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Abstract Curved channels are ubiquitous in microfluidic systems. The pressure-
driven electrokinetic flow and energy conversion in a curved microtube are investigated
analytically by using a perturbation analysis method under the assumptions of the small
curvature ratio and the Reynolds number. The results indicate that the curvature of
the microtube leads to a skewed pattern in the distribution of the electrical double layer
(EDL) potential. The EDL potential at the outer side of the bend is larger than that at
the inner side of the bend. The curvature shows an inhibitory effect on the magnitude
of the streaming potential field induced by the pressure-driven flow. Since the spanwise
pressure gradient is dominant over the inertial force, the resulting axial velocity profile is
skewed into the inner region of the curved channel. Furthermore, the flow rate in a curved
microtube could be larger than that in a straight one with the same pressure gradient
and shape of cross section. The asymptotic solutions of the axial velocity and flow rate
in the absence of the electrokinetic effect are in agreement with the classical results for
low Reynolds number flows. Remarkably, the curved geometry could be beneficial to
improving the electrokinetic energy conversion (EKEC) efficiency.
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1 Introduction

Manipulating flows at micro-scales are important for many scientific disciplines and indus-
trial applications[1]. Nowadays, microfluidic devices have been widely used in biochemical and
biomedical processes, fuel cells, physical particle separation, and heat exchange[2–3]. Curved
channel appears to be ubiquitous for these systems. On the one hand, it provides a convenient
scheme for increasing the channel length per unit chip area in the direction of net flow. On the
other hand, the design of curved channels can be used to enhance micro-mixing[4] and reaction
in continuous flow reactors[5].
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Fluid flow in a curved pipe is a classical problem in fluid dynamics[6–7]. Dean[8–9] was
the first to develop an analytical solution for fully developed laminar flow in a curved tube
of circular cross section under the condition of small curvature ratio, δ = a/R, where a and
R are the radii of the tube and the coil, respectively. The series solution developed by Dean
only depends on a single non-dimensional parameter, the Dean number, which is essentially a
product of the square of a Reynolds number and the curvature ratio δ. The system exhibits
a secondary flow pattern of two counter-rotating vortices (Dean vortices). The axial velocity
profile is not axisymmetric. In addition, the flow rate in a curved channel is lower than that in
a straight channel for a given axial pressure gradient with a moderate Reynolds number.

In microflows, surface effects become the dominant factor due to the relatively large surface
area to fluid volume ratio[10]. When a solid surface is in contact with a polarizable electrolyte
solution, the solid surface may attain a net positive or negative charge due to ion adsorption
from the liquid molecules adjacent to it. This leads to the presence of the electrical potential at
the surface, which is well known as the wall zeta potential. Due to the electrostatic interactions,
the migration of ions naturally arises between the dielectric walls and the polar fluid. Here,
the charged wall of the microchannel attracts counter-ions in the liquid forming the so-called
electrical double layer (EDL). The characteristic thickness of the EDL is commonly known as
the Debye length[11].

Electrokinetic phenomena induced by the EDL play an important role in microfluidic trans-
port[12]. Application of an electric field along a fluidic conduit with surface charge induces
movement of mobile ions in the EDL, and viscous forces in the solution drag adjacent fluid
layers along the same direction, resulting in the electroosmotic flow (EOF). This is named as
the “pumping mode”[13]. When an electrolyte solution is driven by an applied pressure gradient
through a microchannel, the movement of net charges in the EDL causes an electric current
(known as the streaming current). Furthermore, the accumulation of charges at the channel
downstream creates an induced electrical potential difference (called the streaming potential)
between the ends of the microchannel, which is the so-called “generation mode”[13]. The estab-
lishment of the streaming current and streaming potential in microchannels represents a means
of the converting hydrostatic energy into the electrical power[14]. Experimental and theoreti-
cal studies demonstrated that the streaming current can provide a simple and effective means
of transferring the mechanical energy of the pressure-driven transport and chemical energy of
the EDL to electrical power of the streaming current[15–20]. The conversion between electri-
cal energy and mechanical energy in microchannels via the electrokinetic effect refers to the
electrokinetic energy conversion (EKEC).

We noticed that previous studies were almost confined to the analysis of electrokinetic
phenomena in straight channels. However, curved channels are ubiquitous for microfluidic
systems. Despite the important applications, the electrokinetic flow in curved microchannels
has received much less attention in the literature. Luo[21] applied a numerical approach to
investigate transient electroosmotic flow in a curved rectangular channel in which the fluid is
driven by an external direct current (DC) or alternating current (AC) electric field. Using a
finite volume scheme, Yun et al.[22] simulated the pressure-driven electrokinetic flow in curved
rectangular channels, and recognized the skewed pattern in a streamwise velocity for the case
of a low Reynolds number.

