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Abstract The thermal radiation energy is the clean energy with a much lower envi-

ronmental impact than the conventional energy. The objective of the present work is to

investigate theoretically the effect of copper nanoparticles and carbon nanotubes (CNTs)

in the presence of base fluid (water) with the variable stream condition due to the thermal

radiation energy. Single-walled carbon nanotubes (SWCNTs) in the presence of base fluid

flow over a porous wedge play a significant role compared to those of copper nanopar-

ticles on absorbing the incident solar radiation and transiting it to the working fluid by

convection.
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Nomenclature
B0, magnetic flux density, kg·s−2·A−1;
CT, temperature ratio;
cp, specific heat at constant pressure,

J·kg−1·K−1;

Ec, Eckert number,
U2

(cp)f(Tw − T∞)
;

g, acceleration due to gravity, m·s−2;

Gr, Grashof number,
g(β)fΔTx

3

ν2
f

;

k1, rate of chemical reaction, mol·m−1·s−1;
k∗, mass absorption coefficient, m−1;
kf , thermal conductivity of base fluid,

kg·m·s−3·K−1;
K, permeability of porous medium, m2;
ks, thermal conductivity of nanoparticle,

kg·m·s−3·K−1;

M , magnetic parameter,
σB2

0x

Uρf
;

knf , effective thermal conductivity of

nanofluid, kg·m·s−3·K−1;

Pr, Prandtl number,
νf
αf

;

N, thermal radiation parameter,
4σ1θ

3
w

kfk∗
;

Re, Reynolds number,
Ux

νf
;

q′′rad, incident radiation flux of intensity,
kg·m−1·s−3·K−1;

Q0, rate of source/sink, kg·m−2;
t, time, s;
T , temperature of fluid, K;
Tw, temperature of wall, K;
x, y, streamwise coordinate, m;
T∞, temperature far away from wall, K;
U(x), flow velocity of fluid, m·s−1;
u, v, velocity components in x- and y-

directions, m·s−1;
V0, velocity of suction/injection, m·s−1.
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Greek symbols

αnf , thermal diffusivity of nanofluid,
m2·s−1;

βf , thermal expansion coefficients of base
fluid, K−1;

ρf , density of base fluid, kg·m−3;
ρs, density of nanoparticle, kg·m−3;
ρnf , effective density of nanofluid, kg·m−3;
σ, electric conductivity, Ω−1·m−1;
(ρcp)nf , heat capacitance of nanofluid,

J·m−3·K−1;
δ, time-dependent length scale, s;
(ρβ)nf , volumetric expansion coefficient of

nanofluid, K−1;
Ω, resistance, kg·m2·s−3·A−2;

σ1, Stefan-Boltzman constant, kg·s−3·K−4;
ξ, distance along wedge, m;
μf , dynamic viscosity of base fluid,

kg·m−1·s−1;
ζ, nanoparticle volume fraction;
νnf , dynamic viscosity of nanofluid,

m2·s−1;
ψ, stream function;
η, similarity variable;
f , dimensionless stream function;
μnf , effective dynamic viscosity of

nanofluid, kg·m−1·s−1;
λ, porous parameter, νfx

KU
.

