dynamics of the system may show softening or hardening behavior or cause bifurcations
of the system[47–48]. In addition, a special phenomenon called closed detached response (CDR)
has been discovered[49–50]. The emergence and disappearance of the CDR will significantly
affect system’s response. Zang et al.[51–54] investigated the effects of the CDR on the vibration
absorption and energy harvesting for nonlinear energy sinks or beam systems. The results
showed that the effects of the CDR on structures could not be ignored, and the emergence
or disappearance of the CDR would significantly affect the amplitude and energy harvesting
efficiency. As far as the authors know, there is no research on discussing the CDR phenomenon
of the fluid-conveying pipes coupled with NiTi-ST. It has not previously been clarified how the
CDR phenomenon affects vibration absorption.

This paper presents a study of NiTi-ST coupled to an FGM fluid-conveying pipe. The paper
is arranged as follows. In Section 2, the FGM fluid-conveying pipe with asymmetrical ends cou-
pling to the NiTi-ST is described, and then a mathematical model is built. The modal functions
and the natural frequency can be obtained by simplifying the system. Section 3 presents the
Galerkin truncation method (GTM) to facilitate the simulation calculation. Section 4 exam-
ines the effects of the system parameters on the vibration absorption with the harmonic balance
method (HBM). Section 5 draws conclusions.

2 Model of the system

2.1 Dynamic function
The fluid-conveying pipe made of vertically FGMs coupled with NiTi-ST is shown in Fig. 1.

The NiTi-ST is coupled to the FGM fluid-conveying pipe and completely fixed on the fluid-
conveying pipe surface. The boundary of the system is asymmetrical, the left end of the pipe
is fixed, and the right end of the pipe is supported by a linear spring.

Γ

NiTi-ST

Al
2

ZrO2

1

R

Fig. 1 FGM fluid-conveying pipe coupled with NiTi-ST (color online)

The fluid-conveying pipe is modeled as the Euler-Bernoulli beam with length L, outer radius
r1, and inner radius r2. Af and Ap represent the cross-sectional areas of the fluid and the pipe,
respectively. The rotary inertial and shearing strains are ignored. The fluid is incompressible
and non-viscous, and moves at a constant velocity Γ in the pipe. The density of the fluid is
ρf . This paper assumes that the FGM fluid-conveying pipe is composed of ceramic and metal.
The modulus of elasticity, density, and Poisson’s ratio vary exponentially along the vertical
direction, which can be written as⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

E(r) = E1 + (E2 − E1)
( r − r1

r2 − r1

)
bm

,

ρ(r) = ρ1 + (ρ2 − ρ1)
( r − r1

r2 − r1

)
bm

,

ν(r) = ν1 + (ν2 − ν1)
( r − r1

r2 − r1

)
bm

.

(1)

The distribution of materials is in the radial direction, and m̂ (m̂ � 0) denotes the material
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gradient index. Consequently, it is pure metal or ceramic for the internal surface or outside
surface of the fluid-conveying pipe.

Based on the Euler-Bernoulli beam theory, the displacements at any point along the FGM
fluid-conveying pipe take the following form:⎧⎪⎪⎨⎪⎪⎩

U(x, y, z, t) = u(x, t) − z
∂w

∂x
,

V (x, y, z, t) = 0,

W (x, y, z, t) = w(x, t),

(2)

where u(x, t) is the axial displacement, w(x, t) is the transverse displacement, and t is time.
The kinetic energy of the FGM fluid-conveying pipe is written as

T =
1
2

∫ L

0

mp((u,t)2 + (w,t)2)dx +
1
2

∫ L

0

mf

(
Γ +

du

dt

)2

dx +
1
2

∫ L

0

mf

(dw

dt

)2

dx, (3)

where the subscript t represents the partial derivative of time, and d(·)
dt stands for the first

derivative with respect to time. The subscript “,” indicates a partial derivative, mp and mf are
the mass of the fluid-conveying pipe and that of the fluid per unit length, respectively. They
are written as

mp =
∫

Ap

ρ(r)dAp =
∫ 2π

0

∫ r2

r1

ρ(r)rdrdθ, mf =
∫

Af

ρfdAf . (4)

Ignoring the shear deformation and considering only one-dimensional linear elastic behavior,
the strain of the FGM fluid-conveying pipe is expressed as

εz = u,x − zw,xx. (5)

