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Abstract Initiation and propagation of cracks in rotating disks may cause catastrophic

failures. Therefore, determination of fracture parameters under different working con-

ditions is an essential issue. In this paper, a comprehensive study of stress intensity

factors (SIFs) in rotating disks containing three-dimensional (3D) semi-elliptical cracks

subjected to different working conditions is carried out. The effects of mechanical prop-

erties, rotational velocity, and orientation of cracks on SIFs in rotating disks under cen-

trifugal loading are investigated. Also, the effects of using composite patches to reduce

SIFs in rotating disks are studied. The effects of patching design variables such as me-

chanical properties, thickness, and ply angle are investigated separately. The modeling

and analytical procedure are verified in comparison with previously reported results in

the literature.

Key words stress intensity factor (SIF), semi-elliptical crack, rotating disk, finite ele-

ment analysis (FEA)

Chinese Library Classification O346.1

2010 Mathematics Subject Classification 74R10

1 Introduction

Rotating disks are employed in various industrial applications such as aerospace and auto-
motive industries. Initiation and propagation of cracks in rotating disks may cause catastrophic
failures. Thus, to assure the safety of rotating disks in service, an accurate fracture mechanics
analysis instead of the conventional design method is required. Stress intensity factors (SIFs) are
the basic parameters for investigation of fracture behavior in cracked rotating disks. These pa-
rameters play an important role in linear elastic fracture mechanics (LEFM). Available methods
for extraction of SIFs include singular integral equations[1–3], weight functions[4–7], boundary
collocation[8–9], finite element[10–13], boundary element[14–15], extended finite element method
(FEM), and combination methods[16–18]. Calculation of the SIFs in a finite elastic domain with
numerical solution of singular integral equations may be a popular approach. The weight func-
tion method is an alternative simple technique for calculation of SIFs in a finite elastic domain
when suitable weight functions are available. Also, the boundary collocation method is another
suitable way for extraction of SIFs. However, the FEM is known as an adaptable and efficient
approach. In this method, singular elements near the crack tip are required. The boundary el-
ement method requires only the discretization of the boundary. The boundary element method
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is simple to be employed, but the results are not as accurate as those of the FEM. Moreover,
some mixed and combination methods are utilized to calculate the SIFs.

Due to importance of fracture behavior investigation in rotating disks, several studies have
been carried out to evaluate the crack tip parameters. Mechanical strength, life estimation,
and calculation of SIFs are issues which are paid much attention to in the recent studies in the
field of rotating cracked disks. Rooke and Tweed[19] derived the Fredholm integral equation for
a rotating disk containing radial crack. They defined the SIFs for symmetrical loading types
numerically, using the Gauss-Chebyshev quadrature formula. Blauel et al.[20] solved the same
problem by utilizing a photo-elastic method and a simple super-position procedure. Employing
a rough finite element procedure, Chan et al.[21] determined the approximated SIFs for rotating
fracture test specimens. Gowhari-Anaraki et al.[22] estimated the C*-integral for radial cracks
in annular discs. Constant angular velocity and internal pressure were considered in their study.
Lorenzo and Cartwright[23] studied the boundary element weight function for an internal edge
crack in a rotating annular disk. Since the weight function can eliminate the body force term
in the boundary element formulation, this effect was reduced to boundary traction by utilizing
Bueckner’s principle. A rotating compound disk containing a radial crack was studied, and
the SIFs of the crack were calculated by Xu[24]. He presented extensive numerical results for
both plane strain and plane stress cases in tabular and graphical forms. Bowie and Neal[25] and
Isida[26] also utilized numerical methods for calculation of SIFs of cracked disks. Despite other
studies that used two-dimensional (2D) models, Pook et al.[27] used a three-dimensional (3D)
finite element model for investigation of fracture parameters in a cracked disk under anti-plane
loading. They showed that utilizing 3D models for investigation of fracture parameters in ro-
tating disks can lead to more accurate results than 2D models. Kotousov et al.[10] also used 3D
models for calculation of the SIFs.

