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Abstract A mechanical-piezoelectric system is explored to reduce vibration and to
harvest energy. The system consists of a piezoelectric device and a nonlinear energy sink
(NES), which is a nonlinear oscillator without linear stiffness. The NES-piezoelectric sys-
tem is attached to a 2-degree-of-freedom primary system subjected to a shock load. This
mechanical-piezoelectric system is investigated based on the concepts of the percentages
of energy transition and energy transition measure. The strong target energy transfer
occurs for some certain transient excitation amplitude and NES nonlinear stiffness. The
plots of wavelet transforms are used to indicate that the nonlinear beats initiate energy
transitions between the NES-piezoelectric system and the primary system in the tran-
sient vibration, and a 1:1 transient resonance capture occurs between two subsystems.
The investigation demonstrates that the integrated NES-piezoelectric mechanism can re-
duce vibration and harvest some vibration energy.
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1 Introduction

The study of vibration confinement by use of the nonlinear energy sink (NES) and energy
harvesting through piezoelectric material has made great progress in the past several years.

The NES coupled to a dynamic system is composed of a small mass, damper, and cubic
nonlinear stiffness spring without linear stiffness. Jiang et al.[1] utilized a piece of piano wire in
the experiment to realize the pure cubic stiffness nonlinearity without a linear part. It has been
proved that vibrational energy can be “pumped” to an NES[2–6]. The NES includes grounded
and ungrounded configurations. It is able to perform over broadband frequency ranges, and
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transfer and dissipate significant input vibration energy[3–9]. Gendelman et al.[3] and Vakakis
and Gendelman[4] investigated a 2-degree-of-freedom system including the NES, and stated
that resonance capture contributed to energy pumping. Gendelman et al.[3] and McFarland
et al.[10] proposed that the NES would work when the shock energy was more than a certain
value. Lee et al.[11] studied the undamped and weakly damped system composed of a linear and
nonlinear oscillator, analyzed the frequency-energy plot of the periodic orbits in the undamped
system, and revealed that the NES could realize certain internal resonance with the linear part
due to tuning itself during certain frequency-energy ranges. Kerschen et al.[12] focused on the
study of the energy transfer mechanisms in a linear oscillator with the NES, and presented
three types of energy transfer mechanisms including fundamental or subharmonic target energy
transfer and target energy transfer initiated by nonlinear beats. They also pointed out that
the damper was responsible for the irreversible energy transitions from the linear part to the
NES. Kerschen et al.[11] and Georgiades et al.[12] both used wavelet transforms to analyze
the harmonic components in the time history. Georgiades et al.[13] focused on the efficiency
energy transfer of the NES, and used the energy transition measure to study the instantaneous
energy transition between the NES and the structure. They adopted some signal processing
methods such as wavelet transforms to analyze the strong or weak energy transfer. Ahmadabadi
and Khadem[14] investigated the efficiency of grounded and ungrounded NES configurations,
and showed that the ungrounded configuration dissipated the vibrational energy effectively.
Gourdon et al.[15] researched theoretically, numerically, and experimentally the effective energy
pumping for a system with a linear oscillator coupled with a nonlinear oscillator. Kremer and
Liu[16] designed an energy harvesting system with the NES coupling the magnet.

It is beneficial to convert vibration energy to electricity, and vibration-based energy har-
vesting is an active research field[17–20]. Recently, nonlinearity is used to enhance energy
harvesting[21–24]. Attempts to combine vibration reduction with energy harvesting for some
structures have been made[25–27]. Chtiba et al.[25] designed an electromechanical model includ-
ing a linear absorber and a piezoelectric device, and used this model to a simply support beam.
Ahmadabadi and Khadem[26] designed optimally two electromechanical models composed of an
NSE and a piezoelectric element for a beam. Zhang et al.[27] designed a kind of piezoelectric
energy-harvesting device in the experiment, and demonstrated the possibility of realizing the
dissipation and the harvesting of vibration energy. However, they did not focus on the en-
ergy transfer mechanism, which is still an open problem for integrating an NES and an energy
harvester.

To explore the possible energy transfer mechanism in a combination of an NES and an
energy harvester, the present investigation focuses on a 2-degree-freedom primary system with
an NES-piezoelectric system. Some system parameters are chosen to achieve the absorbing
and the harvesting of vibration energy simultaneously. Then, a numerical wavelet analysis is
performed to determine the dominating frequency components in the response time history.
The wavelet analysis reveals that the nonlinear beats can be regarded as the energy transfer
mechanism between the primary system and the attached NES-piezoelectric system. The energy
transition measure is calculated to examine the instantaneous energy transition between the
primary system and the NES-piezoelectric system. The manuscript is organized as follows.
Section 2 summarizes the methodology to propose a framework for the investigation. Section 3
presents the calculation investigations about the structure with the NES-piezoelectric system.
Section 4 ends the manuscript with the concluding remarks.

