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Abstract A bimorph piezoelectric beam with periodically variable cross-sections is used
for the vibration energy harvesting. The effects of two geometrical parameters on the first
band gap of this periodic beam are investigated by the generalized differential quadrature
rule (GDQR) method. The GDQR method is also used to calculate the forced vibration
response of the beam and voltage of each piezoelectric layer when the beam is subject to
a sinusoidal base excitation. Results obtained from the analytical method are compared
with those obtained from the finite element simulation with ANSYS, and good agreement
is found. The voltage output of this periodic beam over its first band gap is calculated
and compared with the voltage output of the uniform piezoelectric beam. It is concluded
that this periodic beam has three advantages over the uniform piezoelectric beam, i.e.,
generating more voltage outputs over a wide frequency range, absorbing vibration, and
being less weight.
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1 Introduction

In recent years, a lot of studies have been done on the vibration energy harvesting using
piezoelectric materialsl’ 2. The voltage generated by the piezoelectric materials is directly
proportional to the strain. Therefore, the voltage output will reach the peak value only at the
resonant frequency. Two main methods have been studied to solve this problem!3!. The first
one is to adjust the resonant frequency of the energy harvester so that it can match the main
frequency of the ambient vibration at all times. Eichhorn et al.l¥ presented a cantilever tunable
energy harvester by applying the prestress at its free end. Reissman et al.l’} demonstrated a
tuning technique using the variable attractive magnetic force. Zhu et al.l%! proposed a similar
setup to the one of Ref. [5], but they further implemented an automatic controller for resonance
tuning. The other method is to design a broadband harvester. Shahruz!” designed an energy
harvester that consists of piezoelectric cantilevers of various lengths and tip masses attached to
a common base. It was capable of resonating at various frequencies by properly selecting the
length and tip mass of each beam and thus provided the voltage response over a wide frequency
range.
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Structures with periodic properties for both material and geometrical parameters have a lot
of features. A peculiar feature of periodic structures is called as band gaps. Band gaps are
defined as frequency intervals where elastic waves are forbidden from propagating. This is of
interest for applications such as frequency filters, noise control, and absorption of vibration!®#!,

In this study, a bimorph piezoelectric cantilever beam with periodically variable cross-
sections is used for vibration energy harvesting. Two geometrical parameters are defined for
this periodic beam, and their effects on the width and central frequency of the first band gap
are investigated by the generalized differential quadrature rule (GDQR) method. The GDQR
method is also used to calculate the forced vibration response of the beam and voltage of each
piezoelectric layer when the beam is subjected to a sinusoidal base excitation. Results obtained
from the analytical method are compared with those obtained from the ANSYS software. The
voltage output of this periodic beam over its first band gap is calculated and compared with the
voltage output of the uniform piezoelectric beam. Finally, the advantages of this new scheme
over the uniform piezoelectric beam are mentioned.

2 Periodic beam model

The new scheme introduced for vibration energy harvesting is shown in Fig. 1.
Each periodic structure consists of an infinite repetition of the unit cells. In this study, the
unit cell shown in Fig. 2 is considered for the proposed scheme.

(1) A(2)
Piezoelectric == x L
Non-piezoelectric —— h, I,
z,W % P1 ‘PZ , 3 ,P4 , ‘Pﬁ 1]@2
_
0 x % 5 | f | f h, —J L Iy
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Fig. 1 Proposed scheme Fig. 2 Unit cell

This cell contains two multilayer beam elements. When the length of each element is much
greater than its height, it can be regarded as an Euler-Bernoulli beam. The governing equation
of an Euler-Bernoulli beam is written as follows!"):

O*w(x,t) 0%w(x,t)
EI ’ A = t). 1
Therefore, the governing equation for the free vibration of the ith beam element is given
@) dAw® (x(i))

(EDOT ey

= (pA) VAW (W), i=1,2. (2)

In addition, as the system consists of two different materials, the terms (pA)® and (EI)® are
written as('%!

(pA)D) = (pnph + 2pphy )b,

, —h/2 h/2 h/2+hyp
(E1)® = (Ep/ 2%dz + Enp/ 2%dz + Ep/ szz) b, 3)
—(h/24hyp) —h/2 h/2
h=hy for ¢=1,3,---,M—-1,
h=hy for i=24--- M,

where F is the Young’s modulus of the beam, A is the cross-section area, p is the beam density,
I is the second area moment of inertia about the neutral axis, b is the width of the beam, W
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is the mode shape, and z(? is the local coordinate. Also, M = 2 x Ny, and Ny is the number
of unit cells. Subscripts p and np refer to the piezoelectric and non-piezoelectric materials,

respectively.

