
Appl. Math. Mech. -Engl. Ed., 39(3), 365–378 (2018)

Applied Mathematics and Mechanics (English Edition)

https://doi.org/10.1007/s10483-018-2308-9

A new nonlinear force model to replace the Hertzian contact model

in a rigid-rotor ball bearing system∗

Yulin JIN1, Zhenyong LU1, Rui YANG1, Lei HOU1,2,†, Yushu CHEN1

1. School of Astronautics, Harbin Institute of Technology, Harbin 150001, China;

2. School of Energy Science and Engineering, Harbin Institute of Technology, Harbin 150001, China

(Received Jul. 20, 2017 / Revised Sept. 6, 2017)

Abstract A new nonlinear force model based on experimental data is proposed to

replace the classical Hertzian contact model to solve the fractional index nonlinearity in

a ball bearing system. Firstly, the radial force and the radial deformation are measured

by statics experiments, and the data are fitted respectively by using the Hertzian contact

model and the cubic polynomial model. Then, the two models are compared with the

approximation formula appearing in Aeroengine Design Manual. In consequence, the two

models are equivalent in an allowable deformation range. After that, the relationship of

contact force and contact deformation for single rolling element between the races is cal-

culated based on statics equilibrium to obtain the two kinds of nonlinear dynamic models

in a rigid-rotor ball bearing system. Finally, the displacement response and frequency

spectrum for the two system models are compared quantitatively at different rotational

speeds, and then the structures of frequency-amplitude curves over a wide speed range are

compared qualitatively under different levels of radial clearance, amplitude of excitation,

and mass of supporting rotor. The results demonstrate that the cubic polynomial model

can take place of the Hertzian contact model in a range of deformation.
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1 Introduction

Advanced turbomachinery will be presenting higher performance and machinery efficiency
under the high rotational speed condition, and the performance and working stability of ball
bearings have become increasingly important[1–8]. However, the rotor-rolling element bearings
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system is an intrinsic nonlinear system. The Hertzian analytical formulation of contact force and
contact deformation between the balls and races present the fractional index nonlinearity[1–33],
and it is coupled with other sources of nonlinearity, such as radial clearance, varying compliance
(VC), surface waviness or surface defect, leading to very complex dynamic behaviors of the rotor
ball bearing system. As a consequence, the traditional nonlinear methods such as the averaging
method, the asymptotic method, the multi-scale method, the Chen-Langford (C-L) method,
and the singularity theory are unable to solve this problem analytically.

To investigate the nonlinear dynamical problems of a rolling element bearings system, con-
sequently, it mainly depended on numerical analysis methods and experimental approaches in
the past few decades[10–21]. Sunnersjö[10] proposed a dynamic model that took into account
the inertial force, radial clearance, and rotational speed. His results showed that the VC vibra-
tion levels of the cylindrical roller bearings depend mainly on the inertial force and rotational
speed. Fukata et al.[11] presented a nonlinear rigid rotor-ball bearing model with two degrees of
freedom that was subjected to a constant radial load. Their results showed that the rotational
speed makes significant influence on the nonlinear behaviors of the system, and the vibration
responses may generate beating, chaos-like, super-harmonic, and sub-harmonic motions nearby
critical speeds. Two different routes to creating the chaotic motions for nonlinear vibration
responses of the rolling element bearing were studied by Mevel and Guyader[12–13] via numeri-
cal procedure and experimental strategy. Tiwari and Gupta[14] and Harsha[16–17] investigated
nonlinear dynamic responses of a balanced rigid rotor supported by the rolling element bearings
with different radial internal clearances and varying rotational speeds. The nonlinear dynamic
responses of an unbalanced rigid rotor-bearing system were also studied by Tiwari et al.[15] and
Harsha[18]. The effects of the preload and number of balls on the radial and axial vibrations
of a rigid rotor-ball bearing system were discussed by Aktürk et al.[19]. By taking into con-
sideration the rolling element centrifugal load, angular contacts, and axial dynamics, Liew et
al.[20] established a more comprehensive rotor-bearing dynamic model and designed a test rig
to estimate the effect of the rolling element centrifugal load. Jang and Jeong[21–22] presented
a nonlinear model of a rigid rotor supported by two or more ball hearings and discussed the
effects of the waviness on the nonlinear dynamic responses of the system.

