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Abstract The present work is concerned with a two-dimensional (2D) Stokes flow
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objective of this work consists in homogenizing the heterogeneous interface between the
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characterized by an effective slip length. To solve the corresponding problem, two efficient
numerical approaches are elaborated on the basis of the method of fundamental solution
(MFS) and the boundary element methods (BEMs). They are applied to different cases
where the fluid/solid interface is periodically or randomly rough. The results obtained by
the proposed two methods are compared with those given by the finite element method
and some relevant ones reported in the literature. This comparison shows that the two
proposed methods are particularly efficient and accurate.
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1 Introduction

In mechanics of fluids, the interface between fluid and solid is usually assumed to be smooth.
However, in a variety of situations of theoretical or/and practical interest, for example, in the
fabrication of superhydrophobic surfaces, this assumption may appear to be no longer valid
and the consideration of rough interfaces becomes necessary. More fundamentally, an interface
which is nominally smooth at a coarse scale is generally rough at a finer scale. The problem of
determining the effective interfacial conditions for an interface at the macroscopic scale while
accounting for interfacial roughness at microscopic and mesoscopic scales has been investigated
over the past two decades but is still far from being solved. The present work aims to study
the problem of a pressure-driven Stokes flow through a channel between two parallel walls in
the case where the interface between the fluid and one wall of the channel is arbitrarily rough.
This work can be viewed as a continuation of Ref. [1], in which the interfaces were assumed to
be periodically rough.

In modeling and simulating the flow of a fluid over a solid surface, the classical uniform
fluid/solid interfacial condition is usually adopted in the case where the solid surface is smooth.
However, when the solid surface exhibits roughness, the uniform fluid/solid interfacial hypoth-
esis is often no longer applicable and has to be replaced by a mixed or heterogeneous interfacial
condition. One efficient way to deal with a rough fluid/solid interface consists in replacing it by
a smooth slippery fluid/solid interface characterized by an effective slip length. The problem
of determining such an effective slip length for a rough fluid/solid interface has been studied
for more than two decades. We cite, for example, Refs. [2]-[8] for the shear-driven Stokes flow
and Refs. [9]-[15] for the pressure-driven Stokes flow. In particular, the effective slip lengths of
some special microstructures of rough surfaces have been analytically determined by Feuillebois
et al.[' for the case of a Stokes flow through a thin channel between two parallel rough walls.
It is useful to remark that, when the channel thickness is thin, there is a mathematical corre-
spondence of the problem of determining the effective slip length to the one of determining the
effective bi-dimensional permeability. Consequently, all results obtained for the effective perme-
ability are directly applicable to the effective slip length. In the other “extreme” case where the
channel is thick, Belyaev and Vinogradoval'3l obtained an analytical expression of the effective
slip length for unidirectionally periodic rough surfaces. In addition, by using a semi-analytical
method, Vinogradova and Belyaev!!? provided the effective slip length for the case where the
channel thickness is arbitrary but the rough surface is only unidirectionally periodic. Recently,
in Ref. [1], a semi-analytical method has been proposed to determine the effective slip length for
the case where the channel thickness is arbitrary and the rough surface can be periodic along
two directions. However, up to now, the works reported in the literature have been limited
to the case where the channel thickness is thin or the microstructure of the rough surface is
periodic along one direction or two directions. In view of this situation, the present work aims
mainly to solve the open problem of pressure-driven and shear-driven Stokes flows through a
channel of arbitrary thickness between two parallel walls whose surfaces are arbitrarily rough.
To achieve this objective, we develop, in particular, two approaches to homogenizing a rough
interface so as to replace it by an equivalent smooth interface characterized by an effective slip
length.

The first approach to be elaborated is based on the method of fundamental solution (MFS).
The latter, which can be considered as one of the boundary-discretization methods (with-
out needing to discretize the computational domain), has emerged as an efficient technique
for numerically calculating a fluid flow in recent years. We can cite here, for example, the
investigations!'” 2!, In these studies, the MFS was applied to solve two-dimensional (2D) or
three-dimensional (3D) Stokes flows. The specific feature of the MFS resides in using a set
of singularized force elements of unknown intensities located at the source points to induce
the flow fields. When these intensities are determined, the fluid quantities, such as velocity,
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pressure, and stress, can be approximated by employing the free-space Green’s functions, called
also Stokeslets. In the approach based on the MFS, the collocation points and source points
have the same number and are placed on the physical boundary and the fictitious boundary,
respectively (see Fig. 1(a)); the force strength can be determined with the aid of the boundary
conditions for the whole of collocation points.

In this study, we develop an extended MFS, called XMFS, based on the classical MFS,
and use it to compute the velocity and pressure solution fields of a Stokes flow through a
parallel-plate channel of arbitrary channel thickness. In the XMFS, instead of Stokeslet, Green’s
function for a semi-infinite space is used, which includes the effect of one wall in the solution.
The modified Green’s function has the advantage that the number of discrete points is reduced,
yielding a less number of unknown strength.

In the second approach to be proposed, we use the boundary element method (BEM) to
solve the boundary integral equation (BIE) governing a Stokes flow in a confined 2D domain.
This method has been successfully used for laminar incompressible flows in many previous
investigations!?> 26/, The BEM is one of the most efficient numerical techniques for solving a
BIE. In this equation, the solution fields are presented in terms of integrals (integral repre-
sentations of the solution), involving the unknown tractions and velocities over the boundaries
(also called boundary values). These boundary values are then obtained by solving a system
of linear equations, which results from matching the prescribed boundary conditions. Finally,
the fluid quantities in the domain are computed by the associated integral representation of the
solution. It is well-known that singular integrals are a difficulty needed to overcome when using
the BEM, and the accuracy in evaluating them is essential to obtaining accurate solutions. In
this work, these singular integrals are evaluated analytically. An important distinction between
the MFS and the BEM is that the boundary in the MFS is discretized discontinuously by a
system of collocation points and no mesh is required, while the boundary in the BEM is di-
vided successively into a finite number of segments, which are called boundary elements (see
Fig. 1(b)).