At the junction of the two adjacent elements, the continuity of deflection, slope, moment,

and shear force can be written as, respectively,

dw®(rL®y  aw (o)

O,y @ _

(B PWOELW) o P WE(0) )
d(l‘(l))Q d($(2))2 ’
371 1 31172

(EI)(I)d W )(L( )) _ (Q)d W )(0)
d(z(D)3 d(z()3

According to the Bloch-Floquet theorem!™, the deflection, slope, moment, and shear force
obey a periodic law and can be written as, respectively,

. dWw @ (L) 0 AWM (0)
2) 7 (2)y _ Jikgayys(1) _ ikga
W (L ) =e W (0)7 dl‘(Q) dl‘(l) )
2w @ (L) ) 2w (0)
2 _ ikgza 1
(EDN® A2y = etkea(BI)MW dz0)y (5)
BEwE(LE) W (0)
(2) _ ikga (1)
(EI) d(x(Q))3 =¢e (EI) d( (1))3 9

where a = LM 4+ L3 is the length of the unit cell, and k, is the wave vector in the z-direction.
By solving the governing equation (2) and boundary equations (4) and (5), the band gaps of
this periodic structure are calculated.

As shown in Fig. 3, the periodic structure is subjected to a sinusoidal base excitation, where
Wt is the amplitude of the forced vibration response, wy is the base excitation, wg is the
amplitude of the base, and wr is the frequency of the base excitation. Therefore, its steady
state response can be considered as follows:

w(x,t) = We(x) sin(ws t). (6)
A0 a® Z® @ & e
— — — — —
e [==———
[ v @ ® o e e

wy, = W, sin(w; 1)
Fig. 3 Periodic structure subjected to sinusoidal base excitation

Substituting Eq. (6) into Eq. (1), the governing equation for the forced vibration of the ith
beam element is given as follows:

(i) d* Wf(z) (x(i))

(24 = (pAV W (@),

(ET) i1=1,2,3,---, M. (7)
At the junction of the two adjacent elements, the continuity of deflection, slope, moment,

and shear force can be preserved as
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) ) (i=1) /1 (i—1) dW(i) 0
G=1) (7 (i-1)y _ (@) dwe™ (Le=Y)  dwp(0)
Wf (L ) - Wf (0)7 dz -1 - dz(@® 7
(Enen WD) e E W0
A=)z T d(z®)2 ®)
(EI)(FI) a3 Wf(ifl)(L(i—l)) _ I)(i) 43 Wf(i)(o)
d(z(i-1)3 - d(z()3
i=2,3,---, M.

The boundary conditions at the two ends of this periodic structure are written as follows:

42 Wf(M)(L(M)) 43 Wf(M)(L(M)) 0
e N (€1 L 9)
W(l)(O) —w Wf(l)(o) -0
f 05 dx(l) .
By solving the governing equation (7) and boundary equations (8) and (9), the forced vibra-
tion response of this periodic structure is calculated. Results obtained from the forced vibration

analysis can be used to calculate the voltage of each piezoelectric layer.
The piezoelectric constitutive equations are written as follows!2:

S =sPT+ d'E,
D =dT +"E,

where S is the strain, T is the stress, s is the compliance matrix, d is the piezoelectric coupling
coefficient, E is the electric field, D is the electric displacement, and ¢ is the permittivity. Also,
the superscripts E and T denote that the respective constants are evaluated at the constant
electric field and constant stress, and the superscript T stands for the transpose.

In the Euler-Bernoulli beam theory, the stress components other than the one-dimensional
bending stress 137 are negligible, therefore, 7o = T35 = Ty = T5 = Ty = 0. Along with this
simplification, if an electrode pair covers the faces perpendicular to the z-direction (B3 = FEy =
0), Eq. (10) becomes

(10)

S, = SlElTl + d31 F3, (11&)
D3 = d31T1 + €§3E3. (11b)

Figure 4 shows a beam element in this structure. If the radius of curvature of the beam
element is much larger than its height, the relation between the strain and curvature of the
beam can be expressed as follows:

S1(z) = —zR, (12)

where R is the radius of curvature, and z is the distance from the neutral axis.
XX X Xy Xy

I O

¥4
l hp i
h N Neutral aXiS

Electrode R Poling direction T

Fig. 4 Beam element
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By using Egs. (11a) and (12), the stresses in the piezoelectric and non-piezoelectric materials
can be obtained as

1
Tip= s1y (—zR — d31B3) = Ep(—2R — d31 E3), (13a)
P
—zR
Timp= " = Enpp(—2R). (13b)
S11,np

Also, if the piezoelectric layers are poled in the same directions, the device is said to be
in the parallel connection (F3 = V/h,)!*3l. For this connection, a common ground must be
introduced.