In recent years, the nonlinear dynamic characteristics of rolling element bearing systems
have been continually studied. Ghafari et al.[23] investigated the bifurcation of the equilibrium
point for a fault-free ball bearing system considering a mass-damper-spring model with the
Hertzian contact theory. Bai et al.[24] explored the 1/2 sub-harmonic resonance characteristics
of a flexible rotor system supported by ball bearings theoretically and experimentally. Zhang et
al.[25–26] presented a comprehensive dynamic model of rotor-bearing system, and the stability
was studied by the discrete state transition matrix method. Gunduz and Singh[27] proposed
a formulation to evaluate the stiffness of the double row angular contact ball bearings, which
was validated by experimental results as well. Nonato and Cavalca[28] developed an elastohy-
drodynamic (EHD) film point contact model of a deep groove ball bearing to investigate the
effects of the lubricant film on the dynamic response of a lumped parameter rotor-bearing sys-
tem. Xu and Li[29] and Xu[30] investigated the dynamic load and impact response of a planar
multi-body system with ball bearing joint. Razpotnik et al.[31] proposed a new method to cal-
culate the bearing stiffness of statically over determined gearboxes. Hou et al.[32] studied the
sub-harmonic resonance of a rotor-ball bearing system of aero-engine taking into account the
maneuver load. Numerical simulations of the model suggested that it generates not only the
1/2 sub-harmonic resonance, but may also generate the 1/3 or 1/4 sub-harmonic resonance as
well. Zhao et al.[33] analyzed the load bearing properties and coefficient of friction of the high
speed angular-contact ball bearing. Jin et al.[34] revealed the nonlinear characteristics of VC
contact resonance in a rotor-bearing system.

In the above mentioned studies, all the theoretical models of rotor-rolling element bearing
system are based on the classical Hertzian contact theory, and as far as we know, almost all
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of the literatures and monographs about the nonlinear dynamic problems of bearings widely
accepted this theory, because the Hertzian single point contact theory[35–38] is mature and has
been testified by experiments. Thus, to use it in ball bearing systems is reasonable, but the
fractional index nonlinearity is the thorny problem.

With respect to the above, the present study intends to propose a new model to replace the
classical Hertzian contact model. The rest of this paper is organized as follows. In Section 2,
the two kinds of nonlinear mechanical models for ball bearing are discussed in statics. Then,
in Section 3, the corresponding two types of nonlinear dynamic models for a rigid-rotor ball
bearing system are described. In Section 4, the nonlinear dynamic responses of the two models
are compared quantitatively and qualitatively. Finally in Section 5, the primary results and
conclusions are summarized.

2 Static analysis for two types of nonlinear mechanical models

The experimental rig is shown in Fig. 1. It consists of a rigid rotor-ball bearing system,
an AC electric motor, a control system, and a data collection system. The rigid rotor-ball
bearing system is simply constructed by a rigid shaft supported by two ball bearings that were
the same. A loading device is located at the middle of the rigid rotor-ball bearing system to
provide different levels of radial load.

-

Fig. 1 Experimental rig

The geometric parameters of the shaft are as follows: the shaft length L = 850 mm and the
shaft diameter D = 65 mm. In addition, the material parameters of the shaft are as follows: the
density ρ = 7 950 kg/m3, Young’s modulus E = 211 GPa, and Poisson’s ratio υ = 0.3. Here,
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the shaft is considered as a simply supported beam and the first natural frequency is 808.5 Hz.
Therefore, this system can be considered as a rigid rotor-ball bearing system.

The experimental bearing is an SKF6312 deep groove ball bearing, and its parameters are
listed in Table 1. The radial contact force and contact deformation in bearing are measured
under different levels of radial load by the Bentley high-precision eddy current probes whose
resolution is 0.1 µm. In order to reduce the measurement error, two current probes are mounted
symmetrically close to the bearing at the right end in the vertical direction, as shown in Fig. 2.