4
=
Boundary element /

(a) Fictitious boundary (b)

Fig. 1 Discretization schematic of (a) MFS and (b) BEM (color online)

The paper is organized as follows. In Section 2, the setting of the problem under investigation
is specified. In particular, the local governing equations, the description of the rough interface,
and the macroscopic constitutive equations are given. Section 3 is dedicated to elaborating
the approaches based on the MFS and XMFS to determine the velocity solution field of the
Stokes flow and to find the effective slip length for the rough interface. Section 4 describes
the details of the BEM and the relevant procedure for computing the effective slip length. In
Section 5, the derived results for the effective slip length of a rough interface obtained from the
two elaborated approaches are compared with the corresponding numerical results obtained by
the finite element method and the main relevant results reported in the literature. Finally, a
few concluding remarks are provided in Section 6.
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2 Problem setting

In this work, we consider a 2D steady Stokes flow through a channel between two parallel
walls of distance H and length W. The fluid, with its dynamic viscosity denoted by p and
confined in the channel, is assumed to be incompressible, Newtonian, and driven either by an
applied pressure gradient of intensity p or by a translation with a constant speed U* = pWH /u
of the upper channel’s wall.

At the microscopic scale, the interface between the Stokes flow and the top wall of this
channel is assumed to be smooth, and a no-slip interfacial condition is adopted to characterize
this interface. In contrast with the top wall, the bottom interface between the Stokes flow and
the bottom wall of the channel is considered to be rough, and a mixed interfacial condition is now
applied at this bottom interface. Precisely, the bottom interface is assumed to be decomposed of
n interfacial regions, each of which is characterized by its intrinsic (or microscopic) slip length,
denoted by /):s (s=1,2,---,n).

Next, we denote by Q the 2D domain occupied by a representative surface element (RSE)
of the Stokes flow confined in the channel. We designate by 90" and 9QP the top and bottom
interfaces between the Stokes flow and the top and bottom walls of the channel, respectively.
Let {Zy} be a 2D cartesian coordinate system associated with € in such a way that the -
direction represents the flow direction and the top wall is located at ij = & whereas the bottom

~

wall is situated at ¥ = & — H (see Fig. 2).

Fig. 2 Problem schematic: Stokes flow inside a channel with non-homogeneous boundary conditions
(color online)

The Stokes equations governing the fluid flow under consideration take the following form:
AU () = Vp(z), (1)
V-U@) =0, (2)

where U (Z) = (ﬁ(ﬁ), ‘A/(i)) denotes the velocity vector field, and p(&) designates the pressure
field of the 2D fluid flow.

In addition, the velocity vector of the Stokes flow must verify the following boundary con-
ditions at the top and bottom interfaces:

(i) At the top smooth interface QT, the no-penetration and no-slip conditions imply that

Uz) =o. (3)

ii) At the bottom rough interface 0P = ¥ 008, the no-penetration and slip conditions
1 S
5=

can be expressed by

U(z) n(@) =0, (4)
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~

U@)-t(@) = \@)( - 5(@) - n(@)) - (@), ()

where n(Z) is the unit vector normal to the boundary, oriented from the fluid into the bottom
wall, ¢(Z) is the unit tangential vector in the anti-clockwise direction, and the local slip length
&) of the bottom interface is characterized by A(Z) = A if Z € 9QB. & denotes the stress
tensor field in the fluid.

At the macroscopic scale, the bottom rough interface between the fluid and the inferior wall
of the channel is homogenized so as to be replaced with an equivalent smooth interface whose
effective interfacial condition is expressed by

~

(U@)-t@) =b(-3(@)  n(@) @) with &= (F0-H), (6)

where b is defined as the effective slip length of the equivalent smooth interface, and the symbol
(*) denoting the length average of a local quantity * on the bottom interface characterized by
y = @ — H is defined by
1 ~
*) = * de, 7
(x) 008] foon * 9% (7)

where |0QB| designates the length of 9QE.
Due to the fact that the Stokes flow problem is linear, the superposition principle can be
applied by decomposing the velocity vector field U (Z) into two parts as follows:

U(z) = a''(z) + u(). (8)
Here, 4" (Z) is the homogeneous part of the velocity field obtained when no-slip interfacial
conditions are applied at both the top and bottom interfaces. It is clear that @' (Z) corresponds
exactly to the classical solution of the Poiseuille or Couette flow. The second part @(Z), viewed
as the perturbation part of the velocity vector solution and due to the presence of the roughness
on the bottom fluid/solid interface, will be determined exhaustively in the next two sections.
It is well-known that, under an applied pressure gradient or a translation of upper wall, the
velocity vector field, u" () and 4 (Z), of the classical Poiseuille and Couette flow are given by

P/~ ~P . .
u () = (u,0) for the Poiseuille flow,
all(z) = { @) =@",0) v 9)

P
a®(@) = (u€,0) for the Couette flow

with
oo PGHH -  pHG+H-D) 10)
2u 2u ’
O pW T+H-
o(z) = "W ) (1)
7
3 MFS

3.1 Classical MFS R

The perturbation part w(Z) of the velocity vector U(Z) and the pressure field p(Z) can be
determined by applying the MFS. For the bi-dimensional case, according to this method, the
source point &; = (&;,7;) (j =1,2,---, N) with unknown strength 7; = (7}, 7;) is located out-
side the flow domain and situated at an artificial boundary of distance & between the fictitious
and physical boundaries. For simplicity, the source points are assumed to be regularly dis-
tributed at this fictitious boundary. By applying the superposition principle, the perturbation
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part of the velocity vector solution field can be determined at any point of observation Z € Q
by the following approximation:

1

N
o Zg\({ﬁ?gj)?j(gj)v (12)

Jj=1

(@) =,

where S (z, é) is the individual free-space Green’s tensor function associated with the velocity
vector field, called also Stokeslet (see Ref. [27]). Physically, the component §a5 (z, §) of §(z, E)
with a and 3 given by x or y represents the value of the velocity vector at the observation point
Z in the a-direction due to a point source of unit strength applied at £ in the 3-direction. More
precisely, the expressions of S(Z, €) take the following form:

- Fafs

Sap(Z,€) = —0upIn?+ = (13)

In this equation, 7 = Z — €, 7 = |7]], and dnp stands for Kronecker’s symbol if 0, = dyy = 1
and 0,3 = 0 otherwise. By choosing W as the length scale and p as the reference of pressure
gradient, we obtain the following dimensionless parameters:

v=3/W, y=5/W, H=H/W, £¢=¢W, n=n/W,
w=ap/(pW?), v=op/(pW?), T=7/(pW?), v=0/(pW?).

