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Abstract In this work, the size-dependent buckling of functionally graded (FG)
Bernoulli-Euler beams under non-uniform temperature is analyzed based on the stress-
driven nonlocal elasticity and nonlocal heat conduction. By utilizing the variational
principle of virtual work, the governing equations and the associated standard boundary
conditions are systematically extracted, and the thermal effect, equivalent to the induced
thermal load, is explicitly assessed by using the nonlocal heat conduction law. The stress-
driven constitutive integral equation is equivalently transformed into a differential form
with two non-standard constitutive boundary conditions. By employing the eigenvalue
method, the critical buckling loads of the beams with different boundary conditions are
obtained. The numerically predicted results reveal that the growth of the nonlocal pa-
rameter leads to a consistently strengthening effect on the dimensionless critical buckling
loads for all boundary cases. Additionally, the effects of the influential factors pertinent
to the nonlocal heat conduction on the buckling behavior are carefully examined.
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1 Introduction

Beam-like nanostructures, as the most common elements, have a wide range of applications
in nanodevices, such as gecko’s nano-adhesive setael’l| self-assembled DNA nanostructures!?,
single nanometer zinc oxide columns of nanofriction generatorsl® | and one-dimensional van der
Waals heterostructures made from boron nitride and single-walled carbon nanotubes*. With
the development of more advanced equipment and approaches for preparing high-performance
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materials (e.g., laser-assisted electrochemical growth of micro-nano metal rods, ultraviolet, and
magnetic particle-assisted polymer curing), the concept of functionally graded (FG) design has
also been introduced to the nanostructures!® . Due to the extraordinary photoelectric-thermo-
mechanical properties, the topics associated with FG nanobeams have been of particular interest
to the interdisciplinary scientific community.

It is known that when the size of a material alters from macro to micro, its mechanical
properties dramatically change, owing to the so-called size effect. This effect is supported by
many experiments and simulationsl” ?). For such structural problems, the classical continuum
mechanics is invalid, since it does not contain any scale parameters’'®12/. On the other hand,
first-principle calculation and molecular dynamics simulation usually require a large amount of
computational resources. For these reasons, studying the mechanical response of nanostructures
via non-classical continuum-based theories has become a topic of significance in the literature.

Among the non-classical continuum mechanics, Eringen’s nonlocal elasticity theory is one
of the most popular models. Eringen assumed that the stress field at the reference point can
be expressed as a convolution integral of an attenuating kernel function and strains within
the entire spatial domain. Further, a characteristic scale parameter is considered to evalu-
ate the intensity of the size effect!!> %!, In recent years, Eringen’s nonlocal model has been
widely implemented to examine various static and dynamic problems of nanobeam structures,
such as static bending, free vibration, and buckling. Ghannadpour et al.l'6] performed elastic
buckling and flexural analyses of nonlocal Bernoulli-Euler beams by utilizing the Ritz method.
Khodabakhshi and Reddy!!”) established a finite-element-based model based on the two-phase
integro-differential form of Eringen’s nonlocal elasticity model to scrutinize the static bend-
ing behavior of Bernoulli-Euler beams. Sobhy and Zenkour!!®! inspected the influence of the
magnetic field on the thermo-vibro-buckling behavior of viscoelastic sandwich-like nanobeams
accounting for their viscoelasticity. Lu et al.l'9) explored the simultaneous effects of the nonlocal
stress and strain gradient on the buckling behavior of nanobeams. Based on Eringen’s nonlocal
elasticity theory, Mirjavadi et al.2% examined the buckling and free vibrational behaviors of
axially FG nanobeams accounting for the thermal effect. Barati and Zenkourl?!l reported the
post-buckling behavior of general higher-order FG nanobeams with porosity distributions. By
employing the nonlocal strain gradient theory, Al-Shujairi and Mollamahmutoglu®? assessed
the linear buckling and transverse vibration of size-dependent sandwich-like FG microbeams
with thermal effects. In these studies, Eringen’s nonlocal elasticity theory can suitably explain
well parts of the mechanical behavior and has a consistent softening effect/232!,

However, it has recently been proved that Eringen’s nonlocal model is ill-posed for some
bounded structures. Two constitutive conditions are not considered during transforming from
the nonlocal integral-based model to the differential-based onel26-28!. In some specific cases,
these two constitutive boundary conditions conflict with the equilibrium requirements of the
problem. To overcome this deficiency, Romano and Barrettal?? established a novel stress-driven
nonlocal elasticity theory, by which the conflict between the boundary conditions was elimi-
nated®°32, Based on this novel theory, many mechanical responses of micro-nano structures
have been scrutinized in the past few years/33 36l