Regarding the above literature, it is found that until now, few studies have used 3D models
for calculation of the fracture parameters in rotating disks. Also, the effects of different param-
eters such as mechanical properties, rotational velocity, and orientation of cracks have not been
considered. Moreover, comprehensive studies on the effects of employing composite patches in
the SIFs for cracked rotating disks are not found in the literature. Therefore, in this research,
an extensive study is performed for calculation of SIFs in rotating disks containing 3D semi-
elliptical cracks. Also, various conditions are considered for mechanical properties, rotational
velocity, and crack orientation. The effects of utilizing composite patches in reduction of SIFs
are studied. Moreover, effective design variables such as mechanical properties, thickness, and
ply angle are investigated for composite patches, separately.

2 3D finite element modeling of semi-elliptical cracks

Lin and Smith[28] showed that any kind of crack changes to semi-elliptical cracks after
propagation. Therefore, the surface cracks can be assumed as semi-elliptical cracks. Thus, in
this section, 3D semi-elliptical cracks in rotating disks are modeled in the ABAQUS software.
In this regard, several circumferential and radial semi-elliptical cracks with the aspect ratio of
a/c 0.4 to 1 are modeled in the ABAQUS software. All modeled cracks have fixed length of
10 mm, and their aspect ratio takes the depth of 2 mm to 5 mm.

Figure 1 shows radial and circumferential semi-elliptical cracks in a rotating disk, schemat-
ically. The geometrical dimensions and material properties which are used in a finite element
analysis (FEA) are listed in Table 1.

The created 3D models of rotating disk with different crack depths are meshed utilizing
a total number of 40 635 solid C3D20 elements in the ABAQUS software. Typical 3D mesh
pattern generated for the mentioned rotating disk and a zoomed view of the crack tip re-
gion are shown in Fig. 2. To include crack tip singularity in the created model, a special
element, which is called the singular element, is considered. This is performed by moving
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the first ring mid-side nodes around the crack front to the quarter distance near the crack
front nodes.

ω ω

Fig. 1 Radial semi-elliptical crack (Case 1) and circumferential semi-elliptical crack (Case 2) in ro-
tating disk, schematically

Table 1 Geometrical dimensions and material properties which are used in FEA

Parameter Definition Value

Ri Inner radius of rotating disk 10 cm

Ro Outer radius of rotating disk 30 cm

R Position of semi-elliptical cracks 20 cm

t Thickness of rotating disk 2 cm

2c Length of semi-elliptical cracks 5 mm

a Depth of semi-elliptical cracks From 2 mm to 5 mm

ESt Elastic modulus of steel 200 GPa

EAl Elastic modulus of aluminum 71 GPa

υSt Poisson’s ratio of steel 0.30

υAl Poisson’s ratio of aluminum 0.33

ρSt Steel density 7 850 kg/m3

ρAl Aluminum density 2 770 kg/m3

Fig. 2 3D mesh pattern generated for rotating disk and zoomed view of crack tip region

Geometry of semi-elliptical cracks in the rotating disks can be identified with the disk thick-
ness (t), inside and outside radii of the disk (i.e., Ri and Ro), the crack length (c), and the crack
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depth (a). Semi-elliptical cracks are modeled by the length of crack along the major axis of
ellipse and the depth of crack in accordance with the minor ellipse axis. Figure 3 represents the
crack face and the points on the crack face on which the SIFs are derived. For simplification
in determination of the points on the crack face, at first, the x-coordinate is defined and then
points on the crack face prescribed by a dimensionless distance of x/c. As shown in Fig. 3, the
origin of x-coordinate is located at the free surface of crack front.

Fig. 3 Crack face and points on crack face for semi-elliptical crack with aspect ratio 0.8

A 3D finite element model should have an optimal number of elements to perform an ac-
curate numerical analysis. For determination of the optimal number of elements to ensure the
accuracy of results, the convergence analysis should be performed. In this regard, the maxi-
mum value of the mode I SIF for radial semi-elliptical cracks in the rotating disk with different
aspect ratios (a/c) and different numbers of elements are calculated. Results of convergence
analysis for determination of a sufficient number of elements are shown in Fig. 4. Accord-
ing to this figure, it is revealed that, after about 40 000 elements, the finite element results
are converged.