Therefore, the perturbation part of the velocity vector field takes the following dimensionless
form:

wy) = L i(((m —zfj)Q —1m~j)7j+((x_gjigy_”j))yj), 14)

4 o T
1o (@ =&)y—n)) (y —n;)?
v(z,y) = 4 2 (( jr2, 7 )Tj + ( sz —lnrj)l/j). (15)
]:1 J J
To determine the unknown strength 7; with j =1,2,--- , N, the same number of boundary

collocation points x; (i = 1,2,---,N) distributed on the physical boundary 9 should be
considered (see Fig. 3). Note that N is the total number of collocation points determined by

N=NT"+N® with N®=>"N, (16)
s=1

where NT and NP are the numbers of collocation points on the two top and bottom interfaces,
00T and 9OB, respectively, and N, corresponds to the number of collocation points on the sth
interfacial region 9022 of the bottom wall. Then, the boundary conditions (3)—(5) of the pertur-
bation flow at the top and bottom interfaces can be expressed in the equivalent dimensionless
forms as follows:

(i) At the top smooth interface 90T,

u(zy, w) = v(zg,w) = 0. (17)
(ii) At the bottom rough interface 9QB = 61 008,
S=
v(x;,w—H) =0, (18)

O o — H) + ). (19)

u(z,w— H) = /\i(ay
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where xy = H/2 for the pressure-driven flow, x = 1 for the shear-driven flow, and \; = Xi / Wis
the normalized intrinsic slip length at an arbitrary point x; = (z;,w — H) € 0Q2. By applying
the point collocation method® | a set containing NT collocation points ; (i=1,2,---,NT)sit-
uated at the top interface QT and a set comprising N® collocation points @; (i = 1,2,--- , NB)
located at the bottom interface of the channel are introduced. For simplicity, the collocation
points are assumed to be regularly distributed at the top and bottom interfaces QT and Q.
Accounting for the boundary conditions (17)—(19), we obtain the following system of equations
with 2N unknown strengths {7;,v;} for the 2D Stokes flow problem:
(i) At the top smooth interface 9QT,

WE

((xi _;j)z - lnrij)Tj N XN: ((xi - fj);!h‘ - UJ))Vj -0, (20)

= T K

N R .M N C— )2

3 ((xl @:Z(y m))Tj S ((yl Tgm) ~Inry; J; = 0. (21)
j=1 ¥ j=1 v

(ii) At the bottom rough interface 905,

N 2 2
Z i =& i — 1 2(xi — &) (yi —
((x 25]) _ 1n Tij + )\i (y ) n]) + )\i (1’ 5] )4 (y 77.7)) ]
= "ij ij Tij

_|_
=~

e w))

vi =4rhix,  (22)
Tij ij Ty ! '

((xi - 5j)2(yi =)y (@i — &)

Il
-

M= .

((xi — fj)2(yi - nj))Tj L i ((yi —zﬁj)Q B hmj)yj _o, (23)

1 rt] sz

<.
Il

where r;; is the distance from the source point j to the observation point 7.
The system of 2N linear equations (20)—(23) can be recast in the matrix form as follows:

AT =c, (24)

where A is a 2N x 2N matrix, c is a vector of 2N components whose expressions take the right-
hand side of Egs. (20)—(23), and 7 = {71, 72, -+ , TN, V1, V2, - ,Un } T Tepresents the unknown
strength vector. The expressions of A and ¢ can be found in Appendix A.

Finally, the solution provided by the system of linear equations (24) allows us to calculate
the velocity solution field through Eq. (8) together with Egs. (10), (11), (14), and (15). The
effective normalized slip length can be determined by using the following equivalent form of
Eq. (6):

NB
Zu(mi,w—H)
b= =t . (25)
2. /ou
Z (ay(ﬂ?z’,w—H)+X)

3.2 XMFS

It should be mentioned here that the classical MFS previously established requires a dis-
cretization of collocation points at both the top and bottom interfaces between the flow and two
walls of the channel. However, in this paper, because the top interface between the flow and the
bottom wall of the channel is assumed to be smooth and non-slippery, we are interested only
to determine the effective interfacial condition of the bottom rough interface. Hence, instead
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of the free-space Green’s function employed in the previous section, we propose now to use the
new Green’s function associated with a domain bounded by a solid plane wall (see Refs. [22] and
[27]). This Green’s function allows us to reduce the quantity as well as the times of calculation
by incorporating the effect of the top wall into the fundamental solution. Therefore, only the
bottom interface must be discretized. This discretization is illustrated in Fig. 4.

————— —_————
- -

@ @ @ ® < >

Discretization is not required

R e e aREE
—

Source point

Boundary field point
0 T / lg 0 x
° o © o—Y 0 ° o *
L b T CETEY SEERE
l l

< >

o lE o—Y Yo
R TR

Fig. 3 Distribution of boundary field points
and source points (color online)

Fig. 4 Discretization of the bottom rough
interface and distribution of source

points (color online)

Here, let us assume that the perturbatlon part of the velocity solution field is induced by an
array of source points Ej (j=1,2,---,NB) located at the distance ¢ = €/W from the bottom
wall (see Fig.4). Therefore, the perturbatlon part of the velocity field can be expressed as

(26)

NB
~ 1 AW A Fa(E
—4WM;G (Z,&)7(&;)-

In this equation, the individual Green’s function (A;W(ﬁ, é\j) represents the velocity field at Z of
the fluid bounded by a plane wall located at § = & produced by a unit force at a source point
&;. This individual Green’s function can be expressed as the sum of four contributions as

GV (z,&) =8(z,&) — Sz,&)+2h°GP(z, &) — 2hGSP (7, &), (27)

where é” is the mirror 1mage of the source point 5 with respect to the upper wall (see Fig.5),
h =7 —®, and the tensors GD(:B E) and GSD( & ) are defined as