In addition to the advanced elasticity theory of nanoscale solid, the size effect of heat con-
duction has also attracted much attention, since many studies have pointed out that the heat
conduction at micro-/nano-size would be inherently nonlocal. In other words, the characteristic
length of the material should be appropriately introduced to the constitutive relation of the
heat flux to improve the classic heat conduction law37 38, To this end, Yu et al.[39-40 pro-
posed a nonlocal thermo-elasticity-based model, in which the nonlocal characteristics of both
elastic body and heat conduction were incorporated into the governing equation. Based on that
suggested model, Yu et al.l*!] evaluated the critical buckling loads of Bernoulli-Euler beams.
Lei et al.*? studied the effect of nonlocal thermoelasticity on buckling response of axially FG
nanobeams. Barati and Zenkour!*3! discussed the forced vibration, bending, and buckling anal-
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ysis of FG nanobeams, resting on elastic foundations in hygro-thermal environments. Although
the size dependency of heat transfer has been involved in the above-mentioned studies, yet their
corresponding formulations were fully organized based on Eringen’s nonlocal modell*44%] Ag
mentioned earlier, such a model would not be suitable for the analysis of bounded nanostruc-
tures.

In the present work, by combining the nonlocal heat transfer and the well-posed stress-driven
nonlocal elastic model, we develop a novel nonlocal thermo-elastic model for buckling analysis
of the FG Bernoulli-Euler beam in a non-uniformly thermal environment. The governing equa-
tions and their associated corresponding boundary conditions are deduced from the variational
principle of virtual work. Two constitutive boundary conditions are taken into account to meet
the requirements of full equivalence between the stress-driven nonlocal constitutive integral
equations and their corresponding differential ones, and then an exact solution for the critical
buckling loads of the FG beam is obtained. In numerical simulations, the effects of functionally
gradient index, as well as nonlocal factors pertinent to the stress and heat conduction, on the
buckling behavior are examined and discussed in some detail.

2 Problem formulations

2.1 FG Bernoulli-Euler nanobeam model

Consider an FG straight nanobeam whose length, width, and thickness in order are repre-
sented by L, b, and h. The coordinate system is demonstrated in Fig.1. Young’s modulus of
the FG nanobeam is symmetrical about the mid-plane and varies smoothly from the middle to
the sides of the beam by the following power-law![4647]

E(z) = (Eu — Ev) Vu(2) + EL, (1)

where

z—hg \@

— ), ho<z<h,
(hl - ho) 0 Es M

z— hg \©@

N ] h < < h )
(h1 - h2> LSS
in which Fy and Fp, indicate Young’s modulus of constituent materials, hy is located at the
mid-plane, and the mid-plane is taken as the Ozy-plane[*® 4. Figure 2 presents the variation
of Young’s modulus E(z) through the thickness of the FG nanobeam for various power-law
indexes a.

In the framework of the Bernoulli-Euler beam theory, the displacement field is defined as

Vi (2) = (2)

Uy = —z2w', uy, =0, u,=w. (3)

The normal elastic strain e,, is given as
Exw = —2w". (4)

According to the variational principle of virtual work, the relationship between the variation
of the virtual strain energy 64U and the total potential of the external load §W can be given as

L
SU — W = M'sw|y — Mow'|l — Naw'dwl|] + / (Naw” — M"Y 6w da = 0, (5)
0

in which the axial compressive force N, and the bending moment M are defined respectively
as

N, = Nt + Ny :/ Ozz dA,

4 (6)

M = / 204, dA,
A
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where Nt denotes the axial thermal force produced by the non-uniform temperature field, and
Ny represents the axial mechanical force. A is the cross-sectional area of the beam.
From Eq. (5), the equilibrium equation of the problem can be obtained as follows:

Now”" — M" =0, (7)
and the standard boundary conditions are
{@WA@umMga

(8)
Mow'[§ = 0.

2.2 Stress-driven nonlocal elastic model

Based on the stress-driven nonlocal integral formulation presented in Refs. [26] and [30], the
constitutive relation of the FG straight nanobeam defined in the integral form within the spatial
domain can be given as

L
/ W (1@ — 2], €) 0 (2) A’ = Bens(z) = —Ezw” — Bagh, ()
0

where ., denotes the nonlocal axial stress. The kernel function ¢ (Jz — 2’|, £) depends on the
Euclidean distance. & represents the nonlocal elastic parameter. ay is the coeflicient of thermal
expansion, and 6 is the temperature change.