2 Methodology

The energetics of a structure with an attachment is treated. The structure is a 2-degree-
of-freedom linear system, and the attachment consists of an NES and a piezoelectric device.
The NES and piezoelectric device are referred to as the NES-piezoelectric system, where the
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structure is referred to as the primary system, and the primary system is subjected to a shock
load.

The energy of the primary system will be partially dissipated by the dampers of the primary
system and the NES, and partially harvested by the piezoelectric device. The Runge-Kutta
algorithm is used to integrate the equations of motion. Based on the obtained solutions, the
energy dissipation and harvesting are examined. The mass and nonlinear stiffness are designed
to maximize the percentages of the input energy eventually dissipated by the NES damper, i.e.,

ηNES(t) =
WNES(t)

Win
× 100%, (1)

and harvested by the piezoelectric device, i.e.,

ηpiezo(t) =
Wpiezo(t)

Win
× 100%, (2)

where WNES(t) is the energy at the time t dissipated by the NES damper, Wpiezo(t) is the energy
at the time t harvested by the piezoelectric device, and Win is the input transient excitation
energy.

To ensure the energy balance, the percentage

ηtotal(t) =
WPS(t) + WNES(t) + Wpiezo(t)

Win
× 100% (3)

will be checked whether it tends to 1 or not when the time is large enough, where WPS(t) is the
energy at the time t dissipated by the primary system damping. The percentage of the energy
transmitted into the NES-piezoelectric system without dissipation, i.e.,

ηNES-piezo(t) =
TNES(t) + VNES(t) + Vpiezo(t)

Win
× 100%, (4)

where TNES(t) and VNES(t) are the kinetic energy and the elastic potential energy of the NES,
respectively, and Vpiezo(t) is the elastic potential energy of the piezoelectric device, should tend
to 0. The percentage of the energy dissipated by the dampers of the primary system can be
expressed as follows:

ηPS(t) =
WPS(t)

Win
× 100%. (5)

Numerical results are processed to analyze the energy transition between the NES-piezoelectric
system and the primary system. The approach proposed by Lee et al.[11] and Kerschen et al.[12]

for NES systems will be generalized to the NES-piezoelectric system. As an effective technique
of the time-frequency analyses, wavelet transforms are used to analyze the data of transient
responses. The plot of wavelet transforms is calculated to differentiate high and low wavelet
transform amplitudes. The time histories of the main frequency components of the signals are
analyzed according to the time-frequency figures with a particular focus on the energy transition
in the frequency region.

The energy transition measure, a significant computational measure proposed by Georgiades
et al.[13] for NES systems, is extended to analyze the instantaneous energy transition between
the primary system and the NES-piezoelectric system. The energy flowing back or forth between
the primary system and the NES-piezoelectric system, denoted as Etrans(t), can be expressed
as follows:

Etrans(t) = ∆TNES(t) + ∆VNES(t) + ∆WNES(t) + ∆Vpiezo(t) + ∆Wpiezo(t), (6)
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where the operator ∆ represents the difference between two adjacent time integration steps,
WNES(t) is the energy dissipated by the NES damper, Vpiezo(t) is the elastic potential energy
of the piezoelectric device, and Wpiezo(t) is the energy harvested by the piezoelectric device.
Obviously, positive Etrans(t) indicates that the transient energy is transferred from the primary
system to the NES-piezoelectric system, and vice versa. Positive and negative spikes of Etrans(t)
are presented to check the energy transitions.

3 Structure with the NES-piezoelectric system

As shown in Fig. 1, the piezoelectric device is embedded between the NES mass and the
structure. The primary system is subjected to a shock load F (t), which is expressed as Eq. (8).
The pure cubic stiffness nonlinearity can be completely realized by employing a type of piano
wire. The equations of motion are given as follows:











































m1ẍ1 + c1(ẋ1 − ẋ2) + k1(x1 − x2) = F (t),

m2ẍ2 + c1(ẋ2 − ẋ1) + c2ẋ2 + c3(ẋ2 − ẋ3) + k1(x2 − x1) + k2x2

+ k3(x2 − x3)
3 + kp(x2 − x3) − θu = 0,

m3ẍ3 + c3(ẋ3 − ẋ2) + k3(x3 − x2)
3 + kp(x3 − x2) + θu = 0,

− θ(ẋ3 − ẋ2) + Cpu̇ +
1

R
u = 0,

(7)