A & (R 5 R.R
D (& &1\ o af allp
Gaﬁ(mag)_ﬁaﬁﬁ(§2)_ﬁ(ﬁ2 2 354 )7 (28)
GZD 2,8)=r © 8., (% €)=R GS 3,€) +r By o~ Oay B 29
5(,8) oRs v(®,8) = RyGop(,§) B2 (29)
In Egs. (28) and (29)
17 6:']:7
R =
_15 Bzya
R=z-¢, R,=7—¢ R,=7+7-20, R=|R)|.
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é/(é 2“&_’;))

||

1|

@]

Fig. 5 Location of Stokeslet and image for a computation of Green’s function in a semi-infinite space
(color online)

The formulae of the perturbation part of the velocity vector field are now expressed in the
dimensionless forms by using the same normalized parameters proposed in the previous subsec-
tion,

NB

uleg) = Y UGH (@, 6)7, + Gl (2, &)0s), (30)
1 jNB

v(z,y) = 4n > (GY (. &)Ti + Gy (@, &5)v;), (31)

Jj=1

where the expressions of Gg/ﬁ(m, &;) are detailed by

) = _r;j)z - %;jy +InR; +2h§(1% - 2(x]%€j)2)
—2hj((y * ij?_ w) _ 2w - @)2%; nj — 2W))’ 52
G, &) = <w-fjggy—m> - <fﬂ—€j><ng nj — 2) +4h§<x-@><z§; nj — 2w)
! 7 J
_,_th((x;i;j) B 2(x—£j)(yR; n; —2w)2)7 )
W (x,¢&;) = (z — é}'iéy -nj) (- 5;‘)(?/];; n—2w) w (- £j)(3§; 0y — %)
! 7 J
+2hj(($];?€j) L2 5;)(1/}% - 2w)2)7 o
W w,g;) = é’j)Z —lnr; — (y+"§; 297 g, - 2h§(1% _ 2(9“%— 2w)2)
+2h; ((y + " 2w) _2Ay+ e 2w)3) )
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with hj =M —Ww

Next, the 2N B unknown strengths {rj,v;} withj=1,2,--- , NB related to NB source point
§; are determined by applying once more the point collocation method presented in the previous
section. However, in the present case, the collocation points are distributed only at the bottom
boundary 992" and the number of the collocation points x; (i = 1,2,---, NB) is chosen in
such a way that it is equal to the number of the source points. The interfacial conditions (18)
and (19) at 9QP must be satisfied at all interfacial points. This yields a system of 2NB linear
equations as follows:

NB W
> (6 en &) - 2y (@06
j=1
oGy
+Z( zy wlv&] - X 8; (mlvs,])) = 4T\ X, (36)
ZG (4, &; TJ+ZG (z,&;)v; = 0. (37)

This system can be rewritten in the equivalent matrix form as
AT=c, (38)

where A’ and ¢’ are a 2NB x 2NP matrix and a column vector of 2N B components, respectively,
and T is a column vector of unknown strengths {74, v} with k = 1,2,--- , NB. The expressions
of the components of A’ and ¢’ are provided in Appendix B.

Similar to Subsection 3.1, after solving the system of linear equations (38), the same pro-
cedure can be applied to calculate the velocity solution field and the effective normalized slip
length b.

It is important to notice that the advantage of using Green’s function for a semi-infinite flow
consists in reducing the number of source points considered and, thus, in reducing the number
of unknown strengths. This is achieved by incorporating the no-slip interfacial condition on the
top wall into the formulation. Therefore, the size of matrix A’ is less than that of A with the
same number of discretization points on the bottom interface dQB. This diminishes the time
and memory needed for calculations.

4 BEM

In this section, the perturbation part of the velocity solution field will be calculated by
using an approach based on the BEM, sometimes called also the boundary integral method.
There are many studies demonstrating the efficiency and accuracy of this method in finding
the solution to the Stokes flow in 2D channels[?2-2428] In these studies, Green’s function for a
domain between two infinite plane walls was used, and there was no need for a discretization
of these walls. Inspired by the aforementioned works, we propose in this section to use Green’s
function for a semi-infinite fluid domain bounded by a plane wall.

The perturbation part w(Zo) of the velocity solution field at an arbitrary point Zy in a
domain of fluid bounded by an infinite plan wall can be transformed into a boundary integral
representation of solution as follows27):

@a@E) -, | #@)-0@aaE -, [ W@ (168 @)@, ()
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where €(Z) is a parameter depending on the position of the source point Zy given by

1 for zy inside €,

e(@o) =141 N 40
() for Zo on the smooth boundary 995, (40)

and a(ﬁ, Zo) is either the velocity Green’s function for a semi-infinite domain of the fluid
bounded by a plane wall G (Z, o) defined by Eq. (27) or the periodic velocity Green’s function

for the flow in a semi-infinite domain G"P (z, ) given by

G"?(#,30) = ST(&,%0) — ST (&, &) + 2h°GPP (@, &) — 2hGSPY (7, &), (41)

where SP (%, ) stands for the periodic Green’s function in the free space,

-A-YAy +1 Y Ax

SP(@,2)) = S*(@ - &) = S(X) = : (42)
Y Ax - A+Y Ay
where 1 | 0A OA
A(X) = 5 In (cosh (kY') — cos (kX)) + 9 In2, Ax = 29X’ Ay = 9y (43)

with k = 27 denoting the wave number. In addition, the normalized period of the flow is equal
to one. The tensors GPF(z, ) and G°PF(z,z))) are determined by

G""(z.2)) = G""(X) = (44)

—-Ayy —Axy
Axy  —Ayy |’

(45)

éSDP(sfc\ S’C\{)) _ éSDP(X) — l _Y'AYY _'AX - YAXY]

-Ax + Y Axy Y Ayy
with

24

- 0XoY’

9?2 A

oY?’