In the present study, adopting a bi-exponential kernel function is set as follows!3?:

1 z—x’
1/) = 767‘7"“
2K (10)
k=¢&L,

where k is a length-scale parameter.
By Eq. (9), the constitutive equation for the buckling is expressed as
1 fF _le-s

—E(z)zw" = o | € om da’. (11)
0
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On the basis of the definition of M in Eq. (6), it can be given as

P B ,
— Aw” = o e~ M dx,
o (12)

Ay = / 2% E(z)dA.
A

According to the given calculations in Appendix A, Eq.(12) would be equivalent to the
following differential form:

(—Ayw") — (—Ayw™) = LRV, (13)

1
K2 K2

with two constitutive boundary conditions
1
(—Az0"(0)) = (= - A"(0)) =0,
‘ (14)
(—Asw” (L)) + (_ EAQU/’(L)) —0.

By substituting Eq. (13) into Eq. (7), a sixth-order ordinary differential equation is derived
for the static buckling behavior in the framework of nonlocal elasticity as
k2 Ayw'® — Asw™® — Nyw” = 0. (15)

For the case of k = 0, Eq. (15) can be degraded to the classical model of buckling.
The general solution to this standard equation can be assumed as

er\/—Dl/D/\/ﬁ e—r\/—Dl/D/\/ﬁ em\/Dz/D/\/Q e—.’L‘\/DQ/D/\/E
w(z) = —2D( C+ Cy — Cy— )
Dl D1 D2 D2

+ 2C5 + Cg, (16)
where D = k?\/A;, D; = —/Ay + Ay +4N,22, Dy = /A5 + /A5 +4N,22, and C; are

unknown coefficients.

We consider four types of boundary edges, i.e., clamped-clamped (CC), clamped-simply
supported (CS), simply supported-simply supported (SS), and clamped-free (CF). The corre-
sponding standard conditions can be written as

CC: w(0)=0, w'(0)=0, w(L)=0,
CS: w(0)=0, w(0)=0, w(L)=0,

SS: w(0)=0, M(0)=0, w(lL)=0, M(L)=0,

CF: w(0)=0, w'(0)=0, M(L)=0 M (L)— Nuw'(L)=0.

(17)

Using these four equations of boundary conditions and the above-mentioned two constitutive
boundary conditions in Eq. (14), we can arrive at a system of linear equations with unknown
constants C; (i = 1,2,---,6) as follows:

cX ofX ofX ofX oX ofXX\ /Oy
CxX  CxXX OfX Cf% OfX OfXX Cy
N N N N e o B (19
C'41 042 C'43 C’44 045 046 Cy
CEX CXX CXX XX CcEX cXX || Cs
CEX CcEX cEX cofX cEXx ok Cs

in which the superscript X X is the boundary type.
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The non-zero solution of C; (i = 1,2,--- ,6) requires that the determinant of the coefficient
matrix Cppp (m = 1,2,--+ ,6;n = 1,2,--+ ,6) must be zero, from which the critical buckling
load of the beam can be readily calculated.

2.3 Effect of nonlocal heat transfer
Temperature-induced load is simplified to an equivalent external force, which is determined

by using the one-dimensional nonlocal heat conduction modell4! 42

% = Q — pTon, (19)

PCE
pn = (3A + 2p)cperk + e (20)

0

0? o ¢, 00

1- 2—) :——(k—), 21
( Ox? @ dx \ Ox (21)

where ¢; ; is the heat flux, @) is the heat generation, p is the mass density, Ty is the initial
temperature, and 7 is the entropy. A and p are the Lame coefficients, and cg is the heat
capacity. ( is the nonlocal thermal parameter, and k is the heat conductivity.

Let us consider the following sinusoidal heat source:

@ = Qo sin (%), (22)

where Qg is the maximum of heat generation.

Assume that the temperature at the initial end of the nanobeam would be zero, and the
other end of the nanobeam is controlled by an adiabatic-like boundary. Therefore, the full
boundary conditions of the nonlocal temperature field are summarized as

{ f(x =0) =0, (23)
qlzx=1L)=0.