In curved microchannels, it is difficult to analytically solve a coupled set of partial differ-
ential equations, i.e., Navier-Stokes (for incompressible fluid flow) and Poisson-Boltzmann (for
EDL potential). To the best of the authors’ knowledge, the present research of the electroki-
netic flows in curved pipes mainly relies on numerical simulations, and little progress has been
made analytically. In this study, we provide an analytical investigation of the fully developed
electrokinetic flow, based on a perturbation analysis, in a curved microtube under the condition
of small curvature ratio. Using the analytical solutions, we can explore the effects of the cur-
vature of the curved microtube on the velocity, flow rate, EDL potential, streaming potential,
and EKEC, and evaluate the performance characteristics.
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2 Basic equations

To begin with, we consider a pressure-driven and steady-state microfluidic transport through
a curved microtube with a uniform curvature. The geometry of the problem and the attached
toroidal coordinate system (r, θ, φ) are sketched in Fig. 1, where a is the radius of the circular
cross section of the channel, C is located at the centre of the section of the channel, the centreline
of the tube is assumed to lie on the arc of a circle of radius R (e.g., R = OC in Fig. 1), xy-plane
coincides with the centre plane of the channel (i.e., the plane containing the centreline), and the
channel curves about the z-axis. The transformation from the rectangular coordinates (x, y, z)
to the toroidal coordinate system (r, θ, φ) is

x = (R + r cos θ) cos φ, y = (R + r cos θ) sin φ, z = r sin θ. (1)

a

O

C

r

x

y
φ

θ

Fig. 1 The channel geometry and related coordinate systems

We introduce the following assumptions: (i) the channel has a small curvature ratio a/R; (ii)
the electrokinetic flow in a curved microchannel is a low Reynolds number flow. The assumption
(i) facilitates the development of an asymptotic solution in mathematics. Generally, for the
electrokinetic flow in microchannels, both the dimension of the channel and the velocity of the
fluid are small, and thus the assumption (ii) is reasonable. In addition, the characteristic length
of the channel is considered to be micro-scale, while the thickness of the EDL is generally in
nano-level (several to hundreds of nanometers). Therefore, the thin EDL approximation can
also be used reasonably.
2.1 Distribution of the electrostatic potential in a curved microtube

In a microchannel filled with an electrolyte solution with a uniform dielectric constant ε
and viscosity µ, when the liquid comes into contact with the solid wall, interfacial charges are
induced. The charges cause the free ions in the liquid to rearrange to form a thin region (i.e.,
the EDL) with non-zero net charge density, in which an electrical potential field (denoted by
ψ̃e) is established. On the other hand, when driven by an applied pressure gradient through
the microchannel, the flow with net charges will lead to the presence of streaming potential,
denoted by ψ̃s. Therefore, the overall electrical potential Ψ̃ is composed by both ψ̃e and ψ̃s,
i.e., Ψ̃ = ψ̃e + ψ̃s. According to the electrostatics theory, the potential Ψ̃ satisfies the Poisson
equation, i.e.,

∇2Ψ̃ = − ρ̃e

ε
, (2)

where ρ̃e is the net electric charge density.
In a straight microtube with circular section, the potential ψ̃e is only a function of r. How-

ever, in a slightly curved circular microtube, the potential ψ̃e is also θ-dependent due to the
breaking of axisymmetry, i.e., ψ̃e = ψ̃e(r, θ). Furthermore, for the case of thin EDL, it is
acceptable that the spanwise dependence of the flow-induced streaming potential ψ̃s is much
smaller than its streamwise axial dependence[22]. Thus, ψ̃s = ψ̃s(φ) can be applied. With these
assumptions, Eq. (2) readily reduces to

∇2ψ̃e(r, θ) = − ρ̃e

ε
, (3)
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∇2ψ̃s(φ) = 0. (4)

The net charge density ρ̃e can be written, by assuming a symmetric electrolyte (z+ = −z− =
zv), as

ρ̃e = e(z+n+ + z−n−) = e zv(n+ − n−), (5)

where e is the electron charge, zv is the valence, and n+ and n− are the respective ionic
number densities of the electrolyte cations and anions, respectively, being expressed through
the Boltzmann distribution

n± = n0 exp
(
∓ zveψ̃e

kBT

)
(6)

with the ion density n0 of bulk liquid, the Boltzmann constant kB, and the absolute temperature
T . Note that the Boltzmann equation (6) is valid when the EDL of two adjacent walls do not
overlap.

Substitution of Eqs. (5) and (6) into Eq. (3) yields the celebrated Poisson-Boltzmann equa-
tion

∇2ψ̃e =
2n0zve

ε
sinh

(zv eψ̃e

kBT

)
. (7)

In the curvilinear coordinate system, Eq. (7) can be expressed as

∂2ψ̃e

∂r2
+

1
r

∂ψ̃e

∂r
+

cos θ

R + r cos θ

∂ψ̃e

∂r
+

1
r2

∂2ψ̃e

∂θ2
− sin θ

r(R + r cos θ)
∂ψ̃e

∂θ

=
2n0zve

ε
sinh

(zveψ̃e

kBT

)
, (8)

subject to the following boundary condition:

ψ̃e(r, θ)
∣∣∣
r=a

= ϕ̃. (9)

Here, ϕ̃ is the wall zeta potential.
Equation (4), in the coordinate system, can be expressed as

d2ψ̃s

dφ2
= 0. (10)

This means that dψ̃s/dφ is a constant. Let

Ẽs = − 1
R

dψ̃s

dφ
(11)

denote the magnitude of the electric field strength related to the streaming potential along the
centerline of the tube (i.e., r = 0).
2.2 Governing equations of fluid motion

The steady-state fluid flow is governed by the continuity and momentum equations,

∇ · Ṽ = 0, (12)

ρ(Ṽ · ∇)Ṽ = −∇p + µ∇2Ṽ + F , (13)

where Ṽ = (ṽr, ṽθ, ṽφ) is the velocity vector, ρ is the fluid density, p is the pressure, F = ρ̃eẼ
is the body force as a result of the action of the electric field on the free ions within the EDL,
ρ̃e is given by Eq. (5), and the electric field Ẽ satisfies

Ẽ = −∇Ψ̃ = −
(∂Ψ̃

∂r
,

1
r

∂Ψ̃
∂θ

,
1

R + r cos θ

∂Ψ̃
∂φ

)T

. (14)