Table 1 SKF6312 ball bearing parameters

Bearing parameter Value

Number of balls Nb 8
Ball diameter Db/mm 22.02
Inner raceway diameter di/mm 73.62
Outer raceway diameter do/mm 117.67
Grade (C0)a clearance/µm 12–36

a The American National Standards Institute/American Bearing Manufacturers Association (ANSI/ABMA)

Identification Code[1]

Fig. 2 Radial contact force and contact deformation in bearing

Figure 3 shows the relationships of radial force and radial deformation in a ball bearing
which are fitted respectively by using the Hertzian contact formulation and cubic polynomial,
and the specific expressions are given as follows:

The Hertzian contact,

Fr = Cb(δr)
1.5 = 13.26× 109(δr)

1.5 (1)

and the cubic polynomial,

Fr = aδ3
r + bδ2

r + cδr = −2.38 × 1014δ3
r + 5.86 × 1011δ2

r + 6.73 × 107δr, (2)

where Fr represents the radial force (N), δr is the radial deformation (m), Cb is the contact
stiffness (N/m3/2), and a, b, and c are, respectively, the cubic, quadratic, and linear coefficients
of the cubic polynomial. It can be found that the Hertzian analytical formulation is in good
agreement with the experimental data when the maximum deformation is under 140 µm, which
is not large enough. However, the possibility that these two models are equivalent is in a wide
range of deformation. Thus, the predicted maximum deformation value is 1 000 µm based
on the experimental Hertzian analytical formulation, and then the data are fitted by cubic
polynomial.
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As a coincidence, there is an approximation formula about the radial stiffness of ball bearing
which appeared in Aeroengine Design Manual[39], given by

Krr = 0.117× 104 3

√

Frn2d cos5 β, (3)

where Krr represents the radial stiffness (N/mm), Fr is the radial force (N), and n, d, and β
are the number of contact balls, the ball diameter (mm), and the contact angle, respectively.

The two models are compared with this approximation formula in a wide range of force with
the maximum force up to 400 000 N, as shown in Fig. 4. It is clear to see that the Hertzian
contact model matches perfectly with the approximation formula, where the maximal error is
under 1.1%. The cubic polynomial model also presents a good match for the force less than
300 000 N, and the error is not beyond 2% at 300 000 N. Otherwise, the error will be increased
but not beyond 7% at 400 000 N. As a consequence, the two models are approximately equivalent
in statics.

Fig. 3 Experimental data and two kinds of
fitted models for radial force and ra-
dial deformation

Fig. 4 Comparison between two models and ap-
proximation formula for radial stiffness
and radial force

The foregoing analysis is mainly the comparison between the Hertzian contact model and
the cubic polynomial model for the radial force and radial deformation in bearing. However,
the radial force is a resultant force in the vertical direction for the corresponding rolling ele-
ments on the loaded area. When the bearing is working, the radial force is varying, but it is
assumed that the relationship of contact force and contact deformation between the element
and races is a definite formula. For this reason, the two models of relations of contact force and
contact deformation for single rolling element between the races are calculated based on statics
equilibrium as follows.

The force analysis of the rolling elements in the vertical direction is presented in the first
subgraph of Fig. 2. A rolling element is located in the lowest position of outer raceway, marked as
‘0’. As we know, the roll elements are uniform on the circle with an angle of 2π/Nb. Therefore,
the loaded balls are distributed symmetrically on the two sides of that ball. Suppose that each
side has k balls, the relations between contact deformation of each rolling element and radial
deformation are obtained by geometric analysis[40–41],

δi
e = δr cos(iθ), i = 0, 1, · · · , k. (4)
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Based on the statics equilibrium equation, the radial force is the sum of all the contact forces
of the loaded balls which are projected in the vertical direction, and can be written as

Fr = F 0
e + 2

k
∑

i=1

F i
e cos(iθ), (5)

where F i
e (i = 0, 1, · · · , k) are the contact forces of the loaded rolling elements, whose formula

depends on the chosen model. For the Hertzian model, Fe = cb(δe)
1.5, and for the cubic

polynomial model, Fe = aeδ
3
e + beδ

2
e + ceδe. Combining with (4), we thus find that the two

models of relations of contact force and contact deformation for a single rolling element are
given as follows.