Fig. 4 Convergence of maximum mode I SIF for radial semi-elliptical cracks in rotating disk

Therefore, the optimum number of elements in the numerical modeling is approximately
around 40 000 elements.
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3 Calculation of SIFs

In the LEFM, the stress state near the crack tip under a general mixed mode loading can
be written from William’s solution[29],
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where r and θ are the conventional crack tip coordinates which are defined in Fig. 5. KI, KII,
and KIII are the SIFs in the modes I, II, and III, respectively. These factors are the most
important parameters in the LEFM.

Fig. 5 Definition of conventional crack tip coordinate
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In the rotating disks, these factors are functions of load, crack length, crack depth, and
geometry. These coefficients can be expressed as[30]
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in which YI, YII, and YIII are geometrical coefficients in the modes I, II, and III, respectively.
σ0 is the nominal stress, and in the rotating disks, it can be expressed as

σ0 =
3 + υ

8
ρω2(R2

o − R2
i ). (8)

Rotating disks are commonly encountered to the emergence of the only mode I SIF (i.e., SIFs in
the modes II and III are negligible). In particular cases, whenever the geometry condition and
loading are not elaborate, the SIFs can be evaluated by analytical methods. However, in most
practical cases where the problem is more complicated (such as 3D cracks in rotating disks),
numerical methods (such as the FEM) should be employed. In the FEM, some methods such as
virtual crack growth[31] and J integral[32] are available for computing the SIFs. The J integral
on the crack tip Γ contour is defined as[33]
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where T and u are the traction and displacement vectors, respectively. Also, Γ is a closed
contour, and ds is the element of the arc along the path Γ. By considering Γ as a counter-
clockwise path, we have

dx = −nyds, dy = nxds, Ti = njσij , (10)

where nx, ny, and nj are direction cosines. By substituting Eq. (10) into Eq. (9), we have
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From Green’s theorem, we have
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By using this result, we can express Eq. (11) as follows:
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where A is the surface between two contours (including the crack). Also, W in Eq. (13) repre-
sents the strain energy density and is calculated as

W =

∫

σijdεij =
1

2
σijεij . (14)

In this paper, a J integral based method built in the ABAQUS software is employed for ob-
taining SIFs directly from a static analysis of rotating disks. The obtained results from the
FEA for different working conditions in the rotating disks are presented and discussed in the
following sections.



Comprehensive investigation of stress intensity factors in rotating disks 1571

4 Numerical results of SIFs in rotating disks

Variations of the mode I SIFs through the crack front for radial and circumferential semi-
elliptical cracks in the steel and aluminum rotating disks are illustrated in Figs. 6 and 7, respec-
tively. The aspect ratio is considered from 0.4 to 1, and the rotational velocity is 6 000 r/min.
According to these figures, it is revealed that, regardless of mechanical properties of rotating
disks and orientation of cracks, the maximum value of KI in the aspect ratios of 0.4 and 0.6
is achieved in the deepest point of crack front. Also, the maximum value of KI in the aspect
ratios of 0.8 and 1 is achieved in the free surfaces of crack front. Thus, propagation of cracks in
the rotating disks initiates from the deepest point and free surfaces of crack front for the cracks
with aspect ratios of 0.4 to 0.6 and aspect ratios of 0.8 to 1, respectively.

- -

Fig. 6 Variations of mode I SIF through crack front in steel rotating disk with rotational velocity of
6 000 r/min and different aspect ratios

- -

Fig. 7 Variations of mode I SIF through crack front in aluminum rotating disk with rotational velocity
of 6 000 r/min and different aspect ratios

The results of the mode I SIF for radial and circumferential semi-elliptical cracks of steel and
aluminum rotating disks are compared with each other in Fig. 8. The aspect ratio is 0.8, and the
rotational velocity is assumed to be 6 000 r/min. According to this figure, the values of the SIFs
for circumferential cracks are larger than those for radial cracks in both steel and aluminum
rotating disks. Thus, regardless of mechanical properties of rotating disks, circumferential
cracks are identified as crucial cracks in rotating disks.