The internal moment of the beam element can be written as

—h/2 h/24hy h/2
M= b(/ T pzdz —l—/ T pzdz +/ Tlﬂlpzdz) = —B1R — Bs, (14)
—(h/2+hyp) h/2 —h/2

3
B=o(CE (54 m) — (5)) + Ewl). (15)

By = prdgl((g +hp)2 - (Z)Q)Eg = ByE;.

where

In the inverse piezoelectric effect (M = 0), the radius of curvature is

Bs
R=—-_". 16
. (16)
By using Egs. (11b), (13a), (15), and (16), the electric displacement at the upper surface of
the piezoelectric layer is expressed as

D 510 (B 4+ ) ) ). i

The electric charge, ¢, is obtained by integrating the electric displacement over the electrode

area,
- Dads — OV, € b(d31<Ep(§(1)(g+hp) —d31))+53TB)

Le, (18)
Le hp

where V' is the voltage, L is the length of the electrode, and C' is the capacitance.
In the direct piezoelectric effect (E3 = 0), and when the beam vibrates, the radius of the

curvature is defined as

M 0we(z,t)
R=-" =— . 19
B1 8:52 ( )
By using Egs. (11b), (13a), and (19), the electric displacement at the upper surface of the
piezoelectric layer is expressed as

0wy (x,t) (h
Ds=dnE," (2 + hp). (20)
Finally, the electric charge and voltage of the piezoelectric layer are obtained as
h . Wi (x) a(t)
q(t) = bd31Ep(2 + hp) sin(wst) /Le du2 dz, V()= o (21)

In the next section, we will show how the GDQR method is used for the vibration band
gap and forced vibration analysis of this periodic structure to calculate the voltage of each
piezoelectric layer.
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3 GDQR

The differential quadrature method (DQM) was proposed by Bellman and Casti'. The
basic concept of the DQM is that the derivative of a function at a given point can be approxi-
mated as a weighted linear sum of the functional values at all sample points in the domain of
that variable. Using this approximation, the differential equation is then reduced to a set of
algebraic equations.

Usually, the fourth-order differential equations in structural mechanics such as the displace-
ment of beam and plate, buckling and free-vibration analysis have two boundary equations
at each boundary. Two conditions at the same point provoke a real challenge for the classic
DQM, because in the classic DQM we have only one quadrature equation at one point, but two
boundary equations are to be implemented™® 16/, Wu and Liul'”! proposed the GDQR and also
introduced multiple degrees of freedom at boundary points. For example, in vibration analysis
of the beam, the first derivatives at the boundary points are viewed as additional independent
variables.

3.1 Vibration band gap analysis

In order to apply the GDQR conveniently and improve the numerical robust, all equations
involved should be normalized. For the band gap analysis, the dimensionless parameters are
defined as follows:

o0 W e 2 (pA)D (L)

a’ L’ (ED®

(@) O (EN® , [0\ 4 (22)
o _ W (pA)YW(ET) (L ) _ kea i— 19
%o = paywEno\rw) 57 0 TS

By taking the equal grid points for two beam elements X () = X(?) = X, the rth derivative
of the function v at the grid point X, is defined as follows!!7):

N+2

dro®(X,, .
v ):ZE(’"?U@ i=1,2, m=1,2,---,N, r=1,234, (23)
j=1

dxr mj~j o

where U ]@ are the independent variables for the ith beam element and defined as follows:

O = (o089 0 )9, )
=0 U, U, =12 N+2, i=1,2 (24)

E,(,:)j are the GDQR weighting coefficients for the rth order derivative and calculated by Wu

and Liul'”. N is the number of grid points. The cosine type sampling points in the normalized
interval [0, 1] will be employed in this work. Their advantage has been discussed in Ref. [18],