1 Introduction

The thermal radiation energy has been receiving more and more attention as governments are
trying to shift from fossil fuel-based energy sources to more natural and renewable options. Nanofluids-
engineered colloidal suspensions of nanoparticles in a base fluid are attracting a great deal of interest
with their enormous potential to provide enhanced performance properties. Particularly, with respect
to heat transfer, and compared with more conventional heat transfer fluids (i.e., coolants) currently
available, nanofluidic coolants exhibit the enhanced thermal conductivity. Attempts to increase the
thermal conductivity of heat transfer fluids using nanoparticles have been an active research area
over the past decade. However, these attempts have not resulted in a significant improvement in the
conductivity due to the low thermal conductivity of nanoparticles and high thermal boundary resistance
around the zero-dimensional nanoparticles. Therefore, the present paper decides to produce a nanofluid
using single-walled carbon nanotubes (SWCNTs) because of their much higher thermal conductivity
and their ability to form connected networks with the neighboring carbon nanotubes (CNTs), thereby
increasing the heat transfer path. Lalwani et al.[1], Nield and Kuznetsov[2], Kuznetsov and Nield[3],
and Khan and Pop[4] found that their SWCNT nanofluid exhibits an increase in the conductivity of
up to almost 15%, a value significantly larger than what has been achieved with nanoparticle-based
nanofluids. A CNT is a tube-shaped material, made of carbon, having a diameter measuring on the
nanometer scale. CNTs have many structures, differing in the length, thickness, and in the type
of helicity and the number of layers. SWCNTs have unique electronic and mechanical properties
which can be used in numerous applications, such as field-emission displays, nanocomposite materials,
nanosensors, and logic elements. These materials are on the leading-edge of electronic fabrication,
and are expected to play a major role in the next generation of miniaturized electronics. Wang and
Zhao[5] investigated that the slip boundary conditions were based on the kinetic theory and molecular
dynamic simulations. The results predicted that the momentum transfer among the liquid layers and
the bulk liquid must be considered according to the wetting conditions of the solid surface, which can
interpret the contradictory published results of slip behavior at the high shear stress. Although the
atomic density profile differs with the tube diameter, reflecting the change in the static microscopic
structure of flow from the single file to the cylindrical tube, the tube diameter does not give a clear
transition in the streaming velocity, temperature, or hydrogen bond lifetime over this diameter range.
The results suggest that the water flow in CNTs of this size is more plug-like than the Poiseuille type,
although the flow model/structure does not strictly depend on either plug-like or Poiseuille type.

Multi-walled carbon nanotubes (MWCNTs) consist of multiple rolled layers (concentric tubes) of
graphene. Because of the statistical probability and restrictions on the relative diameters of the indi-
vidual tubes, one of the shells, the whole MWCNT, is usually a zero-gap metal. Double-walled carbon
nanotubes (DWCNTs) form a special class of nanotubes because their morphology and properties are
similar to those of SWCNTs but their resistance to chemicals is significantly improved. This is es-
pecially important when the functionalization is required (this means grafting of chemical functions
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at the surface of the nanotubes) to add new properties to the CNT. In the case of SWCNTs, the
covalent functionalization will break some carbon double bonds, leaving “holes” in the structure on
the nanotube, thus modifying both mechanical and electrical properties. In the case of DWCNTs, only
the outer wall is modified. The telescopic motion ability of inner shells and their unique mechanical
properties will permit the use of multi-walled nanotubes as main movable arms in coming nanomechan-
ical devices[6]. The retraction force occurs due to the telescopic motion caused by the Lennard-Jones
interaction between shells, and its value is about 1.5 nN[7].

Yuan and Zhao[8-9] studied that the transport properties of confined water in an SWCNT are
different from those of the bulk water in view of the configuration, the diffusion coefficient, the dipole
orientation, and the density distribution. A voltage difference of several millivolts could be generated
between the two ends of an SWCNT due to interactions between the water dipole chains and charge
carriers in the tube. Hence, the structure of a water-filled SWCNT can be a dominant candidate for a
synthetic nanoscale power cell as well as a practical nanopower harvesting device.

Based on the aforementioned introduction, it could be stated that little published literature exists
regarding SWCNTs in water and their applications as the heat transfer fluid. Also, there is the
inconsistency in the few reported studies on the convective heat behavior of CNT-nanofluids. Therefore,
it was decided to study the convective heat transfer behavior of SWCNTs in water in laminar flow
regimes.

