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Abstract Based on von Karman’s plate theory, the axisymmetric thermal buckling
and post-buckling of the functionally graded material (FGM) circular plates with in-
plane elastic restraints under transversely non-uniform temperature rise are studied. The
properties of the FGM media are varied through the thickness based on a simple power
law. The governing equations are numerically solved by a shooting method. The results
of the critical buckling temperature, post-buckling equilibrium paths, and configurations
for the in-plane elastically restrained plates are presented. The effects of the in-plane
elastic restraints, material property gradient, and temperature variation on the responses
of thermal buckling and post-buckling are examined in detail.
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1 Introduction

Functionally graded materials (FGMs) are known as a class of novel materials, in which
the material properties vary smoothly and continuously in one, two, or even three specific
directions. The advantage of these materials is that they can withstand high-temperature
gradient environments while maintaining their structural integrities. The main application
of FGMs is in high-temperature environments. Consequently, the thermal buckling and post-
buckling analysis of FGM plates have attracted researchers’ attention in recent years. Especially,
circular/annular plates are known as a main branch of solid structures with wide applications
in structural, mechanical, and civil engineering.

Some investigations have been carried out on the thermal buckling and post-buckling analy-
ses of circular/annular FGM plates. Based on the classical plate theory (CPT), some works[1–9]

on thermal circular/annular FGM plates have been performed. Najafizadeh and Eslami[1] in-
vestigated the thermal buckling analysis of circular FGM plates, and obtained the closed-form
solutions for the buckling temperature. Ma and Wang[2] studied the thermal post-buckling of
FGM circular plates by use of the shooting method. Li et al.[3] studied the nonlinear thermo-
mechanical post-buckling of a circular FGM plate with geometric imperfection, and used the
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shooting method to solve the governing equations of the clamped plates. Kiani and Eslami[4] an-
alyzed the linear and nonlinear stability behaviors of a thin FGM plate subjected to the uniform
temperature and the constant angular velocity loadings. In the linear stability analysis, the crit-
ical buckling temperature was given by solving the stability equations via an exact closed-form
solution and a power series method. Aghelinejad et al.[5] presented the nonlinear bending and
axisymmetric thermal buckling and post-buckling analysis of a thin functionally graded (FG)
annular plate, and solved the nonlinear ordinary differential equations with clamped-clamped
boundary conditions numerically by the shooting method. Based on the finite element method,
Ghomshei and Abbasi[6] investigated the axisymmetric thermal buckling of the FGM annular
plates with variable thickness subjected to radially distributed thermal load. Kiani and Es-
lami studied the effect of the elastic foundation on the critical buckling temperature of FGM
circular[7]/annular[8] plates. Sun and Li[9] studied the thermal post-buckling of an FGM circu-
lar plate with a rigid point constraint away from the center of the plate with a small interval
by use of the shooting method.

The investigations on the thermal buckling and post-buckling of circular/annular FGM
plates based on the first-order shear deformation plate theory (FSDT) can be referred to
Refs. [10]–[15]. Najafizadeh and Hedayati[10] studied the axisymmetric thermal buckling of
moderately thick circular FGM plates, and presented the closed-form solutions for the buckling
temperature. Jalali et al.[11] carried out the thermal buckling of the sandwich plate with a
homogenous variable thickness core and two constant thickness FGM face sheets. The stability
equations were solved numerically by use of the pseudo-spectral method to evaluate the criti-
cal temperature rise. With the Mindlin formulation, Prakash and Ganapathi[12] analyzed the
axisymmetric thermal buckling and vibration characteristics of FGM circular plates through
the finite element approach. Kiani and Eslami[13] analyzed the thermal post-buckling of FGM
circular plates with the consideration of the initial imperfection, temperature dependency, and
through-the-thickness gradient, and obtained the equivalent properties of the FGM media based
on three different homogenization schemes. Ghiasian et al.[14] presented an exact analytical ap-
proach to study the thermal buckling of the through-the-thickness annular FGM plate with
temperature-dependent material properties, and obtained the equilibrium equations in the case
of asymmetric deformation. They concluded that the fundamental buckling pattern of a sym-
metrically heated annular plate might be asymmetric in many cases. Based on the differential
quadrature method, Sepahi et al.[15] investigated the thermal buckling and post-buckling of an
FGM annular plate with the temperature-dependent material properties graded in the radial
direction.