X, — 1 — cos((m —21)77/(N— 1)), m=1,2,---,N. (25)

By using the dimensionless parameters and Eq. (23), the governing equation (2) at the ith
beam element inner points, X,,, can be written as follows:

| N2 4 .
,(ZEf,‘j;U]@):Q(UUT‘,?H, i=1,2, m=23,---,N—1 (26)

/_//(1) =
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Also, by using the dimensionless parameters and Eq.(23), the boundary equations (4)
and (5) are, respectively, written as follows:

1 2 1 L(l) 2
Ui =01, Uyis = (L(z))Uz( g

N+2 U\2(ET)(2) N+2
u® — (2) (2)
Z EN] i (L(2)> EI Z E U ’ (27)

(
(1) ( )<>
e @0 _ (L 3(E1)2 NA2
> B0 = (o) (EDH®

2 p——g} 2 IWL(Q) 1

N e ) Niz2 =€ Lw)%2
N+2 L® Q(E])(l) N+2
@) 7@ _ gikr (2)r7(1)
Z BN (L(l ) (EN)® > Pt (28)
N+2 LA N\3(ED)M N+2
(3) (2) 1k7r (3771
X BN, (L(l)) Ene 2 B0

Together with eight boundary conditions and 2(IN — 2) governing equations at the elements
inner points, 2(N + 2) algebraic equations are obtained. The total number of independent

variables (UJ@) is also 2(N + 2). By rearranging Eqs. (26), (27), and (28), the assembled form

is
Kaa Kap Ua 1) ( Ua >
=0 , 29
< Kya(k) Kpb(k) ) ( U ) 0 29)
where the subscripts d and b refer to the values at the domain and boundary grid points,
respectively,

u® g® L g® @ g@ L @)

(Us
1 1 1 2 2 2
(’Ué);’l{(g )7"'7 ()_pvé)vv:g)a"' vg\/')l)
(1 (1 1 1 2 2 2
(U, 05", Upd 1 U b, UY U3 UL

[Ua] =

2 30
U] = UN) (30)
1 2 2
_ ( m doi) ) doy) o) dv? o dvk)).

Ul gx N x0T ax TN gx

By substructuring and manipulating the matrix, one can obtain a standard eigenvalue equa-
tion,

K(k)Ug = QW Uy, (31)

where K (k) = Kqq — deKb_bl (k)Kva(k). Finally, by calculating the eigenvalues of Eq. (31),
the relationship between the angular frequency w and the wave vector k can be obtained, i.e.,
the band gaps. The wave vector k is only selected over the first Brillouin zone (see Ref. [11]),
ie, kel-1,1].
3.2 Forced vibration analysis

For the forced vibration analysis, the dimensionless parameters are defined as

W@ ) D o (pA)D(L)12
@ = " f X0 =" @) — R i =1,2,3,--- M 2
SD Lt ) L(,L) Y « (EI)(Z) ) 1 ) 737 ) ) (3 )

where Ly is the total length of the periodic structure. The grid points can be different for each
beam element. In this study, the equal grid points for all beam elements are considered as
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X0 = x® = ... = X(M) — X By using the dimensionless parameters and Eq. (23), the
governing equation (7) at the ith beam element inner points, X,,,, can be written as follows:
N+2
ZE”E:?]'}/}( (z)Y(zJ)rl’ i=1,2--- M, m=23,---,N—1, (33)

4o 4ot o ,
(Y—j(z)) (90(11); :10)1( 790(21)a 790%') 1790%')7 (;p)](\f ):(Y1(1)7Y2(1)a 7Y]£/'7,_)|.2)a Z:1a27aM (34)

Also, by using the dimensionless parameters and Eq.(23), the boundary equations (8)
and (9) are, respectively, written as follows:

) (i—1)
(i-1) _ /(9) -1 (L 0
Y =N Yy *< L) )Yzz,
N+2 LG=1) (EI)(” N+2 ‘
A (2)y(0)
];1 EN]Y ( L® ) (E'I)(ifl) = Elj Yj ) (35)
N+2 . . L(i—l) 3 (EI)(z) N+2 ‘
E®y -1 _ ‘ ‘ EOyD i _o9s . A
=N ( L® ) (EDG-1 = , =23, , M,
N2 N42
2) (M 3V (M
Y EQy M =0, 3 EQYM =0,
]zi) wo (1) = (36)
Y'l( = Lt7 }/2 —

Together with (4(M —1)+4) boundary conditions and M (N —2) governing equations at the
elements inner points, M (N + 2) algebraic equations are obtained. The total number of inde-

pendent variables (Yj(z)) is also M (N +2). Finally, by solving the algebraic equations, Egs. (33),
35), and (36), the forced vibration response Y of the periodic structure is calculated.