Hence, the strain energy is given by

UE =
1
2

∫
Ω

σxεxdΩ +
∫ L

0

AfP (
√

(dx + du)2 − (dw)2 − dx)

=
1
2

∫ L

0

(Nxu,x − Mw,xx)dx +
∫ L

0

AfP (
√

(1 + u,x)2 + (w,xx)2 − 1)dx, (6)

where σx is the stress of the FGM fluid-conveying pipe, and P is the fluid pressure per unit
area. Nx and M are, respectively, the axial force and the transverse bending moment. They
are given by

Nx =
∫

A

σxdA = A11u,x − B11w,xx, M =
∫

A

σxzdA = B11u,x − D11w,xx, (7)

where

(A11, B11, D11) =
∫

A

Q(r)(1, r, r2)dA, Q(r) =
E(r)

1 − ν(r)
. (8)

Furthermore, the virtual work done by the reaction force of the linear spring and uniformly
distributed harmonic excitation q(x, t) is given as

δWf =
∫ L

0

fcos(ωt)δwdx +
∫ L

0

1
2
KRw(L, t)δw(L, t)dx, (9)
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where KR is the stiffness of the vertical support springs, f is the amplitude of harmonic exci-
tation, and ω is the frequency of external excitation. The restoring and damping force fst of
the NiTi-ST can be written as

fst = (1 − r)kcw
3 + r(kew + zh). (10)

The force fst is in connection with the displacement of the FGM fluid-conveying pipe.
r, kc, and ke are the experimental parameters. The experimental model is an in-house-built
rheological device designed by Carboni et al.[42]. This experimental model is made of assem-
blies of custom-made nickel titanium-naval ordnance laboratory strands wires and steel wire
ropes. Different configurations of NiTi-ST are placed in the rheological device. According to
interline friction, phase transition, and geometric nonlinearities, the material behavior can be
obtained[44]. Through the modified Bouc-Wen model, the hysteresis damping force zh can be
written as[41] {

żh = (kdh(x) − (γ̂ + β sgn(zhẇ))|zh|n)ẇ,

h(x) = 1 − ξe−
w2
wc ,

(11)

where kd, γ̂, β, n, ξ, and wc are parameters related to the materials. To keep the expression for
the force fst as simple as possible, it is taken to have a polynomial form. According to the
polynomial fitting method, the polynomial function basis has five items, and can be written as

fst = k1w + k3w
3 + c1ẇ + r21w

2ẇ − r12wẇ2, (12)

where k1 and k3 are the stiffness coefficients, c1, r21, and r12 are the damping coefficients, and
“.” indicates time derivative. There are three different configurations of NiTi-ST considered in
this paper. Here, we focus on the S1a configuration. The polynomial fitting results are listed
in Table 1[55].

Table 1 Parameters of restoring and damping force model

Configuration k1/(N · m−1) k3/(N · m−3) c1/(N · s · m−1) r12/(N · s2 · m−3) r21/(N · s · m−3) R-square

S1a – 4.097 × 108 122.4 6.515 × 104 1.699 × 106 0.998 3
S2a 5 966 – 52.09 9 876 1.259 × 105 0.998 6
S2b 4 523 – 16.49 2 608 1.077 × 105 0.996 3

The virtual work done by the restoring and damping force can therefore be given by

δWst =
∫ L

0

−χfstδwdx, (13)

where χ is a parameter modifying the restoring and damping force. Considering only the
transverse motion, according to the Hamilton theory and Eqs. (3), (6), (9), and (12), one gets

δ

∫ L

0

(T − UE)dt +
∫ t2

t1

(δWf + δWst)dt = 0. (14)

The governing equation of the system is found to be

(mp + mf)w,tt + (mfΓ2 − AfP )w,xx + 2mfΓw,xt + D11w,xxxx − fcos(wt)

+ χ(k1w + k3w
3 + c1ẇ + r21w

2ẇ − r12wẇ2) = 0. (15)



882 Jian ZANG, Ronghuan XIAO, Yewei ZHANG, and Liqun CHEN

The boundary conditions are given by⎧⎨⎩ w(0, t) = 0, w,x(0, t) = 0, D11w,xx(L, t) = 0,

(mfΓ2 − AfP )w,x(L, t) + D11w,xxx(L, t) − KRw(L, t) = 0.
(16)