Under the assumption of the low Reynolds number or creeping flow, the inertial term on
the left side of Eq. (13) can be neglected. Furthermore, the lateral parts of velocity components
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can be omitted in comparison with the order of magnitude of streamwise velocity (i.e., ṽr =
ṽθ = 0). In fact, by numerical simulation of steady electrokinetic flow in a curved rectangular
microchannel, Yun et al.[22] has found that the magnitude of the spanwise velocity is smaller in
the order of 10−5–10−7 than that of the axial velocity. This is also consistent with the result
demonstrated experimentally by Yamaguchi et al.[23] in the case of a low Reynolds number.
In addition, since the flow is fully developed, the axial velocity component ṽφ = ṽφ(r, θ) is
independent of φ. Thus, Eq. (12) is satisfied automatically, and only the φ-momentum equation
should be solved, which in the toroidal coordinate system can be expressed as

µ
(( ∂

∂r
+

1
r

)(∂ṽφ

∂r
+

ṽφ cos θ

R + r cos θ

)
+

1
r

∂

∂θ

(1
r

∂ṽφ

∂θ
− ṽφ sin θ

R + r cos θ

))

− 1
R + r cos θ

∂p

∂φ
− ρ̃e

R + r cos θ

dψ̃s

dφ
= 0 (15)

with the no-slip boundary condition

ṽφ(r, θ)|r=a = 0. (16)

So far, the equations governing the distributions of the EDL potential and the axial velocity
have been established by Eqs. (8) and (15), with the corresponding boundary conditions (9)
and (16). Then, we introduce the following dimensionless quantities:





r′ =
r

a
, ψe =

zveψ̃e

kBT
, k =

a

λ
, ϕ =

zveϕ̃

kBT
,

ρe =
zvea

2

εkBT
ρ̃e, u =

ṽφ

up,0
, ur =

ue, 0

up, 0
, Es =

Ẽs

E0
,

(17)

where k is the inverse of the dimensionless Debye length (also known as the electrokinetic
width), λ =

√
εkBT

2n0e2z2
v

is the Debye length, up,0 = − a2

µR
∂p
∂φ is the pressure-driven velocity scale,

ue,0 = − εkBT
zve

E0
µ is the electroosmotic velocity scale, ur denotes the ratio of the electro-osmotic

velocity to the pressure-driven characteristic velocity, and E0 is the characteristic electric field
strength.

Assuming that the wall zeta potentials ϕ̃ is small enough, the Debye-Hückel linearization
approximation can be applied on the right hand side of Eq. (8). The dimensionless forms of
Eqs. (8) and (15) as well as the boundary conditions (9) and (16) can be written as

∂2ψe

∂r2
+

1
r

∂ψe

∂r
+

δ cos θ

1 + δr cos θ

∂ψe

∂r
+

1
r2

∂2ψe

∂θ2
− δ sin θ

r(1 + δr cos θ)
∂ψe

∂θ
= k2ψe, (18)

(( ∂

∂r
+

1
r

)(∂u

∂r
+

uδ cos θ

1 + δr cos θ

)
+

1
r

∂

∂θ

(1
r

∂u

∂θ
− uδ sin θ

1 + δr cos θ

))

+
1

1 + δr cos θ
− urEs

1 + δr cos θ
ρe = 0, (19)

ψe(r, θ)|r=1 = ϕ, (20)
u(r, θ)|r=1 = 0. (21)

Note that in the above equations, we have simply used r instead of r′ in the case of no confusion,
δ = a/r denotes the curvature ratio, which is assumed to be small. Using these dimensionless
variables and Debye-Hückel linearization, Eqs. (5) and (6) reduce to

ρe = −k2ψe, (22)

which can be used in Eq. (19).
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3 Perturbation solutions

In the governing equations (18) and (19), the parameter δ reflects the characteristic of a
curved microtube. When δ vanishes, these equations will reduce to those classical equations
describing electrokinetic flows in straight channels. The parameter δ is not only a measure of
the effect of geometry, but also plays a major role in curved channel flows. For small values of
δ, the solution can be expressed by a regular perturbation expansion in δ for relevant variables
as 




ψe = ψ0(r) + δψ1(r, θ) + δ2ψ2(r, θ) + O(δ3),

u = u0(r) + δu1(r, θ) + δ2u2(r, θ) + O(δ3),

Es = Es,0 + δEs,1 + δ2Es,2 + O(δ3).

(23)

Here, we point out that due to the influence of curvature, the distribution of streaming potential
Es, caused by the application of an external pressure-driven transport, will deviate from that
of a nominally straight channel, and thus it should be also expressed in the form of power series
in δ.