2 Mathematical analysis

Let us consider an unsteady laminar two-dimensional non-Darcy flow of an incompressible viscous
nanofluid past a porous wedge in the presence of solar energy radiation (see Fig. 1). The fluid is a water
based the nanofluid containing copper nanoparticles and SWCNTs. The working fluid is assumed to
have heat absorption properties, and the porous medium absorbs the incident thermal radiation energy
and transits it to the working fluid by convection. The thermophysical properties of the nanofluids are
given in Tables 1−3. Under the same assumptions of Ref. [10], the boundary layer equations governing
the flow and thermal field can be written in the dimensional form of

∂u

∂x
+
∂v

∂y
= 0, (1)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=

1

ρnf

“∂U
∂t
ρnf + U

dU

dx
ρnf + μnf

∂2u

∂y2 + (ρβ)nfg(T − T∞) sin
Ω

2

− F√
K
ρnf(u

2 − U2) −
“
σB2

0 +
νf
K
ρnf

”
(u− U)

”
, (2)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
= αnf

∂2T

∂y2
− 1

(ρcp)nf

∂q′′rad
∂y

+
μnf

(ρcp)nf

“∂u
∂y

”2

, (3)

where q′′rad = − 4σ1
3k∗

∂T4

∂y
(see Ref. [11]), σ1 is the Stefan-Boltzman constant, and k∗ is the mean absorption

coefficient.

 

Fig. 1 Physical flow model over porous wedge sheet
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Table 1 Important features of CNTs

CNT Purit/%
Outer diameter Inner diameter Length Specific surface

/nm /nm /μm /(m2· g−1)

MWCNT >95 8–15 3–5 10–50 233
SWCNT >90 1–2 0.8–1.6 5–30 407

Table 2 Thermophysical properties of fluid and nanoparticles

ρ/(kg· m−3) cp/(J· kg−1· K−1) k/(W· m−1· K−1) β/K−1

Pure water 997.1 4 179 0.613 21×10−5

Copper (Cu) 8 933 385 401 1.67×10−5

Silver (Ag) 10 500 235 429 1.89×10−5

Alumina (Al2O3) 3 970 765 40 0.85×10−5

Titanium (TiO2) 4 250 6 862 8.953 8 0.9×10−5

SWCNT 2 600 425 6 600 27×10−5

MWCNT 1 600 796 3 000 44×10−5

Table 3 Thermophysical properties of different base fluids and CNTs

Physical property
Base fluid

Water Ethylene glycol Engine oil

ρ/(kg·m−3) 997 1 115 884

cp/(J·kg−1· K−1) 4 179 2 430 1 910

k/(W·m−1·K−1) 0.613 0.253 0.144

Pr 6.2 203.63 6 450

The boundary conditions of these equations are

u = 0, v = −v0, T = Tw + c1x
n1 at y = 0,

u→ U =
νfx

m

δm+1
, T → T∞ as y → ∞, (4)

where c1 and n1 (power index) are constants, and v0 and Tw are the suction (> 0) or injection (< 0)
velocity and the fluid temperature at the plate, respectively. The potential flow velocity and the angle
of the wedge can be written as U(x, t) = νfx

m

δm+1 , β1 = 2m
1+m

, respectively, where m is a constant (see

Ref. [12]), δ is the time-dependent length scale which is taken to be δ = δ(t), and β1 = Ω
π

for a total
angle Ω of the wedge. The subscripts w and ∞ denote surface and ambient conditions, respectively.
u and v are the velocity components in the x- and y-directions, T is the local temperature of the
nanofluid, g is the acceleration due to the gravity, K is the permeability of the porous medium, F is
the empirical constant in the second-order resistance, and setting F = 0 in Eq. (2) is reduced to the
Darcy law. K is the permeability of the porous medium, ρnf is the effective density of the nanofluid, μnf

is the effective dynamic viscosity of the nanofluid, and αnf is the thermal diffusivity of the nanofluid,
which are defined as

ρnf = (1 − ϕ)ρf + ϕρCNT, μnf =
μf

(1 − ϕ)2.5
, αnf =

knf

(ρcp)nf
,

(ρcp)nf = (1 − ϕ)(ρcp)f + ϕ(ρcp)CNT,
knf

kf
=

“ (kCNT + 2kf) − 2ϕ(kf − kCNT)

(kCNT + 2kf) + 2ϕ(kf − kCNT)

”
. (5)

