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Abstract Based on the nonlinear constitutive equation, a piezoelectric semiconductor
(PSC) fiber under axial loads and Ohmic contact boundary conditions is investigated.
The analytical solutions of electromechanical fields are derived by the homopoty analysis
method (HAM), indicating that the HAM is efficient for the nonlinear analysis of PSC
fibers, along with a rapid rate of convergence. Furthermore, the nonlinear characteristics
of electromechanical fields are discussed through numerical results. It is shown that the
asymmetrical distribution of electromechanical fields is obvious under a symmetrical load,
and the piezoelectric effect is weakened by an applied electric field. With the increase in
the initial carrier concentration, the electric potential decreases, and owing to the screen-
ing effect of electrons, the distribution of electromechanical fields tends to be symmetrical.
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1 Introduction

Piezoelectric semiconductors (PSCs) that possess multiple coupling properties have many
applications in smart structures and devices, such as ultrasonic amplifiers, transistors, filters,
and energy harvesters[1–5]. The weak piezoelectricity of PSCs has raised concern about their
semiconductor properties[6–10]. In recent years, methods have been found to strengthen the PSC
piezoelectricity pivotal to high-performance sensors, nanogenerators, and solar cells[11–13]. As
such, considerable attention has been given to the coupling characteristics of the piezoelectricity
and transmission of carriers in PSCs.
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Strain relaxation and stress concentration induced by polarization piezoelectric effects largely
reduce the reliability and life of PSCs, and thus fracture problems in PSCs become more
serious[14–19]. With the increase in the application demand of PSCs, many studies have been
done on typical PSC structures like nanofibers, belts, and films. For example, the electrome-
chanical fields[20], I-V characteristics[21], and energy band laws[22] of PSC fibers were analyzed
under axial mechanical loads. The bending of laminated piezoelectric and PSC fibers was
investigated under a transversely mechanical load[23]. Studies have also been performed on
the vibration of the PSC fiber, electric potential, and carrier distribution in a PSC nanobeam
driven by a time-harmonic load[24–25]. Other works have detailed the effects of temperature on
the energy conversion efficiency of a PSC fiber[26], electromechanical fields in a PSC fiber[27],
and electromechanical fields in a narrow plate under Schottky contact boundary conditions[28].
Furthermore, the wave propagation in a PSC plate was analyzed via the Stroh theory[29].

However, a small carrier perturbation is usually adopted to linearize the constitutive equa-
tion. Carrier perturbation becomes relatively large under a greater mechanical load or an elec-
tric field. In this case, one must analyze PSCs using the original nonlinear constitutive equation.
Nonlinear constitutive and nonhomogeneous equilibrium equations for PSCs present strongly
nonlinear boundary value problems, which are difficult to solve. Recently, some methods have
been proposed to solve these nonlinear boundary value problems. An iterative boundary el-
ement method and the integral transformation technology were used to study a plane-strain
problem with an elliptical hole in a PSC[30]. The perturbation solutions were obtained for a PSC
fiber under an axial load and a PN junction between an n-type PSC and a p-type PSC[31–32].
Motivated by this, we introduce the homotopy analysis method (HAM) in this paper to ana-
lyze a PSC fiber with electric nonlinearity under coupling loads and Ohmic contact boundary
conditions[33–38]. As an analytical method, the HAM is effective for weak and strong nonlinear
problems and independent of small parameters. The HAM also provides freedom to choose
basis functions, initial guess solutions, and auxiliary linear operators.

This paper is organized as follows. In Section 2, the basic equations and two typical boundary
conditions are first described for a one-dimensional (1D) PSC fiber. Then, in Section 3, the
HAM is introduced in the 1D PSC models. Next, the nonlinear characteristics of the PSC fiber
are discussed via numerical results in Section 4. Finally, the main conclusions are summarized
in Section 5.

2 Basic equations
As illustrated in Fig. 1, we consider a PSC fiber with length 2L, diameter D, and c-axis along

the x3-direction. In the case of D/2L � 1, the PSC fiber can be treated as a 1D structure.