Very few analyses on the thermal buckling and post-buckling of FGM circular/annular plates
based on the high order shear deformation plate theory (HSDT) have been found in the open
literature. Najafizadeh and Heydari[16] studied the axisymmetric thermal buckling of the thick
circular plates made of FGMs based on Reddy’s plate theory, and presented the closed-form
solution for the critical buckling temperature. Tran et al.[17] addressed an isogeometric finite
element approach for the thermal buckling analysis of FGM plates, and provided the numerical
results of circular and rectangular plates.

All of the above researches are developed on the assumptions that the plates have ideal
or classical boundary conditions (clamped, simply supported, and free). However, in practical
engineering, in some cases, the edge restraints should be considered as elastic supports. Wang
and Wang[18], Laura et al.[19], Varma and Rao[20], and Rao and Rao[21–23] have considered
the effects of elastic restraints in their studies for the transverse deformation of homogenous
plates. Alipour[24] presented the static analysis of the FG sandwich circular plates with general
elastic supported edge conditions. Bedroud et al.[25] studied the buckling analysis of the FG
circular/annular nanoplates with concentric internal ring support and elastically restrained
edges. In the above mentioned works[18–25], only Ref. [20] deals with the thermal post-buckling
of circular plates with elastic restraints.
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In the present paper, we will investigate the effect of the in-plane elastic restraints at the
edge on the thermal buckling and post-buckling responses of FGM circular plates. Based on the
geometrical nonlinear plate theory in von Karman’s version, the axisymmetric thermal buckling
and post-buckling responses of FGM circular plates with in-plane elastic restraints are studied
by use of the shooting method. The effects of the in-plane elastic restraints, material gradient,
and temperature variation on the critical thermal load, thermal post-buckling equilibrium path,
and plate deformation will be analyzed.

2 Problem formulation

Consider the FGM circular plates with the radius a and the thickness h. A cylindrical
coordinate system (r, θ, z) is defined with its origin located at the geometrical mid-plane of the
plate, where r, θ, and z represent the coordinates in the radial, circumferential, and thickness
directions, respectively. It is assumed that the plate edge is constrained elastically in the
radial direction. The restraint forces are simplified as the radial resultant forces, which linearly
distribute along the boundary. Therefore, the restraints can be simplified as linearly elastic
translational springs with the stiffness ks, which are in the mid-plane of the plate and distribute
continuously along the edge (see Fig. 1). If ks → ∞, the edge supports in Mode I and Mode II
are simplified as the immovable clamped and simply supported edges, respectively.

Fig. 1 Geometry, edge supports, and coordinates of the FGM circular plates

2.1 Gradients of material properties
The plate is assumed to be composed of two constituents, whose volume fractions change

continuously and smoothly in the thickness direction. According to the linear rule of mixture,
the effective material properties of FGMs, such as Young’s modulusE, Poisson’s ratio μ, thermal
conductivity κ, and thermal expansion coefficient α, can be expressed uniformly as follows:

P (z) = PbVb + PtVt = PbψP(z), P = E, μ, κ, α, (1)

in which ψP(z) is given based on the simple power law

ψP(z) = 1 + (Pr − 1)(0.5 + z/h)n, P = E, μ, κ, α, (2)

where the superscript n is the volume fraction exponent, n ∈ [0,∞), Pt and Pb are the properties
of pure materials at the top and bottom surfaces, respectively, and Pr = Pt/Pb. Usually,
Poisson’s ratio of the FGMs changes very little so that it is assumed to be a constant in this
paper for the analysis convenience.
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2.2 Temperature profile
The temperature rise is assumed to vary only along the thickness direction. The non-uniform

temperature rise field is obtained by solving the one-dimensional steady-state heat conduction
equation with the specified boundary conditions as follows[26]:

T (z) = Tbt(z), (3)

where

t(z) = 1 + (Tr − 1)
∫ z

−h/2

dz
ψκ(z)