The dimensionless parameters and variables are introduced as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

w =
w

L
, x =

x

L
, t =

t

L2

√
E0Ip

ρp0Ap + ρfAf
, mp =

mp

ρp0Ap + ρfAf
,

mf =
mf

ρp0Ap + ρfAf
, γ = ΓL

√
mf

E0Ip
, Λ =

AfPL2

E0Ip
, f =

fL2

E0Ip
,

ω = ωL

√
ρp0Ap + ρfAf

E0Ip
, kR =

KRL3

E0Ip
, d11 =

D11

E0Ip
,

k1 =
k1L

4

E0Ip
, k3 =

k3L
4

E0Ip
, c1 = c1L

2

√
1

E0Ip(ρp0Ap + ρfAf)
,

r21 = r21L
3

√
1

E0Ip(ρp0Ap + ρfAf)
, r12 = r21L

√
1

E0Ip(ρp0Ap + ρfAf)
.

(17)

The dimensionless governing equation and relative boundary conditions of the system can
be given as

(mp + mf)w,tt + (γ2 − Λ)w,xx + 2
√

mfγw,xt + d11wxxxx − fcos(ωt)

+ χ(k1w + k3w
3 + c1ẇ + r21w

2ẇ − r12wẇ
2
) = 0, (18)⎧⎨⎩ w(0, t) = 0, w,x(0, t) = 0, d11w,xx(1, t) = 0,

(γ2 − Λ)w,x(1, t) + d11w,xxx(1, t) − kRw(1, t) = 0,
(19)

where ρp0 and E0 are, respectively, the density and the modulus of elasticity of the fluid-
conveying pipe made completely of metal.
2.2 Natural frequency and modal function

The linear dimensionless governing equation of the FGM fluid-conveying pipe can be written
as

(mp + mf)w,tt + (γ2 − Λ)w,xx + 2
√

mfγw,xt + d11w,xxxx = 0. (20)

The displacement of the FGM fluid-conveying pipe can be assumed to be

w(x, t) = φ(x)eiωt, (21)

φ(x) = C1eiβ1x + C2eiβ2x + C3eiβ3x + C4eiβ4x, (22)

where eiωt and φ(x) are the generalized coordinate and modal functions of the system, respec-
tively, and βj (j = 1, 2, 3, 4) are eigenvalues. To obtain an expression relating frequency and
eigenvalues, Eqs. (21) and (22) are substituted into Eq. (20),

d11β
4
j − (γ2 − Λ)β2

j − 2
√

mfγβjω − (mp + mf)ω2 = 0. (23)
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The coefficients C1, C2, C3, and C4 can be found by substituting Eq. (22) into the governing
equation with dimensionless boundary conditions, which are found to be

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C1 + C2 + C3 + C4 = 0,

iC1β1 + iC2β2 + iC3β3 + iC4β4 = 0,

− C1β
2
1eiβ1 − C2β

2
2eiβ2 − C3β

2
3eiβ3 − C4β

2
4eiβ4 = 0,

(γ2 − Λ)(iC1β1eiβ1 + iC2β2eiβ2 + iC3β3eiβ3 + iC4β4eiβ4)

+ d11(−iC1β
3
1eiβ1 − iC2β

3
2eiβ2 − iC3β

3
2eiβ3 − iC4β

3
4eiβ4)

+ kR(C1eiβ1 + C2eiβ2 + C3eiβ3 + C4eiβ4) = 0.

(24)

According to Eq. (24), the coefficients C1, C2, C3, and C4 are found to be

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C1 = 1,

C2 =
C1(eiβ3β1β

2
3 − eiβ3β4β

2
3 − eiβ4β1β

2
4 + eiβ4β3β

2
4 − eiβ1β2

1β3 + eiβ1β2
1β4

eiβ2β2β2
2 − eiβ2β4β2

2 − eiβ3β2β2
3 + eiβ3β4β2

3 + eiβ4β2β2
4 − eiβ4β3β2

4

,

C3 = −C1(eiβ2β1β
2
2 − eiβ2β4β

2
2 − eiβ4β1β

2
4 + eiβ4β2β

2
4 − eiβ1β2

1β2 + eiβ1β2
1β4

eiβ2β3β2
2 − eiβ2β4β2

2 − eiβ3β2β2
3 + eiβ3β4β2

3 + eiβ4β2β2
4 − eiβ4β3β2

4

,

C4 = −C1(eiβ2β1β
2
2 − eiβ2β3β

2
2 − eiβ3β1β

2
3 + eiβ3β2β

2
3 − eiβ1β2

1β2 + eiβ1β2
1β3

eiβ2β3β2
2 − eiβ2β4β2

2 − eiβ3β2β2
3 + eiβ3β4β2

3 + eiβ4β2β2
4 − eiβ4β3β2

4

.