J
3.3 Voltage of each piezoelectric layer

As shown in Fig. 4, we assume that the electrodes are mounted between the two adjacent grid
points. Therefore, by using the GDQR method, Egs. (18) and (21) are, respectively, written as

follows:
o b<d31 (Ep(i(l) (;L ';hp) - d31)) +€3T3) LO(Xmir — Xon),
i=1,2,- M, m:1,2,1-).-,N—1, (37)
h=hy for i=13,--- , M—1,
h=hy for i=2,4,---, M,
N+
qim(tzi):bd31Ep(h ) (ZE'”“J Z:: wr) :ZT (38)
Vim= "

where Ci, Gim, and Vi, are the capacitance, electric charge, and voltage of the section between
the grid points m and m + 1 in the ¢th beam element, respectively.
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4 Numerical example

In this section, a numerical example is presented in order to validate the analytical method
proposed in this study. In this study, the copper is used for the non-piezoelectric material, and
PZT-4 is used for the piezoelectric layers. The material properties are shown in Table 10121,

Table 1 Material constants!*?

Material E/GPa p/(kg m~3) ds1/(C- N—1) edy/(F- m~1)
Copper 140 8 900 0 0
PZT-4 81.239 7 700 12.381 x 1011 11.306 x 109

A periodic structure with eight unit cells and the following geometrical parameters is con-

sidered:
b=8mm, a=14cm, h; =14mm, h,=0.2mm. (39)

Then, the width and center frequency of the first band gap are calculated analytically for
different values of 31 = ho/hy and By = L(® /L) as shown in Figs.5 and 6, respectively.

80

60

40

Band gap width / Hz

0.2 0.4 0.6 0.8 1.0
By
Fig. 5 Effects of 51 and (2 on width of first band gap

150

100

Central frequency / Hz

0 0.2 0.4 0.6 0.8 1.0

By
Fig. 6 Effects of 81 and (2 on central frequency of first band gap

These figures show that if L(?) /L) decreases, the effects of hy/hy on the width and central
frequency of the first band gap increase. Therefore, in order to have a wide band gap at low fre-
quencies, we choose 31 = 1/7 and 3 = 1/3. The first two band gaps of this model are calculated
analytically and shown in Fig. 7. The first band gap is in the frequency interval [45 Hz, 110 Hz].
This band gap is suitable for broadband energy harvesting, because the vibration frequencies
are always located at [20 Hz, 200 Hz| in practical machine-based applications.

For the band gap analysis, the number of grid points is chosen N = 12.
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In order to show the behavior of this periodic structure in the first band gap, as an example,
its forced vibration responses at the frequencies Ft = 90 Hz and Fr = 100 Hz (F; = we/(27)) are
calculated by the GDQR method. Results are shown in Figs.8 and 9 and compared with those
obtained from the ANSYS software. The amplitude of the base is considered to be wg = 0.1 mm.

Figures 8 and 9 show that at these frequencies, the amplitudes of the unit cells near to the
external force are larger than those of other cells, and as distanced from the external force, the
amplitudes decrease. Therefore, it can be concluded that in the first band gap, the vibration
energy is localized at the first several cells, and this periodic structure is a good vibration
absorber. In order to show this better, the frequency responses of the eight cells are calculated
using the GDQR method. As an example, simulation results of the second, third, and seventh
cells are shown in Fig. 10.

x 107

---- ANSYS
1 — GDQR

0.00 0.28 0.56 0.84 1.12
x/m

Fig. 8 Forced vibration response at Fr = 90Hz
x 10~

---- ANSYS
1.0 — GDQR

0.5
£
=

-0.5

~1r

'50.00 0.28 0.56 0.84 1.12
x/m

Fig. 9 Forced vibration response at Fy = 100 Hz
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Fig. 10 Frequency response function

For the forced vibration analysis, the number of grid points is increased until the desired
results are obtained. Finally, the number of grid points is chosen to be N = 35.

In the ANSYS software, the 3-D 20-node solid element (solid 226) and 3-D 8-node solid
element (solid 185) are used in order to mesh the piezoelectric and non-piezoelectric materials,
respectively. The finite element model is shown in Fig. 11.