(∫ h/2

−h/2

dz
ψκ(z)

)−1

. (4)

In the above equations, Tr = Tt/Tb, where Tt = T (h/2) and Tb = T (−h/2) are the temperature
rise at the top and bottom surfaces of the plate, respectively. For the convenience of the following
analysis, it is further assumed that Tb �= 0. If Tr = 1, the temperature rise is uniform.
2.3 Governing equations

According to von Karman’s plate theory, the dimensionless governing equations for the
axisymmetric thermal post-buckling of the circular plate are[9]
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The continuous conditions at the center x = η are

U = 0,
dW
dx

= 0,
d3W

dx3
+

1
x

d2W

dx2
= 0, (7)

where η is a small number introduced to avoid the singularity at the center x = 0 in the
following numerical computation.

The boundary conditions at x = 1 are given as follows:
(i) Mode I
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In the governing equations (5) and (6) and the boundary conditions (7)–(9), the dimension-
less variables are defined by

⎧⎪⎪⎨
⎪⎪⎩

(x, U,W ) =
1
a
(r, u, w), β =

a

h
, τ = 12(1 + μ)β2αbTb,

KS =
ksa

3

Db
, c =

1
φ3 − 12φ2

2/φ1
,

(10)

where U andW are the displacements in the mid-plane of the plate along the r- and z-directions,
respectively. β is the ratio of radius to thickness. τ is the dimensionless temperature rise for
the homogenous plate made of pure material at the bottom surface subjected to the uniform
temperature rise at the bottom surface, which is defined as the referenced thermal load. KS

is the dimensionless in-plane spring stiffness. Db = Ebh
3/(12(1 − μ2)) is the bending rigidity

of the homogenous plate made of pure material at the bottom surface. φi (i = 1, 2, 3, 4, 5) are
dimensionless parameters depending on the material gradient and temperature variation in the
thickness direction[9], and they are defined by
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(11)

If the plate is homogeneous, φ2 = 0. If the plate is subjected to the uniform temperature
rise, φ5 = 0. For the metal-rich plate, c = 1.

3 Numerical results and discussion

The governing equations (5) and (6) associated with the boundary conditions (7)–(9) con-
stitute the two-point boundary value problem of nonlinear ordinary differential equations. It is
difficult to get the analytical solution. The shooting method[27–29] is used to solve the problem
numerically. The two-point boundary value problem is replaced by a sequence of initial-value
problems. The unknown values of the equations at the initial point are estimated to start
the computation. They are iterated upon with modified values until the prescribed boundary
conditions at the final point are satisfied.

In the following numerical computation, the plate is assumed to be composed of ceramic
and metal. The ceramic constituent is zirconia (ZrO2), and the metal constituent is aluminum
(Al). The material constants of the two constituents are given as follows[30]:

ZrO2: Et = Ec = 151 GPa, αt = αc = 10 × 10−6K−1,
κt = κc = 2.09 W/(m · K), μt = μc = 0.3;

Al: Eb = Em = 70 GPa, αb = αm = 23 × 10−6 K−1,
κb = κm = 204 W/(m · K), μb = μm = 0.3,

where Poisson’s ratio is assumed to be a constant, and the small number η is set to be 0.001.
Expect for special explanation, the ratio of radius to thickness is selected to be β = 30 in the
following numerical computation.

To assure the validity and accuracy of the present numerical method, a comparison study is
conducted. When KS → ∞, it is approximately KS = 1013 herein, the edge support in Mode I
may be modelled as an ideal immovable clamped edge. The dimensional critical buckling
temperature rise defined as ΔTcr = τ/(12(1 + μ)αmβ

2) for the FGM plates with immovable
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clamped edge support under the uniform temperature rise is compared with that in the closed-
form solutions of Najafizadeh and Hedayati[10] (see Table 1). For the comparison convenience,
the material constants of the two constituents are Em = 70 GPa, αm = 23 × 10−6 K−1, κm =
204 W/(m ·K) for the metal constituent of aluminum and Ec = 380 GPa, αc = 7.4× 10−6 K−1,
κc = 10.4 W/(m · K) for the ceramic constituent of alumina. It is seen that good agreement is
observed among the results, which shows the fine accuracy of the present numerical method.