where m1, m2, and m3 are the first rigid mass, the second rigid mass, and the NES mass,
respectively. x1, x2, and x3 are the displacements of the first rigid, the second rigid, and the
NES relative to the ground, respectively. c1, c2, and c3 are the linear damping coefficients of the
first rigid, the second rigid, and the NES, respectively. k1 and k2 are the linear spring stiffness
coefficients, while k3 is the cubic nonlinear stiffness coefficient. kp and Cp are the equivalent
linear stiffness and the equivalent capacitance of the piezoelectric device, respectively, R is the
external resistance, u is the output voltage, and θ is the electromechanical coupling coefficient.
The primary system is subjected to a shock load F (t) defined by

F (t) =











A sin
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T
t
)
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T

2
,
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,

(8)

where T = 0.1T1 in which T1 is the corresponding period of the first mode of the primary
system, and A is the transient excitation amplitude.

Fig. 1 2-degree-of-freedom primary system with the NES-piezoelectric system
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In the following research work, the time discretization of the nonlinear ordinary differential
equations is carried out in the time history. It is based on the 4th-order Runge-Kutta algorithm
with the fixed time interval τ = 1×10−4 s. The parameters of the 2-degree-of-freedom primary
system are







m1 = 60 kg, m2 = 12 kg, k1 = 1.867 7× 106 N · m−1,

k2 = 2.134 6× 106 N · m−1, c1 = 3 × 102 N · s · m−1, c2 = 10 N · s · m−1.

These data are based on the work of Yang et al.[28]. The parameters of the piezoelectric device
are

kp = 1 × 103 N · m−1, R = 8.2 × 105 Ω, Cp = 1 × 10−8 F, θ = 1 × 10−3 C · m−1.

The effects of the NES parameters on absorbing the input energy passively will be investi-
gated in order to improve the design of the NES. The energy dissipated by the NES damper
is

WNES(t) =

∫ t

0

c3(ẋ3(τ) − ẋ2(τ))2dτ. (9)

The energy harvested by the piezoelectric device is

Wpiezo(t) =

∫ t

0

u2(τ)

R
dτ. (10)

The energy input by the shock force is

Win =

∫ T

2

0

F (τ)ẋ1(τ)dτ. (11)

Substituting Eqs. (9), (10), and (11) into Eqs. (1) and (2) yields the percentages of the total
input energy eventually dissipated by the NES damper (ηNES) and harvested by the piezoelectric
device (ηpiezo), respectively. In these equations, t is chosen as tfinal, which is the interval
of the time from the vibration beginning to its end. The damper of the NES is chosen as
c3 = 5N·s·m−1. The contour plots of ηNES and ηpiezo as functions of the transient excitation
amplitude A and the NES nonlinear stiffness k3 are, respectively, shown in Figs. 2(a) and 2(b).
In Fig. 2, different values of the shock amplitude and the NES nonlinear stiffness are considered,
i.e., A ∈[1×103, 5×104] and k3 ∈[1×108, 1×109]. For a certain damper of the NES, the red
regions in Fig. 2 mean that obvious target energy transfer occurs including the transformation
into the electric energy. In particular, for these regions, the percentage of the harvested energy
is also increased since the piezoelectric device is connected to the NES. Besides, the nonlinear
stiffness has a significant effect on strong target energy transfer when the input energy is more
than some certain value. Similarly, in Fig. 3, different values of the shock amplitude and the
NES mass are considered, i.e., A ∈[1×103, 5×104] and m3 ∈[3.6, 6], where the values of the
NES mass should satisfy the requirement that the nonlinear absorber mass is more than 1/20
and less than 1/10 of the primary system mass. It is also revealed in Figs. 2 and 3 that the
relatively strong dissipated energy and harvested energy can occur only when the shock energy
is more than a certain value. The requirement of large enough shocks for the work of the NES
has been observed in Refs. [3] and [10] without piezoelectric devices.

It is worth of discussing the relationship between the nonlinear cubic stiffness of the NES
and the voltage of the piezoelectric device with other fixed structure parameters. According
to the 4th-order Runge-Kutta algorithm, the voltage response curve in the time history is de-
picted in Fig. 4 with the NES parameters k3 = 3.85×108 N·m−3, c3 = 5 N·s·m−1, and m3 =
3.8 kg. In Fig. 4, the black solid line represents the voltage response of the piezoelectric device
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Fig. 2 Contour plots of the coefficient percentage of transient excitation energy eventually dissipated
by the NES damper and harvested by the piezoelectric device as a function of the transient
excitation amplitude and the NES nonlinear stiffness