Axy

Ayy =

The stress tensor 7 (Z, o) in Eq. (39) can be expressed into the two following cases: (i) when
an arbitrary flow is considered, the stress tensor corresponds exactly to the stress Green’s func-
tion T (Z, &) for a semi-infinite domain bounded by a solid wall, i.e., T (Z, Zo) = T" (Z, Zo);
(ii) when a periodic flow is concerned, the stress tensor becomes the periodic stress Green’s
function TWP (&, &), ie., T (&, &) = TWP (&, &). These two functions T (&,Z,) and
fl/;WP(E, Zo) are given as follows:

(i) When an arbitrary flow is considered,

~

TV (&,@) = T(&,%0) — T(&, &) + 20°T" (&, &)) — 2hT°"(@, T)), (46)
where the components of f(:’c\, Z), called the free-space stresslet, are defined by

TalaT
4 BTy

-~ )

Taﬁ’?({ia{io) = 7

(47)
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while TP (Z, ) and TSP (Z, ))) are two tensors whose components are determined by

. aGD, 9GP
TEB'V(EB\’ To) = 7 ’:YB’
OR, OR,
R R (48)
~ aGSD  9GSD
IS0 (&, 80) = —0arpi + 74 27
OR, OR,
In Eq. (48), ﬁ%D is the pressure field corresponding to the Stokeslet doublet, given by
SD(5 4 & (R Say . RaR
P2, ) =28 (,\y):2n( Y2 y), (49)
OR, \ R? R? R*
and
r=x—xy, T=|F|, T,=T—To, Ty=7Y-—7Yo,
R=%-3, R=|R|, R,=F.,, R,=7+7 —20.
(ii) When a periodic flow is concerned,
TV (&,20) = TV (2, %0) — TV (2, &) + 2h*TPY (2, &) — 2hT°PP (2, &), (50)

A~ ~/

where TP (z, @), T°F (&, }), and TSPP(z, 2,

) are, respectively, the periodic Stresslet, the

potential dipole periodic of stress, and the Stresslet doublet periodic, whose components are

specified by
TTT

yyy

TP TP _ 4P
Ty, =2YAxy, Th,=T,

yxrxT

ffygp = 2Axy — 2Y Axvyy,

fyslgP = 2Axy —2Y Axvyy,

where
03 A
0X0Y?’

9?A

AXx = 5y

Axyy =

TP = —4Ax —2Y Axy, 1TV

.

TP =24y —2Y Axx, T

vy

=—2Ay +2Y Axx,

YyTx

y = —2Ay +2Y Axx,

fP =2Y Axy,

yxy

(51)

O = —2Axyy, fﬁﬁ, =Axyx — Avyy,

Tg?y}; = —2Axvyx, fg?yz = —2Axvyy, fﬁi =Axyx — Ayvy, (52)

IOV =2Axyy, Thh=—2Axyy, Thb=-2Ayyy,

T5PP = —2Axy — 2V Axyy,

/T;Sg?yp =-Axx —Ayy + YAxvx — YAyvy,

fmsfmp = —2Axx +2Ayy — 2Y Axvx, 53)
5

TSOP — _Axx — Ayy + YAxyx — Y Ayyy,

fyS;DyP = 2Axy +2Y Axvyy,

fys;ayp = —-2Y Ayvyy,

DA I3A
Ayvyy = gy

AXYX = gy
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Similar to the aforementioned section, the length, the velocity, the traction, the velocity
Green’s function, and the stress Green’s function can be normalized into dimensionless forms
by W pW /i, pW u, and 1/ W in the equations obtained above, respectively. Next, the BIE
(39) will be solved numerically by applying the BEM for the dimensionless boundary values
{7(x),u(x)}. Here, the bottom wall QP of the channel is decomposed into NB boundary
elements I';. The velocity vector of each element can be determined from the ones of its node’s
values by adopting a constant, linear, or parabolic function. In our investigation, for simplicity,
the geometry of the boundary segment can be considered as a straight line (characterized by
end points and the node point, see Fig.6), while the boundary value is assumed to be constant
along this straight line and is exactly equal to its node’s value. By placing xg successively at all
nodal points zg; (i = 1,2,---, NB) on the boundary Q5 the 2 x NB BIEs including 4 x NB
unknowns {7;,v;,u;,v;} are obtained as follows:

9 U = 47TZTJ/ Gmm w]vaz ZV]/ Gym wjval)

NB
T A Z U / waw (L5, 0i)Na (T5) + Toay (T, Toi)ny(x;))dl;

NB
1
~ g DY / (Tyaa (5, @0i )0 (25) + Tyay (25, @0i )y ()L, (54)
j=1 J

vi: 47TZTJ/ Gay(zj, 20i)d ZVJ/ Gyy(zj, 20i)dl;

NB
1
- 4WZUJ‘/F (Toya (x5, oi )1 (€5) + Toyy (25, Toi)ny(x;))dl;
j=1 j

NB

1

T 4r Z Uj / (Tyya(zjs Toi)na(x)) + Tyyy(@), Toi)ry(25))dl;, (55)
j=1

where 7, v, u;, and v; are the nodal values of the jth element for the traction and the velocities
along the x- and y-directions, and xg; is the nodal coordinates of the ith element, while the
point x; varies over the jth element.

Top wall

Boundary element

End points Y
Node point

Bottom wall

Fig. 6 Discretisation of the bottom wall by using boundary elements (color online)
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Moreover, the aforementioned boundary values must also satisfy the boundary conditions (4)
and (5). Referring to the work of Nieto et al.[?’} and taking into account that t,(z) = —n,(x)
and t,(x) = ny(x), the slip and no-penetration boundary conditions applied to all nodal points
give rise to the following equations:

— Uiy + Vi = Ni(—Tinyi + ving; — xnZ; + Xn?ﬂ'), (56)

where ng; and n,; are the two components of the outward unit vector n normal to the boundary
at the ith node xo; and the constant y takes the value x = H/2 or x = 1 according as the flow
is arbitrary or periodic.