(25)

From Eqs. (23), (24), and (25), the eigenvalues and natural frequencies of the corresponding
linear equations can be obtained by numerical methods. The parameters of the FGM fluid-
conveying pipe are provided in Table 2.

Table 2 Parameter values of the FGM fluid-conveying pipe

Item Notation Value

Outer radius r1 0.2m

Inner radius r2 0.016m

Young’s modulus
E1 70GPa

E2 151 GPa

Density of fluid ρf 1 000 kg·m−3

Density of pipe
ρ1 2 700 kg·m−3

ρ2 3 000 kg·m−3

Length of pipe L 1m

Stiffness of support spring KR 30 000 N·m−1

Gradient index bm 1

Figure 2 shows the effects of the fluid velocity on the natural frequency. In general, the flow
velocity will affect the first four natural frequencies, which vary in a small range as the fluid
velocity changes. The natural frequencies decrease with the increasing fluid velocity. Figure 3
shows how the first four modal functions depend on the linear supporting spring stiffness. Since
the boundary conditions of the structure are asymmetrical, the vibration mode of the FGM fluid-
conveying pipe is asymmetrical. The linear supporting spring stiffness has an obvious influence
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Fig. 2 Effects of the fluid velocity on the natural frequency when kR = 92.7: (a) the 1st-order and
2nd-order; (b) the 3rd-order and 4th-order (color online)

1st-order 2nd-order 3rd-order 4th-order

1.0

0.5

0.0

−0.5

−1.0

M
od

al
 fu

nc
ti

on
 φ

(
)

0.00 0.25 0.50

(a)

0.75 1.00

1.0

0.5

0.0

−0.5

−1.0

M
od

al
 fu

nc
ti

on
 φ

(
)

0.00 0.25 0.50

(b)

0.75 1.00

1.0

0.5

0.0

−0.5

−1.0

M
od

al
 fu

nc
ti

on
 φ

(
)

0.00 0.25 0.50

(c)

0.75 1.00

1.0

0.5

0.0

−0.5

−1.0

M
od

al
 fu

nc
ti

on
 φ

(
)

0.00 0.25 0.50

(d)

0.75 1.00

Fig. 3 Modal functions of the FGM fluid-conveying pipe when γ = 1.25: (a) kR = 9.27 × 101; (b)

kR = 9.27 × 102; (c) kR = 9.27 × 103; (d) kR = 9.27 × 105 (color online)

on the first mode of the vibration modal functions. For small support stiffness, the mode change
of the structure is slight, but when the support stiffness increases significantly, the mode of the
structure undergoes a larger change. It is obvious from the curve of the modal function that
the response of the right end changes the most significantly. The right end of the structure is
the most sensitive.
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3 Numerical analysis for the system

In order to facilitate the simulation calculation, the partial differential-integral equation of
dynamic motion needs to be processed and transformed into an ordinary differential equation
by using the GTM[53].

By neglecting the effects of the external excitation term, the damping term, and the fluid
velocity, the free linear vibration and boundary conditions are given by

(mp + mf)w,tt − Λw,xx + d11w,xxxx = 0, (26){
w(0, t) = 0, w,x(0, t) = 0, d11w,xx(1, t) = 0,

d11w,xxx(1, t) − kRw(1, t) = 0.
(27)

The free vibration displacement can be defined as

w(x, t) = ϕ(x)q(t), (28)

where qt and ϕ(x) are, respectively, the generalized coordinate and the modal function of the
system. The free vibration mode function can be taken to be

ϕ(x) = Cs1cos(βx) + Cs2sin(βx) + Cs3cosh(βx) + Cs4sinh(βx). (29)

The eigenvalue β and coefficients Cs1, Cs2, Cs3, and Cs4 can be determined by substituting
the following equation into Eqs. (28) and (29):

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cs2 = (Cs1((d11sin(β)β3 − 2kR2cos(β))cosh(β) + cos(β)sinh(β)β3d11)

− d11β
3cos(β)cosh(β))/(d11cos(β)β3 + 2kRsin(β)cosh(β)

− d11β
3sin(β)sinh(β) + β3d11),

Cs3 = − (Cs1(−sin(β)sinh(β)β3d11 − cos(β)cosh(β)β3d11 − β3d11

+ 2cos(β)sinh(β)kR))/(−sin(β)sinh(β)β3d11 + cos(β)cosh(β)β3d11

+ β3d11 + 2sin(β)cosh(β)kR),

Cs4 = (Cs1(sin(β)cos(β)β3d11 + cos(β)sinh(β)β3d11 − 2cos(β)cosh(β)kR))

/(sin(β)sinh(β)β3d11 + cos(β)cosh(β)β3d11 + β3d11 + 2sin(β)cosh(β)kR).