Substitution of Eq. (23) into Eqs. (18) and (19) yields a series of differential equations for
every powers of δ as follows:

δ0 :
d2ψ0

dr2
+

1
r

dψ0

dr
= k2ψ0, (24)

1 +
( d

dr
+

1
r

)du0

dr
+ k2urEs,0ψ0 = 0, (25)

δ1 :
∂2ψ1

∂r2
+

1
r

∂ψ1

∂r
+

1
r2

∂2ψ1

∂θ2
+ cos θ

dψ0

dr
= k2ψ1, (26)

( ∂

∂r
+

1
r

)(∂u1

∂r
+ u0 cos θ

)
+

1
r

∂

∂θ

(1
r

∂u1

∂θ
− u0 sin θ

)
+ k2ur

× (Es,0ψ1 + Es,1ψ0 − Es,0ψ0r cos θ) = r cos θ, (27)

δ2 :
∂2ψ2

∂r2
+

1
r

∂ψ2

∂r
+

1
r2

∂2ψ2

∂θ2
+ cos θ

∂ψ1

∂r
− sin θ

r

∂ψ1

∂r
− r cos2 θ

dψ0

dr
= k2ψ2, (28)

( ∂

∂r
+

1
r

)(∂u2

∂r
+ u1 cos θ − ru0 cos2 θ

)
+

1
r2

∂2u2

∂θ2

− 1
r

∂

∂θ
(u1 sin θ − ru0 cos θ sin θ) + k2ur(Es,0ψ2 + Es,1ψ1 − Es,2ψ0 − r cos θ

× (Es,0ψ1 + Es,1ψ0) + r2 cos2 θEs,0ψ0) = −r2 cos2 θ. (29)

The solutions to Eqs. (24)–(29) constrained by the corresponding boundary conditions will
be developed and discussed in the following. First, it can be recognized that Eqs. (24) and (25)
correspond to the fully developed and steady electrokinetic flow in a straight microchannel with
circular cross section. Both the zeroth-order EDL potential and the zeroth-order axial velocity
are axisymmetric, and thus they are independent of θ. That is the reason that in the regular
perturbation expansion (23), we have assumed ψ0 and u0 as a function of r only. With the
corresponding boundary conditions

ψ0(1) = ϕ, u0(1) = 0, (30)

the solution to the zeroth-order equations in δ is straightforward and well documented, i.e.,

ψ0 = ϕ
I0(kr)
I0(k)

, u0 =
1− r2

4
+ ϕurEs,0

(
1− I0(kr)

I0(k)

)
, (31)

where I0 is the zeroth-order modified Bessel function of the first kind.
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3.1 First- and second-order solutions for EDL potential and velocity
In order to investigate the curvature effect on the electrokinetic flow, it is necessary to solve

the high-order equations in δ, i.e., Eqs. (26)–(29), with the corresponding boundary conditions

ψ1(r, θ)|r=1 = 0, u1(r, θ)|r=1 = 0, (32)
ψ2(r, θ)|r=1 = 0, u2(r, θ)|r=1 = 0. (33)

To facilitate this, based upon the form of Eq. (26), ψ1 can be assumed to take the form

ψ1(r, θ) = f1(r) cos θ. (34)

Substitution of Eq. (34) into Eq. (26) yields a differential equation with respect to f1

r2 d2f1

dr2
+ r

df1

dr
− (1 + k2r2)f1 = −kr2I1(kr)

I0(k)
ϕ (35)

with the related boundary condition

f1(1) = 0. (36)

By means of the eigenfunction expansion, f1 can be expressed as

f1(r) =
∞∑

n=1

AnJ1(µn,1r). (37)

Here and henceforth, Jv denotes the vth order Bessel function of the first kind, and µn,v is
the nth positive root of Jv(r) = 0. By substituting Eq. (37) into Eq. (35) and utilizing the
orthogonality of J1(µn,1r) in the interval [0, 1], these coefficients An can be determined and
finally the solution f1 can be obtained as

f1(r) =
∞∑

n=1

2ϕbn,1

(µ2
n,1 + k2)J0(µn,1)

J1(µn,1r), (38)

where

bn,1 =
k

I0(k)

∫ 1

0

rI1(kr)J1(µn,1r)dr. (39)

Similar to the process of solving Eq. (26), the solution to Eq. (27) can be assumed, based on
Eqs. (31) and (34), to take the form

u1(r, θ) = U1(r) cos θ + U2(r), (40)

which is subject to the boundary condition (32). The functions U1 and U2 can be obtained as
follows:

U1(r) =
3r(r2 − 1)

16
+

ϕurEs,0

kI0(k)
(I1(kr)− rI1(k) + rkI2(kr)− krI2(k))

+
∞∑

n=1

2ϕurEs,0k
2bn,1

µ2
n,1(µ

2
n,1 + k2)J2

0(µn,1)
J1(µn,1r), (41)

U2(r) = ϕurEs,1

(
1− I0(kr)

I0(k)

)
. (42)

When the streaming potential vanishes, the first-order velocity reduces to

u∗1(r, θ) =
3r(r2 − 1)

16
cos θ. (43)

The second-order problem, i.e., Eqs. (28) and (29), is more complicated. Its solution can be
expressed as {

ψ2(r, θ) = g(r) + h(r) cos(2θ),
u2(r, θ) = V1(r) + V2(r) cos θ + V3(r) cos(2θ).

(44)
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Based on Eqs. (31), (37), and (38), and the boundary condition (33), the functions g and h can
be obtained as follows:




g(r) =−
∞∑

n=1

ϕbn,0

(µ2
n,0 + k2)J2

1(µn,0)
J0(µn,0r)

+
∞∑

n=1

ϕµn,1bn,1

(µ2
n,1 + k2)2J2

2(µn,1)

(
J0(µn,1r)− J0(µn,1)

I0(k)
I0(kr)

)
,

h(r) =−
∞∑

n=1

ϕbn,2

(µ2
n,2 + k2)J2

1(µn,2)
J2(µn,2r)

+
∞∑

n=1

ϕµn,1bn,1

(µ2
n,1 + k2)2J2

2(µn,1)

(J2(µn,1)
I2(k)

I2(kr)− J2(µn,1r)
)
,

(45)

where

bn,v =
k

I0(k)

∫ 1

0

rI1(kr)Jv(µn,vr)dr, v = 0, 1, 2. (46)