Fig. 1 Illustration of a PSC fiber with its c-axis along the x3-direction (color online)

According to Newton’s law of static equilibrium, Gauss’s law of electrostatics, and the
conservation of charge, the static governing equations for an n-type 1D PSC fiber are given in
the Cartesian coordinates by

⎧⎨
⎩

σ3,3 = 0,

D3,3 = q(N+
D − n),

J3,3 = 0,

(1)



Application of the HAM to nonlinear characteristics of a PSC fiber 667

where σ3, D3, and J3 are the stress, the electric displacement, and the electric current density
in the x3-direction, respectively, and q, N+

D , and n are the unit electric charge, the donor
concentration, and the electron concentration, respectively. In a natural state, N+

D equals the
initial electron concentration n0, and q = 1.602 × 10−19 C. For a 1D n-type PSC fiber, the
constitutive relations can be represented as⎧⎪⎨

⎪⎩
S3 = s33σ3 + d33E3,

D3 = d33S3 + ε33E3,

J3 = qnμ33E3 + qD33n,3,

(2)

where S3 is the strain tensor, E3 is the electric field in the x3-direction, s33 is the elastic
compliance, d33 and ε33 are the piezoelectric and dielectric constants, respectively, and μ33 and
D33 are the mobility and the diffusion of electrons, respectively. The strain S3 and the electric
field E3 are related to the elastic displacement u3 and the electric potential φ through S3 = u3,3

and E3 = −φ,3, respectively. By substituting u3 and φ into Eq. (2), the constitutive equations
can be converted to

σ3 = c33u3,3 + e33ϕ,3, D3 = e33u3,3 − ε33ϕ,3, J3 = −qnμ33ϕ,3 + qD33n,3, (3)

where the effective elastic, piezoelectric, and dielectric constants for the 1D PSC fiber are
obtained through

c33 = 1/s33, e33 = d33/s33, ε33 = ε33 − d2
33/s33. (4)

By substituting Eq. (3) into Eq. (1), one has⎧⎪⎨
⎪⎩

c33u3,33 + e33φ,33 = 0,

e33u3,33 − ε33φ,33 = −qΔn,

− μ33n,3φ,3 − μ33n φ,33 + D33n,33 = 0,

(5)

where Δn represents the electron concentration perturbation, and Δn = n − n0.
Furthermore, we consider the 1D PSC fiber subject to two typical boundary conditions.
Case 1:

σ(±L) = F0, D(±L) = D0, J(±L) = J0, (6)

where F0, D0, and J0 are prescribed values. To make the mechanical and electric fields unique,
we set u3(0) = 0 and φ(0) = 0.

Case 2: ⎧⎪⎨
⎪⎩

σ(±L) = F0,

φ(−L) = 0, φ(L) = Va,

n(−L) = n0, n(L) = n1,

(7)

where Va and n1 are prescribed values. Similarly, to make the mechanical field unique, we set
u3(0) = 0.

Obviously, the governing expressions in Eq. (5) and the boundary conditions in Eqs. (6)
and (7) consist of nonlinear boundary value problems, which can be analytically solved by
introducing the HAM.

3 HAM for 1D PSC models

To improve the calculation efficiency, we first simplify the governing expressions in Eq. (5)
and the boundary conditions in Eqs. (6) and (7), and then solve the simplified nonlinear bound-
ary value problems with the HAM.
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3.1 HAM for Case 1
According to the static equilibrium equation in Eq. (1) and the mechanical load boundary

condition in Eq. (6), we obtain σ3 = F0. Then, according to Eq. (3) and the unique mechanical
field condition in Case 1, we have

u =
1

c33
(F0x − e33φ). (8)

Similarly, according to the conservation of charge equation in Eq. (1) and the electric current
density boundary condition in Eq. (6), we obtain J3 = J0. By simplifying Eq. (5), we have

n =
e2
33 + c33ε33

c33q

d2φ

dx2
+ n0. (9)

Substituting Eq. (9) and J3 = J0 into the electric current density in Eq. (3), we derive the
equivalent governing equation as

d3φ

dx3
+ a1

d2φ

dx2

dφ

dx
+ a2

dφ

dx
= J0, (10)

where
a1 = − μ33

D33
, a2 = − c33n0qμ33

D33(e2
33 + c33ε33)

. (11)

According to the constitutive equation of electric displacement in Eq. (3) and the electric field
unique condition, we finally derive the equivalent boundary conditions as

φ(0) = 0,
dφ

dx
(±L) = b, (12)

where b = e33F0−c33D0
e2
33+c33ε33

.
In the HAM, the solution to a nonlinear problem can be expressed by different basic func-

tions. Here, we choose a polynomial basis function to express the solution to Eq. (10), that
is,

φ(x) =
+∞∑
n=0

cnxn, (13)

where cn is an undetermined constant, and n is the number of polynomial terms. According
to the boundary conditions in Eq. (12) and the solution to Eq. (13), we set the initial guess
solution as