(30)

Based on the obtained free vibration modal function, it is assumed that the displacement
can be written as

w(x, t) =
n∑

i=1

ϕi(x)qi(t), (31)

where n stands for the Galerkin truncation term, qi(t) is the generalized coordinate, and ϕi(x)
is the free vibration modal function. By substituting Eq. (31) into the dimensionless governing
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equation of the system, the GTM process can be expressed as follows:

(mp + mf)
∫ 1

0

n∑
i=1

ϕi(x)q̈i(t)ϕs(x)dx + (γ2 − Λ)
∫ 1

0

n∑
i=1

ϕ′′
i (x)qi(t)ϕs(x)dx

+ 2
√

mfγ

∫ 1

0

n∑
i=1

ϕ′
i(x)q̇i(t)ϕs(x)dx + d11

∫ 1

0

n∑
i=1

ϕ
(4)
i (x)qi(t)ϕs(x)dx − f

∫ 1

0

ϕs(x)dx

+ χ
(
k1

∫ 1

0

n∑
i=1

ϕi(x)qi(t)ϕs(x)dx + k̂3

∫ 1

0

( n∑
i=1

ϕi(x)qi(t)
)3

ϕs(x)dx

+ c1

∫ 1

0

n∑
i=1

ϕi(x)q̇i(t)ϕs(x)dx + r21

∫ 1

0

( n∑
i=1

ϕi(x)qi(t)
)2( n∑

i=1

ϕi(x)q̇i(t)
)
ϕs(x)dx

− r12

∫ 1

0

( n∑
i=1

ϕi(x)qi(t)
)( n∑

i=1

ϕi(x)q̇i(t)
)2

ϕsdx
)

(32)

with the weight function ϕs(x) being the same as the free vibration modal function. Equation
(32) can be simplified as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G1,iq̈i(t) + G2,iq̇i(t) + G3,iqi(t) − fD4,i

+
∫ 1

0

f
( n∑

i=1

ϕi(x)qi(t),
n∑

i=1

ϕi(x)q̇i(t)
)
ϕs(x)dx = 0,

G1,i = (mp + mf)
∫ 1

0

n∑
i=1

ϕi(x)ϕs(x)dx,

G2,i = 2
√

mfγ

∫ 1

0

n∑
i=1

ϕ′
i(x)ϕs(x)dx,

G3,i = (γ2 − Λ)
∫ 1

0

n∑
i=1

ϕ′′
i (x)ϕs(x)dx + d11

∫ 1

0

n∑
i=1

ϕ
(4)
i (x)ϕs(x)dx,

G4,i =
∫ 1

0

ϕs(x)dx.

(33)

Figure 4 shows the frequency history of the system for Galerkin truncations of different
orders. As shown in Fig. 4, the GTM is stable and convergent. The numerical results of four-
term and six-term GTMs are extremely consistent. Accordingly, the four-term GTM is used,
and the results show sufficient calculational accuracy.

Figure 5(a) shows the first four orders of time-domain displacement for the FGM fluid-
conveying pipe. Obviously, the differences in response for the first four natural frequencies are
quite significant, with the first response being the largest. Figure 5(b) shows the corresponding
displacements of the first four orders in the frequency domain. It is evident that the displace-
ment of the first-order response is the greatest. Compared with the second, third, and fourth
orders, the corresponding displacement of the first order is at least greater than one order of
magnitude. This paper therefore focuses mainly on the first-order vibration response.