Using the equations mentioned above, the temperature distribution accounting for the size

effect can be given by
T GNE) G
o= Ur(z) 3 /) "\ar 24)
According to Ref. [42], the equivalent external force Nt can be expressed as

1 /L ho L
= apf dr =0b E(z) dz-/ apl dz/L. (25)
B fOL(l/EA) dzJo ' ho o

3 Results and discussion

In this part, the effects of the power-law index, the nonlocal elastic parameter, and the
nonlocal thermal parameter on the buckling behavior are specifically discussed via several nu-
merical examples. The overall geometry and mechanical properties of the FG nanobeam are
taken into account asl*?!

L=10nm, b=1nm, h=1nm,
E;, =70 GPa, FEy =380 GPa, (26)
k=12143 W/(m-K), ap=15.321 x 1076 K™,
and the parameter of the heat source is assumed to be
Qo = m°Ik/ (64bhL*ay) (27)

where I is the moment of inertia.
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3.1 Verification

First, to verify the correctness of the proposed numerical solution, a comparison between the
critical buckling loads of homogeneous nanobeams predicted by the present solution (excluding
the effect of temperature) and those from Barretta et al.*®l is made in Table 1. It should
be explained that in Ref. [30], the negative sign represents compression, and in this study, the
definition of symbol is opposite. The comparative results show that the present solution is
valid.

Table 1 Comparison of the normalized critical buckling load Pey = Per/ Per-ss-classical Of homogeneous
nanobeams between these works and results in Ref. [30]

Boundary CcC CS SS CF

—0.6=01 —6.61289 —2.658 83 —1.07912 —0.282722 Barretta et al.[30]
a=0e =0 6.612 90 2.658 84 1.07912 0.28272 Present work

—0,6=05 —50.5352 —10.4895 —1.90755 —0.491 844 Barretta et al.[30]
a=ue =0 50.535 21 10.48957 1.907 55 0.491 84 Present work

3.2 Parametric analysis

In this subsection, we examine the influence of the nonlocal elastic parameter £ on the
critical bulking load using the stress-driven model, the power-law index being set as a = 1.
The dimensionless critical loads normalized by the results of SS beams based on the classical
elasticity are described in Figs.3(a) and 3(b). It is concluded that with the increase in the
nonlocal elastic parameter, the critical buckling load grows, and for larger levels of the nonlocal
elastic parameter, the discrepancies between buckling loads under different boundary edges
become larger. The nonlocal elastic parameters have the greatest influence on the results of the
nanobeam with the CC boundary edges. The dimensionless critical buckling load increases with
the increasing nonlocal elastic parameter, indicating that the nonlocal effect of elasticity stiffens
the nanobeams. However, the analysis of nanobeams based on Eringen’s differential modell*!]
shows that the effect of the critical load is more substantial for smaller £. The softening effect
conflicts with the hardening trend obtained from the experiment. The stress-driven strategy
provides a good hardening prediction for the beams at the micro-nano scale. As demonstrated
in Figs. 3(c) and 3(d), for different boundary edges, with an increase in &, the critical load
normalized by its local counterpart increases. Furthermore, the growth rate of P., for CF beam
is greater than that of SS beams.

Figure 4 depicts the dimensionless buckling load of FG nanobeams in terms of the power-
law index «, and those of the local elasticity theory are also provided for the sake of further
comparison. With the increasing «, the critical buckling load gradually becomes smaller, and
then it tends to be stable. When the value of « is sufficiently large, the elastic modulus at
the nanometre scale will gradually decrease and tend to Ey,. Through increasing the functional
gradient parameter for the CC and CS beams, the decreasing trend of the critical buckling
load is considerably higher than the boundary of SS and CF beams. The obtained results also
indicate that for the case of the CC and CS boundary conditions, a larger axial compression
load is commonly required to arrive at the buckling. When the power-law index is greater than
five (i.e., @ > 5), the strengthening trend of the critical load caused by the material hardening
gradually reduces.

The current FG nanobeam models based on the stress-driven integral nonlocal model can
be degraded into their corresponding classical beam models. To more clearly describe the effect
of functionally gradient parameters and nonlocal elastic parameters on the critical buckling
load, the data from the classic model homogenous beam model and stress-driven FG nanobeam
model are listed in Table 2. As is observed, the CC and CF boundary conditions have the
largest and smallest dimensionless critical buckling loads, respectively, compared with those
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Fig. 3 Effects of nonlocal elastic parameter £ on the critical buckling load for stress-driven nonlocal
elastic nanobeams under various boundary conditions: (a) CC, CS, and SS cases normalized
by the classical SS beam; (b) SS and CF cases normalized by the classical SS beam; (c¢) CC,
CS, and SS cases normalized by the classical beam; (d) SS and CF cases normalized by the
classical beam (the power-law index oo = 1) (color online)

under other boundary conditions.