φ0(x) = bx, (14)

which satisfies all the boundary conditions. According to Eqs. (10) and (14), we choose the
following auxiliary linear operator:

L(φ(x; p)) =
∂3φ(x; p)

∂x3
, (15)

where p ∈[0,1] is an embedding parameter. The auxiliary linear operator L satisfies
L(C1x

2 + C2x + C3) = 0, (16)

where C1, C2, and C3 are integration constants. Then, the zeroth-order deformation equation
is obtained as

(1 − p)L(φ(x; p) − φ0(x)) = phN(φ(x; p)), (17)

where N(φ(x; p)) represents the nonlinear operator of Eq. (10), and h is a convergence-control
parameter. φ(x; p) satisfies

φ(0, p) = 0,
∂φ

∂x
(±L, p) = a. (18)
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Note that, at p = 0 and p = 1, we have φ(x; 0) = φ0(x) and φ(x; 1) = φ(x), respectively, that
is, as p varies from 0 to 1, φ(x; p) varies from the initial guess φ0(x) to the true solution φ(x).
Expanding φ(x) in a Taylor series with respect to p yields

φ(x; p) = φ0(x) +
+∞∑
m=1

φm(x)pm, (19)

where

φm(x) =
1
m!

∂m

∂pm
φ(x; p)|p=0 . (20)

When the auxiliary linear operator L, the initial guess solution φ0, and the convergence-
control parameter h are properly chosen, the series in Eq. (19) converges at p = 1 and the
homotopic series solution can be expressed as

φ(x) = φ0(x) +
+∞∑
m=1

φm(x). (21)

By differentiating Eq. (17) m times with respect to the embedding parameter p and dividing
Eq. (17) by m!, an m-order deformation equation with p = 0 is obtained as

L(φm(x) − χmφm−1(x)) = hRm(φm−1, x), (22)

where

Rm(φm−1, x) =
1

(m − 1)!
∂m−1

∂pm−1
N(φ(x; p))|p=0 , (23a)

χm =
{

0, m � 1,
1, m > 1.

(23b)

The solution to Eq. (22) can be expressed as

φm(x) = φ∗
m(x) + C1x

2 + C2x + C3, (24)

where

φ∗
m(x) = χmφm−1(x) + L−1(hR(φm−1, x)), (25)

and L−1 is the inverse operator of L.
Based on the solution of the electric field φ, we can use the relationships in Eqs. (8) and (9)

to obtain the elastic displacement u and the electron concentration n. Then, by substituting u
and φ into Eq. (3), the electric displacement D3 is determined.

The higher order expressions of electric potential φ, elastic displacement u3, and electron
concentration perturbation Δn can be easily derived with MATHEMATICA (Version 10.2,
Wolfram Research). For example, the zeroth- and first-order solutions of φ, u3, and Δn are

φ0(x) = ax, u30(x) =
F0x − ae33x

c33
, Δn0(x) = 0, (26a)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ1 (x) = ax +
ab2hx(x2 − 3L2)

6
,

u31 (x) =
F0x

c33
− ae33x

(
a + b2h(x2 − 3L2)

)
6c33

,

Δn1 (x) =
ab2hx(e2

33 + c33ε33)
c33q

.

(26b)
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3.2 HAM for Case 2
Similarly, for a PSC fiber under an Ohmic contact boundary condition in Eq. (7), Eq. (5)

can be finally simplified as

d4φ

dx4
+ a1

d3φ

dx4

dφ

dx
+ a1

d2φ

dx2

d2φ

dx2
+ a2

d2φ

dx2
= 0, (27)

where a1 and a2 are the same as in Eq. (10). The boundary condition in Eq. (7) can be converted
to

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

φ(−L) = 0,
φ(L) = Va,

d2φ

dx2
(−L) = 0,

d2φ

dx2
(L) =

qc33n1

e2
33 + c33ε33

.

(28)

Then, we apply the HAM to solve Eq. (27) with the boundary condition in Eq. (28). We
also choose the simple polynomial form for the basic functions, and the initial guess solution to
Eq. (27) and the auxiliary linear operator can be represented, respectively, as

φ0(x) = c1x
3 + c2x

2 + c3x + c4, L(φ(x; p)) =
∂4φ(x; p)

∂x4
, (29)

where
⎧⎪⎪⎨
⎪⎪⎩

c1 =
qc33n1

12(e2
33 + c33ε33)L

, c2 =
qc33n1

4(e2
33 + c33ε33)

,

c3 =
6(e2

33 + c33ε33)Va − qc33n1L
2

12(e2
33 + c33ε33)L

, c4 =
2(e2

33 + c33ε33)Va − qc33n1L
2

4(e2
33 + c33ε33)L

.