Fig. 3 Contour plots of the mass percentage of transient excitation energy eventually dissipated by
the NES damper and harvested by the piezoelectric device as a function of the transient
excitation amplitude and the NES mass

in the time history, while the two red dashed dotted lines remark the envelope of the corre-
sponding voltage response curve. Obviously, the voltage response curve in the time history
is detailed and complicated, and it is not visual and convenient to express the relationship
between the nonlinear cubic stiffness and the output voltage of the piezoelectric device. The
envelope of the voltage response curve in Fig. 4 expresses the voltage amplitude magnitude and
tendency visually and briefly to some extent. Therefore, the envelopes of the corresponding
voltage response curves under different nonlinear cubic stiffness parameters of the NES are
performed to investigate the relationship between the nonlinear stiffness and the voltage of the
piezoelectric device.

Figure 5 shows the envelopes of the corresponding voltage response curves under different
cubic stiffness parameters. Specifically, the parameters of the nonlinear cubic stiffness k3 are
2×108 N·m−3, 3.85×108 N·m−3, and 9×108 N·m−3. Their envelopes of the voltage response
curves are represented by black short dotted lines, red solid lines, and blue dashed dotted lines,
respectively. Compared with the parameter k3 = 3.85×108 N·m−3, the voltage amplitudes
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Fig. 4 Voltage response curve and the cor-
responding envelope in the time his-
tory with the NES parameters k3 =
3.85×108 N·m−3, c3 = 5N·s·m−1, and
m3 = 3.8 kg

Fig. 5 Envelopes of the voltage response
curves in the time history with differ-
ent parameters of the nonlinear cubic
stiffness

of the piezoelectric device decrease with the increase in the nonlinear stiffness. The similar
tendency, that the voltage amplitudes will decrease, can be obtained when the values of the
nonlinear stiffness become small. It is indicated that a larger output voltage of the piezoelectric
device can be acquired through adjusting the value of the nonlinear cubic stiffness of the NES.

Then, investigate the distribution of the input shock energy when the strong target energy
transfer occurs. The NES damper is chosen to be c3 = 5N·s·m−1. Other two parameters of the
NES are m3 = 3.8 kg and k3 = 3.85×108 N·m−3. The transient excitation amplitude is chosen
to be A = 1×104 N. Since the kinetic energy and the elastic potential energy of the NES are

TNES(t) =
1

2
m3ẋ

2
3(t), (12)

VNES(t) =
1

4
k3(x3(t) − x2(t))

4, (13)

the elastic potential energy of the piezoelectric device is

Vpiezo(t) =
1

2
kp(x3(t) − x2(t))

2. (14)

Substituting Eqs. (11)–(14) into Eq. (4) yields the percentage of the energy transmitted into
the NES-piezoelectric system without dissipation. The percentage of the instantaneous input
energy transmitted into the NES-piezoelectric system is shown in Fig. 6(b) with the enlarge-
ment of the initial time interval in Fig. 6(a). This percentage tends eventually to zero. Figures
7(a) and 7(b) depict the percentages of the captured energy dissipated by the NES damper
ηNES(t) and harvested by the piezoelectric device ηpiezo(t), respectively. Even if the transient
input energy is stored in the 2-degree-of-freedom primary system at the initial moment, a part
of the input energy quickly flows between the NES-piezoelectric system and the primary sys-
tem. In Figs. 7(a) and 7(b), in the beginning, about 38% transient shock energy exists in the
NES-piezoelectric system, and thereafter this percentage reduces to approximate 0.80%. These
imply that a nonlinear beat phenomenon takes place in this NES-piezoelectric system. Because
of this phenomenon, the energy transition between two subsystems is reversible[11–12]. A similar
situation occurs in the system with an energy harvester. Under this energy transfer mechanism,
the captured shock energy is dissipated by the NES damper and especially harvested by the
piezoelectric device, which amount to about 32.39% and 2.54%, respectively. It is illustrated
that, a part of shock energy can be transferred to the NES-piezoelectric system and this energy
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- -

Fig. 6 Percentage of instantaneous energy in the NES-piezoelectric system

Fig. 7 Percentage of energy dissipated or harvested by the NES-piezoelectric system

is eventually dissipated by the NES damper and particularly harvested or stored as electric
energy by the piezoelectric device.