The Hertzian contact model for the single ball is

Fe = cb(δe)
1.5 = 7.20 × 109(δe)

1.5. (6)

The cubic polynomial model for the single ball is

Fe = aeδ
3
e + beδ

2
e + ceδe = −1.59 × 1014δ3

e + 3.43 × 1011δ2
e + 3.67 × 107δe. (7)

3 Two types of dynamic models in a rigid-rotor ball bearing system

The mechanical model of the rigid rotor-ball bearing system is shown in Fig. 5. It is an ideal
model[2–24] of the test rig for theoretically analyzing the nonlinear vibration responses of rotor
ball bearing systems. The horizontal rigid shaft is supported by two ball bearings at both ends,
the disk is located symmetrically in the middle of the shaft, and the following assumptions[5–8]

are made.
(i) There is an interference fit between the shaft and the inner race of the radial ball bearings,

and the outer race is fixed to a rigid support.
(ii) It is under a pure rolling condition between the raceway and balls, and the whole system

is fault-free.
(iii) The influence between the rolling elements and cage is ignored.
(iv) The inertias of balls introduce little dynamic effect to the system.

π

Fig. 5 Sketch map of the rigid-rotor ball bearing system

According to Newton’s second law, the differential equations of motions of the rigid-rotor
ball bearing model can be formulated as















mẍ + cẋ + Fx = meω2 cos(ωt),
mÿ + cẏ + Fy = mg + meω2 sin(ωt),

{

Fx

Fy

}

=
N
∑

i=1

{

Fe(δi)G(δi) sin θi

Fe(δi)G(δi) cos θi

}

,
(8)
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where Fe(δi) is the contact force of the ith rolling element. For the classical Hertzian contact
model widely used in research applications, the expression is (6), and for the cubic polynomial
model proposed in this paper, the formula is (7). Besides,

θi = 2π(i − 1)/Nb + ωrit/(ri + ro), δi = x cos θi + y sin θi − δ0,

which are the angular location and contact deformation of the ith rolling element, respectively,
and G(·) denotes the Heaviside function, m, c, e, and Cb are the mass, damping, offset, and
contact stiffness, respectively, ω is the rotational speed, and Nb, 2δ0, and ri and ro are the
number of balls, the radial clearance, and the inner and outer raceway radii, respectively.

4 Numerical analyses

In order to analyze the similarity of the nonlinear dynamic characteristics for the two models
in a rigid-rotor ball bearing system, the displacement responses and frequency spectra of the
two models are first compared quantitatively at different rotational speeds by the Runge-Kutta
method, and then the structure of frequency-amplitude curves over a wide speed range is
compared qualitatively under different levels of radial clearance, magnitude of excitation, and
mass of supporting rotor.

Firstly, the quantitative comparisons between the two models are presented. From Fig. 6
to Fig. 8, the stable displacement responses and frequency spectra in the vertical (y) direction
and the horizontal (x) direction are depicted at rotational speeds of 300 rad/s, 500 rad/s, and
700 rad/s, and the relative errors of the maximal amplitude of frequency spectrum in both
directions between the two models are calculated in Table 2.

Fig. 6 Displacement responses and frequency spectra in horizontal (x) and vertical (y) directions at
speed of 300 rad/s

From Fig. 6 to Fig. 8, it can be seen clearly that the displacement responses and frequency
spectra in the horizontal (x) direction for the two models match perfect at each rotational
speed, and the relative errors of the maximal amplitude of frequency spectra are less than
10%. In the vertical (y) direction, the corresponding displacement responses present a certain
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misalign, because the rotor weight leads to the misalignment of equilibrium positions for the
two models in the vertical direction, but the waveforms and frequency spectra still match
perfectly, and the maximal amplitude of frequency spectrum is not beyond 11%. As a result,
the nonlinear dynamic responses for the two models are quantitatively similar to each other.

Fig. 7 Displacement responses and frequency spectra in horizontal (x) and vertical (y) directions at
speed of 500 rad/s

Fig. 8 Displacement responses and frequency spectra in horizontal (x) and vertical (y) directions at
speed of 700 rad/s
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Nevertheless, the ball bearing system is a complicated nonlinear system, the motion of which
is sensitively dependent on initial conditions and parameters. Thus, the nonlinear dynamic
behaviors for the two models with different parameters are also compared qualitatively in this
section.