By setting Qo = w°Ik/(64bhL*cy), the axial temperature distribution of the FG nanobeam
is calculated and illustrated in Fig.5. The plotted results demonstrate that the temperature
increases by increasing the nonlocal thermal parameter. Figure 6 displays the proportion of the
mechanical load and the equivalent axial thermal load in the normalized buckling load, where
¢/L = 0 and the power-law index o = 1. When incorporating the thermal nonlocal effect,
the critical mechanical load decreases. The boundary condition types have a substantial effect
on the proportion of critical mechanical loads. For the case of CF boundary condition shown
in Fig.6(d), the value of normalized thermal load is greater than 1, indicating that the beam
buckled without exerting any mechanical load.

Figure 7 shows the normalized critical mechanical buckling loads of FG beams for different
nonlocal heat transfer parameters. By contrast, the critical mechanical buckling load value
decreases when imposing a temperature load. When the nonlocal thermal parameter becomes
larger, the equivalent axial thermal load grows, and further the critical mechanical buckling
load decreases. This is because that the nonlocal parameter of the heat conduction affects
the distribution of the temperature field in the nanobeams. Moreover, the same temperature
effect has little influence on the CC boundary condition. Under the other three boundaries, the
effects of parameters of the local heat transfer and nonlocal heat transfer models on the critical
load can be clearly seen in Figs. 7(b)-7(d). Temperature clearly affects the obtained results
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Table 2 Comparison of the normalized critical bulking load Per = 10P.; / (Eubh) for FG Bernoulli-
Euler nanobeams with various functionally gradient indexes and different nonlocal elastic

parameters
Boundary Present solution
a=0 a=0.2 a=04 a=06 «o=0.28 a=1 a=2 a=14 a=6
£=0.0 0.32898 0.25121 0.20156 0.16812 0.14468 0.12769 0.08744 0.06827 0.06379
ac £=02 1.04814 0.80036 0.64216 0.53565 0.46095 0.40684 0.27858 0.21750 0.20325
£§=04 285839 218269 1.75125 1.46078 1.25707 1.10951 0.75973 0.59317 0.55430
£=06 571488 4.36392 3.50134 2.92058 2.51331 2.21828 1.51895 1.18594 1.10824
£=0.0 0.16785 0.12817 0.10283 0.08577 0.07381 0.06515 0.04461 0.03483 0.03254
cs £=0.2 032265 0.24637 0.19767 0.16489 0.14189 0.12523 0.08575 0.06695 0.062 56
£=04 0.64750 0.49443 0.39670 0.33090 0.28476 0.25133 0.17210 0.13436 0.12556
£=06 1.11212 0.84921 0.68136 0.56834 0.48909 0.43167 0.29558 0.23078 0.21566
£=0.0 0.08224 0.06280 0.05039 0.04203 0.03617 0.03192 0.02186 0.01706 0.01594
qs £=0.2 0.10284 0.07853 0.06301 0.05255 0.04523 0.03992 0.02733 0.02134 0.01994
£=04 0.13805 0.10542 0.08458 0.07055 0.06071 0.05358 0.03669 0.02864 0.02677
£=0.6 0.17606 0.13444 0.10787 0.08998 0.07743 0.06834 0.04679 0.03653 0.03414
£=0.0 0.02056 0.01570 0.01259 0.01050 0.00904 0.00798 0.00546 0.00426 0.00398
CF £=0.2 0.02695 0.02058 0.01651 0.01377 0.01185 0.01046 0.00716 0.00559 0.00522
£=04 0.03576 0.02730 0.02191 0.01827 0.01572 0.01388 0.00950 0.00742 0.00693
£=06 0.04523 0.03453 0.02771 0.02311 0.01989 0.01755 0.01202 0.00938 0.00877
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(d) CF (the power-law index a = 1) (color online)