VOLUMES ANSYS

AN.2, 2016,
MATNUM 6:29:18]

Fig. 11 Finite element model

By using the forced vibration response and Egs. (37) and (38), the maximum voltage of each
piezoelectric layer and its location can be calculated. Some results obtained for the frequencies
Fy = 90Hz and F; = 100Hz are shown in Tables 2 and 3, respectively.

Table 2 Maximum voltage of each piezoelectric layer and its location for F; = 90 Hz

Piezoelectric layer m[Xm, Xm+1] Analytical Vmax/V ANSYS
P 10 —4.984 —6.849
Po 33 15.597 16.024
P3 14 2.423 3.137
Py 33 —9.760 —9.981
Ps 14 —1.480 —1.872
Pg 33 5.858 5.918
Py 14 —0.545 —0.660
Pio 34 2.207 2.080
Pis 12 0.102 0.123

Pis 1 0.191 0.160
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As shown in these tables, the maximum voltages of the piezoelectric layers near to the
external force are larger than those of other layers, because as mentioned before, the vibration
energy is localized in these sections. These tables show that in each unit cell, the maximum
voltage of the piezoelectric layer with the lower base thickness and length (even number), is
larger than that of other piezoelectric layers (odd number). The odd number piezoelectric layers
have almost the same location for the maximum voltage. Also, the even number piezoelectric
layers have almost the same location for the maximum voltage except at the end of the periodic
structure.

Table 3 Maximum voltage of each piezoelectric layer and its location for Fy = 100 Hz

Piezoelectric layer m[Xm, Xm+1] Analytical Vinax/V ANSYS
Py 15 —4.003 —5.702
Pa 33 15.548 14.846
P3 16 2.697 3.141
Py 33 —10.627 —9.593
Ps 15 —1.844 —2.024
Ps 33 7.337 6.072
Pg 15 —0.852 —0.802
Pio 33 3.360 2.412
Pis 13 0.190 0.164
P16 1 0.384 0.231

The piezoelectric layers of the first two cells are connected serially, and the maximum voltage
output over the frequency interval [70 Hz, —110 Hz] is calculated using the GDQR method.
This frequency interval is in the first gap of the periodic structure. Then, a uniform piezoelectric
beam with the same size as the periodic structure is considered (7 = 1), and its maximum
voltage output over the first band gap is calculated using the ANSYS software. The amplitude
of the base for these two models is chosen to be wg = 0.1 mm. Results obtained are shown in
Figs. 12 and 13. Also, these two models are shown in Fig. 14.

140

120

100+

Voltage / V

80

60 1 1 1
70 80 90 100 110

Frequency / Hz

Fig. 12 Voltage output of periodic structure

Figures 12 and 13 show that the voltage output of only the first two cells of the periodic
structure over its first band gap, is larger than that of the uniform beam except at the reso-
nant frequency of the uniform beam. As mentioned before, this periodic structure has a wide
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Fig. 13 Voltage output of uniform beam
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Fig. 14 Schemes of (a) periodic structure and (b) uniform beam

first band gap at low frequencies. Therefore, it can be used for broadband vibration energy
harvesting at low frequencies.

Also, as shown in Fig. 14, the volume or in other words the weight of the periodic structure
is smaller than that of the unifom beam.

5 Conclusions

In this study, a new periodic beam is used for vibration energy harvesting using piezoelectric
materials. The effects of two geometrical parameters on the first band gap of this periodic beam
are investigated by the GDQR method. Results show that, by changing these two geometrical
parameters, wide band gaps at low frequencies can be obtained. Results obtained from the
forced vibration analysis of this periodic beam using the GDQR method, show that, in the first
band gap, the vibration energy is localized at the first several cells, and this beam is a good
vibration absorber. Comparison of the voltage output of only the first two cells over the first
band gap with that of the uniform piezoelectric beam shows that the periodic beam generates
larger voltage than the uniform beam except at the resonant frequency of the uniform beam.
Finally, it can be concluded that the proposed scheme has three advantages over the uniform
piezoelectric beam, i.e., generating more voltage outputs over a wide frequency range, absorbing
vibration, and being less weight. Also, it can be concluded that the GDQR method can be
used for the vibration band gap and forced vibration analysis of the beams with periodically
variable cross sections with good accuracy.
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