The detailed expressions for V1, V2, and V3 are sophisticated and not given here. When the
influence of the streaming potential vanishes, the second-order velocity reduces to

u∗2(r, θ) =
14r2 − 3− 11r4

128
+

5r2(1− r2)
64

cos(2θ). (47)

Combining Eqs. (31), (34), (40), and (44), the approximate solutions of the EDL potential and
the axial velocity up to second-order have been derived.
3.2 Calculation of the streaming potential

In order to obtain the streaming potential, we first consider the total ionic current through
the channel section, which is expressed as

Ĩionic = ezv

∫ 2π

0

dθ

∫ a

0

(n+ṽ+
φ − n−ṽ−φ )rdr. (48)

Here, ṽ±φ refer to the axial velocities of the cations and anions, and they are a combination of
the fluid advection velocity and the electromigrative velocity, i.e.,

ṽ±φ = ṽφ ± R

R + r cos θ

ezvẼs

f
, (49)

where f is the ionic friction coefficient (assumed to be identical for cations and anions). Note
that in Eq. (49), there is an additional factor R/(R + r cos θ) appearing in the traditional
electromigrative velocity ezvẼs/f , due to the bending of the channel, and it is close to one
when R À r.

By using Eqs. (6) and (49), and the dimensionless variables (17), and applying the Debye-
Hückel linearization approximation, the total ionic current can be rewritten as

Ĩionic = Ĩs + Ĩc = −2n0ezva
2up,0

( ∫ 2π

0

dθ

∫ 1

0

ψeurdr + MurEs

∫ 2π

0

dθ

∫ 1

0

rdr

1 + δ cos θ

)
, (50)

where Ĩs is streaming current, Ĩc is conduction current, and M = e2z2
vµ

εkBTf is a dimensionless
parameter, determining the dimensionless conduction current, which is often interpreted as the
inverse of the ionic Peclet number[24]. For pressure-driven transport, Ĩionic becomes identically
zero at steady state; the corresponding value of Es is known as the streaming potential field
(customarily, Es is also called the streaming potential). Thus, Es can be obtained by solving
the following equation:

−MurEs

∫ 2π

0

dθ

∫ 1

0

rdr

1 + δr cos θ
=

∫ 2π

0

dθ

∫ 1

0

ψe(r, θ)u(r, θ)rdr. (51)
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Using the expansions (23) and collecting terms of equal powers of δ, we get a series of equations
as follows:

δ0 : − πMurEs,0 = 2π

∫ 1

0

ψ0(r)u0(r)rdr, (52)

δ1 : − πMurEs,1 = 2πϕ2urEs,1

∫ 1

0

I0(kr)
I0(k)

(
1− I0(kr)

I0(k)

)
rdr, (53)

δ2 : − πMur

(
Es,2 +

1
4
Es,0

)
= 2π

∫ 1

0

(g(r)u0(r) + ψ0(r)V1(r))rdr + 2ϕπ

×
∞∑

n=1

bn,1

(µ2
n,1 + k2)J2

0(µn,1)

∫ 1

0

u1(r)rJ1(µn,1r)dr. (54)

After substituting Eq. (31) into Eq. (52), the leading-order solution O(δ0) yields

Es,0 = −
ϕ
2

∫ 1

0
r(1− r2) I0(kr)

I0(k) dr

urM + 2ϕ2ur

∫ 1

0
I0(kr)
I0(k)

(
1− I0(kr)

I0(k)

)
rdr

= − ϕI2(k)

k2ur

(
M I0(k) + ϕ2

( I21(k)
I0(k) − I2(k)

)) . (55)

This is consistent with the streaming potential in straight channels for the pressure-driven
transports[25]. Note that the zeroth-order streaming potential field has a sign opposite to
the surface zeta potential ϕ, and it will trigger an electroosmotic transport that opposes the
pressure-driven transport (see Eq. (31)). In order to make Eq. (53) hold, the first-order stream-
ing potential Es,1 must vanish. That means the curvature of the channel does not affect the
streaming potential along the centerline of the tube in the first order of δ.

In order to investigate the effect of curvature on the streaming potential field, it is necessary
to solve the second-order problem (54). Substituting Eqs. (31), (41), (45), and the expression
of V1(r) into Eq. (54), we shall finally get the second-order streaming potential as

Es,2 =
D1

ur(2ϕ2T2,2 −M)
, (56)

where the detailed expressions for D1 and T2,2 are sophisticated and not given here.

4 Results and discussion

The asymptotic solutions of the EDL potential, streaming potential, and the axial velocity
have been derived up to O(δ2). The involved dimensionless parameters include the inverse of
the dimensionless Debye length k, the wall zeta potential ϕ, the characteristic velocity ratio ur,
the curvature ratio δ, and the parameter M (equivalent to the ionic Peclet number). To extend
the analysis, calculations have been performed over wide ranges: M is set to change from 0.01
to 100, and k is from 1 to 100. In addition, we have taken the dimensionless wall zeta potential
ϕ = 1 (i.e., ϕ̃ = kBT/(ezv) = 26 mV) and the parameter ur = 1. The latter indicates the
strength of comparable pressure-driven velocity and electroosmotic velocity.
4.1 First- and second-order EDL potential profiles

Figure 2 shows the three-dimensional (3D) profiles and contours of dimensionless first-order
EDL potential distributions over the circular cross section of the channel for different k. Note
that for plotting, we have transformed the polar coordinates (r, θ) in the cross section into the
rectangular coordinates (X, Y ) by

r =
√

X2 + Y 2, θ = arctan
Y

X
. (57)
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Fig. 2 3D distributions and contours of the first-order EDL potential, where (a) and (b) k = 1; (c)
and (d) k = 10 (color online)