In the limit of low particle volume concentration ϕ, the nanoparticle conductivity ks is much larger
than the base liquid conductivity kf . μf is the viscosity of base fluid, ϕ is the nanoparticle fraction,
(ρcp)nf is the effective heat capacity of a CNT, knf is the thermal conductivity of nanofluid, kf and
kCNT are the thermal conductivities of the base fluid and CNT, respectively, while ρf and ρCNT are the
thermal conductivities of the base fluid and CNT, respectively.
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Following the lines of Ref. [13], the changes of variables are

η = y

r
(1 +m)

2

r
xm−1

δm+1
, ψ =

r
2

1 +m

νfx
m+1

2

δ
m+1

2

f(η), θ =
T − T∞
Tw − T∞

. (6)

By introducing the stream function ψ, defined as u = ∂ψ
∂y

and v = − ∂ψ
∂x

, the systems of the symmetry
groups of Eqs. (2) and (3) are calculated using the classical Lie group approach (see Ref. [14]). With
the help of these relations, Eqs. (2) and (3) become

f ′′′ −
2

m+1
(1 − ζ)2.5ξ2

(1 − ζ + ζ ρs
ρf

)

““
M +

λ

(1 − ζ)2.5

”
(f ′ − 1) − ξ

1
1−m

“
1 − ζ + ζ

(ρcp)s
(ρcp)f

”
γ sin

“Ω

2
θ

””

−
“
1 − ζ + ζ

ρs

ρf

”
(1 − ζ)2.5

“ 2

m+ 1
(m− Fn)(f ′2 − 1) − ff ′′ + λv(2 − ηf ′′ − 2f ′)

+
1 −m

1 +m
ξ
∂f

∂ξ

“∂f
∂η

− ∂2f

∂η2

””
= 0, (7)

θ′′ +
4

3

kf

knf
N((CT + θ)3θ′)′ +

Prf
(1 − ζ)2.5

Ec(f ′′)2

− Prf
“
1 − ζ + ζ

(ρcp)s
(ρcp)f

” kf

knf

“ 2n1

m+ 1
f ′θ − fθ′ + λvηθ

′ +
1 −m

1 +m

“
ξ
∂θ

∂ξ

∂f

∂η
− ξ

∂f

∂ξ

∂θ

∂η

””
= 0, (8)

and the boundary conditions take the following form:8>><
>>:

∂f

∂η
= 0,

m+ 1

2
f +

1 −m

2
ξ
∂f

∂ξ
= −S, θ = 1 at η = 0,

∂f

∂η
= 1, θ → 0 as η → ∞,

(9)

where Prf = νf
αf

is the Prandtl number, λ = νfx
KU

is the porous media parameter, γ = Gr
Re2

is the

buoyancy or natural convection parameter, Gr = g(β)fΔTx
3

ν2f
is the Grashof number, Re = Ux

νf
is the

Reynolds number, N =
4σ1θ

3
w

kfk
∗ is the conductive radiation parameter, Fn = Fx√

K
is the Forchheimer

number, Ec = U2

(cp)f (Tw−T∞)
is the Eckert number, M =

σB2
0x

Uρf
is the magnetic parameter, in which

x =
“
ξ
k

” 2
1−m

, and CT = T∞
Tw−T∞ is the temperature ratio, assuming very small values by its definition

as (Tw − T∞) is very large compared to T∞. In the present study, it is assigned the value 0.1. It is
worth mentioning that γ > 0 aids the flow and γ < 0 opposes the flow, while γ = 0, i.e., (Tw − T∞)
represents the case of forced convection flow. On the other hand, if γ is of a significantly greater order
of magnitude than one, then the buoyancy forces will be predominant. Hence, the combined convective

flow exists when γ = O(1). S is the suction parameter if S > 0 and injection if S < 0, and ξ = kx
1−m

2 ,
at the first level of truncation, the terms accompanied by ξ ∂

∂ξ
are small[13] . This is particularly true

when ξ �1. Thus, the terms with ξ ∂(·)
∂ξ

on the right-hand sides of Eqs. (7) and (8) are deleted to get
the following system of equations:

f ′′′ −
2

m+1
(1 − ζ)2.5ξ2

(1 − ζ + ζ ρs
ρf

)