By combining Egs. (54)—(57), we obtain a system of linear equations as follows:

Bf =gq, (58)

where f = {71,702, "+ ,TNB, V1, V2, ,UNB, UL, U, ,UNB, V1, V2, -+ ,UnB } L Tepresents the
vector of unknown boundary values, B is a matrix of size 4NB x 4NB, and q is a vector of size
1 x 2NB whose values are provided in Appendix CI?9],

The system of linear equations (58) is solved to obtain the values for 7, v;, u;, and v; at all
nodal points. These values are then substituted into the following equation to determine the
dimensionless effective slip length b:

NB
Z(_uinyi + vingi) Ly
=1
b= . : (59)
> (=Tingi + ving; — xn2; + xns;) L
=1

where L; = / dl; is the length of the ith element. Notice that Einstein’s summation convention

r;
does not apply in Eqs. (54)—(57) and (59).
5 Results and discussion

The methods elaborated in the previous sections are now used to study several examples
of pressure-driven and shear-driven Stokes flows over a rough surface. In our computations,
the normalized distance ¢ between the fictitious and physical boundaries is set to be equal to
that between two neighboring collocation points. The fluid properties used in these numerical
examples are provided in Table 1.

Table 1 Fluid properties and dimensions of the patch

Input Value Unit
Dynamic viscosity p 10-3 Pa-s
Mass density of fluid o 102 kg/m3
z-component of pressure gradient p 103 kN/m3

Intrinsic slip length A 320 pum
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5.1 Pressure-driven flow over a surface in the presence of a transverse groove

The first example consists of a 2D pressure-driven Stokes flow through a channel between
two parallel walls. The top wall of the channel is smooth but the bottom wall is rough in the
presence of a transverse groove. The normalized width of transverse grooves with respect to
the length W of the channel is set to be equal to 0.25. The interfacial zone occupied by the
groove is assumed to be partially slippery and characterized by a normalized slip length A = 20,
while the rest of the bottom wall is assumed to be non-slippery with a zero slip length. Using
the MFS, XMFS, and BEM, the variation of the normalized effective slip length in terms of
the normalized channel thickness is first shown in Fig. 7 and then compared with the numerical
ones obtained by the finite element method (FEM) using Comsol Multiphysics. Good agreement
between these results can be observed, except the value at H = 10 and its neighbour obtained
with the MFS. Particularly, unlike the MFS, XMFS, and FEM, it is seen in this figure that, by
using the BEM, the effective slip length can be computed without difficulty when the channel
is very thin, for example H < 1072
5.2 Pressure-driven flow over a surface with periodically distributed transverse

grooves

The second example concerns a pressure driven flow through a channel between two parallel
walls, one of which is periodically rough and microtextured with transverse grooves. In this case,
the slippery area fraction ¢ is taken to be equal to 0.75. As in the first example, the interfacial
zone occupied by grooves is supposed to be partially slippery and characterized by a normalized
slip length A = 20. It is seen from Fig.8 that very good agreement is achieved between the
results obtained by applying the BEM and XMFM and the ones provided by Vinogradova
and Balyaev[!5]., The same remark can be made by comparing our results obtained with the
numerical ones provided by the FEM.

0.0150 0.18 BEM
— BEM x - /
0.012 5 O-16T - XMFS
: 0.14F x Ref. [15]
> FEM
0.010 OF 0.12F
0.10
= 0.007 5F =
0.08 -
0.005 OF 0.06
0.04
0.002 5
0.02
0.000 0 0.00 " 1 I I L
—4 -3 -2 -1 0 1 2 —4 -3 -2 -1 0 1 2
lgH lg H
Fig. 7 Effective slip length versus the chan- Fig. 8 Effective slip length versus the chan-

nel thickness for a pressure-driven
flow over a transverse groove (color
online)

nel thickness for a pressure-driven
flow over a surface with periodically
distributed transverse grooves (color

online)

5.3 Pressure-driven flow over a surface with randomly distributed transverse
grooves

In this example, by applying the XMFS and BEM presented in the previous sections, the size

of the RSE for a rough surface with randomly distributed transverse grooves can be determined.

We consider a Stokes pressure-driven flow through a channel between two parallel walls, one of

which is assumed to be rough with randomly distributed transverse grooves. More precisely,

the interfacial zone occupied by grooves is supposed to be slippery with a normalized slip length
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A = 20, whereas the rest of the bottom interface is non-slippery. In the latter case, the slipping
area fraction ¢ is kept constant and equal to ¢ = 0.5, and the number of the grooves per
unit length is taken to be equal to 50. At the macroscopic scale, the bottom rough interface
is homogenized so as to be replaced by an equivalent smooth interface characterized by an
effective slip length.

The average of the effective slip length corresponding to the rough surface with randomly
distributed transverse grooves can be calculated by applying the Monte Carlo method, which
was used in the works of Lachihab and Sab%31. With K independent realizations of the
microstructure of the rough surface, we denote by (b, b, - ,bx) the corresponding effective
slip lengths. Then, the average of the effective slip length b is given by

1
M::K@y+@+'”+hﬂ, (60)

and the variance of the effective slip length is calculated by

K

1
2 § : L 2
O = 1 i:1(bl bK) . (61)

The absolute and relative errors of the average value obtained are, respectively, defined by

OK

OK 6
b VK’

VK’

With a sufficiently large value of K, the probability for the effective slip length b to be in the
interval [bK — Crelev bk + Crele] is 95%.

Figure 9 shows the influence of the size II on the average of the effective slip lengths. These
average values are plotted with their intervals of confidence [bx —1.960k, bx +1.960}]. Figure 10
indicates the number of realizations in terms of the size of the RSE. It is observed that the
number of realizations decreases when the size of the RSE increases.

Cabs =1.96

Crel =19 (62)

-3
5.0 x10 1200

~+BEM W BEM
45k ~+-XMFS

m XMF'S

—_

o

o

(=]
T

800

Number of realizations

600
4001
2.5F 2001
2'01 2 3 4 5 6 7 8 9 10
I1
Fig. 9 Average value and confidence inter- Fig. 10 Number of realizations versus the
val of the effective slip length versus size of the RSE (color online)

the size of the RSE (color online)

5.4 Shear-driven flow over a surface with slip length varying according to a cosine
function

In this example, we use both the XMFS and BEM to seek the solution of a 2D Couette

flow over a periodically textured surface whose local normalized slip length takes the following

dimensionless expression:
A(z,0) = Ag + 2Xp cos (2mz), (63)
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where the two coefficients A\, and A\, are chosen to be such that A\, > 2\, > 0.