(30)

Finally, with the same solution procedure, we can derive a homotopic series solution to
Eq. (27). Similarly, The higher order expressions of φ, u3, and Δn can be easily derived with
MATHEMATICA (Version 10.2, Wolfram Research). The zeroth- and first-order solutions of
φ, u3, and Δn are

φ0(x) = d + cx + bx2 + ax3, u30(x) =
F0x

c33
, Δn0(x) = 0, (31a)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ1(x) = ax3 + bx2 + cx + d +
h(3ab1c + 2b2b1 + bb2)(5L4 − 6L2x2 + x4)

12

+
3a2b1h(14L6 − 15L4x2 + x6)

20
+

ah(b2 + 6bb1)(7L4 − 10L2x2 + 3x4)x
60

,

u31(x) =
x(F0 − ce33 − be33x − e33ax2)

c33
− e33h(3cab1 + 2b2b1 + bb2)(x2 − 6L2)x2

12c33

−e33ahx((6bb1 + b2)(7L4 − 10L2x2 + 3x4) + 9b1x(x4 − 15L4))
60c33

,

Δn1(x) =
(e2

33 + c33ε33)(2b + 6ax)
c33q

− 9a2b1h(e2
33 + c33ε33)(L4 − x4)

2c33q

−h(e2
33 + c33ε33)(b(2bb1 + b2) + 2a(6bb1x + b2x + 3b1c))(L2 − x2)

c33q
.

(31b)
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4 Numerical results and discussion

In numerical studies, a ZnO fiber is selected, and the length 2L is set to be 1.2 μm. Moreover,
its material constants are listed in Table 1. In the following calculation, we use the HAM to
analyze the PSC fiber under the boundary conditions of Cases 1 and 2 with MATHEMATICA
(Version 10.2, Wolfram Research).

Table 1 Material constants of the ZnO fiber used in numerical studies

Property Parameter Value Unit

Elastic compliance s33 6.94×10−12 m2·N−1

Piezoelectric constant d33 11.67×10−12 C·N−1

Dielectric constant ε33 1.12×10−10 F·m−1

Electron mobility μ33 0.02 m2·V−1·s−1

Diffusion constant D33 5.186 5×10−4 m2·s−1

4.1 Convergence analysis
It has been proved that there exists a region in the h-curves of quantities of a nonlinear

problem that guarantee the convergence of homotopic series solutions[33]. Therefore, we need
to plot the h-curves of extended displacements including u3(x), φ(x), and Δn(x) to determine
the effective regions. Here, we take the boundary condition (Case 1) as an example to illustrate
the choice of h and the convergence of homotopic series solutions.

Next, we set the mechanical load F0, the electric displacement D0, the electric current
density J0, and the initial electron concentration n0 to be 1×106 Pa, 1×10−2 C·m−2, 1×10−5

A·m−2, and 1×1020 m−3, respectively. As shown in Fig. 2, the effective region of h is from −0.9
to −0.15. Therefore, we choose h = −0.6 to derive the series solutions.

Here, it is worth noting that, as shown in Fig. 3, the homotopic series solutions are well
consistent with those obtained by COMSOL. As listed in Table 2, the elastic displacement u3

and the electric potential φ converge faster than the electron concentration perturbation Δn.

-

φ 

 

Δ  

Fig. 2 h-curves of the right endpoint x3 = L
for different extended displacements,
including the elastic displacement u3,
the electric potential φ, and the elec-
tron concentration perturbation Δn
(color online)

φ

Δ

µ

Fig. 3 Comparison of the homotopic series solu-
tions of the displacement u3, the electric
potential φ, and the electron concentra-
tion perturbation Δn along the fiber by
the HAM (lines) with those obtained by
COMSOL (symbols) (color online)