Table 1 Dimensional critical buckling temperature differences ΔTcr (K) for the FGM plates with
ideal immovable clamped edge support under uniform temperature rise (Tr = 1)

β

n
0.0 0.5 1.0

Present Ref. [10] Present Ref. [10] Present Ref. [10]

100 12.718 12.716 7.205 7.204 5.908 5.907

50 50.873 50.866 28.823 28.819 23.634 23.630

25 203.493 203.465 115.293 115.273 94.537 94.520

20 317.958 317.914 180.146 180.121 147.714 147.694

The dimensionless critical buckling temperature τcr of the FGM plates with edge support
in Mode I versus the spring stiffness parameter KS for different values of the volume fraction
exponent n and the temperature ratio Tr is depicted in Fig. 2. It can be seen that, when the
spring stiffness increases, the critical buckling temperature decreases. This is because that,
the thermal buckling is caused by the in-plane compressive membrane forces generated by
the restriction to the thermal expansion. In other words, for a definite critical buckling load,
which is equal to the external in-plane compressive force at the plate edge, a smaller value of
the spring stiffness corresponds to a larger amount of the temperature rise. When the spring
stiffness tends to be infinite, the critical buckling temperature tends to be the value of the plate
with immovable clamped edge support. If the spring stiffness is too small, the circular plate
cannot buckle because that the in-plane compressive forces produced by the elastic restraints
are too small to bring forth the thermal buckling. For a given value of the spring stiffness,
the critical buckling temperature of an FGM plate is intermediate between the two associated
metal-rich and ceramic-rich homogenous plates. The critical buckling temperature rise with
the decrease in the volume fraction exponent n. It can be explained that when n decreases, the
ceramic constituent increases, which makes the bending rigidity of the plate larger.

 

Fig. 2 Dimensionless critical buckling temperature τcr versus the elastic stiffness KS for the FGM
plates with edge support in Mode I
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Figure 3 shows the effect of the spring stiffness on the dimensionless critical buckling tem-
perature for the circular plates with edge support in Mode II. When KS → ∞, the edge
support in Mode II is modelled as the immovable simply supported edge. In this case, only the
homogeneous plates under the uniform temperature rise have critical buckling temperatures.
The critical buckling temperature of the metal-rich plate (n = 106) is lower than that of the
ceramic-rich plate (n = 0). When the ratio of radius to thickness β increases, the critical buck-
ling temperature rise. It can be explained that this ratio is included in the defined equation of
the dimensionless temperature rise τ (see Eq. (10)).

Fig. 3 Dimensionless critical buckling temperature τcr versus the spring stiffness KS for the homoge-
nous plates with edge support in Mode II under uniform temperature rise

Figure 4 gives the dimensionless critical radial displacement at the edge U(1)cr versus the
spring stiffness KS for different values of n. The critical radial displacement exists only in the
homogeneous plates with the edge support of Mode II under the uniform temperature rise. The
critical radial displacement decreases with the increase in the spring stiffness KS. For a given
value of KS, when the volume fraction exponent n increases, the critical radial displacement
decreases. From Fig. 4(b), it can be concluded that, for a given value of n, the critical radial
displacement is irrelevant to β.

Fig. 4 Dimensionless critical radial displacement U(1)cr at the edge versus the spring stiffness KS

The equilibrium paths of the thermal post-buckling deformation in terms of dimensionless
central deflection W (0) versus the spring stiffness KS for the FGM plates with edge support
in Mode II are plotted in Fig. 5. The central deflection increases with the increase in the
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spring stiffness. The homogeneous plates (n = 0, 106) subjected to the uniform temperature
rise can buckle along two directions, i.e., upward and downward. The inhomogeneous plates
(n = 0.2, 1.0) under the uniform temperature rise and the FGM plates can only deflect along
one direction, i.e., downward.