From Fig. 2, it can be observed that ψ1 is anti-symmetric about the center of the cross
section, as expected from Eq. (34). It is noteworthy that the effect of the first-order curvature
tends to increase the EDL potential at the outer side of the bend (i.e., −π/2 < θ < π/2) while
to decrease the EDL potential at the inner side of the bend (i.e., π/2 < θ < 3π/2). This leads
to a skewed pattern in the overall EDL potential distribution, and a corresponding increase
(decrease) in the amplitude of the normalized net charge density ρe by Eq. (22) at the outer
(inner) side of the bend. Comparing Figs. 2(a) with 2(c), one can see that as k increases, the
potential variations are restricted to a very narrow region close to the outer and inner walls.
This can be explained by the fact that a large k means a thin EDL thickness.

The maximum of ψ1 on the cross section of the channel, denoted by ‖ψ1‖∞ , as a function
of k is presented in Fig. 3. We found that ‖ψ1‖∞ reaches the maximum value 0.046 at about
k = 3, which is 4.6% of the maximum value of ψ0 (‖ψ0‖∞ = ϕ = 1). In addition, as k → ∞,
ψ1 tends to zero.
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Fig. 3 Maximum of ψ1 on the cross section of the channel as a function of k (color online)

Figure 4 depicts the 3D distributions and contours of dimensionless second-order EDL po-
tential over the circular cross section of the channel for different k. It can be found that ψ2 is
symmetric about the center of the cross section. For all values of k, ψ2 is of opposite sign to
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ψ0, indicating that the order δ2 impact of the channel curvature is a reduction of the overall
EDL potential at the whole cross section, and ‖ψ2‖∞ , denoting the maximum of |ψ2|, reaches
its maximum value 0.032 at about k = 3 again (the figure is not shown here).
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Fig. 4 3D distributions and contours of the second-order EDL potential, where (a) and (b) k = 1;
(c) and (d) k = 10 (color online)

4.2 Streaming potential distribution
In the curvilinear coordinate system, the streaming potential field induced by the pressure-

driven transport can be expressed as

Ẽs = −∇ψ̃s =
(
0, 0, − 1

R + r cos θ

dψ̃s

dφ

)T

=
(
0, 0,

Ẽs

1 + δr′ cos θ

)T

, (58)

where Ẽs is the magnitude of the streaming potential field along the central axis of the channel
(i.e., r = 0), defined by Eq. (11). The asymptotic solution of the dimensionless streaming
potential Es has been derived until the order δ2 in Subsection 3.2.

Effects of the dimensionless parameters k and M on the streaming potential are investigated
in Fig. 5 (Note that Es,1 is zero). In Fig. 5(a), Es,0 corresponds to the streaming potential in
straight channels, and its magnitude (i.e., |Es,0|) will decrease as increase in M for any given
k, which is attributed to the fact that the increase in M will enhance the conductive effects,
thereby leading to a lower streaming potential in magnitude; see Ref. [25]. In addition, |Es,0|
will drop to zero quickly with the increase of k. Such a behavior is in accord with the relatively
thin EDL.

In Fig. 5(b), it can be observed that Es,2 has a sign opposite to Es,0, and they are similar
in the way of the dependence on parameters (i.e., Es,2 will drop to zero with the increase of k
or M). Thus, the curvature of the channel has a reduced effect on the streaming potential.
4.3 Axial velocity profile

The governing equations for the axial flow are Eqs. (25), (27), and (29). The zeroth-order
solution (31) agrees well with the result for the electrokinetic flow in a straight pipe (see Ref. [12]
or [25]). Figure 6 plots u0 as a function of r for different dimensionless parameters k and M .
Note that for small M and moderate k (e.g., k from 5 to 20), the backflow in the EDL near
the wall can be witnessed in Fig. 6(a), even though the backflow is small. As mentioned above,
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Fig. 5 Variations of the zeroth-order and second-order streaming potentials as a function of k for
different values of M (color online)

the overall velocity profile is a superposition of the pressure-driven flow and the counteracting
electroosmotic flow induced by streaming potential. For small M , the streaming potential field
is so large (see Fig. 5(a)) that the contribution of pressure to the flow is not as great as the
contribution of electroosmotic flow in the opposite direction caused by the migration of the ions
in the EDL. This leads to the presence of the backflow near the walls.

With the increase in k or M , the streaming potential decreases rapidly in magnitude. As a
result, the pressure-driven flow dominates the electroosmotic flow, the axial velocity increases
and the backflow disappears completely. As expected, the axial velocity profile rises in a
parabolic shape up to its maximum value 0.25 at the center of the channel (see Fig. 6), which
is in accord with Eq. (31). Furthermore, as M continues to increase (e.g., M = 10), the effect
of EDL on the velocity profile becomes negligible (see Fig. 6(d)).
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The first-order velocity u1 is given by Eq. (40). Because Es,1 is zero, u1 is anti-symmetric
about the center. From Fig. 7(a), one can see that in the EDL, the first-order curvature has an
opposite effect on the backflow. Outside the EDL, the effect of the first-order curvature tends
to increase the axial velocity at the inner side of the bend while to decrease it at the outer side
of the bend. This leads to an inward shift of the position of maximum velocity in the curved
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channel. This is different from the behavior of inertial flows, where an outward shift in the
maximum velocity occurs[6].
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Fig. 7 3D first-order velocity distributions: (a) k = 10, M = 0.01; (b) k = 10, M = 0.1 (color online)

In general, the axial velocity redistribution is parameter dependent, and this behavior results
from two competing effects induced by the channel curvature, i.e., the geometric and inertial
effects[26]. For low Reynolds number flows, the geometric effect will play a major role, and the
shift of maximum velocity is inward, while for high Reynolds number flows, the inertial effect
dominates the geometric one, which leads to a significant secondary flow on the cross section
and an outward shift in the maximum of the axial velocity.