4.2 Effects of the mechanical load
Under the boundary condition of Case 1, assume that the PSC fiber is subject to an axial

mechanical load F0. The electric displacement, the electric current density, and the initial
electron concentration are fixed as D0 = 0 C·m−2, J0 = 0 A·m−2, and n0 = 1 × 1020 m−3,
respectively.
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Table 2 Convergent results for the elastic displacement u3, the electric potential φ, and the electron
concentration perturbation Δn at the right endpoint x3 = L when h = −0.6

m u3/m φ/V Δn/m−3

0 4.059 626×10−12 8.949 989×10−3 0

3 4.099 107×10−12 5.565 919×10−3 2.291 146×1020

6 4.099 192×10−12 5.558 676×10−3 2.335 484×1020

9 4.099 193×10−12 5.558 557×10−3 2.337 900×1020

12 4.099 193×10−12 5.558 552×10−3 2.338 041×1020

15 4.099 193×10−12 5.558 551×10−3 2.338 049×1020

18 4.099 193×10−12 5.558 551×10−3 2.338 049×1020

Normally, a small electron concentration perturbation is assumed[14–28]. The constitutive
relation between the electric current density J3 and the electron concentration n is treated as
a linear relation, that is,

J3 = qn0μ33E3 + qD33n,3. (32)

However, as shown in Fig. 4, the differences in φ, Δn, and D3 based on nonlinear and linear
constitutive relations become more obvious as F0 increases. Moreover, the electron concentra-
tion perturbation Δn near both ends of the fiber is larger than the initial electron concentration
n0. In this case, the assumption of small electron concentration perturbation is not applicable,

µ µ

φ

µ

Δ

µ

.

Fig. 4 (a) Elastic displacement u3, (b) electric potential φ, (c) electron concentration perturbation
Δn, and (d) electric displacement D3 along the fiber length under different mechanical loads
F0. Curves are the nonlinear solutions obtained by the HAM, and symbols represent linear
solutions (color online)
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and the nonlinear constitutive relation must be adopted. At the same time, nonlinear solutions
lose symmetry or anti-symmetry when an axial load is large, owing to the electric nonlinearity
(see Fig. 4).
4.3 Effects of the applied electric field

Consider a PSC fiber under the Ohmic contact boundary condition in Eq. (7). The mechan-
ical load, the initial electron concentration, and the electron concentration at its right end are
fixed as F0 = 1 × 106 Pa, n0 = 1 × 1020 m−3, and n1 = 1.01 × 1020 m−3, respectively, and the
electric potential Va at the right end is taken as −0.05 V, 0 V, and 0.05 V.

Under the Ohmic contact boundary condition, the elastic displacement u3 and the electric
potential φ are linearly distributed. However, the electron concentration perturbation Δn is
nonlinearly distributed, and the electric displacement D3 and electric current density J3 are
uniformly distributed, as shown in Fig. 5. The distribution of Δn is nonlinear, because the two
ends are fixed, and electrons spontaneously move to the positive potential end.

µ µ

φ

µ

Δ

µ

.

Fig. 5 (a) Elastic displacement u3, (b) electric potential φ, (c) electron concentration perturbation
Δn, and (d) electric displacement D3 along the fiber length under different electric potentials
Va (color online)

4.4 Effects of the initial electron concentration
Similarly, consider a PSC fiber under the boundary condition in Eq. (6) and subject to an

axial mechanical load F0. The mechanical load, electric displacement, and electric current
density are fixed as F0 = 2 MPa, D0 = 0 C·m−2, and J0 = 0 A·m−2, respectively.

As shown in Fig. 6, the electric field in the fiber gradually decreases as the initial electron
concentration n0 increases owing to the screening effect of electrons. As such, the elastic
displacement u3 increases with increasing n0. As n0 increases, there are more electrons to
screen the polarization charge, and the electric nonlinearity becomes weak. Therefore, u3, φ,
Δn, and D3 tend to be symmetrical or anti-symmetrical when n0 is high enough.
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µ µ

µ µ

φ

Δ

.

Fig. 6 (a) Elastic displacement u3, (b) electric potential φ, (c) electron concentration perturbation
Δn, and (d) electric displacement D3 along the fiber length under different values of the initial
electron concentration n0 (color online)

5 Conclusions

In this paper, we have successfully derived the analytical solutions to 1D nonlinear problems
in PSCs under two boundary conditions by the HAM. The main results from numerical studies
can be summarized as follows.

(I) The linear theory is distorted under sufficiently large mechanical loads, and thus the
original nonlinear constitutive relationship must be adopted for analyzing the electromechanical
fields in PSCs.

(II) The asymmetry of an electromechanical field caused by electric nonlinearity becomes
more obvious with the increase in the applied mechanical load.

(III) In the case of a high initial electron concentration, the screening effect of electrons plays
a major role in distributions of electromechanical fields. As the initial electron concentration
increases, the electromechanical fields tend to be symmetric or anti-symmetric.

Finally, it is expected that the HAM can be extended to solve two-dimensional and three-
dimensional nonlinear problems in PSCs.
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