To investigate the effects of the rotational velocity on SIFs, variations of KI through the
crack front for circumferential semi-elliptical cracks with the aspect ratio of 0.8 in the steel
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and aluminum rotating disks with the rotational velocity of 6 000 r/min to 9 000 r/min
are illustrated in Fig. 9. According to this figure, it is shown that the values of the SIFs
(for both steel and aluminum rotating disks) increase via increasing the rotational velocity
of rotating disks. Also, from this figure, it is found that by increasing the rotational ve-
locity from 6 000 r/min to 9 000 r/min, the maximum increase in the mode I SIFs are
102 and 112 percent for steel and aluminum rotating disks, respectively. Thus, aluminum
rotating disks have higher sensitivity to the increase of rotational velocity than the steel
rotating disks.

-
-
-
-

Fig. 8 Comparison of KI through crack front for radial and circumferential semi-elliptical cracks with
aspect ratio of 0.8 in steel and aluminum rotating disks with rotational velocity of 6 000 r/min

Fig. 9 Variations of mode I SIF through crack front for circumferential semi-elliptical cracks with
aspect ratio of 0.8 and different rotational velocities for steel and aluminum rotating disks

5 Numerical results of SIFs in rotating disks containing composite patch

A repair method utilizing a composite patch to reinforce the cracked structures has been
known as an effective approach due to the light weight and high strength of composite
materials[34–37]. This repairing method was initially investigated in Australia in the early
1970s and later in USA in the 1980s[38]. Numerous models have been developed for analysis of
repairs utilizing various calculation techniques including the collocation method, the boundary
element method, and the FEM[39–42]. Due to well established role of SIF in fracture mechan-
ics, the SIF is an important measure for analyzing the performance of composite patch in
repairing cracks.
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The aim of this section is to investigate the effects of composite reinforcement on the fracture
resistance of cracked rotating disks under a centrifugal loading. For this purpose, several 3D
semi-elliptical cracks are modeled without and with the use of composite patch in the rotating
disks. Figure 10 shows radial and circumferential semi-elliptical cracks in the rotating disk
with a composite patch, schematically. The fiber composites carbon/epoxy and glass/epoxy
have been frequently used in the literature for patching or reinforcing the cracked structures.
Therefore, to investigate the mechanical properties effectively, both the composite patches are
considered for finite element modeling. The composite patch is bonded on one side of the disk,
using a thin layer of adhesive. The shear modules and the thickness of adhesive film are assumed
to be 350 MPa and 0.05 mm, respectively. The dimension of the composite patch is 7×7 cm2,
and as shown in Fig. 10, the crack is located in the middle line of the patch. The composite
patch is assumed as a unidirectional ply and is modeled using a total number of 2 183 shell
S4R elements in the ABAQUS software.

ω ω

Fig. 10 Radial semi-elliptical crack (Case 3) and circumferential semi-elliptical crack (Case 4) in
rotating disk with composite patch, schematically

A 3D model which is provided for the FEA of the cracked disk and the composite patch is
shown in Fig. 11.

Fig. 11 3D model provided for FEA of cracked disk and composite patch

The material properties for composite patches are given in Table 2.

Table 2 Properties for composite patches

Material E1/GPa E2/GPa υ12 G12/GPa ρ/(kg·m−3)

Carbon/epoxy 121 8.6 0.27 4.7 1 490
Glass/epoxy 50 8.0 0.30 5.0 2 000
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Figures 12 and 13 show the variations of KI through the crack front for radial and circumferential
semi-elliptical cracks with the aspect ratio of 0.8 in the steel rotating disk with the rotational
velocity of 9 000 r/min without and with the use of composite patches for the thickness of
0.25 mm and different ply angles, respectively. It is found that the patching reinforcement
considerably decreases the SIFs. This effect can be interpreted for various reinforced config-
urations such as the load carrying capacity of patches in the cracked region. It is found that
the carbon/epoxy patch decreases KI more than the glass/epoxy patch. It means that stiffer
patch materials are desirable for cracked rotating disks. Also, from these figures, it is found
that the SIF values for radial cracks are lower than circumferential cracks. Therefore, using the
composite patch in the rotating disks has the maximum effect on radial cracks. Also, the results
indicate that, in the rotating disks, regardless of mechanical properties of composite patches
and orientation of cracks, the best value for a ply angle is 90◦.