We plot in Fig. 11 the values obtained for the normalized effective slip length b/, by ap-
plying the BEM and XMFS in terms of the ratio A, /\,. Next, to validate the obtained results,
these values are compared in Fig. 11 with those provided by Asmolov et al.[32l. Perfect agree-
ment between these values can be observed in Fig. 11.

In Fig. 12, by varying the values of A\, and A, in such a way that the ratio A\, /), is equal to
0.5, the normalized effective slip length b/ W is plotted versus the ratio A,/ W. It can be seen
from Fig. 12 that the results given by the XMFS and BEM coincide exactly with the analytical

ones derived by Asmolov et al.l32].
0.9
L1 —BEM :
10 0.8F + XMFS
' + Ref. [32]
0.9 0.7+
0.8 0.6F
& 0.7 (E 0.5¢
~_ =
= 0.6 0.4+
0.5 0.3k
0.4r —BEM
03l + XMFS 021
’ *Rﬁ‘f[32] 0.1 T PRI L
02 1 1 1 1 ¥ _
0.0 0.1 0.2 0.3 0.4 0.5 10! 100 1o 102
)‘b/Aa /\u/ w
Fig. 11 Normalized effective slip length Fig. 12 Normalized effective slip length
b/Xa versus the ratio )‘b/>‘a of a b/W versus the ratio /\G/W of a
flat surface whose local slip length flat surface whose local slip length
is a cosinusoidal function )‘(37) = is a cosinusoidal function A(z) =
Aa + 2 cos (2mx) (color online) Ao+ 2\ cos (2mz) with A\y/Aq = 0.5

(color online)

5.5 Shear-driven flow over a periodically corrugated surface

In the previous examples, the bottom surface was assumed to be rough at the micro- or
nano-scale, since this is an origin of the liquid slippage phenomenon. At the mesoscopic and
macroscopic levels, the interface between the wall and the fluid is taken to be flat and its
roughness is accounted for by a slip boundary condition characterized by an intrinsic slip length.
However, in many situations of practical importance, the solid surface may exhibit roughness at
meso-scale and the influence of this roughness on the the flow properties cannot be neglected.
This problem has been studied®>39. In the present example, the approach based on the BEM
is now applied to study the problem mentioned above to test the efficiency and robustness of our
approach. To this end, we consider a shear-driven flow over a periodically corrugated surface.
At the meso-scale, the periodically corrugated surface is modeled as a sinusoidal wave but, at
the macro-scale, this surface is considered to be flat. Our results will be compared with those
presented by Niavarani and Priezjev[36.

In this study, the bottom wall has a sinusoidal corrugation described by

y(z) = asin (kz), (64)

where k = 27 denotes the wavenumber, and a is the corrugation amplitude. In Fig. 13, we show
the variation of the effective slip length in terms of wavenumber ka obtained by using the BEM
for the case where the local no-slip boundary condition is applied. These results are in good
agreement with those of Ref. [36]. Particularly, the normalized velocity profiles shown in Fig. 14
for different values of ka such as ka = 0, 0.7, and 1.12 coincide perfectly with those derived by

Niavarani and Priezjev!3¢.
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versus the wavenumber ka of a
non-slippery and sinusoidal surface
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Fig. 14 Averaged velocity profiles of a
shear-driven flow over a non-
slippery and sinusoidal surface

y(z) = asin(kz) for three different
wavenumber values ka = 0, ka =
0.7, and ka = 1.12 (color online)

The velocity profiles inside the valley obtained by the BEM and Niavarani and Priezjev[®S]
are displayed in Fig.15. It can be seen from this figure that the velocity profiles inside the

valley obtained by the BEM almost coincide with those provided in Ref. [36].

By setting the

wavenumber to 1.12 and the local slip length at the corrugated wall to 0.03, Fig. 16 shows the
velocity field and streamline of the shear-driven Stokes flow. We can observe in Fig. 16 that the
vortex appears at the bottom of the valley. Next, in order to study the effect of the corrugated
wall’s surface on the velocity field and streamline of the Stokes flow, by varying the values of
the local slip length such as A\g = 0, A\g = 0.03, A\g = 0.06, and )y = 0.08, the corresponding
streamlines in the valley are plotted in Fig. 17. It can be seen from Fig. 17 that the size of vortex
inside the valley is reduced when the local slip length )\g is augmented. This phenomenon is
completely in agreement with the observation about vortex provided in Ref. [36].

0.00

+ Ay=0 (Ref. [36])
—0.02| = /\07005 (Ref. [36])
004k & P0=006 (Ref. [36)
. 0 A;=0.08 (Ref. [36])
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Fig. 15 Local velocity profiles inside the valley at
x = 0.75 of a shear-driven flow over a si-
nusoidal surface y(x) = asin(kz) for four
different cases with A\g = 0, Ao = 0.03,
Ao = 0.06, and Ao = 0.08 (color online)
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Fig. 16 Velocity field and stream-

line of a shear-driven fluid
flow over a sinusoidal surface
y(z) = asin(kz) with the given
wavenumber ka = 1.12 and the
local slip length at the lower
wall A\g = 0.03 (color online)
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Fig. 17 Streamlines in the valley of a shear-driven fluid flow over a sinusoidal surface y(z) = asin(kx)
for four different values of the surfacial slip length Ao = 0, Ao = 0.03, Ao = 0.06, and \o = 0.08
(color online)

We also plot in Figs. 18 and 19 the effective slip length b versus the local slip length A\ for
two cases with

ka=0.28, and ka=1.12,

respectively. Our results are compared with those provided by Panzer et al.[’¥ and Niavarani
and Priezjev[®6l. More precisely, for the case where the wavenumber ka is equal to 1.12, good
agreement between the values obtained by applying the BEM and Niavarani and Priezjev[?9! is
observed. For the case where the wavenumber ka equals 0.28, the results provided by the BEM
is in perfect accord with those of Panzer et al.3* and Niavarani and Priezjev®! when Ao < 1.
However, there is a small difference between them when the local slip length Ay increases.
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Fig. 18 Normalized effective slip length b ver- Fig. 19 Normalized effective slip length b ver-
sus the surfacial slip length lg Ao of sus the surfacial slip length 1g Ao of
a sinusoidal surface y(z) = asin(kx) a sinusoidal surface y(z) = asin(kz)
with a given wavenumber ka = 0.28 with a given wavenumber ka = 1.12

(color online) (color online)
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6 Conclusions

In this work, two numerical approaches based on the MF'S or XMFS and BEM are elaborated
to solve the problem of Stokes flow through a channel between two parallel walls of which one is
rough and the other is smooth and non-slippery. In particular, the interface between the rough
wall and fluid is homogenized so as to be replaced by an equivalent smooth slippery interface
characterized by an effective slip length. The elaborated approaches hold in the general case
where the distance between the two parallel walls can be arbitrary and the surface of one wall
can be arbitrarily rough. This is in contrast with most of the available analytical and semi-
analytical methods for the Stokes flow, which require that the channel thickness should be thin
or/and the microstructure of the rough surface should be periodic.