4 Analytical solution for the system

An analytical solution of the system is obtained by using the HBM[52]. The harmonic
solution of the non-dimension coordinate is taken to be
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qi(t) = Âi,0 +
ṁ∑

j=1

ai,jcos(jωt) +
ṁ∑

j=1

bi,jsin(jωt),

q̇i(t) = −
ṁ∑

j=1

ai,jjωsin(jωt) +
ṁ∑

j=1

bi,jjωcos(jωt),

q̈i(t) = −
ṁ∑

j=1

ai,jj
2ω2cos(jωt) −

ṁ∑
j=1

bi,jj
2ω2sin(jωt),

(34)

where j is the harmonic order. Âi,0 are constant terms. ai,j and bi,j are the coefficients of the
cosine and sine terms, respectively.

Figure 6(a) shows the comparison of the first, third, and fifth orders of the HBM. The an-
alytical results of the third order and fifth order are exactly comparable, while the analytical
results of the first order show some deviations. Consequently, the third order is adopted in
further investigations. Figure 6(b) compares the analytical solutions of the symmetrical and
asymmetrical HBMs. The responses of the symmetrical and asymmetrical HBMs match accu-
rately. This means that the constant term Âi,0 and the even-order harmonics in the HBM have
no substantial effects on the calculated results.
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Figure 7 shows that the analytical solution and numerical solution are quite close. The
calculation of the 3rd-order symmetrical HBM is sufficiently accurate. This verifies that the
method we use is reliable and that the solution can be trusted. Hence, the remaining research
reported in this paper uses the 3rd-order symmetrical HBM.
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HBM) and numerical (4-term GTM) methods (a) with and (b) without NiTi-ST when kR =
92.7, γ = 1.25, and x = 1 (color online)

The displacement responses along the FGM fluid-conveying pipe with NiTi-ST are shown in
Figs. 8(a), 8(b), and 8(c). The response is measured at positions L/2 and L on the FGM fluid-
conveying pipe. The results indicate that the amplitudes of vibration at the main resonance
peaks located at L/2 and L are reduced by 36.04% and 36.60%, respectively. The amplitude at
the right end is significantly larger than that at the midpoint. Figure 8(c) illustrates that vibra-
tion can be absorbed along the pipe. Therefore, NiTi-ST can successfully reduce the displace-
ment of system’s response, and it can provide approximate vibration absorption along the FGM
fluid-conveying pipe. Hence, the vibration absorption of the NiTi-ST can be successfully applied
in the FGM fluid-conveying pipe system. In Fig. 9, the effect of flow velocity on the effectiveness
of the vibration absorption of the structure is shown. The results indicate that the displacement
amplitude decreases with an increase in the flow velocity. As the fluid velocity increases from
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γ = 0.75 to γ = 1.50, the vibration absorption performance at the main resonance peak is
reduced by 48.4% to 32.4%. Hence, the fluid flow is unfavorable for the vibration absorption of
the FGM fluid-conveying pipe.

Figure 10 shows the displacement response of the FGM fluid-conveying pipe at the first main
resonance peak for different NiTi-ST configurations. The dimensionless natural frequency of the
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FGM fluid-conveying pipe is 34.25. As shown in Fig. 10(a), the different NiTi-ST configurations
successfully reduce the displacement response around the main resonance peak. Overall, the
different NiTi-ST configurations have a slightly softening behavior, and the S1a configuration
demonstrates an optimizing vibration absorption effect. Nevertheless, the S1a configuration has
the best vibration absorption effect for a small excitation amplitude, but its softening behavior
is the most evident, and the offset of the main resonance peak is prominent. With the increasing
amplitude of the dimensionless external excitation, the sudden changes of the vibration response
and resonance frequency of the FGM fluid-conveying pipe with S1a configuration NiTi-ST
are shown in Fig. 10(b). The amplitude and natural frequency of the main resonance peak
exhibit unacceptable changes. It is necessary to give consideration to the disadvantages when
polynomial models are applied.