In Fig. 8, we plot the variation of ‖u1‖∞, which is the maximum of |u1| on the cross section
of the tube, with respect to k on a log scale at different M . This figure demonstrates that the
reduction of velocity, caused by the presence of EDL, is remarkable when k is of the order of
O(1), especially for small M . The EDL effect disappears for the limiting case of k →∞, since
k → ∞ corresponds to an infinitely thin EDL. In this limiting case, the velocity u1 tends to
u∗1 in Eq. (43), where u∗1 reaches its extreme value ±0.072 at about r = 0.5774 and θ = 0, π.
Thus, ‖u1‖∞ tends to 0.072 when k →∞, as illustrated in Fig. 8, which is up to 28.8% of the
maximum value of u0. Similar to the case of u0, the effect of EDL on the first-order velocity
also becomes negligible for large M .
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Fig. 8 Variations of ‖u1‖∞ with the dimensionless electrokinetic width k for different values of M
(color online)

The profile of the second-order velocity u2 is displayed in Fig. 9. The variations of u2 with
parameters k and M are similar to those of u0 and u1. For small M and moderate k, the
influence of the EDL is significant, accompanied by the presence of backflow near the wall (see
Fig. 9(a)). On the other hand, the EDL effect will disappear for the limiting case of k → ∞.
Under this circumstance, the velocity u2 will tend to u∗2 in Eq. (47). The profile in Fig. 9(b) is
typical, where the second-order curvature leads to an increase in the axial velocity at both the
inner and outer side of the bend, but tends to reduce the velocity at the center of the tube.
Moreover, the maximum value of u2 is 0.03 from Eq. (47), which is 12% of the maximum value
of u0.
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4.4 Volume flow rate
The flow rate is a bulk property of the flow, and is given by integrating the asymptotic

solution for the axial velocity over the channel cross section. Based on the velocity solutions
(30), (40), and (44), we get the dimensionless flow rate as

Q =
∫ 2π

0

dθ

∫ 1

0

u(r, θ)r dr = 2π

∫ 1

0

u0(r)r dr + 2πδ2

∫ 1

0

u2(r, θ)r dr = Q0 + δ2Q2. (59)

Here, Q0 corresponds to the flow rate in a straight channel with the same cross section and
with the same pressure gradient as the curved channel, and Q2 represents an O(δ2) effect of
the curvature on the flow rate. Note that since Es,1 vanishes and an integral of cos θ over
the cross section is also zero, the first-order perturbation velocity u1(r, θ) in Eq. (40) makes no
contribution to the flow rate. The expressions of Q0 and Q2 can be obtained as follows:

Q0 =
π

8
+ 2πϕurEs,0

(1
2
− I1(k)

kI0(k)

)
, (60)

Q2 =
π

384
+ 2πϕurEs,2

(1
2
− I1(k)

kI0(k)

)
+ 2πϕurEs,0

(( 3
2k2

−B
)(1

2
− I1(k)

kI0(k)

)

− k2

2

∞∑
n=1

bn,1(2µ2
n,1 + k2)

µ3
n,1(µ

2
n,1 + k2)2J0(µn,1)

− k2

2

∞∑
n=1

bn,0

µ3
n,0(µ

2
n,1 + k2)J1(µn,0)

+
2k3I0(k)− 15k2I1(k) + 32kI0(k)− 64I1(k)

16k3I0(k)

)
, (61)

where B =
∞∑

n=1

bn,1µn,1

(µ2
n,1+k2)2J0(µn,1)

, and bn,v is defined in Eq. (46).

Consider the limiting case of k → ∞, i.e., an infinitely thin EDL. Using the estimates
I0(k) ≈ I1(k), Es,0 ∼ O(k−2), and Es,2 ∼ O(k−2) with large k in Eqs. (60) and (61), we get

Q0 → π

8
, Q2 → π

384
as k →∞, (62)

which have been verified in Fig. 10. Furthermore, by using the above asymptotic limit, the
ratio of the flow rate in a curved tube to the flow rate in a straight tube having the same cross
section and the same pressure gradient reduces to Q/Q0 ≈ 1 + δ2/48, which is suitable for low
Reynolds number flows.

Figure 10 illustrates the variations of the zeroth- and second-order normalized flow rates
with k for different M . It can be found that the streaming potential causes a reduction in Q0,
as expected. The variation of Q2 is complicated. In particular, there is a critical value k0 ≈ 13.
When k < k0, the streaming potential leads to the increase in Q2; when k > k0, it leads to
the decrease in Q2, compared with the limit value in Eq. (62). However, Q2 is always positive
in the ranges of k and M , which implies that the flow rate of electrokinetic flow in a curved
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microtube is larger than that in a straight microtube having the same cross section and the
same pressure gradient where the pressure gradient in the curved tube which is measured along
the center circle of the curved tube. Figure 11 demonstrates the variations of the ratio of the
flow rate in a curved tube to that in a straight tube with respect to the curvature ratio δ and
M .
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4.5 EKEC
When pressure-driven fluid flows through microchannels, the streaming current and stream-

ing potential are generated. The streaming potential field can be used to drive an external load,
and therefore represents a means of converting mechanical work into electrical power. The en-
ergy conversion efficiency needs to be considered for practical applications of such devices.
Therefore, the research of EKEC efficiency in curved microchannels is valuable.