The methods proposed in this paper can be extended to the case where the Stokes flow is
produced through a 3D channel bounded by two parallel rough walls or a circular cylindrical
rough wall. This work will be done in near future.
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Appendix A Details for the matrix A and vector ¢

The matrix A can be written as a combination of sub-matrices as follows:

AL A@
ABG) AW
A= (A1)
AG) A6)
AMD A®)
2N x2N
where the components of the sub-matrices are given by
C_£.)2 PN N2 (0 —
AD = (@i 2?;) Sy 4 .2.77;) 4oy, 2 5]7«)4.(% )
ij ij ij (A2)
4@ _ (@i =&)Y =)
(¥ 7“1'2]' ’

Ny — s £ Ny — ni)2
A@ @ =& —m) (@~ &) | Aen = &)y —m)”
%3 (%] Tij (AB)
4@ _ (Wi —n)?
ij T Tin

with @; (z;,1:) €908, i=1,2,--- ,N® and j=1,2,---,N, and

40 _ (@i — &)

= — Inry;
1, 2 VR
J r2
© _ A _ (@ =&)Yy —m5)
A=A = 2 , (A4)
ij
) _ (yi —mj)
Al(-j) 9 7 _In Tij
i
with
wl(‘rhyl)eaQT? 1217277NT3 ]:17273N
The expression of the vector ¢ is given by
0:47TX[A13)‘27 '7)\NB303"'30303“"30:|T7 (A5)
~ ~ 7 “ ~ -
1xNB 1xNB 1x2NT
where 7;; = ||&; — &;|| denotes the distance between the collocation point x; and the source point &;.

Appendix B Details of the matrix A’ and vector ¢’

We can rewrite the matrix A’ as follows:

A/(l) Al(?)
A = , (B1)
A'B) 4@

2NB x2NB
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where the components of the sub-matrices are computed by
(1) (z: — &)? (i — &) | 2h5  4hf(zi - &)
Aij = —lnrij—&— 2 +lnRij— R2 =+ R2 — R4
iJ ij ij iJ
_2h(yi+my = 2w) | Ahy(i - &) (yi +mj — 2w) 4y, 2w &) (yi —nj)
R?j R?j t Tfj
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where
rij =@ — &ll, Ry =|lzi—¢&|, 45=1,2--- N
The vector ¢’ has the following expression:
¢ =d4mx[ A1, A2, Ays,0,---,0]". (B6)
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Appendix C Details of the matrix B and vector q

The matrix B can in general be written in the following form:

M p®@ pgG pg@ ]
B® pB®© O BE
B® o gl pga2)

o o B B

- < 4NBx4NB
where the sub-matrices of B are defined as follows:
B = 1 / Coo(@s,zor)dl;, B2 = / Gy, moi)dl; (C2)
%] A r, 7 7 %] A r, Yy 7 7
@ _ 1 dij
By =, (Toza (5, Toi)10 (€ 5) + Towy (T, Toi)ny (x5))dl; + 9 (C3)
Ty
1
BY = [ Tuee(osomonel@) + Tyey s oy (o)l (1)
J
BY = 1 [ G@iwdy, BY =1 [ G ze)dy C5
W A r a:y(m],sz) Js W Y r, yy(w]vm(h) J ( )
1
B =L / (Toys (@5, 200 (@) + Ty (5, @0: )y (2))d, (C6)
J
® _ 1 dij
Bij" = 4. . (Tyye (2, B0i )10 (@) + Tyyy (@3, Toi )y (25))dl; + 7 (C7)
J
BZ(]Q) — )\inyiaij7 Bi(;o) = —)\i’l’bmi&;j, Bi(;l) = —7’Lyi6ij, (CS)
Bz(]12) = nzi5ij7 Bz(]13) = nmi5ij7 Bz(jl‘l) = nyiai]" (09)

The expressions of the matrix provided in Egs. (C2)—(C7) require the evaluation of the line integral
along the jth element. In this work, we distinguish the integral by considering the following two
different cases:

(i) Off-diagonal elements, i.e., i # j

In this case, the evaluation points xo; or x(; lie outside the jth element. This means that the
distances 7;; and R;; do not vanish, so that the above mentioned integrals are regular. For this reason,

the standard Gaussian integration can be applied for their evaluation. This technique was described
in detail in Ref. [29].

(i) Diagonal elements, i.e., i = j

In this case, the evaluation points x(,; still lie outside the jth element. Consequently, the standard
Gaussian integration shall remain valid. However, the kernel functions of R;; may be nearly singular
when the channel height is very small. In addition, 7;; takes the value zero when the evaluation
points xo; and the integration point x; coincide. Thus, the integrals involving r;; can be singular.
In the present work, the singular and near singular integrals have both been calculated analytically
to overcome these drawbacks. In the analytical integration technique, for simplicity, all the special
quantities should be taken into account, for example,

ry =0, Ry=-2H, h=-H, n,=0, ny,=-1 C10
y y y
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For arbitrary flow,
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L 4H (16H2 + L?)?
For periodic flow,
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where L; denotes the length of ith element, i = /—1, and Liz(z) stands for the poly-logarithm function
of order 2 and argument z.
The vector q is defined by

a= (0,0, x(ngy — nga), - AweX(ngys — nys), 0, 0). (C21)
~ ~ ~ < ~
1x2NB 1x NB 1xNB
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