in the case of CF conditions. In Fig.7(d), the case of F,; < 0 indicates that temperature has
caused the nanobeam to buckle. However, with the improvement of nonlocal elastic parameters,
the material properties will gradually harden the nanobeam, effectively resisting the buckling
instability caused by the thermal load. It is worth mentioning that when the temperature load
is high, the beam buckling under considered boundary conditions requires serious attention.
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The plots of the normalized critical mechanical buckling load versus nonlocal thermal pa-
rameters for different power-law indexes a are shown in Fig.8. The reference values denote
the result from the classical beam model. The thermal temperature load causes a reduction in
the critical load. The effect of the nonlocal thermal parameter on the results demonstrates an
almost similar trend for all types of boundary conditions. By increasing the power-law index,
the critical mechanical buckling load lessens for the same thermal nonlocal parameters. Under
the CC boundary condition, the demonstrated graphs illustrate that for the same temperature
field, the change of the functionally gradient index and the nonlocal parameter has little influ-
ence on the critical buckling. Nevertheless, such an effect is more noticeable for the other three
end conditions, especially for the case of the CF beam. Because the temperature parameter and
the functionally gradient index increase simultaneously, the nanobeam would be more unstable.
In overall, the size effects of the temperature and elasticity of FG nanobeams cannot be ignored
for the buckling analysis.

4 Conclusions

In this study, a size-dependent thermoelastic model is developed for the axial buckling anal-
ysis of FG Bernoulli-Euler beams by using the stress-driven nonlocal elasticity in conjunction
with nonlocal heat conduction. The most crucial results obtained can be summarised as follows:

(I) Based on the stress-driven nonlocal elasticity model, increasing the nonlocal elastic pa-
rameter leads to a rise in the critical buckling load. With the increase in nonlocal parameters,
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Fig. 8 Effects of nonlocal thermal parameter (/L on the normalized critical mechanical buckling
load with a = 0,1, and 2 under various boundary conditions, (a) CC; (b) CS; (c) SS; (d) CF
(nonlocal elastic parameter £ = 0.1) (color online)

FG nanobeams reveal different degrees of stiffening effects under four types of boundary con-
ditions. Such an effect from large to small can be represented in order by P...cc > Pe.cs >
Pcr—SS > Pcr—CF~

(IT) For the FG beams, the critical buckling load decreases with an increase in the function-
ally gradient parameters, and the effect of nonlocal elastic parameter is considerably suppressed
by the inclusion of the FG characteristic, particularly for a > 5.

(IIT) Considering the nonlocal heat conduction model, the axial temperature distribution of
nanobeams is considerably affected by the size effect. The increase in the nonlocal heat transfer
parameters leads to an increase in the thermal load, severely reducing the critical buckling
mechanical load. At the same temperature distribution, the CF beam tends to buckle more
than other boundary conditions. The introduction of the functional gradient index requires the
reconsideration of the critical buckling instability. The introduction of the functional gradient
index requires the re-consideration of the critical buckling instability.

This study aims to provide a novel theoretical model for the analysis of thermomechanical
buckling of FG nanobeams, and may be beneficial to further facilitating the design and usage
of micro/nanoscale beams.
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Appendix A

The nonlocal integral equation can be generally expressed as

fla) = L / e T (1) dt. (A1)

T 2%

Define that

h(z) = /b e_FTch(t)dt, (A2)
f@) = 5-(9(x) + h())

b
B (z) = le% efigo(t)dt — (), (A3)
K xT
F(@) = (6 (@) + H(2)) = ~ 5.5 (9(x) — h(x))
2% 2r2 I
Taking the derivative of Eq. (A3) again, we get

1'(@) = =550 (@) = 1 (@) = = (5 (9(e) + hx)) = p(x)). (A4)
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Combining Egs. (A2) and (A4), the equivalent differential can be obtained

@) = 5 f@) = =5 ¢(@). (A5)

The constitutive boundary conditions can be derived by evaluating the above-mentioned functions
at the boundary points. In view of Eq. (A2), we obtain

g(a) =0,
{ h(b) = 0. (46)

In the cases of x = a and x = b, the values of f(x) are stated respectively by

f(a) = 5-(9(a) + h(a)) = 5_h(a),
1 1 (A7)
1) = 5(9(b) + h(b)) = (D)
The values of f'(x) at z = a and = = b are calculated respectively by
7'(a) = ~ 55 (9(@) ~ h(a)) = 5 h(a),
/ 1 1 (A8)
1/(6) = 55 (9(8) + A(B) = — 5 50(6).

Through mixing Egs. (A7) and (A8), we can arrive at the following two constitutive boundary
conditions:

. (A9)