““
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λ

(1 − ζ)2.5

”
(f ′ − 1) − ξ

1
1−m

“
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(ρcp)s
(ρcp)f

”
γ sin

“Ω

2
θ

””

−
“
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ρs

ρf

”
(1 − ζ)2.5

“ 2
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”

= 0, (10)

θ′′ +
4

3

kf
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− Prf
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(ρcp)f

” kf
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f ′θ − fθ′ + λvηθ
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= 0. (11)
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The boundary conditions take the following form:

(
f ′ = 0, f = − 2S

m+ 1
, θ = 1 at η = 0,

f ′ = 1, θ → 0 as η → ∞.
(12)

Further, we suppose that λυ = c
xm−1 , where c is a constant. Therefore, by integrating c = δm

νf

dδ
dt

, it is

obtained that δ = (c(m+ 1)νf t)
1

m+1 . When c = 2 and m = 1, we get δ = 2
√
νft, which shows that the

parameter δ can be compared with the well established scaling parameter for the unsteady boundary
layer problems (see Ref. [15]).

For practical purposes, the functions f(η) and θ(η) allow us to determine the skin friction coefficient,

Cf =
μnf

ρfU2

“∂u
∂y

”
y=0

= − 1

(1 − ζ)2.5
(Rex)

− 1
2 f ′′(0), (13)

and the Nusselt number

Nux =
xknf

kf(Tw − T∞)

“∂T
∂y

”
y=0

= −(Rex)
1
2
knf

kf
θ′(0)

“
1 +

4

3
N(CT + θ(0))3

”
. (14)

Here, Rex =
Ux

νf
is the local Reynolds number.

3 Results and discussion

The systems of Eqs. (10) and (11) are highly nonlinear coupled equations and cannot be solved
analytically, and numerical solutions subject to the boundary conditions (12) are obtained by the very
robust computer algebra software MAPLE 18. This software uses a fourth-fifth order Runge-Kutta-
Fehlberg method as default to solve the boundary value problems numerically using the DSOLVE
command. The numerical results are represented in the form of the dimensionless velocity and tem-
perature in the presence of the SWCNT and copper nanoparticles.

Figure 2 presents typical profiles for velocity and temperature for different materials (Titania, Alu-
mina, silver, copper, and SWCNTs) in the presence of base fluid (water). Due to the uniform convective
radiation, it is clearly shown that the velocity and the temperature of the nanofluid accelerate with the
increase of the water based nanoparticles (Titania, Alumina, silver, copper, and SWCNTs). It is ob-
served that the temperature for water based SWCNTs is higher than that of other nanoparticles, which
implies that the SWCNTs show a unique combination of stiffness, strength, and tenacity compared to
other fiber materials which usually lack one or more of these properties. Thermal conductivity and
electrical conductivity of SWCNTs are also very high, compared with other conductive materials. The
increase of thermal boundary layer field due to the increase in the thermal conductivity shows that the
temperature field increases gradually as we replace Titania by Alumina, silver, copper, and SWCNTs
in the said sequence.