Table 2 Relative errors of the maximal amplitude of frequency spectrum

Rotate speed/(rad·s−1)

Maximal amplitude/(10−6 m)
˛

˛

˛

xh − xp

xh

˛

˛

˛
× 100%

˛

˛

˛

yh − yp

yh

˛

˛

˛
× 100%Hertzian Polynomial

xh yh xp yp

300 12.280 6.491 11.050 7.003 10.00 7.89
500 13.320 11.980 14.060 12.540 5.56 4.67
700 5.222 7.527 5.413 6.705 3.66 10.92

As shown in Fig. 9, the frequency-amplitude curves for the Hertzian contact model and the
cubic polynomial model in the horizontal (x) and vertical (y) directions are plotted with the
radial clearances 2δ0 = (10, 20, 40, 80) µm. It can be found that, for the speed running up and
running down, all the frequency-amplitude curves present the hard spring characteristic in both
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Fig. 9 Frequency-amplitude curves for the two models in horizontal (x) and vertical (y) directions
with radial clearances 2δ0 = (10, 20, 40, 80) µm

directions, and when the radial clearance is less than 40 µm, the frequency-amplitude curves
for the two models match perfectly. When the radial clearance is greater than 2×20 µm, the
dynamic behaviors are complicated and the frequency-amplitude curves are disheveled for both
models, but the structure of the frequency-amplitude curves is very similar.

As shown in Fig. 10, the frequency-amplitude curves for the Hertzian contact model and
the cubic polynomial model in the horizontal (x) and vertical (y) directions are depicted with
the offset e = (10, 15, 20, 25) µm. It can be found that, for the speed running up and running
down, all the frequency-amplitude curves also show the hard spring characteristic in both
directions, and with the increase of the offset distance, the dynamic behaviors are complicated
too. Nevertheless, all the frequency-amplitude curves for both models still match perfectly.

Finally, it is assumed that the rotor with different mass is supported by the ball bearings. As
shown in Fig. 11, the frequency-amplitude curves for the Hertzian contact model and the cubic
polynomial model in the horizontal (x) and vertical (y) directions are depicted with the rotor
mass of m = (250, 500, 750, 1 000) kg. It can be found that, for the speed running up and running
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Fig. 10 Frequency-amplitude curves for the two models in horizontal (x) and vertical (y) directions
with offset e = (10, 15, 20, 25) µm

down, all the frequency-amplitude curves also show the hard spring characteristic in both
directions, and no matter what the rotor mass is, the frequency-amplitude curves for both
models present a very good match.

At the end of this part, we can draw a conclusion that the Hertzian contact model and the
cubic polynomial model demonstrate almost identical nonlinear dynamic characteristics in the
rigid-rotor ball bearing system.
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Fig. 11 Frequency-amplitude curves for the two models in horizontal (x) and vertical (y) directions
with mass of rotor m=(250, 500, 750, 1 000) kg

5 Conclusions

The Hertzian contact presents the fractional index nonlinearity in a ball bearing system so
that the traditional nonlinear methods are unable to solve this problem analytically. In order to
solve this thorny problem, this paper proposes a cubic polynomial model to replace the classical
Hertzian contact model. The conclusions are summarized as follows.

(i) The radial force and the radial deformation are measured by statics experiments, and
the data are fitted by using the Hertzian contact model and cubic polynomial model. Then,
the two models are compared with the approximation formula appearing in Aeroengine Design
Manual. The maximal error for the Hertzian contact model is under 1.1%, and that for the
cubic polynomial model is not beyond 7%. In consequence, the Hertzian contact model and the
cubic polynomial model are approximate equivalent in statics.

(ii) The relationship of contact force and contact deformation for single rolling element
between the races is calculated based on statics equilibrium, and subsequently the nonlinear
dynamic models for the Hertzian contact model and cubic polynomial model in a rigid-rotor
ball bearing system are obtained.

(iii) The quantitative comparisons of displacement response and frequency spectrum and the
qualitative comparisons of frequency-amplitude curves under different levels of radial clearance,
amplitude of excitation, and mass of supporting rotor demonstrate that the nonlinear dynamic
characteristics for the Hertzian contact model and cubic polynomial model are almost identical.

Given all this, in all cases considered in this study, the cubic polynomial model can replace
the classical Hertzian contact model in a range of deformation so as to investigate the nonlinear
dynamic problems of rotor ball bearing system by using traditional nonlinear methods.
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