The energy dissipated by the dampers of the primary system is expressed as follows:

WPS(t) =

∫ tfinal

0

c1(ẋ1(τ) − ẋ2(τ))2dτ +

∫ tfinal

0

c2ẋ
2
2(τ)dτ. (15)

The percentage of the total input energy eventually dissipated by the dampers of the primary
system can be obtained by substituting Eqs. (11) and (15) into Eq. (5). The percentage of
the dissipated energy by the dampers of the primary system ηPS(t) is depicted in Fig. 8. The
percentage of the input energy eventually dissipated by the dampers of the primary system
is about 65.21%. According to Eq. (3), the calculated value of ηtotal is about 1.001 4. The
calculation error of the whole numerical method is about 1.4j. It means that the calculation
error is very small, and the calculation methods and process are reasonable.

Furthermore, wavelet transforms are used to analyze the transient energy transitions initi-
ated by the nonlinear beats. The Morlet mother wavelet is utilized to process the corresponding
signal. As we know, the first-order natural frequency of the primary system is about 20.05Hz.
Figure 9 depicts the transient displacement responses of the mass 1 in the primary system and
its wavelet transform spectra.

Figure 10 describes the transient relative displacement responses among the primary system,
the NES-piezoelectric system, and the corresponding wavelet transform spectra. As depicted
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Fig. 8 Percentage of dissipated energy by the dampers of the primary system

Fig. 9 Responses of the mass 1 in the primary system

Fig. 10 Relative responses between the primary system and the NES-piezoelectric system

in Fig. 9(b), the main frequency component of the 2-degree-of-freedom primary system is ap-
proximately 20Hz, while the transient response of the NES-piezoelectric system has two main
frequency components, i.e., about 25Hz and 20Hz, which is shown in Fig. 10(b). After about
1 s, the transient response of the NES-piezoelectric system has one main frequency component,
i.e., about 20Hz. Following this, the dynamics shows a 1:1 transient resonance capture between
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the NES-piezoelectric system and the primary system. Since the input energy further decreases
due to the damping dissipation and harvesting energy, the escaping phenomenon from resonance
capture occurs. The frequency component of the NES-piezoelectric system response eventually
manifests in the low frequency range. As mentioned above this section, this is because of the
existence of the linear equivalent stiffness in the NES-piezoelectric system.

The energy transition measure is adopted to study the instantaneous energy transition
between the 2-degree-freedom primary system and the NES-piezoelectric system. Substituting
Eqs. (9), (10), (12), (13), and (14) into Eq. (12) yields the transition energy between the two
subsystems Etrans(t). The NES parameters, i.e., m3 = 3.8kg, k3 = 3.85×108 N·m−3, and
c3 = 5 N·s·m−1, are chosen to study the input energy transfer histories. Figure 11 shows
the energy transition histories between the 2-degree-freedom primary system and the NES-
piezoelectric system. Figures 11(a)–11(d) present the total energy transitions, the mechanical
energy transitions, the kinetic and potential energy transitions, and the dissipated and harvested
energy transitions, respectively. There are similar conclusions from these figures. In Fig. 11(a),
the positive values mean the energy transition from the primary system to the NES-piezoelectric
system, and vice versa. Due to the nonlinear beat phenomena, positive and negative spikes
both exist in the initial time of motion, and continue to exit with time going on because of the
relatively weak capability of dissipating energy (32.40%) or the harvesting energy (2.54%). As
depicted in Figs. 11(c) and 11(d), the instantaneous transition of the mechanical energy in the
NES-piezoelectric system is the main part compared with that of the dissipated and harvested
energy.

Fig. 11 Energy transitions between the primary system and the NES-piezoelectric system
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4 Conclusions

This work demonstrates the mechanisms of absorbing or dissipating and harvesting the non-
linear energy simultaneously in a system with the NES and piezoelectric device. The numerical
evidences based on the 4th-order Runge-Kutta algorithm are presented in the investigation.
With some certain ranges of the transient excitation amplitude and the NES nonlinear stiff-
ness, the relatively strong target energy, including dissipated energy and harvested energy,
transfer occurs. The modelling and simulations reveal the possibility of reducing vibration as
well as harvesting vibration energy via the integration of an NES and a piezoelectric device.
Experiments should be conducted to examine this theoretical possibility.

Wavelet transforms are used to illustrate that a nonlinear beat phenomenon initiates the en-
ergy transitions between the NES-piezoelectric system and the primary system in the transient
vibration. A 1:1 transient resonance capture occurs between two subsystems. As the input en-
ergy further decreases due to the damping dissipation and harvesting energy, the phenomenon
of escaping from resonance capture occurs. The capture energy is eventually dissipated by
the NES damper, and especially harvested by the piezoelectric device. The energy transition
measure is numerically determined to examine the instantaneous energy transition between the
2-degree-freedom primary system and the NES-piezoelectric system. The positive and negative
spikes of Etrans are presented, and continuous energy transitions will occur when the target
energy transfer is initiated by nonlinear beats.
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