Fig. 2 Effects of water based SWCNTs and nanoparticles on velocity and temperature profiles
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Figures 3 and 4 illustrate the characteristic velocity and temperature profiles for different values of
the convective radiation N and nanoparticle volume fraction ζ in the presence of water based copper
nanoparticles and SWCNTs. In both cases, it is noticed that the temperature of the nanofluid increases
with the increase of the convective radiation and nanoparticle volume fraction parameters. It is also
observed that the temperature for water based SWCNTs is stronger than that of copper nanofluid,
because the combined effect of the thermal conductivity/density of the SWCNTs is stronger/weaker
compared to the copper nanoparticles in the base fluid, respectively. From Figs.5–9, it is predicted
that the water based SWCNTs plays a dominant role on velocity and temperature profiles com-
pared with the copper nanofluid with the increase of all the other parameters in this investigation.
SWCNTs are expected to be very good thermal conductors along the tube, exhibiting a property
known as “ballistic conduction”, and good insulators laterally along the tube axis. Measurements show
that the water based SWCNT has a room-temperature thermal conductivity along its axis of about
3 500 W·m−1·K−1. Eric et al.[16] compared this with copper nanoparticles, a metal well known as its
good thermal conductivity, which transmits 385 W·m−1·K−1. The strength and flexibility of SWCNTs
make them of potential use in controlling other nanoscale structures, which suggests that they will
have an important role on the renewable (solar) energy technology. The enhancement in the thermal
conductivity of SWCNTs can lead to efficiency improvements, although small, via the more effective
fluid heat transfer. In the convective heat transfer of the nanofluid, the heat transfer depends not
only on the thermal conductivity but also on other properties, such as the specific heat, density, and
dynamic viscosity of the nanofluid (water based SWCNTs). Changes in the size, shape, material, and
volume fraction of the SWCNTs allow for tuning to maximize the spectral absorption of solar energy
throughout the fluid volume, because the nanoparticle volume fraction parameter depends on the size
of the particles. The enhancement in the thermal conductivity water based SWCNTs can lead to effi-
ciency improvements, although small, via the more effective fluid heat transfer. From Fig. 10, it is found
that the temperatures of water based SWCNTs and MWCNTs increase with the increase of thermal
radiation but there is no significant difference between the temperature profiles. It is also observed
that the rate of heat transfer for SWCNTs-water and MWCNTs-water decreases with the increase of
thermal radiation (see Table 4).

Fig. 3 Effects of convective radiation on velocity and temperature profiles

Fig. 4 Effects of nanoparticle volume fraction on velocity and temperature profiles
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Fig. 5 Effects of magnetic strength on velocity and temperature profiles

Fig. 6 Effects of suction on velocity and temperature profiles

Fig. 7 Effects of Forchheimer number on velocity and temperature profiles

Fig. 8 Effects of porosity on velocity and temperature profiles
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Fig. 9 Effects of unsteady parameter on velocity and temperature profiles

Fig. 10 Effects of thermal radiation on temperature profiles

Table 4 f ′′(0) and −θ′(0) for different values of N with S=0.5, Pr=6.2, λ=0.5, γ= 0.1, Ec= 0.001,
δ= 0.5, ζ =0.1, and M =0.5

N f ′′(0) −θ′(0)

SWCNT-water

0.1 1.814 231 058 253 637 3.187 780 628 843 792
1.0 1.839 676 499 899 816 1.719 771 946 768 407
2.0 1.863 084 855 955 898 1.186 912 262 517 085

MWCNT-water

0.1 1.839 578 186 836 152 3.202 680 500 438 116
1.0 1.866 758 333 598 846 1.727 841 402 032 229
2.0 1.891 625 555 870 828 1.192 524 220 187 774

4 Conclusions

The thermal boundary layer thickness of water based SWCNTs is larger than that of the copper
nanofluid as the strength of the convective radiation and the nanoparticle volume fraction increases
because CNTs experience an increase in the temperature after being heated by the thermal radiation en-
ergy. It is observed that the temperature of water based SWCNTs is accelerated monotonically with the
increase of convective radiation as compared with that of the copper nanofluid. It has been shown that
mixing SWCNTs in a base fluid (water) has a dominant effect on the liquid thermophysical properties
while the thermal conductivity of the water based SWCNTS is strongly dependent on the nanoparticle
volume fraction. SWCNTs in the presence of base fluid flow over a porous wedge play a significant
role on absorbing the incident solar radiation and transiting it to the working fluid by convection. It
is interesting to note that the thermal boundary layer thickness for SWCNTs-water is significantly
larger with the increase of thermal radiation, nanoparticle volume fraction, and unsteady parameters
as compared with Cu-water because of the combined effects of thermal conductivity, diffusivity, size,
and shape of the nanoparticles and CNTs. The strength of rate of heat transfer for MWCNTs-water
is significantly larger than that of SWCNTs-water in the presence of thermal radiation energy due to
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the joined effects of specific heat with the thermal expansion and conductivity of MWCNTs. Water
based SWCNTs have been proven to be excellent thermal and electrical conductors that can be used in
the thermal radiation energy technology because the thermal conductivity of SWCNTs is significantly
better than that of copper nanoparticles.
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