The EKEC efficiency is defined as

η =
P̃out

p̃in
, (63)

where P̃in and P̃out are the input and output powers, respectively, expressed in the curved
microtube by

p̃in =
∫ 2π

0

dθ

∫ a

0

(
− 1

R + r cos θ

∂p̃

∂φ

)
ũp(r, θ)r dr, (64)

p̃out =
ezv

4

∫ 2π

0

dθ

∫ a

0

(n+ + n−)
ezv

f

( Ẽs R

R + r cos θ

)2

r dr. (65)

Note that in a curved microtube, the distributions of the pressure gradient and the streaming
potential on the cross section of the tube are no longer uniform. In addition, the purely pressure-
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driven fluid velocity, ũp, is adopted in Eq. (64), which can be obtained by taking the streaming
potential as zero in the expression of the velocity[20], i.e.,




ũp(r, θ) =
(
− a2

µR

∂p̃

∂φ

)
up(r, θ),

up(r, θ) =
1− r2

4
+ δ

3r(r2 − 1)
16

cos θ + δ2
(14r2 − 3− 11r4

128
+

5r2(1− r2)
64

cos 2θ
)
.

(66)

Thus, using the dimensionless quantities in Eq. (17), we get the input and output powers as

p̃in =
(
− a2

µR

∂p̃

∂φ

)(
− a2

R

∂p̃

∂φ

) ∫ 2π

0

dθ

∫ 1

0

up(r, θ)
1 + δr′ cos θ

r′dr′

=
(
− a2

R

∂p̃

∂φ

)2 π

µ

(1
8

+
5

128
δ2 + o(δ2)

)
, (67)

p̃out =
Mk2

4µ

(
− a2

R

∂p̃

∂φ

)2

u2
rEs,0 ×

(
πEs,0 + δ2

(3π

4
Es,0 + 2πEs,2

)
+ o(δ2)

)
. (68)

It is noteworthy that the input and output powers are independent of δ to the first order.
Substituting Eqs. (67) and (68) into Eq. (63), we finally get the EKEC efficiency as

η =
8Mk2u2

rEs,0(4Es,0 + δ2(3Es,0 + 8Es,2) + o(δ2))
16 + 5δ2 + o(δ2)

. (69)

The variations of the EKEC efficiency with δ are presented in Fig. 12 for different values of
k and M . From Fig. 12(a), it is observed that for the fixed M = 0.01, the efficiency increases
as δ increases from zero. Furthermore, we find that the EKEC efficiency is around 1% ∼ 3%
in the limiting case of δ → 0. These values are in reasonable agreement with the previous
experimental results in straight microchannels.

For large M , the efficiency becomes small and has a slight declining trend with δ for some
values of k (see Fig. 12(b)). The effects of the parameters M and k on the EKEC efficiency
can be explained by examining the variations of input and output powers. First, we notice
that both the input and output powers are increased in the curved pipe with the increase in
δ, but their growth rates are different, where the growth rate is defined by the ratio of the
second-order term to the first-order term. The growth rate of input power is a constant 5/16
by Eq. (67), and the growth rate of output power is 3/4 + 2Es,2/Es,0, whose variations are
displayed in Fig. 13(a). When M is small, the growth rate of the output power is larger than
that of the input power, leading to an increasing EKEC efficiency with δ. While for large M ,
the growth rate of the output power is lower than that of the input power within some range
of k, resulting in a slight reduction in the EKEC efficiency with δ.

Furthermore, a critical curve can be defined in the parameter plane (k, M) by equating the
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growth rate of output power with that of input power, and it is demonstrated in Fig. 13(b). If
the point on the parameter plane is above the critical curve, the energy conversion efficiency
will decrease with δ. Conversely, if the point on the parameter plane is below the critical curve,
the energy conversion efficiency will increase with δ. In particular, it can be found that the
maximum EKEC efficiency occurs at relatively small k and M in the parameter plane, where
the curved-channel shape helps to improve the maximum EKEC efficiency.
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5 Conclusions

The effects of the curvature on the electrokinetic flow and energy conversion in a curved mi-
crotube are investigated by using a perturbation solution. The following conclusions are drawn.
The curvature of the microtube leads to a skewed pattern in the EDL potential distribution. In
a curved microtube, the EDL potential at the outer side of the bend is larger than that at the
inner side of the bend. The calculation of the streaming potential indicates that the curvature
of the channel does not affect the streaming potential along the centerline of the tube to the
first-order in δ. The second-order term Es,2 has a sign opposite to the zeroth-order term Es,0.
Therefore, the curvature shows an inhibitory effect on the magnitude of the streaming potential
field.

The electrokinetic transport in a curved microchannel shows a significant difference com-
pared with that in a straight one. Firstly, an inward shift of the position of maximum velocity
occurs in the curved channel. Secondly, the flow rate in a curved microtube could be larger
than that in a straight one with the same pressure gradient and shape of cross section. The
asymptotic solutions of the axial velocity and flow rate in the absence of electrokinetic effect are
in agreement with the classical results for a low Reynolds number limit. Finally, it is interesting
to find that the curved-channel shape could be beneficial to improving the maximum EKEC
efficiency based on the parameter study.
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