Figure 11 illustrates the progress of the displacement response with an increase in the ex-
ternal excitation amplitude. The linearized stability theory is used to explore the stability
of the response[56]. The red scratch line represents the unstable solution. As illustrated in
Fig. 11, when the amplitude of the external excitation increases, the interval of the unstable
solution becomes wider. When the amplitude of the dimensionless external excitation increases
to f = 1.80, the displacement response and the resonance frequency change abruptly and
significantly, which are much more than those for a small external excitation amplitude.
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Below, the reason for the abrupt changes of the vibration response and resonance frequency
is illustrated. When simulating the change of displacement response with external excitation,
the vibration response phenomenon named as the CDR is found. As shown in Figs. 12(a) and
12(b), when the external excitation increases from f = 0.80 to f = 1.10, a small curve appears
above on the right, far from the main resonance peak. In particular, the unstable region is
marked red on the CDR, and there is no unstable solution on the main resonance peak. With
a further increase in the external excitation, as shown in Figs. 12(c) and 12(d), the CDR curve
becomes larger, and the left end of the curve gradually approaches the main resonance peak.
In addition, the resonance frequency gets gradually lower as the external excitation increases.
Finally, when the external excitation increases to f = 1.70, the CDR curve begins to merge with
the main resonance peak. When the external excitation increases to f = 1.80, the CDR curve
merges completely with the main resonance peak. The merging of the CDR curve and the main
resonance peak is observed with changing the external excitation, as shown in Fig. 12(g). This
merging illustrates the sudden change of the vibration response and resonance frequency. After
the merging of the CDR curve and the main resonance peak, the amplitude of the displacement
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response changes abruptly to 0.025, and the resonance frequency shifts to 12.6. Significantly,
with an increment in the external excitation, the CDR curve appears separately before merging
with the main resonance peak. The sudden change of the vibration response and resonance
frequency relates to the appearance of the CDR curve. This curve has a negative impact on
vibration absorption, and the CDR curve will give unsatisfactory responses under large external
excitation. It is necessary to give consideration to the possible disadvantage of the CDR curve.

To avoid the unfavorable effect on vibration absorption, Figs. 13(a) and 13(b) illustrate
the displacement via the resonance frequency with various values of the parameter r12 while
ensuring reasonable degree of fitting. Figure 13(a) shows that the main resonance peak recovers
by decreasing r12 value, and the region of the unstable solution on the main resonance peak
becomes smaller. The NiTi-ST can still provide reasonable vibration absorption. Figure 13(b)
illustrates the effect of the parameter r12 on the CDR curve. As shown in this figure, as the
parameter r12 gets even smaller, the CDR curve shrinks and gradually separates from the main
resonance peak. Eventually, the CDR curve disappears while the nonlinear damping coefficient
continues to decrease. Based on the discussion above, the effect of damping coefficients on
the vibration absorption is complicated in the polynomial model, and the CDR curve can be
avoided by changing r12.
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Fig. 13 Displacements of the main resonance peaks for different values of r12 when kR = 92.7,

γ = 1.25, and x = 1: (a) f = 1.80; (b) f = 1.69 (color online)

Figure 14 shows the effects of the stiffness coefficient and linear damping on vibration ab-
sorption. Figure 14(a) shows that the main resonance peak does not change significantly with
change of the parameter k3. As shown in Fig. 14(b), the vibration absorption ability of c1 is also
studied. The polynomial model contains many damping-related terms, where c1 is the linear
damping term. The ability of vibration absorption is enhanced with the increase in c1 and the
resonance frequency keeping invariable. Based on the above analysis, the linear damping term
c1 is found to have a major effect on vibration absorption. The stiffness term, by contrast, has
no significant effect on vibration absorption.

5 Conclusions

This paper investigates the vibration absorption of an FGM fluid-conveying pipe coupled
with NiTi-ST. The restoring and damping forces are determined by a polynomial model. The
governing function of the system is obtained based on the Hamilton theory. The governing
function is discretized by the GTM. The HBM is used to analyze the vibration response. The
effects of the NiTi-ST parameters and the fluid velocity on the absorption performance are
investigated. According to the analytical solution, NiTi-ST can absorb the vibration of the
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system under harmonic excitations. The conclusions are listed as follows.
(I) NiTi-ST can successfully control the vibration response along the FGM fluid-conveying

pipe. However, increasing the fluid velocity may affect the vibration absorption.
(II) The S1a configuration has the best vibration absorption, but the softening behavior is

the most obvious.
(III) The sudden change of the vibration response and resonance frequency of the fluid-

conveying pipe is due to the appearance of the CDR. With the increment in external excitation,
the CDR curve gradually approaches the resonance peak and finally merges with the main
resonance peak.

(IV) The effects of the damping coefficients of NiTi-ST on the vibration absorption in the
polynomial model are complicated. The linear damping coefficient has a major effect on the vi-
bration absorption. The nonlinear damping coefficient is a significant factor affecting the CDR.
The occurrence of the CDR can be avoided with a reasonable nonlinear damping coefficient.
The stiffness coefficient has no significant effects on the vibration absorption.
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