To investigate the effects of the composite patch thickness on the SIFs, the variations of
KI through the crack front for circumferential semi-elliptical cracks with the aspect ratio 0.8
in the steel rotating disk with the rotational velocity 9 000 r/min and different thicknesses
of composite patch are illustrated in Fig. 14. According to this figure, it is found that the
SIF values (for both carbon/epoxy and glass/epoxy patches) are diminished via increasing the
thickness of the composite patch. Therefore, this method can be considered as an effective
solution for reinforcement of the cracked rotating disks in practical situations.

° °

° °

Fig. 12 Variations of mode I SIF through crack front for radial semi-elliptical cracks (Case 3) with
aspect ratio 0.8 in steel rotating disk with rotational velocity 9 000 r/min without and with
use of composite patches for thickness of 0.25 mm and different ply angles
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° °

° °

Fig. 13 Variations of mode I SIF through crack front for circumferential semi-elliptical cracks (Case
4) with aspect ratio 0.8 in steel rotating disk with rotational velocity 9 000 r/min without
and with use of composite patches for thickness of 0.25 mm and different ply angles

Fig. 14 Variations of mode I SIF through crack front for circumferential semi-elliptical cracks with
aspect ratio 0.8 in steel rotating disk with rotational velocity 9 000 r/min and different
thicknesses of carbon/epoxy patch and glass/epoxy patch

6 Verification procedure of modeling and analysis

In this section, our modeling and analysis procedure is confirmed by previously well-accepted
related studies. In this regard, we consider the research results of Nami and Eskandari[43] which
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have been performed for calculation of SIFs in a rotating impeller containing semi-elliptical
surface crack. They considered a steel impeller and calculated the SIFs utilizing a 3D finite
element model for a circumferential crack in the mentioned rotating impeller. The employed
geometrical dimensions and material properties by Nami and Eskandari[43] are listed in Table 3.

Table 3 Employed geometrical dimensions and material properties in Ref. [43]

Parameter Value

Inside diameter 140 mm
Outside diameter 414 mm

Position of crack (radius) 120 mm
Wall thickness 6 mm
Rotation speed 8 500 r/min

Module of elasticity 210 GPa
Poisson’s ratio 0.3

Density 7 850 kg/m3

In order to ensure from our modeling and analysis procedure, the mentioned rotating impeller
is modeled in the ABAQUS software, and the results associated with the SIFs are compared
with those reported in Ref. [43]. Extracted results from this study and those reported in Ref. [43]
are shown in Fig. 15 for a crack with the constant aspect ratio of a/c=0.2 and different values
of relative crack depth a/t.

a/t = 0.2 in Ref. [43]

a/t = 0.8 in Ref. [43]

a/t = 0.2 in present study

a/t = 0.8 in present study

a/t = 0.4 in present study
a/t = 0.4 in Ref. [43]

Fig. 15 Comparison of results between present study and Ref. [43]

As shown in Fig. 15, an appropriate compatibility can be found between the results, which
confirms the presented approach in the modeling and analysis procedure.

7 Conclusions

In this paper, a comprehensive study of SIFs in rotating disks containing 3D semi-elliptical
cracks under different working conditions is investigated. Based on this research, the following
conclusions can be made:

(i) Propagation of cracks in the rotating disks initiates from the deepest point and free
surfaces of crack front for the cracks with the aspect ratios of 0.4 to 0.6 and the aspect ratios
of 0.8 to 1, respectively.

(ii) Regardless of mechanical properties of rotating disks, circumferential cracks are identified
as crucial cracks in rotating disks.

(iii) The rotational velocity has more effects on SIFs of aluminum rotating disks than steel
ones.

(iv) Patching reinforcement considerably decreases the SIF in the rotating disks. Employing
thinner patches reduces the crack tip parameters considerably and can improve the fracture
strength of the cracked specimens.
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(v) Using a stiffer patch results in more reductions in the SIF. This implies that more
considerable effects on the crack parameters take place when carbon/epoxy is used for composite
patching instead of glass/epoxy.

(vi) Using the composite patch in the rotating disks has the maximum effect on radial cracks.
(vii) In the rotating disks regardless of mechanical properties of composite patches and

orientation of cracks, the best value for a ply angle is known as 90◦.
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