  

Fig. 5 Dimensionless central deflection W (0) versus the spring stiffness KS for the FGM plates with
edge support in Mode II

Figures 6 and 7 show the thermal post-buckling equilibrium paths in terms of the dimen-
sionless central deflection W (0) versus the temperature rise τ for the FGM circular plate.
The variation of the central deflection with respect to the spring stiffness is monotonic. The
higher the spring stiffness is, the larger the central deflection is. Apparently, the responses
of the plates with edge support in Mode I are all the bifurcation-type buckling for all val-
ues of KS and β. This is because that Eqs. (5) and (6) and the boundary conditions in
Eq. (8) for the plate in Mode I consist of a standard eigenvalue problem, which is homoge-
nous. However, for the plates with edge support in Mode II, only the buckling of homoge-
nous plates under the uniform temperature rise is of the bifurcation type. The buckling
of homogenous plates under the non-uniform temperature rise and the FGM plate are non-
bifurcation form. Due to the existence of the thermal bending moment in the boundary
conditions in Eq. (9), which is generated by the non-symmetric distribution of material prop-
erties and the temperature rise, Eqs. (5) and (6) and the boundary conditions (9) cannot be

  

10
10
10

Fig. 6 Dimensionless central deflection W (0) versus the temperature rise τ for the FGM plates with
edge support in Mode I



Thermal buckling and postbuckling of FGM circular plates with in-plane elastic restraints 1467

-
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Fig. 7 Dimensionless central deflection W (0) versus the temperature rise τ for the plates with edge
support in Mode II

transformed into a standard eigenvalue problem, which is non-homogenous. The plates deflect
at the heating onset. From Fig. 7(b), we can see that the homogenous plate deflects upward
under the non-uniform temperature rise Tr = 1.5, 2 and downward under Tr = 0, 0.5. If
Tr = 1.5, 2, the temperature rise at the top surface is larger than that at the bottom surface.
Therefore, the top surface expands greater than the bottom surface, the plate deflects upward.
For the constituents of this study, under the uniform temperature rise, the FGM plates deflect
upward for n = 2, 8 and downward for n = 0.2, 1 (see Fig. 7(c)).

The thermal post-buckling configurations for the FGM circular plates are plotted in Figs. 8
and 9. It is seen from these figures that, the lateral deflection increases with the increases in
KS and τ . We also can find that with the increases in n and Tr, the lateral deflection becomes
larger.

4 Conclusions

Based on the geometrical nonlinear plate theory in von Karman’s version, the axisymmetric
thermal buckling and post-buckling responses of the FGM circular plate which is restricted by
the in-plane elastic restraints of the translational springs are studied numerically by use of the
shooting method. The temperature rise is considered to vary only along the thickness direction
according to the one-dimensional steady-state heat conduction equation. The effective material
properties are assumed to be varied as power law functions in the thickness direction. The
effects of the in-plane spring stiffness parameter, the gradient of the material properties, the
temperature variation, and the ratio of radius to width on the critical buckling temperature,
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Fig. 8 Thermal post-buckling configurations for the plate with edge support in Mode I

10
10
10
10
10
10

10

Fig. 9 Thermal post-buckling configurations for the FGM plate with edge support in Mode II

the post-buckling equilibrium paths, and the configurations are examined. Some conclusions
are drawn as follows:

(i) The critical buckling temperature decreases with the increase in the spring stiffness and
volume fraction exponent. A lower temperature rise is needed for a plate with larger spring
stiffness to buckle. When the volume fraction exponent increases, the metallic constituent
increases, which makes the bending rigidity of the plate lower or the plate buckle easier.

(ii) When the spring stiffness increases, the radial displacement decreases, while the lateral
deflection increases.

(iii) The responses of FGM circular plates with edge support in Mode I are all of the
bifurcation type of buckling because both the governing equations and the boundary conditions
in the transverse direction are homogenous. Therefore, the plate remains the undeflected state
when τ < τcr, and buckles when τ � τcr.

(iv) For the plate with edge support in Mode II, only the buckling of the homogeneous plate
under the uniform temperature rise is of the bifurcation type. The homogenous plate under the
non-uniform temperature rise and the FGM plate all deflect at the heating onset, and reveal a
unique and stable equilibrium path.
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